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Abstract Motivated by the elastic rod model for DNA with intrinsic curvature, we study
the solution space of the Euler-Lagrange equations governing isotropic, homogeneous, nat-
urally curved Kirchhoff’s elastic thin rods. Our studies show that for each given total energy
and twisting density, there are at most three solutions, aside from the case where the twist-
ing density is some particular constant. We also propose in this paper a reasonable condition
under which an improvement on the number of the solutions may be possible. Finally, nu-
merical calculations are presented to support our conclusions.

Keywords Naturally curved rods · Total energy · Twisting density · Elastic rod model for
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1 Introduction

Kirchhoff’s theory of isotropic, homogeneous, elastic thin rods has been employed to study
the configurations of DNA, which play an important role in genome organization, replica-
tion, transcription, and recombination (there is a detailed description of how to treat DNA
as an elastic rod in [34]). In the beginning, owing to Watson-Crick model [33], these rods
were assumed to be naturally straight; see, for example, [3–7, 11–14, 16, 19, 26, 27, 29, 32]
and the references therein. Subsequently, DNAs with intrinsic curvature were substantially
documented: either occurring naturally [22, 38] or synthesized artificially [31]. Therefore,
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elastic rods modelling such DNAs do not have a straight undeformed state any longer; see,
for example, [10, 21, 23–25, 28, 30, 34–37] and the references therein. In this paper, we fo-
cus on these naturally curved elastic rods. As a matter of fact, the axis of their undeformed
state is restricted to a circular arc (including, a circle) or a circular helix so that Kirchhoff-
Clebsch conservation law of total energy [20] is sustained.

In order to obtain detailed information on DNA tertiary structures, one needs to solve
Euler-Lagrange equations that govern elastic rods (the equations are derived from the elastic
energy functional and appropriate conditions idealizing practical situations). This was suc-
cessful in the case of naturally straight rods: the Euler-Lagrange equations have closed-form
solutions, owing to the existence of two first integrals; see, (10) and (11) in [18]. Unfortu-
nately, solving the Euler-Lagrange equations for naturally curved equilibrium rods is more
difficult.

The procedure for solving the Euler-Lagrange equations for naturally straight equilibrium
rods is to first get constant twisting density, and next to use the values of the aforementioned
first integrals to solve for the axis curvature of the rods [18]. Therefore, we may conclude
that there are infinitely many solutions with the same total energy and twisting density. We
would like to investigate if this conclusion still holds in the case of naturally curved rods.
That is, we seek the answer to the following problem:

Multiplicity Problem How many solutions to the Euler-Lagrange equations governing nat-
urally curved rods have the same total energy and twisting density?

Before reporting the result of our investigation, let ρ, ρ̃ and tw denote the bending stiff-
ness, twisting stiffness and the twisting density of a rod, respectively (see [15] for the stiff-
nesses from the viewpoint of biological physics; both stiffnesses are constant), and let τ be
the axis geometric torsion of the undeformed state of the rod.

Theorem 1 Suppose tw is constant. If (2ρ − ρ̃)tw + ρ̃τ �= 0, then there are at most three
solutions with the same total energy and twisting density. However, if (2ρ − ρ̃)tw + ρ̃τ = 0,
then there are infinitely many solutions.

Theorem 2 There are at most three solutions with the same total energy and twisting den-
sity, provided the latter is nonconstant.

Our result suggests that the elasticity of naturally straight rods is very unique: as the axis
curvature of the undeformed state starts increasing from zero, the number of solutions with
the same total energy and twisting density is reduced greatly, and solutions with nonconstant
twisting density emerge.

The idea of our proof originates from the meaning of one of the Euler-Lagrange equa-
tions: the twisting density tw of each naturally curved equilibrium rod determines one of the
bending curvatures k1 of the rod. It is thus crucial to count the number of distinct k2’s, the
other bending curvature, of equilibrium rods with the same total energy and twisting density.
Since no two distinct k2’s can have the same data: k2(s0) and k̇2(s0) where s0 ∈ [0,L] and
L is the length of the rod axis (see Proposition 2), this is equivalent to counting the number
of data at a preferred point chosen according to some particular properties of the twisting
density.

One might think that the values of k2(s0) and k̇2(s0) may be arbitrary. This, however, is
nearly incorrect since the Euler-Lagrange equations induce a dependence of k̇2(s0) on k2(s0)

(when twisting density is not constant). Perhaps, it is more surprising to acknowledge that
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k2(s0) itself cannot be arbitrary either because it must be a root of a cubic equation derived
from the Euler-Lagrange equations (the cubic equation becomes void for the second case of
Theorem 1); see Proposition 3 for details.

This paper is organized as follows. Section 2 reviews Kirchhoff’s elasticity theory of
thin rods. Section 3 presents a proof of Theorem 1. Theorem 2 is proved in Sect. 4. In
Sect. 5, we discuss a possible improvement of Theorem 2 under a special condition that is
widely assumed in the elastic rod model for DNA structures. A few numerical calculations
supporting the improvement are also demonstrated in the last section.

