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Abstract
Direct numerical simulations of stratified open channel flows subject to a varying surface 
heat flux are performed. The influence of the diurnal heating time on the spatial and tem-
poral variation of mixing in the flow and the characteristics of the mean flow state are 
examined. The control parameters are the bulk stability parameter �

B
 , defined through the 

ratio of the channel height � and a bulk Obukhov length scale L
B
 , and the diurnal time 

scale t̂ , defined as the ratio of the heating time to an eddy turnover time. The Prandtl num-
ber Pr and Reynolds number Re

�
 have values of 1 and 400. Simulations are performed 

over t̂ = 1 to 24 and �
B
= 0.6 to 26. Two key flow features are used to classify the flow 

regimes observed, namely the laminar layer depth (LLD) and stratified layer depth (SLD) 
where the LLD is defined as the depth from the free surface when the buoyancy Reynolds 
number Re

B
≈ 7 and the SLD is the depth from the free surface when the turbulent Froude 

number Fr ≈ 1 . This study attempts to characterise how these length scales vary across the 
diel cycle. The LLD is a viscous length scale and a regime map of a viscous parameter, the 
bulk Obhukov Reynolds number ReL  , and t̂ is presented to classify the LLD behaviour. 
A regime map of �

B
 and t̂ is presented to classify the behaviour of the SLD. Three clas-

sifications for each layer depth behaviour within a diel cycle form the basis of the regime 
maps for this paper: a neutral flow where the LLD or SLD does not exist (denoted by NL 
and NS), a stratified flow where the LLD or SLD are diurnally varying (denoted as DL 
and DS) and a persistent layer of the LLD or SLD (denoted as PL and PS). The transition 
between the NL to DL is t̂ ∝ Re

4.5

L
 , DL to PL is t̂ ∝ Re

−0.5

L
 , NS to DS is t̂ ∝ 𝜆

0

B
 and DS to PS 

is t̂ ∝ 𝜆
1

B
 . The regime maps may be used as a predictive tool to determine when suppressed 

mixing regimes occur in rivers. At each flow depth, the flow sweeps though a range of mix-
ing states across the diel cycle. The local mixing efficiency are briefly assessed and found 
to scale well with the instantaneous Fr number according to the regimes proposed by Gara-
naik and Venayagamoorthy (J. Fluid Mech., vol. 867, 2019, pp. 323-333).
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Article Highlights
This paper reports on direct numerical simulations of stratified open channel flows subject 
to a varying surface heat flux. The results have found that:

• Increasing the diurnal time scale allows  the flow to sweep through a wider range of 
flow states from turbulent to strongly stratified,

• Simulation data of the mixing efficiency and turbulent Froude number from this tempo-
rally varying and spatially inhomogenous flow that undergoes strong temporal forcing 
collapses well onto the parameterisation scheme of Garanaik & Venayagamoorthy (J. 
Fluid Mech., vol. 867, 2019, pp. 323–333) found for homogenous stratified flows, and

• Three distinct classifications (a persistent layer, a diurnal layer and one where the layer 
does not exist) of the laminar layer depth (LLD) and stratified layer depth (SLD) behav-
iour persists throughout a diel cycle and form a regime map given a �

B
 , Re

�
 and t̂ value. 

The relationship between each transitions are: from no LLD (NL) to a diurnal LLD 
(DL) t̂ ∝ Re

4.5

L
 , DL to a persistent LLD (PL) t̂ ∝ Re

−0.5

L
 , no SLD (NS) to a diurnal SLD 

(DS) t̂ ∝ 𝜆
0

B
 and DS to a persistent SLD (PS) is t̂ ∝ 𝜆

1

B
 . The regime maps may used as a 

predictive model to calculate when suppressed mixing transpires in rivers.

Keywords Turbulent mixing · Stratified flows · River dynamics · Diurnal heating

1 Introduction

Water bodies such as rivers, estuaries and canals are subject to diurnal solar radiation. This 
unsteady heating causes these channels to experience time-varying flow states within their 
diel cycle. During the day, the short-wave radiation at the free surface is transmitted and 
progressively absorbed through the water column, leading to a non-uniform stable thermo-
cline. Therefore, stable stratification is stronger near the free surface and gradually weak-
ens towards the channel bed. This stratification then acts to dampen the turbulent mixing 
within these regions. Accounting for the diurnal variation of solar fluxes, solar radiation 
tends to strengthen stratification while the absence of radiation will cause the temperature 
field to relax, increasing turbulent mixing [1]. This mixing determines the overall eco-
logical health of the limnological ecosystems [2]. As turbulence becomes suppressed as 
a result of stratification due to daytime heating, in extreme cases, this reduction in mixing 
limits the transportation of scalars such as dissolved oxygen, sediments and nutrients, caus-
ing the benthic region of the water column to experience conditions of eutrophication or 
hypoxia [3–5].

Among Australian inland rivers, during long periods of drought and high radiative forc-
ings, flow rates are significantly reduced, causing a decrease in the turbulence production 
from the shear at the bottom of the channel. These low flows and persistently stratified flow 
states contribute to the extensive algal outbreaks resulting in mass fish mortality as seen 
in the Menindee Region of NSW over the summer of 2018 and 2019 [6]. Cyanobacterial 
blooms contribute to oxygen depletion at the near-wall or bottom region of the river chan-
nel as their substantial biological matter sinks to the bottom of the channel and consumes 
the oxygen reserves for decomposition. If a rapid breakdown of stratification occurs, the 
sudden overturning of the oxygenated epilimnion layer with the anoxic hypolimnion layer 



1235Environmental Fluid Mechanics (2023) 23:1233–1259 

1 3

will cause the water column to dilute and therefore suffocate the wildlife that concentrates 
in the previously oxygen-rich region [7]. Understanding the processes that affect the mix-
ing and turbulence of diurnally heated stratified flows can help predict and mitigate these 
detrimental events.

Using global energy balances, Simpson and Hunter [8] developed a criterion for the 
onset of stratified conditions in continental shelves, that included the mechanical work 
done by tidal stresses and the solar heat input. The mixing criteria is therefore just the 
ratio of the rates of stratifying thermal energy and destratifying turbulent kinetic energy. 
The work was latter extended by Holloway [9] for estuaries that incorporated a wind-
mixed system and depth dependent heating function with no tidal forces and by Bormans 
and Webster [1] for turbid rivers. These works determined that the degree of stratifica-
tion depends on the magnitude of tidal or river discharge, wind speed, and the attenua-
tion of the radiative heat flux through the water column, which is dependent on the water 
body’s turbidity � and channel depth � . In Borman and Condie [10], their study into the 
stratification dynamics of rivers modelled the diurnal variation of solar heating as a 
depth-varying volumetric heat source following the Beer-Lambert law, 
Q(Y , T) = Is(T)�e

(Y−�)� , where T is the time, Y is the vertical position, and Is is the radi-
ant heat flux through the surface. Williamson et  al. [11] characterised stratification in 
radiatively heated open channels using DNS. The bulk stability parameter � in this case 
was equal to the ratio of a confinement length scale related to the domain height � and 
the Obukhov length scale L = �oCpU

3
�

(

1

2
−

1

��

)

∕

(

g�Is
)

 , where �o is the reference den-
sity, Cp is the specific heat of the fluid, U

�
 is the friction velocity, g is the  gravitational 

acceleration and � is the coefficient of thermal expansion [11, 12]. Flows with � = 1 is 
found to be strongly stratified with the flow in local energetic equilibrium over much of 
the channel and at ReL = LU

�
∕� ≃ 400 , where � is the kinematic viscosity, laminarisa-

tion occurs at the upper layer y ≈ 0.8 [11]. Because descriptions of the state of turbu-
lence in stratified flows can be characterised by the stratified outer layer, the definition of 
the Reynolds number can be defined using the bulk stability parameter �B and � , result-
ing in the bulk parameter ReL = Re

�
∕�B . Here, Re

�
 is the friction Reynolds number and 

is defined as Re
�
= U

�
�∕�.

Stably stratified open channel flows are used to investigate many of the environmental 
flows previously mentioned above [13, 14]. For open channel flows where stratification is 
spatially inhomogeneous, the vertical domain can acquire a wide range of gradient Rich-
ardson numbers Rig = N2

∕S2 , Froude numbers, specifically the turbulent Froude number 
Fr = �∕NK , and buoyancy Reynolds numbers ReB = �∕�N2 [15–19]. Here, � is the tur-
bulent dissipation rate, N is the buoyancy frequency, S is the mean vertical shear, and K is 
the turbulent kinetic energy. These parameters are often considered important parameters 
in governing the effects of buoyancy of stratified flows. Though Rig has been considered 
impractical for quantifying mixing of moderately to strongly stratified flows [13, 20], ReB 
and Fr remain parameters of interest in parameterising the effects of stratification on mix-
ing in turbulent flows. For ReB , the parameter indicates the range of length scales over 
which motions are considered to be largely unaffected by stratification [21, 22] while Fr is 
a ratio of the characteristic timescale of turbulence and stratification and is suggested to be 
a good indicator of the local state of turbulence in a stably stratified flow [16, 22]. In terms 
of local states of turbulence, ReB < 7 is thought to be within a molecular regime [15] and 
Fr ≪ 1 in a strongly stratified regime. Understanding where these local mixing regimes 
exist within the water column and how they vary with bulk parameters is often useful when 
aiming to predict the behaviour of the flow.
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While Williamson et al. [11] and Issaev et al. [23] studied the transition to statically sta-
bly stratified states and parameterization of mixing in stratified flows with a constant heating 
force, and Kirkpatrick et al. [24] investigated the removal of surface radiation from a thermally 
stratified open channel, only a handful of studies examined a flow that undergoes diurnal 
variation of a radiant heat source. Lei and Patterson [25] numerically investigated the natural 
convection induced by diurnal heating and cooling in varying topographical reservoirs. Their 
studies involve heating and cooling in shallow and deep reservoirs to observe their tempera-
ture profiles and flow rates. Their findings show a distinct time lag in response to the transient 
thermal forcing beyond one quarter of the heating-cooling cycle and dependence on their con-
trol parameter, the Grashof number. Lei and Patterson [25] further observed thermal instabili-
ties to be the dominant driving mechanism responsible for vertical mixing in the reservoirs. 
While this paper does not study varying topographical reservoirs, it does simulate the diurnal 
solar radiation behaviour experienced in river flows. This current paper expands on the work 
of Williamson et al. [11] by introducing an unsteady radiant heat flux through the surface of an 
open channel flow and aims to uncover the local flow states, where these states exist within the 
water column, and the extent of their changes across the diel cycle as the flow goes through its 
cyclic heating (stratifying) and adiabatic -destratifying stages.

This paper is divided into seven sections. Section 2 gives the problem formulation, describ-
ing the mathematical set-up of the flow along with the governing equations and subsequent 
non-dimensionalisation of important parameters. Section 3 details the numerical simulations, 
stating all simulation parameters tested for each case. Sections 4 to 6 contain the analysis of 
the flow’s transient response, the layer depths and their regimes and the relationship between 
the flow’s local flux Richardson number to the turbulent Froude number, respectively. Finally, 
section 7 concludes this paper.

2  Problem formulation

The schematic of the open channel flow, illustrated in Fig. 1, has a free-slip, adiabatic upper 
surface and a no-slip, adiabatic lower wall. The model is periodic in both the horizontal 
planes, and the stream-wise direction is driven by a constant uniform pressure gradient.

Fig. 1  Schematic of radiatively heated open channel flow
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The water column experiences a progressive absorption of the surface solar radiation that 
gives rise to the thermal stratified state of the flow. This internal heat source is characterised 
by a volumetric depth-varying heat source Q(Y, T), conveyed by the Beer-Lambert law [1],

 where � is the height of the channel, � is the absorption coefficient and Is is the short-wave 
heat flux which varies with time. Here, the diurnality of Is is based on the piecewise func-
tion defined below [26],

 with Im signifying the maximum irradiance at noon and D signifying the diel cycle, a 
24 h period where D = 86, 400s and therefore, can be used to determine the sunrise time 
T = 0.25D , length of light period T = 0.5D and sunset time, T = 0.75D.