2 Preliminaries

In addition to being cylindrical and slender, the configuration of any elastic rod studied in
this paper is assumed to be completely determined by an immersed curve C, called the
axis, and a unit normal vector field ν defined along C, called the material direction. We
further demand that all the rods are inextensible and unshearable, and that they have the
same undeformed state Ru.

The meaning of ends is clear for open rods, but ambiguous for closed rods. One way
to resolve the ambiguity is to mark a normal cross section such that two sides of the cross
section are considered ends of a closed rod. This resolution originates from [2] in which
the authors studied terminal twist induced writhe of elastic rings through a cut-rotate-seal
procedure performed on a normal cross section of the rings (type I topoisomerases change
topology of closed circular DNA by using a mechanism equivalent to this procedure [1]).
For any rod, we always assume that the arc length parameter s of the rod axis attains the
value L at the point on the axis that belongs to the normal cross section on which the twist
exerts.

An elastic rod gives rise to the so-called directors d1,d2 and d3, where d1 = ν , d3 is the
unit vector tangent to C and d2 = d3 × d1. Using rigid body motions of R

3, we may always
assume that for each rod the axis is at the origin of R

3 when s = 0, and d1(0),d2(0) and
d3(0) are respectively the standard basis vectors i, j and k of R

3. The infinitesimal changes
of the directors along C are encoded in the Darboux vector u as follows:

ddi

ds
= u × di for i = 1,2,3.

Let u be written as u = ∑3
i=1 uidi , then

u1 = −dd3

ds
· d2, u2 = dd3

ds
· d1 and u3 = dd1

ds
· d2.

Here, the dot between ddi/ds and dj is the standard inner product of R
3. The ui of Ru is in

particular denoted by σi for i = 1,2,3.
The elastic energy functional defined for rods is

1

2

∫ L

0
ρ(u1 − σ1)

2 + ρ(u2 − σ2)
2 + ρ̃(u3 − σ3)

2 ds.

A rod R is called an elastica if it is an equilibrium of the elastic energy functional among
all the rods obtained from applying infinitesimal perturbations to R that neither move nor
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rotate the ends of the rod. Therefore, the ui ’s of R satisfy the following Euler-Lagrange
equations:

ρu̇1 + (ρ̃ − ρ)u2u3 = lR · d2 + ρσ̇1 + ρ̃u2σ3 − ρu3σ2, (1)

ρu̇2 + (ρ − ρ̃)u1u3 = −lR · d1 + ρσ̇2 − ρ̃u1σ3 + ρu3σ1, (2)

ρ̃u̇3 = ρ̃σ̇3 + ρu1σ2 − ρu2σ1 (3)

where lR is some rod-dependent constant vector.
The preceding equations are derived by means of a rather unusual method involving

ideas of Riemannian geometry; see [17] for details. Briefly speaking, the directors of a rod
R give rise to a curve q on S3 starting at (1,0,0,0), while comparing with i, j,k [17,
Sect. II] (or see Appendix), where S3 = {q = (q1, q2, q3, q4) ∈ R

4 : ‖q‖ = 1}. Through this
correspondence, an end-fixing variation of q on S3 means an inextensible and unshearable
perturbation which neither rotates both ends of R simultaneously nor moves the end of R
corresponding to s = 0 [17, Lemma 1]. Therefore, Lagrange multipliers are used to capture
the restriction left behind, that is, the end of R corresponding to s = L does not move (these
multipliers are written in vector form lR). In the upshot, through a series of calculations
employing geometry of some conformal S3 induced by the stiffnesses ρ and ρ̃, the equations
are obtained [17, Sect. IIIB]. Since the ui ’s of R are the components of the tangent vector of
q with respect to some frame naturally chosen on S3, (1)–(3) can be considered second-order
differential equations of the qi ’s (this also can be concluded by observing (18) in Appendix).

The sum of (ρu2
1 + ρu2

2 + ρ̃u2
3)/2 and lR · d3 is not always constant for any elastica,

unless all the σi ’s are constants [20]. The condition on the σi ’s limits the configuration of
Ru: the axis Cu is a line, a circular arc, or a circular helix, and the material direction νu

differs from the principal normal vector field nu of the axis Cu by a constant angle (note,
when Cu is a line, assumed to be lying on the z-axis, we choose (1,0,0) to be the nu since
the latter is not defined in this case).

In order to study elastic rods with a rather general undeformed state, for example, only
the axis is restricted to one of the aforementioned curves, let φ be the angle measured from
nu to νu, with respect to the orientation represented by the unit tangent vector field of Cu, at
each normal cross section; we may further assume φ(0) = 0 so that φ can be simply written
as φ(s) = ∫ s

0 σ3 ds. For any rod, define

e1 = d1 cosφ − d2 sinφ, e2 = d1 sinφ + d2 cosφ and e3 = d3. (4)

The bending curvatures k1, k2 and the twisting density tw of the rod are defined by

k1 = −de3

ds
· e2, k2 = de3

ds
· e1 and tw = de1

ds
· e2.