The diurnal timescale t̂ is non-dimensionalised by the channel depth, diel cycle, and 
friction velocity:

 with U
�
 defined as the friction velocity related to the shear stress at the lower surface of the 

channel and � as the channel height. The dimensionless new day, sunrise time, length of the 
light period and sunset time can therefore be defined to be; 

 The temperature field � is decomposed as:

 where ��
(X, T) is the statically fluctuating factor and �̃�(T) is the domain-average tempera-

ture at time T.
Non-dimensionalising the depth-dependent heat forcing qh and the temperature 

fluctuating field � with the normalising components Qb and �b for one diurnal period, 
respectively, can be shown as:

  where, 

 and

(1)Q(Y , T) = Is(T)�e
(Y−�)� ,

(2)Is(T) =

{

Im sin3
(

𝜋(T−0.25D)

0.5D

)

, 0.25D < T < 0.75D

0, otherwise

(3)t̂ =
U

𝜏
D

𝛿
,

(4abcd)t = 0̂t, t = 0.25̂t, t = 0.5̂t, t = 0.75̂t

(5)𝜙(X, T) = �̃�(T) + 𝜙
�
(X, T),

(6a,b)qh(y, t) =
Q(Y , T) − Q̃(T)

Qb

, �(y, t) =
�(Y , T) − �̃(T)

�b

(7a,b)Q̃(T) =
1

�

�

∫
0

Q(Y , T)dY , �̃(T) =
1

�

�

∫
0

�(Y , T)dY ,

(8)�b =
Qb�

�oCpU�
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 with Q̃(T) being the domain-average radiant heat flux for one diurnal cycle, �̃(T) being the 
domain-average temperature field, Cp is the specific heat of the fluid, and �o is the reference 
density. Throughout this paper, capitalisation of a variable signifies a dimensional quantity, 
whereas a lower-case variable indicates non-dimensionality. Here, Qb is described as,

 where 

 with Is as the average radiant heat flux through the surface for one diel cycle. Since strati-
fied layer depths are predominately above y = 0.6� , the normalisation of qh and � , along 
with this paper’s modified definition of the bulk stability parameter �B , is defined over the 
distance y = 0.6� to � . As previous work of Williamson et al. [11], Issaev et al. [23] and 
Kirkpatrick et al. [24] have shown that local conditions are well aligned with mean flux 
profiles, the definition of the normalising components and the bulk stability parameter in 
this paper is more directly connected with local dynamics than for one based on the entire 
channel height as used in Williamson et al. [11], Issaev et al. [23] and Kirkpatrick et al. 
[24].

As mentioned above, stratification of the channel is characterised by the bulk stabil-
ity parameter �B , which is the ratio of the confinement scale � to a modified bulk Obuk-
hov length scale LB . These terms are defined as: 

 where g is the gravitational acceleration and � is the coefficient of thermal expansion 
which relates the fluid density � to the temperature by d�∕�o = −�d� . �b is defined as:

 where �s is the surface shear from wind and �w is the wall shear.
Direct numerical simulation (DNS) is applied to solve the Navier–Stokes equation 

for the stratified open channel flow. Using the Oberbeck–Boussinesq approximation for 
buoyancy [11], the governing equation for the non-dimensional conservation of mass, 
momentum and energy can be written as:

(9)Qb =
1

(� − 0.6�)2 ∫
�

0.6�

(

Q̃a − Qa

)

(� − Y) dY ,

(10a,b)Qa = Is�e
�(Y−�), Q̃a

1

(� − 0.6�)

�

∫
0.6�

Is�e
�(Y−�)dY

(11a,b)�B =
�

L
,LB =

(

�b

)
3

2Cp

g���
1

2

o Qb

.

(12)�b =
1

(� − 0.6�) ∫
�

0.6�

|

|

|

|

(

�s − �w

�

)

Y + �w

|

|

|

|

dY ,

(13)
�uj

�xj
= 0,

(14)
�ui

�t
+

�uiuj

�xj
= −

�p

�xi
+

1

Re
�

�
2ui

�x2
j

+ ex +

(

�b

�w

)
3

2

u2
�
�B�ey,
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 and,

 with ui being the Cartesian components of the velocity vector u = (u, v,w) , xi the compo-
nents of the position vector x = (x, y, z) , p is the pressure and, ex and ey are the unit vectors 
in the x and y directions.

The non-dimensionalised form of the components above can be described as:

 with X, U, T, P, U
�
 and � as the above equations dimensional counterpart. The friction 

Reynolds number is Re
�
= 400 and Prandtl number Pr = �∕� = 1, where � is the scalar 

diffusivity. The problem can therefore be fully defined by specifying Re
�
 , Pr, �B , and the 

non-dimensional turbidity parameter �� found in Eq.  1. This paper only considers cases 
where �� = 8 so that the solar radiation does not fully penetrate the channel bed and strati-
fication is confined only to the upper layer of the domain.

Referring back to the boundary conditions; the adiabatic no-slip bottom surface ( y = 0 ) 
and the adiabatic, stress-free top surface ( y = 1 ) can now be described as: 

3  Numerical simulation

Simulations were solved using the three dimensional, Cartesian structured and fractional-
step finite-volume method described in Armfield et al. [27]. Cell face velocities were calcu-
lated using a Rhie–Chow interpolation with the spatial discretisation using a fourth-order 
central differencing for advective approximation and a second-order central differencing 
for diffusion approximation for both velocity and scalar terms. A second-order accurate in 
time Adams–Bashforth scheme was employed for nonlinear terms, while a Crank–Nicolson 
scheme was used to advance the diffusive terms. A stabilised bi-conjugate gradient solver 
was used to solve the pressure correction equation, while a Jacobi solver was employed 
to solve the momentum and temperature equations. A Courant number between 0.16 and 
0.17 was used to adjust the time step, ensuring that the Courant number stays within the set 
range.