Then,

k1 = u1 cosφ − u2 sinφ, k2 = u1 sinφ + u2 cosφ and tw = u3 − φ̇. (5)

Using (5), the elastic energy functional becomes

1

2

∫ L

0
ρk2

1 + ρ(k2 − κ)2 + ρ̃(tw − τ)2 ds,
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where κ and τ are the curvature and the geometric torsion of Cu, respectively. Furthermore,
using (4), (5) and the fact that φ̇ = σ3, (1)–(3) can be rewritten as

ρk̇1 + (ρ̃ − ρ)k2tw − ρ̃τk2 + ρκtw = lR · e2, (6)

ρk̇2 + (ρ − ρ̃)k1tw + ρ̃τk1 = −lR · e1, (7)

ρ̃ṫw = ρκk1, (8)

and vice versa. This suggests that any elastica is a rod whose bending curvatures and twisting
density satisfy (6)–(8).

Because d1 and d2 depend on q , the terms lR · e1 and lR · e2 are functions of the qi ’s.
Hence, (6) and (7) are not differential equations of ki ’s, and we will not solve them for
the ki ’s. Instead, for a given elastica R, we write lR = −λ1e1 + λ2e2 + λ3e3. Since lR is
constant, l̇R = 0 and this gives

λ̇1 + λ2tw − λ3k2 = 0, (9)

−λ1tw + λ̇2 − λ3k1 = 0, (10)

λ1k2 + λ2k1 + λ̇3 = 0. (11)

Using (6) and (7) which respectively express λ2 and λ1 in terms of the bending curvatures
and twisting density of the elastica R, (11) becomes

ρk1k̇1 + ρk2k̇2 + ρκk1tw + λ̇3 = 0.

By virtue of (8), we rediscover the so-called Kirchhoff-Clebsch conservation law [20], stat-
ing that the function

ρ

2

(
k2

1 + k2
2

) + ρ̃

2
t2
w + λ3,

called the total energy of the elastica R, is always constant. We denote this constant by ε

from here on.
For the rest of this paper, we study the ki ’s of an elastica through (8)–(10) where λ1, λ2

and λ3 are respectively replaced by

ρk̇2 + (ρ − ρ̃)k1tw + ρ̃τk1, ρk̇1 + (ρ̃ − ρ)k2tw − ρ̃τk2 + ρκtw

and

ε − ρ

2
(k2

1 + k2
2) − ρ̃

2
t2
w

for some constant ε. If x denotes the transpose of the vector-valued function (k1, k2, tw,

k̇1, k̇2) defined on [0,L], then (8)–(10) can be rewritten as ẋ = F(x) where

F(x) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

k̇1

k̇2

ρκ
ρ̃

k1

2ρ−ρ̃
ρ

twk̇2 + ρ̃τ
ρ

k̇2 + k1(
ε
ρ

− 1
2 (k2

1 + k2
2) + 2ρ−3ρ̃

2ρ
t2
w) + κ(ρ−ρ̃)

ρ̃
k1k2 + ρ̃τ

ρ
k1tw − ρκ2

ρ̃
k1

ρ̃−2ρ
ρ

twk̇1 − ρ̃τ
ρ

k̇1 + k2(
ε
ρ

− 1
2 (k2

1 + k2
2) + 2ρ−3ρ̃

2ρ
t2
w) + κ(ρ̃−ρ)

ρ̃
k2

1 + ρ̃τ
ρ

k2tw − κt2
w

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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Proposition 1 The bending curvatures and the twisting density of an elastica are real ana-
lytic. Therefore, the pre-image of any number under any one of the functions is a finite subset
of [0,L] if the function is not constant.

Proof Because F is a real analytic vector-valued function of x, any solution to ẋ = F(x)

is real analytic [8]. As a result, k1, k2 and tw are real analytic. Since the pre-image of any
number under a nonconstant real analytic function has no limit point and [0,L] is compact,
it is finite. �

Because tw determines k1 via (8), we sometimes use a triplet (ε, k2, tw) to denote a solu-
tion to (8)–(10) with total energy ε.

Proposition 2 Let (ε, k2, tw) and (ε, k̃2, tw) denote two solutions. If there exists a point

s0 satisfying k2(s0) = k̃2(s0) and k̇2(s0) = ˙̃k2(s0), then k2 and k̃2 are identical. Namely, if
u = k2 − k̃2, then u2 + (u̇)2 is either zero or positive over [0,L].