Table 1 shows the simulation parameters and grid and domain sizes that were tested. 
The horizontal axes, x and z, are uniform in grid size with cell sizes in viscous wall units 

(15)
��

�t
+

��uj

�xj
=

1

Re
�
Pr

�
2
�

�x2
j

+ qh,

(16)
x =

X

�
, u =

U

U
�

, t =
U

�
T

�
,

p =
P

�ou
2
�

, u
�
=

U
�

U
�

, h = 1.

(17a,b)y = 0 ∶ u = v = w = 0,
��

�y
= 0.

(18a,b)y = 1 ∶
�u

�y
=

�w

�y
= v = 0,

��

�y
= 0.
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being △x+ = 5 and △z+ = 2.5 . The vertical axis is non-uniform, stretched, and set on 
a log mesh that grows from both ends. In other words, between y = 0 − 0.5 , the cell size 
in viscous wall units range from △y+ = 0.5 − 3.3 and symmetrical over the rest of the 
domain height.

Grid sizes 512 × 165 × 512 of the constant forcing case for a domain of 2� × 1 × � were 
employed and compared to Williamson et al. [11] to which these results yielded indiscern-
ible differences allowing this grid resolution to be used. Comparisons between a half-span 
domain of 2� × 1 × 0.5� and a full-span domain of 2� × 1 × � indicate negligible dif-
ferences in results when run with a constant heat force and identical parameters for each 
simulation. The vertical profiles of Fig.  2 are averaged over horizontal planes and time 
with perturbation from the mean denoted by a prime. Here, ⟨⋅⟩ indicate averaging over the 
horizontal planes and ⋅ symbolise averaging in time. Figure 2 are profiles of the mean tem-
perature, velocity, scalar and turbulent shear fluxes, buoyancy Reynolds number ReB and 
turbulent Froude number Fr. The similarity in results shown in Fig.  2 for both flux and 
important bulk parameters such as ReB and Fr demonstrate that the half-span domain can 
be applied, and this in effect helps in lowering computational power and run time for each 
simulation.

Table 1  Simulation cases and 
parameters

Case �B Re
�

Pr �� Lx × Ly × Lz Nx × Ny × Nz t̂

1 5.8 400 1 8 2� × 1 × � 512 × 165 × 512 –
2 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 –
3 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 6
4 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 12
5 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 24
6 1.5 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 6
7 17.4 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 6
8 0.6 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 1
9 2.9 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 1
10 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 1
11 2.9 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 6
12 12 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 6
13 2.9 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 9
14 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 9
15 12 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 9
16 12 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 12
17 17.4 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 12
18 5.8 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 18
19 23.3 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 18
20 1.5 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 24
21 2.9 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 24
22 9.3 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 24
23 23.3 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 24
24 26.1 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 24
INF 2.9 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 3
ISF 2.9 400 1 8 2� × 1 × 0.5� 512 × 165 × 256 3
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Simulations were initialised from a realisation of a stably stratified constant forcing flow. 
Preliminary tests showed the flow to be independent of the initial conditions. Once quasi-
steady-state is achieved, statistics are comparable to simulations with identical parameters 
and grid and domain size regardless of the initialisation states. To test for initial condition 
independence, initialisation from a neutral flow (Case INF) and a stratified constant forc-
ing flow (Case ISF) were tested. Both Case INF and ISF were run with identical parameter 
values where �B = 2.9 , Re

�
= 400 , Pr = 1 , �� = 8 and t̂ = 3.

To achieve initial condition independence, both Case INF and ISF simulations must 
achieve similar statistics and profiles. A time-series of their bulk Richardson number RiB 
and bulk Froude number FrB are compared. Both the bulk Richardson and bulk Froude 
number can be described as:

(19)RiB =

⟨Δ�⟩�Bh

u2
b

Fig. 2  Comparison profiles of a full- and half- span channel for a constant forcing case with �
B
= 5.8 , 

Re
�
= 400 , Pr = 1 and �� = 8 : a stream-wise velocity, b instantaneous temperature � difference to wall 

temperature �
w
 , c turbulent shear stress, d scalar flux, e buoyancy Reynolds number and f turbulent Froude 

number profile. Red solid lines = full-span and blue dashed lines = half-span domain
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 where h is the simulation domain height, ⟨Δ�⟩ is the horizontally averaged temperature at 
the top and bottom of the channel, ub is the bulk velocity and,

 where K is turbulent kinetic energy K =
1

2
(U�

i
U�

i
) and ⋅̃  indicate averaging over the entire 

domain. The turbulent dissipation rate � and buoyancy frequency N are represented as 
follows: 

 with Sij is the strain rate due to velocity fluctuations given by Sij = 1∕2(�U�

i
∕�Xj + �U�

i
∕�Xj) 

and U′ indicates the fluctuation stream-wise velocity.
Figure  3 shows the results of the initial condition independence tests. There is an 

observable difference between the start-up non-dimensional time t = 0 ; however, as time 
progresses, this difference decreases until the two simulation results collapse onto one 
another. Convergence here is defined when the average parameter of each diel cycle dif-
fers by less than five percent from the previous cycle. Once achieved, the oscillatory flow 
is fully developed, and quasi-steady-state is established. Therefore, for this study, quasi-
steady-state is defined when the cycle averages, as well as the maximum and minimum 
amplitudes of essential parameters such as the bulk Richardson number RiB (Fig. 3a), bulk 
Froude number FrB (Fig.  3b), and the friction Richardson number Ri

�
= ⟨Δ�⟩�Bh∕u

2
�
 

(Fig. 5) differs less than five percent from the previous cycle. Under these conditions, the 
time taken for the flow to converge and reach a quasi-steady-state is t ≈ 12 . Figure 4 illus-
trates the horizontally averaged and time-averaged at each new day, rise time, mid-day, and 
set time for the scalar flux profile of Case INF and Case ISF. It is evident in all figures that 
the profiles are similar when statistics are taken after t ≈ 12 from the initialisation of the 
flow.