Proof We first rewrite (9) as

k̈2 = ρ̃(ρ̃ − 2ρ)

ρ2κ
twẗw + ρ̃(ρ̃ − ρ)

ρ2κ
(ṫw)2 − κt2

w − ρ̃2

ρ2κ
τ ẗw + ρ̃

ρ
τk2tw

+ 1

ρ
k2

(

ε − ρ

2
k2

2 − ρ̃2

2ρκ2
(ṫw)2 + 2ρ − 3ρ̃

2
t2
w

)

.

Then it is easy to see that the higher-order derivatives of k2 are determined by its lower-order
derivatives (and, of course, also by ρ, ρ̃, κ, tw and tw’s derivatives that we suppress at the
moment). So if there are two solutions satisfying the hypotheses, then k

(n)

2 = k̃
(n)

2 at s0 for
n ∈ N ∪ {0}. Since k2 and k̃2 are real analytic, they are identical in an interval containing
s0. Furthermore, they are the same on [0,L] because the set where two distinct real analytic
functions are equal must be discrete. �

From now on, we are only interested in the case of nonzero κ .

3 The Solutions of Constant Twisting Density

In this section, tw is a constant. Thus (8) gives k1 = 0. Moreover, (9) and (10) become

ρk̈2 + (
(ρ̃ − ρ)k2 + ρκ

)
t2
w − ρ̃τk2tw − k2λ3 = 0,

(
(2ρ − ρ̃)tw + ρ̃τ

)
k̇2 = 0,

(12)

respectively. The first equation can be further written as

k̈2 = −1

2
k3

2 +
(

ε

ρ
+ 2ρ − 3ρ̃

2ρ
t2
w + ρ̃

ρ
τ tw

)

k2 − κt2
w. (13)

If k2 is a constant, then there are at most three choices for that constant since (13) be-
comes a cubic equation of k2. So there are at most three solutions. In fact, each solution gives
rise to an elastica whose axis would be a line, a circular arc, or a circular helix; moreover,
the geometric torsion of the axis equals tw .
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For the rest of this section, k2 is assumed nonconstant. Then (12) immediately yields
(2ρ − ρ̃)tw + ρ̃τ = 0. Multiplying both sides of (13) by 2k̇2 and then integrating, one obtains

(k̇2)
2 = −1

4
k4

2 +
(

ε

ρ
−

(

1 + ρ̃

2ρ

)

t2
w

)

k2
2 − 2κt2

wk2 + c1 (14)

where c1 is a constant of integration.
Let Q(x) be the following quartic polynomial:

Q(x) = x4 − 4

(
ε

ρ
−

(

1 + ρ̃

2ρ

)

t2
w

)

x2 + 8κt2
wx − 4c1.

Then (14) becomes (k̇2)
2 + Q(k2)/4 = 0. Consider the discriminant D of Q(x):

D = D(c1) = −4096

(

4

(

c1 − 1

3
c2

2

)3

+ 27

(
2

3
c1c2 − κ2t4

w + 2

27
c3

2

)2)

where

c2 = ε

ρ
−

(

1 + ρ̃

2ρ

)

t2
w.

Choosing c1 carefully so that it is not a root of D, then the roots of Q(x) are mutually
distinct. Because k2 satisfies (14) and is not constant, Q(x) has to be negative somewhere
in [0,L]. In addition, Q(x) → +∞ as x → ±∞. So Q(x) has real roots. Moreover, the
number of real roots is either two when D < 0, or four when D > 0. In the former case, we
use (259.00) of [9] to solve k2 from (14). In the latter case, let pi ’s, for 1 ≤ i ≤ 4, denote
the roots of Q(x) with the ordering p1 > p2 > p3 > p4. Then k2 can be solved by means
of (252.00) or (253.00) of [9] if p4 ≤ k2 ≤ p3 is assumed, and (256.00) or (257.00) of [9] if
p2 ≤ k2 ≤ p1 is assumed.

At each root ri of D, where 1 ≤ i ≤ m and m is either 1 or 3, there exists a level set
Li ⊂ R

2 of the following function:

	(x,y) = y2 + 1

4
x4 −

(
ε

ρ
−

(

1 + ρ̃

2ρ

)

t2
w

)

x2 + 2κt2
wx.

Each Li , if not degenerate, is a real algebraic curve which is possibly singular and con-
sists of at most two components. Let (x0, y0) be a point of R

2 \ (L1 ∪ · · · ∪ Lm) so that
(D ◦ 	)(x0, y0) < 0, for example, it is very distant from the origin. Since D ◦ 	 is continu-
ous on R

2, there is a connected open neighborhood of (x0, y0), call it N , so that D ◦ 	 < 0
in N . Since 	 is never constant and is continuous in N , 	(N) is an infinite subset of R.
Because each number of 	(N) determines a unique solution through (259.00) of [9], there
are infinitely many solutions with the same total energy ε and twisting density tw . So, The-
orem 1 is proved.

4 Proof of Theorem 2

Because of (8), we consider (9) and (10) differential equations of k2 with variable coeffi-
cients. More precisely, (9) and (10) can be written as

ρk̈2 −
(

ε − ρ

2
k2

2 − ρ̃2

2ρκ2

(
ṫw

)2 + 2ρ − 3ρ̃

2
t2
w

)

k2 = f (tw), (15)
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((2ρ − ρ̃) tw + ρ̃τ ) k̇2 + (ρ − ρ̃)ṫwk2 − ρ̃

2κ
ṫwk2

2 = g(tw), (16)

respectively, where

f (tw) = − ρ̃

ρκ
((2ρ − ρ̃) tw + ρ̃τ ) ẗw + ρ̃(ρ̃ − ρ)

ρκ

(
ṫw

)2 − ρκt2
w,

g(tw) = ρ̃

κ
t (3)
w − ρ̃

ρκ
ṫw

(

ε − ρ̃2

2ρκ2

(
ṫw

)2 + 2ρ − 3ρ̃

2
t2
w + ρ̃τ tw

)

+ ρκṫw.

Proposition 3 Given a number ε and a function tw , there exists a cubic polynomial P

of variable coefficients, depending on ε,ρ, ρ̃, κ, τ, tw and the derivatives of tw , so that
P (k2) = 0 on [0,L], if (ε, k2, tw) represents a solution to (8)–(10).

Proof For the solution (ε, k2, tw), using (16) to eliminate the k̇2 term occurring in the result
of ρ×(16)′ − ((2ρ − ρ̃)tw + ρ̃τ )× (15), where (16)′ denotes the first derivative of (16), one
obtains

ξ0k
3
2 + ξ1k

2
2 + ξ2k2 + ξ3 = 0 (17)

with

ξ0 = ρ̃2

κ2

(
ṫw

)2 + ((2ρ − ρ̃) tw + ρ̃τ )
2
,

ξ1 = ρ̃

κ

(
((2ρ − ρ̃) tw + ρ̃τ ) ẗw + (4ρ̃ − 5ρ)

(
ṫw

)2
)

,

ξ2 = 2ρ̃

κ
g(tw)ṫw + ρ̃2

ρ2κ2
((2ρ − ρ̃) tw + ρ̃τ )

2 (
ṫw

)2 + 2(3ρ − 2ρ̃)(ρ − ρ̃)
(
ṫw

)2

− 2(ρ − ρ̃) ((2ρ − ρ̃) tw + ρ̃τ ) ṫw − ((2ρ − ρ̃) tw + ρ̃τ )
2
(

2ε

ρ
+ 2ρ − 3ρ̃

ρ
t2
w

)

,

ξ3 = 2 ((2ρ − ρ̃) tw + ρ̃τ ) ġ(tw) − 2

ρ
((2ρ − ρ̃) tw + ρ̃τ )

2
f (tw) − 2(3ρ − 2ρ̃)g(tw)ṫw.

That is, if P (x) denotes the cubic polynomial ξ0x
3 + ξ1x

2 + ξ2x + ξ3, then P (k2) = 0 for
the solution (ε, k2, tw). �

We now prove Theorem 2. Choose a point of [0,L] arbitrarily, call it s0. If there exists a
solution (ε, k2, tw), then, as a root of the cubic polynomial P with the coefficients evaluated
at s0, there are at most three numbers that k2(s0) possibly assumes. Except for the case of
2ρ = ρ̃ and τ = 0, we may suppose (2ρ − ρ̃)tw + ρ̃τ �= 0 at s0. Then each k2(s0) determines
a unique k̇2(s0) by means of (16). Therefore, through Proposition 2 we conclude that there
are at most three solutions with the total energy ε and twisting density tw .

The proof when 2ρ = ρ̃ and τ = 0 proceeds as follows. Suppose (ε, k2, tw) and
(ε, k2 + u, tw) are two distinct solutions. Let J = {s ∈ [0,L] : ṫw(s) = 0}. Because k2 + u

satisfies (16), one obtains u = 0 or −2k2 − κ at any point of [0,L] but outside J . We may
further assume k2 �= −κ/2 at some such point, call it s0, since otherwise u has already been
zero over [0,L] (note, J is finite since tw is not constant by virtue of Proposition 1). Next,
consider the first derivative of (16):

ρ(k2
2 + κk2)ẗw + ρ(2k2 + κ)k̇2 ṫw = −κġ(tw).
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By substituting k2 + u for k2 in the last equation, one obtains

ρu (u + 2k2 + κ) ẗw + 2ρuk̇2 ṫw + ρ (2u + 2k2 + κ) ṫwu̇ = 0.

So u̇ = −2k̇2 at s0. Therefore, through Proposition 2 we conclude that there are at most two
solutions with the total energy density ε and twisting density tw .