Provided that the mean Re
�
 and �B of the initialised flow field are similar to the simula-

tion conditions, the flow will reach full development when t ≈ 12 . That is, regardless of the 

(20)FrB =
�̃�

�N�K

(21a,b)� = 2v
�

Sij, Sij
�

, N2
=

�

−g

�o

��

�⟨�⟩

�Y

�

Fig. 3  Time-series of a Ri
B
 and b Fr

B
 for Case INF and Case ISF with simulation parameters �

B
= 2.9 , 

t̂ = 3 , Re
�
= 400 , Pr = 1 and �� = 8 . Red solid lines = neutral initial condition and blue dashed lines = 

stratified initial condition
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Fig. 4  Evolution of the scalar flux ⟨v′�′
⟩ profiles for Case INF and Case ISF with parameters �

B
= 2.9 , 

t̂ = 3 , Re
�
= 400 , Pr = 1 and �� = 8 . Statistics are taken from t = 12 and beyond from the same simula-

tion results as shown in Fig.  3. Figure a shows the scalar flux at t = 0t̂ , b at t = 0.25t̂ , c at t = 0.5t̂ and d at 
t = 0.75t̂ . Red solid lines = neutral initial condition and blue dashed lines = stratified initial condition

Fig. 5  Ri
�
 time series: a Case 2 – constant forcing case, b Case 3 – diurnal with t̂ = 6 , c Case 4 – diurnal 

with t̂ = 12 and d Case 5 – diurnal with t̂ = 24
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diurnal timescale t̂ value of the simulation, when the flow is initialised with similar �B and 
Re

�
 values to the current simulation, the development time is insensitive to t̂ . This is shown 

in Fig. 5, a plot of the friction Richardson number Ri
�
 time-series for a constant forcing 

case and varying t̂ . For all cases in Fig. 5, initial conditions are started from a flow with 
parameters �B = 5.8 , Re

�
= 400 , Pr = 1 and �� = 8 . As Fig.  5b, c and d have an unsteady 

thermal force applied to the surface of the open channel, the flow cycles through different 
flow states in space and time. Ri

�
 captures the buoyancy effects on the channel and for each 

case aside from Fig. 5a, buoyancy is at its peak between t = 0.5t̂ and t = 0.75t̂ while the 
lowest Ri

�
 lies between t = 0.25t̂ and t = 0.5t̂ . The flow throughout the diurnal cycle will 

experience a repeating cyclic trend where the flow becomes progressively stratified as the 
levels of thermal forcing increase and decrease with the reduction or absence of the ther-
mal forcing.

Figure 5 shows a fully developed, quasi-steady-state flow that is established from t = 0 
for different t̂ values but initialised from the same flow field. This fully developed, quasi-
steady-state flow developed right at t = 0 suggests that the flow fields from one t̂ result can 
be used to initialise simulations at other t̂ values efficiently if �B and Re

�
 are kept constant. 

Shown in Section 6, the diurnal average flow quantities such as Fr are relatively insensitive 
to t̂ which supports this conclusion. For the remainder of this paper’s simulations, flow 
fields were initialised with parameters �B = 5.8 , Re

�
= 400 , Pr = 1 and �� = 8 for cases 2 

to 5 with statistics being taken after one diurnal timescale cycle. The remaining cases are 
initialised from the aforementioned parameters though statistics are taken after four diurnal 
timescale cycles.

4  Transient response of flow field

4.1  Temperature evolution

The temperature evolution of an unsteady thermal forcing on a flow is discussed in this 
section. Figure 6 shows the visualisation of the transient temperature field for Case 3 with 
simulation parameters; �B = 5.8 , t̂ = 6 , Re

�
= 400 , Pr = 1 and �� = 8 . The colour bar is 

scaled between 0 − 1 of Fig. 6 and normalised by (� − �min) ∕ (�max − �min) to highlight 
the turbulent traits for each image. Initially, as shown in Fig.  6a, the flow is unstratified in 
the turbulent region of the lower half of the channel and is progressively stratified in the 
upper half of the domain as shown through the gradual colour changes at the near surface 
of the channel y = 0.8 to y = 1 . As the flow evolves, turbulence is noticeably more ener-
getic as the temperature field mixes though the channel and stratification is broken down 
as presented in Fig. 6c. Between the period, t = 0t̂ to t = 0.25t̂ (Fig. 6a and b), the flow 
experiences a zero surface heat force and turbulence begins to extend to the upper half 
of the channel, reducing the thickness of the near surface laminar layer and the strength 
of the stratification. This behaviour continues past the introduction of the heat forcing at 
t = 0.25t̂ until re-stratification occurs from t = 0.5t̂ and t = 0.75t̂ (Fig.  6c and d), where 
the near surface region of the channel y = 0.8 to y = 1 settles into an almost-laminar state 
and exhibits distinct shear instabilities.

Figure  7 shows the vertical temperature profiles of cases 2 to 5 (refer to Table  1) to 
highlight the effects of varying diurnal timescales on the flow as well as comparing the 
diurnal flows with its constant forcing counterpart. As the vertical temperature profiles 
vary throughout a diel cycle for diurnal cases, temperature profiles at t = 0t̂ , t = 0.25t̂ , 
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t = 0.5t̂ and t = 0.75t̂ are shown. The constant forcing case in Fig.  7 shows a well-mixed 
turbulent region near the bottom wall transitioning to a thermocline region extending from 
y = 0.7 − 1 . Unsurprisingly for all diurnal cases, the flow sweeps through a wider range 
of temperature profiles from an almost neutral flow state, to a weakly stratified flow, and 
to a strongly stratified flow. This range becomes greater as t̂ increases where Fig.  7b with 
t̂ = 6 experiences weakly to strongly stratified flows compared to Fig.   7d where t̂ = 24 , 
which transitions through to a complete isothermal state as shown by the t = 0.25t̂ line, to 
a weakly stratified flow shown by line t = 0.5t̂ and finally to a strongly stratified flow indi-
cated by the t = 0.75t̂ line. This sweep is attributed to the length of the diurnal cycle where 
shorter periods do not fully allow the flow to respond completely to the external heat forc-
ing as compared to a longer diurnal cycle. Observing the near-wall to mid- height of the 
channel y = 0 − 0.6 , this region is shown to remain relatively unstratified throughout the 
diel cycle however as t̂ increases, the flow begins to experience changes within this area. 
This behaviour can be seen when comparing the stratified region of Case 3 where t̂ = 6 
(Fig.   7b) and Case 5 where t̂ = 24 (Fig. 7d). For Case 3, as it progresses through the diur-
nal cycle, each profile line in Fig.  7b collapses onto one another between the y = 0 − 0.6 
region, compared to Fig.  7d, where the varying time profiles of Case 5 do not collapse in 
this region.

Upon comparing profiles when t̂ remains constant and �B varies, unlike temperature 
profiles of Fig. 7, Fig. 8 shows that temporal temperature profiles of each case decrease 
in differences as �B increases. Figure 8 compares the temperature profiles of �B = 1.5 and 

Fig. 6  Transient temperature field response in the x-y plane for �
B
= 5.8 , t̂ = 6 , Re

�
= 400 , Pr = 1 and 

�� = 8 where Figure a is at t = 0 , b at t = 0.25t̂ , c at t = 0.5t̂ and d at t = 0.75t̂ . Colour bar is scaled 
between 0 − 1 and is normalised by (� − �min) ∕ (�max − �min) for all figures
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Fig. 7  Mean profiles of the temperature difference between the instantaneous temperature � and wall tem-
perature �

w
 for cases 2 to 5 with �

B
= 5.8 , Re

�
= 400 , Pr = 1 and �� = 8 : a Case 2 – constant forcing, b 

Case 3 – diurnal with t̂ = 6 , c Case 4 – diurnal with t̂ = 12 and d Case 5 – diurnal with t̂ = 24

Fig. 8  Mean profiles of the temperature difference between the instantaneous temperature � and wall 
temperature �

w
 for simulation parameters t̂ = 6 , Re

�
= 400 , Pr = 1 and �� = 8 : a Case 6 – diurnal with 

�
B
= 1.5 and Case 7 with �

B
= 17.4
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�B = 17.4 . Between the two figures in Fig.  8, the temperature difference at the thermo-
cline rises with the thermocline extending deeper through the channel as �B increases. 
For changes in �B at a certain value where the flow can be considered strongly stratified 
throughout the diel cycle, the lower mixed region of the channel remains insensitive to 
changes in the two parameters as shown through Case 3 (Fig. 7b) and Case 7 (Fig. 8b).

4.2  Removal of diurnal heat source

Considering the period of the flow where the heat source is suspended, the destratification 
rate for a thermally stratified flow after the removal of the heat source can be described as 
[28]:

 with Ri
�
 described as:

 where Δ� is the temperature difference at the top and bottom of the channel, t
�
= h∕u

�
 , 

tN = (�Δ�∕h)−1∕2 and the bulk stability parameter �:

 where,

The destratification process can be thought of as the time when the initial state of a 
flow moves from one that is strongly affected by buoyancy to a final state in which buoy-
ancy effects are minimal [28]. The relationship between this destratification rate Ds and Ri

�
 

when Ri
𝜏
> 15 follows the equation below [28]:

Equations 22 to 26 are used to model a destratification time td for a flow with no surface 
cooling [28]. The destratification time td is defined as [28]:

 where the subscripts i and f represent the initial and final parameter values, 
(

u2
�

)

avg
 is equal 

to the average u2
�
 between the initial and final time when Δ�f = 0 . As these simulations do 

not experience a time when Δ�f = 0 , 
(

u2
�

)

avg
 is taken between the time when the radiant 

heat flux is removed from the flow. The modified bulk stability parameter �B (given in 

(22)Ds(t) =
−1

Δ�(t)

d(Δ�(t))

dt
,

(23)Ri
�
=

t
�

tN

(24)� =

�gQN�
2

�oCpU
3
�

.

(25)QN =
1

�2 ∫
�

0

(

Q̃(T) − Q(Y , T)
)

(� − Y) dY .

(26)Ds(t) = 2.1Ri−1∕2
�

.

(27)td =

2�1∕2h3∕2
(

Δ�
1∕2

i
− Δ�

1∕2

f

)

2.1
(

u2
�

)

avg

.
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equation 21) and Kirkpatrick et al. [28] bulk stability � is related by � = 0.061�B for the 
constant forcing case and � = 0.286�B for the diurnal cases.

In Table 2, the results for the destratification time defined through Eq.  27 are taken 
from when the flow experiences a zero radiant heat flux, between t = 0 − 0.25t̂ and 
t = 0.75 − t̂ . According to Table  2, it is expected for all diurnal cases to experience 
a period where Δ� = 0 as the predicted td from Eq.  27 is approximately less than or 
equal to the phase where the surface heat source is discontinued t = 0.5t̂ of each case. 
This expected destratification however does not occur for cases 3, 4 and 18 as shown in 
Fig.   9, and while Case 5 does destratify during its diurnal cycle, the tsim or the time taken 
for Case 5 to reach Δ�f = 0 from t = 0.75t̂ (when heating is completely removed from 
the flow) is t ≈ 11 , a 6.4 difference from td . These discrepancies may be due to the vari-
ation of the paper’s flow compared to Kirkpatrick et al. [28] who investigated thermally 
stratified turbulent channel flows after the removal of a radiant heat source instead of a 
diurnally varying radiant heat source. As Eq.  27 is dependent on the temperature differ-
ence, having diurnal heating affects Δ� as shown in Fig. 9 with the maximum Δ� in the 
constant forcing simulation being much greater than for a flow subject to diurnal heating. 
Results from Table 2 show that tsim compares well to 2.1t̂∕td . Applying this will give Case 