5 Discussions

In the proof of Theorem 2, we also described the difference between two distinct so-
lutions with the same total energy and twisting density, if they exist, when 2ρ = ρ̃

and τ = 0. As s0 = 0 is assumed for sake of convenience, it suggests that the solution
with the initial data (k1(0), k2(0), tw(0), k̇1(0), k̇2(0)) and the solution with the initial data
(k1(0),−k2(0)−κ, tw(0), k̇1(0),−k̇2(0)) have the same twisting density, provided they have
the same total energy. Figure 1 demonstrates the plots of the twisting density and its first and
second derivatives of two such solutions. They were produced by a computer program in-
corporating an ODE solver of MATLAB, called ode45, which implements the Runge-Kutta
method.

Fig. 1 The initial data for the solution whose twisting density and its first and second derivatives are plotted
by solid lines are k1(0) = 0.5, k2(0) = 1, tw(0) = 0.2, k̇1(0) = 0.1, k̇2(0) = 0.1. The initial data for the solu-
tion whose twisting density and its first and second derivatives are plotted by dashdot lines are the same as
the ones for the solid lines, except k2(0) = −2, k̇2(0) = −0.1. Here, we set ρ = 0.5, ρ̃ = 1, ε = 1, κ = 1 and
L = 1, the stepsize is default
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Fig. 2 The top and bottom rods
are constructed by using the
numerical solutions whose
twisting densities were plotted by
the solid line and the dashdot line
in Fig. 1, respectively. For both
rods, d1 is in the lighter gray
color and d2 is in the darker gray
color

Using the numerical solutions, we can construct the configurations of the two elasticas,
see Fig. 2. For simplicity, we set σ3 = 0 so that the undeformed state of the rods has zero
twisting density. (In Appendix, we shall briefly explain how to construct the configuration
of a rod from a solution.)

Clearly, the twisting densities plotted in Fig. 1 are different. To illustrate that the trunca-
tion error of Runge-Kutta method is not responsible for the difference, in Fig. 3 we show
four plots of ṫw with smaller and smaller stepsizes h = 10−2,10−3,10−4 and 10−5. We also
compare these with the plot of ṫw from Fig. 1. The readers can easily see that these plots are
almost identical one another.

Our numerical computation suggests that there are no two distinct solutions with the
same total energy and twisting density when 2ρ = ρ̃ and τ = 0. We also acknowledge that
the argument used to prove Theorem 2 is not thorough enough to completely confirm the
multiplicity of the solutions. So it is reasonable to ask the following question: Is it possible
to improve Theorem 2 so that there is exactly one solution for the prescribed total energy and
twisting density which is not constant? The next example, however, shows that the desired
improvement is impossible in general.
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Fig. 3 Plots with different step sizes

Example Let (ε, k2, tw) denote a force-free solution, namely lR = 0, where tw is noncon-
stant. Using (7) and (8) one gets

k2 = ρ̃(ρ̃ − ρ)

2ρ2κ
t2
w − ρ̃2τ

ρ2κ
tw + y,

where y is a constant of integration. Seemingly, the above equation gives infinitely many
k2’s because of the presence of y. But if there are indeed two such k2’s, then (6) yields
(ρ̃ − ρ)tw − ρ̃τ = 0 on [0,L]. Because tw is not constant, the last equation holds only when
ρ = ρ̃ and τ = 0. So there is at most one force-free solution with total energy ε and twisting
density tw , unless ρ = ρ̃ and τ = 0. From now on, let us focus on this exceptional case
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Fig. 4 These two rods are
constructed by setting
ρ = ρ̃ = 1, κ = 1,L = 1, σ3 = 0,

ε = 0.645,A = 0.2,B = 0.5, and
y = 1 for the top rod and y = −1
for the bottom one. For both rods,
d1 is in the lighter gray color and
d2 is in the darker gray color

in which k2 degenerates into the constant y and (6) becomes ẗw + κ2tw = 0. It is easy to
obtain tw = A cosκs + B sinκs where A and B are two constants. Owing to Kirchhoff-
Clebsch conservation law [20], the constants A,B satisfy A2 +B2 = 2ε/ρ −y2. As a result,
there are two y’s, namely y = ±√

2ε/ρ − A2 − B2. Therefore, there are indeed two distinct
solutions of the same total energy and nonconstant twisting density. The configurations of
such rods are shown in Fig. 4; they are constructed by using ρ = ρ̃ = 1, κ = 1,L = 1, σ3 =
0, ε = 0.645,A = 0.2 and B = 0.5.