Table 2  Destratification time for each simulation where the superscript ∗ represents the average parameter 
value at t = 0.75t̂ for a given diurnal cycle while t

d
 represents the estimate for destratification time defined 

by the scaling relation in Eq.   27 and tsim is the destratification time taken from the simulation results

Case t̂ � Ri∗
�

Ds Δ�
∗

(

u2
�

)

avg
td tsim

2 – 0.35 19.03 0.48 19.93 0.99 2.5 –
3 6 1.67 28.09 0.37 6.47 0.98 3.2 –
4 12 1.67 44.49 0.31 9.27 0.96 3.9 –
5 24 1.67 73.60 0.24 14.46 1.00 4.6 11
18 18 1.67 59.65 0.27 12.17 1.00 4.3 –

Fig. 9  Temperature difference Δ� plotted against time t: a Case 2 – constant forcing case, b Case 4 – diur-
nal with t̂ = 12 , c Case 18 – diurnal with t̂ = 18 and d Case 5 – diurnal with t̂ = 24
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3 a new destratification time of 3.9, Case 4 a time of 6.5, Case 18 a time of 8.8 and Case 5 
a new destratification time of 11.

5  Layer depths and flow regimes

5.1  Laminar and stratified layer depths

This section investigates the changing laminar and stratified layer depths as the flow 
evolves through time and is subject to a transient radiant heat source. In this analysis a 
laminar layer indicates minimal to no turbulent mixing within the region and certain flows, 
given the right conditions, can exhibit a persistent, diurnal or absent laminar layer close 
to the free surface throughout its diel cycle. These three behaviours are also exhibited for 
stratified layer depths which are depths where the variations of temperature are highest and 
tend to act as a thermal barrier for vertical mixing [29].

The laminar layer depth (LLD) for this paper is defined as the depth from the free sur-
face where the buoyancy Reynolds number ReB , a buoyancy parameter used to indicate the 
separation of the smallest eddy affected by buoyancy to the smallest scale of turbulence, is 
equal to 7 [15]. Within this diffusive range ReB < 7 for stably stratified shear flows, it was 
found that turbulence is strongly damped and minimal lateral mixing occurs [15].

The stratified layer depth (SLD) for this paper is defined as the distance from the free 
surface to where the turbulent Froude number Fr, defined as the ratio of buoyancy to turbu-
lence times scales, is equal to 1 as Fr ≪ 1 lies within the transition into a strongly stratified 
regime [16]. Since Fr is defined through local turbulent quantities, Fr can be considered a 
reasonable measure for the local state of turbulence in a stably stratified flow with Fr ∼ 1 
shown to be a good definition for the onset of strong stratification in many studies of turbu-
lent flow [16, 30]. Furthermore, the Froude number is a significant parameter in inferring 
the state of turbulence and parameterises well with mixing efficiency in stably stratified 
turbulent flows [16, 31–33].

Figure 10 shows the time-series of the LLD and SLD for simulation cases 2 to 5. For 
the constant forcing case, Fig.   10a shows an almost-constant layer depth with the average 
LLD = 0.05 and the SLD = 0.57 while oscillating layer depths occurs for diurnal cases, 
cases 3 to 5. All diurnal simulations upon observing the time-averaged LLD have an aver-
age LLD = 0.10 . The average SLD for diurnal cases vary as t̂ increases. Case 3 ( ̂t = 6 ) has 
an average SLD = 0.56 (much like the constant forcing case where SLD = 0.57 ) whereas 
Case 5 ( ̂t = 24 ) has an average SLD = 0.46 . On the minimum depths of the two layers, as 
t̂ increases, Fig. 10b to d shows the lowering of the minimum depth of the layers, and in 
some instances, these layer depths will go to zero. The maximum LLD and SLD, in all 
cases, increase with t̂.

Figure 10d reveals a rapid decline of the SLD at the end of each diurnal cycle, indi-
cating that the channel is weakly stratified over its entire depth and is the only case that 
exhibits this complete breakdown before recovering to an almost constant SLD. This rela-
tionship also highlights that in extreme cases where t̂ is very small, its behaviour, when 
averaged, mirrors that of its constant forcing counterpart.

When changing �B and keeping t̂ constant, the flow will progressively increase in strati-
fication and its LLD and SLD will increase in size as shown in Fig.   11a where �B = 1.5 
will have no LLD throughout its diel cycle, while Fig.   10b where �B = 5.8 will have 
a diurnal LLD and finally to Fig.   11b where the LLD is persistent throughout the diel 



1250 Environmental Fluid Mechanics (2023) 23:1233–1259

1 3

Fig. 10  Laminar and stratified layer depths for Case 2 to 5 with simulation parameters �
B
= 5.8 , Re

�
= 400 , 

Pr = 1 and �� = 8 : a Case 2 – constant forcing case, b Case 3 – diurnal with t̂ = 6 , c Case 4 – diurnal with 
t̂ = 12 and d Case 5 – diurnal with t̂ = 24 . Vertical axis is flipped to clearly show where layer depths lie 
within the water column. The dashed black lines signifies the surface radiant heat flux value I

s
 that is scaled 

to a secondary y-axis defined by Eq.   2 located on the right of the plots. Red dotted lines indicate the LLD 
and blue solid lines indicate the SLD

Fig. 11  Laminar and stratified layer depths for Case 6 and 7 with simulation parameters t̂ = 6 , Re
�
= 400 , 

Pr = 1 and �� = 8 : a Case 6 – �
B
= 1.5 , and b Case 7 – �

B
= 17.45 . Vertical axis is flipped to clearly show 

where layer depths lie within the water column. The dashed black lines signifies the surface radiant heat 
flux value I

s
 that is scaled to a secondary y-axis defined by Eq.   2 located on the right of the plots. Red dot-

ted lines indicate the LLD and blue solid lines indicate the SLD
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cycle of the case where �B = 17.4 . Furthermore, the length of the LLD will also grow and 
penetrate further down the water column as �B increases. A similar behaviour is observed 
with the SLD. These behaviours exhibited in both the LLD and SLD are much like when t̂ 
increases for the same �B as shown above.