Suggested by the preceding example, we therefore restrict ourselves to one of the fol-
lowing cases: (i) τ �= 0, and (ii) τ = 0 and ρ �= ρ̃, while attempting to answer the question.
We are particularly interested in the second case, for the condition τ = 0 refers to the natu-
rally circular elastic rods that have been employed to simulate the tertiary structure of DNA
with intrinsic curvature; the condition ρ �= ρ̃ has been applied in many studies employing
numerical methods, for example, ρ = 2.70×10−19 erg-cm and ρ̃ = 2.04×10−19 erg-cm for
a DNA molecule in a solution of dilute NaCl [34].
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Appendix

The directors of a rod give rise to a curve in SO(3) starting at the identity matrix I , while
comparing with i, j,k. Through a 2-fold covering map p : S3 → SO(3), the curve in SO(3)

can be lifted to a unique curve in S3 starting at (1,0,0,0). Here, the covering map is defined
by p(q)(v) = q−1vq , where v = (v1, v2, v3) ∈ R

3 is any vector that is also identified with a
purely imaginary quaternion v = iv1 + jv2 + kv3, q = q1 + iq2 + jq3 + kq4 is a quaternion
corresponding to q = (q1, q2, q3, q4) ∈ S3, and the expression q−1vq is a product of quater-
nions q−1, v and q (note, q−1 = q = q1 − iq2 − jq3 − kq4, called the conjugate of q , since
q ∈ S3). Because d1 = p(q)(i),d2 = p(q)(j) and d3 = p(q)(k), we have

d1 =
⎛

⎝
q2

1 + q2
2 − q2

3 − q2
4

2 (q2q3 − q1q4)

2 (q1q3 + q2q4)

⎞

⎠ , d2 =
⎛

⎝
2 (q1q4 + q2q3)

q2
1 − q2

2 + q2
3 − q2

4
2 (q3q4 − q1q2)

⎞

⎠ ,

d3 =
⎛

⎝
2 (q2q4 − q1q3)

2 (q1q2 + q3q4)

q2
1 − q2

2 − q2
3 + q2

4

⎞

⎠ .

According to the definitions of ui and the fact of q ∈ S3, we have

⎛

⎜
⎜
⎝

q2 −q1 q4 −q3

q3 −q4 −q1 q2

q4 q3 −q2 −q1

q1 q2 q3 q4

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

q̇1

q̇2

q̇3

q̇4

⎞

⎟
⎟
⎠ =

⎛

⎜
⎜
⎝

1
2u1
1
2u2
1
2u3

0

⎞

⎟
⎟
⎠ , (18)

or equivalently
⎛

⎜
⎜
⎝

q̇1

q̇2

q̇3

q̇4

⎞

⎟
⎟
⎠ =

⎛

⎜
⎜
⎝

q2 q3 q4 q1

−q1 −q4 q3 q2

q4 −q1 −q2 q3

−q3 q2 −q1 q4

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

1
2u1
1
2u2
1
2u3

0

⎞

⎟
⎟
⎠ . (19)

Our scheme of obtaining the configuration of an equilibrium rod from a solution to the
Euler-Lagrange equations is to use (5) to get ui ’s from k1, k2 and tw (to avoid complexity,
our previous demonstrations were done by assuming σ3 = 0 which implies φ = 0), and next
apply any numerical method to solve (19) with the initial conditions: q1(0) = 1, q2(0) =
q3(0) = q4(0) = 0, and finally integrate d3 to obtain the rod axis.

References

1. Bates, A.D., Maxwell, A.: DNA Topology. IRL Press, Oxford (1993)
2. Bauer, W.R., Lund, R.A., White, J.H.: Twist and writhe of a DNA loop containing intrinsic bends. Proc.

Natl. Acad. Sci. USA 90, 833–837 (1993)
3. Benham, C.J.: Elastic model of supercoiling. Proc. Natl. Acad. Sci. USA 74, 2387–2401 (1977)
4. Benham, C.J.: Geometry and mechanics of DNA superhelicity. Biopolymers 22, 2477–2495 (1983)



14 L.-T. Cheng, K. Hu

5. Benham, C.J.: Theoretical analysis of conformational equilibria in superhelical DNA. Ann. Rev. Bio-
phys. Biophys. Chem. 14, 23–45 (1985)

6. Benham, C.J.: The role of the stress resultant in determining mechanical equilibria of superhelical DNA.
Biopolymers 26, 9–15 (1987)

7. Benham, C.J.: Onset of writhing in circular elastic polymers. Phys. Rev. A 39, 2582–2586 (1989)
8. Birkhoff, G., Rota, G.-C.: Ordinary Differential Equations, 2nd edn. Wiley, New York (1969)
9. Byrd, R.F., Friedman, M.D.: Handbook of Elliptic Integrals for Engineers and Physicists. Springer,

Berlin (1954)
10. Coleman, B.D., Olson, W.K., Swigon, D.: Theory of sequence-dependent DNA elasticity. J. Chem. Phys.

118, 7127–7140 (2003)
11. Coleman, B.D., Swigon, D.: Theory of supercoiled elastic rings with self-contact and its application to

DNA plasmids. J. Elast. 60, 171–221 (2000)
12. Coleman, B.D., Tobias, I., Swigon, D.: Theory of the influence of end conditions on self-contact in DNA

loops. J. Chem. Phys. 103, 9101–9109 (1995)
13. Fain, B., Rudnick, J., Östlund, S.: Conformations of linear DNA. Phys. Rev. E 55, 7364–7368 (1997)
14. Fain, B., Rudnick, J.: Conformations of closed DNA. Phys. Rev. E 60, 7239–7252 (1999)
15. Hagerman, P.J.: Flexibility of DNA. Ann. Rev. Biophys. Biophys. Chem. 17, 265–286 (1988)
16. Hao, M.-H., Olson, W.K.: Global equilibrium configurations of supercoiled DNA. Macromolecules 22,

3292–3303 (1989)
17. Hu, K.: A differential-geometric interpretation of Kirchhoff’s elastic rods. J. Math. Phys. 40, 3341–3352

(1999)
18. Hu, K.: Writhe of DNA induced by a terminal twist. Bull. Math. Biol. 67, 197–209 (2005) (with Erratum

ibid. 67, 1155 (2005))
19. Le Bret, M.: Catastrophic variation of twist and writhing of circular DNAs with constraint. Biopolymers

18, 1709–1725 (1979)
20. Love, A.E.H.: A Treatise on the Mathematical Theory of Elasticity, 4th edn. Dover, New York (1944)
21. Manning, R.S., Maddocks, J.H., Kahn, J.D.: A continuum rod model of sequence-dependent DNA struc-

ture. J. Chem. Phys. 105, 5626–5646 (1996)
22. Marini, J.C., Levene, S.D., Crothers, D.M., Englund, P.T.: A bent helix in kinetoplast DNA. Cold Spring

Harbor Symp. Quant. Biol. 47, 279–283 (1982)
23. Olson, W.K.: Simulating DNA at low resolution. Curr. Opin. Struck. Biol. 6, 242–256 (1996)
24. Qian, H., White, J.H.: Terminal twist induced continuous writhe of a circular rod with intrinsic curvature.

J. Biomol. Struct. Dyn. 16, 663–669 (1998)
25. Qian, H., White, J.H.: Twist induced abrupt writhe of naturally straight arch with induced curvature

(unpublished)
26. Shi, Y., Hearst, J.E.: The Kirchhoff elastic rod, the nonlinear Schrödinger equation, and DNA supercoil-

ing. J. Chem. Phys. 101, 5184–5200 (1994)
27. Swigon, D., Coleman, B.D., Tobias, I.: The elastic rod model for DNA and its application to the tertiary

structure of DNA minicircles in mononucleosomes. Biophys. J. 74, 2515–2530 (1998)
28. Tobias, I., Coleman, B.D., Lembo, M.: A class of exact dynamic solutions in the elastic rod model of

DNA with implications for the theory of fluctuations in the torsional motion of plasmids. J. Chem. Phys.
105, 2517–2526 (1996)

29. Tobias, I., Coleman, B.D., Olson, W.K.: The dependence of DNA tertiary structure on end conditions:
Theory and implications for topological transitions. J. Chem. Phys. 101, 10990–10996 (1994)

30. Tobias, I., Olson, W.K.: The effect of intrinsic curvature on supercoiling: predictions of elasticity theory.
Biopolymers 33, 639–646 (1993)

31. Ulanovsky, L., Bodner, M., Trifonov, E.N., Choder, M.: Curved DNA: Design, synthesis, and circular-
ization. Proc. Natl. Acad. Sci. USA 83, 862–866 (1986)

32. Wadati, M., Tsuru, H.: Elastic model of looped DNA. Physica D 21, 213–226 (1986)
33. Watson, J.D., Crick, F.H.C.: Molecular structure of nucleic acids. A structure for deoxyribose nucleic

acid. Nature 171, 737–738 (1953)
34. Westcott, T.P., Tobias, I., Olson, W.K.: Elasticity theory and numerical analysis of DNA supercoiling:

An application to DNA looping. J. Phys. Chem. 99, 17926–17935 (1995)
35. White, J.H., Bauer, W.R.: Finite-element analysis of the displacement of closed DNA loops under tor-

sional stress. Philos. Trans. R. Soc. A 362, 1335–1353 (2004)
36. White, J.H., Lund, R.A., Bauer, W.R.: Twist, writhe, and geometry of a DNA loop containing equally

spaced coplanar bends. Biopolymers 38, 235–250 (1996)
37. White, J.H., Lund, R.A., Bauer, W.R.: Effect of salt-dependent stiffness on the conformation of a stressed

DNA loop containing initially coplanar bends. Biopolymers 49, 605–619 (1999)
38. Wu, H.-M., Crothers, D.M.: The locus of sequence-directed and protein-induced DNA bending. Nature

83, 509–513 (1984)


	On Solutions to Euler-Lagrange Equations Governing Isotropic, Homogeneous, Naturally Curved Kirchhoff's Elastic Rods
	Abstract
	Introduction
	Preliminaries
	The Solutions of Constant Twisting Density
	Proof of Theorem 2
	Discussions
	Acknowledgement
	Open Access
	Appendix
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