For all simulations, there is a distinct lag between the thermal forcing and the flow 
response in all diel simulations for both LLD and SLD shown in Figs.   10 and 11 where 
the LLD and SLD are slightly out of phase with the black dashed lines that represent the 
unsteady heat forcing. Furthermore, for all cases, the SLD is greater than LLD, with the 
maximum SLD ranging between 0.55 and 0.75.

The results in Fig. 10 demonstrate that for increasing t̂ the flow transitions from persis-
tently laminar in the near surface region to diurnally laminar. The SLD also demonstrates 
this transition although a flow which is diurnally laminar is not necessarily diurnally strati-
fied as Fig. 10c shows. In certain cases (refer to Table 1), the flow may also attain a regime 
where the flow will never acquire an LLD nor an SLD (Case 8), a regime where the flow 
won’t obtain an LLD but will have a diurnal SLD (Case 6, Fig.   11a) and a regime where 
both LLD and SLD are persistent (Case 7, Fig.   11b). In the following section, a regime 
map of these behaviours for the LLD and SLD is presented where each simulation will fall 
into one region of the LLD regime map and another for the SLD regime map. The LLD 
map denotes all three flow regimes: never laminar (NL), diurnally laminar (DL) or persis-
tently laminar (PL) while the SLD map will denote: never stratified (NS), diurnally strati-
fied (DS) or persistently stratified (PS). It can therefore be said that when increasing �B , the 
flow will transition into higher stratification regimes (NL > DL > PL or NS > DS > PS).

5.2  Flow regimes

The location of the LLD and SLD depends on the governing parameters, �B or 
ReL = LBU�

∕� = Re
�
∕�B , and t̂ . Simulations of varying �B and t̂ have been used to iden-

tify the flow regimes defined through these governing parameters and locate these regimes 
on a regime map. The regime map in Fig. 12 reveals a flow’s response against varying ReL  
for LLD and �B for SLD against t̂.

Fig. 12  Regime map for an absent, diurnal or persistent a LLD and b SLD for all cases given in Table 1. 
Figure a is plotted against ReL  with the horizontal axis reversed and b is plotted against �

B
 . The blue 

squares indicate an absence of either the LLD or SLD, red circles indicate diurnal and black crosses are 
persistent laminarisation or stratification
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As LLD is a viscous length scale defined by ReB ≈ 7 , ReL  is used as the relative vis-
cous parameter to map the regime of the LLD. ReB is employed to defined the LLD as it 
is often used as an indicator of the collapse of turbulence or the transient relaminarisation 
in stratified flows. It is a parameter defined through the ratio of the characteristic length 
scales, the Ozmidov length scale lO to the Kolmogorov length scale � in stratified turbulent 
flow [18, 21, 34]. The Ozmidov length scale lO is a length scale defined as the smallest 
(vertical) eddy influenced by buoyancy whereas the Kolmogorov length scale � character-
ises the smallest scales of motion [21] therefore, Reb suggests the dynamic range of scales 
over which motion remain unaffected by the buoyancy force that dampens the larger scales 
and the viscous dissipation that affects the small scales [21]. Because ReL  is a bulk scale 
analogous to ReB in equilibrium flows [11], it is on this basis that it is used to construct a 
regime map for the laminarisation in the t̂ and ReL  space.

While ReL  is used to characterise the regime map for LLD, �B is the characterising 
parameter used for regime map based on the stratified layer depth. The SLD is defined as 
the location from the free surface where Fr ≈ 1 as a strongly stratified regime is found to be 
Fr ≪ O(1) [16, 22, 32]. In the limit of strong stratification, buoyancy effects are dominant 
and hence it is reasonable to assume that the bulk stability parameter in this paper �B is 
appropriate to map the SLD regime map.

The LLD and SLD may break down and re-establish throughout the diel cycle; however, 
at sufficiently low �B or higher ReL  , these layers may be completely non-existent, and the 
flow is fully turbulent over the entire channel depth. At very high �B or low ReL  , the layer 
depths may persist through the diel cycle as shown in Fig.  10. The first classification; a 
non-existent LLD or SLD throughout the diurnal cycle, is denoted by NL and NS, respec-
tively. The second classification; a break down and re-established LLD or SLD throughout 
the diurnal cycle, is denoted by DL and DS, and the last classification; a persistent LLD or 
SLD, is denoted by PL and PS.

The transition lines between these regimes are found by identifying the region of the 
transition before fitting a trend-line onto the regime map. For Fig. 12a, the transition from 
NL to DL is given by the equation t̂ = 2.7 × 10−10Re4.5

L
− 0.1 and the transition from DL to 

PL is dictated by t̂ = 1.56 × 102Re−0.5
L

− 18 . For a constant zero stratified layer regime, NS 
to DS, for a neutral flow exists when �B = 1.01 with the transition from DS to PS governed 
by t̂ = 3𝜆B . NS is not labelled in Fig.  12b but exists within the region when �B ≤ 1.01.

The regimes maps indicate a direct relationship between t̂ and �B (or for ReL  , which is 
indirectly related to t̂ ) as the regimes begin to transition from NL / NS, DL / DS and PL / 
PS. This behaviour is as expected. �B is a determining value for stratification levels. As �B 
increases the flow will move from NL, DL and PL. The same principle applies to the SLD 
behaviour.

5.3  Regime map application

To apply the regime maps, values of �B , Re
�
 and t̂ are required and Eqs.  9 and 12 must 

be calculated. Here we give an example for the application of the regimes maps. Analys-
ing data taken from a site at the Bourke Weir pool located on the Darling River in 1997, 
finds flow rates during late September, early October to be around 3.5 m3

s
−1 [35]. Though 

surface heat flux over the Bourke Weir is difficult to find, average surface heat flux over 
Maude Weir can be approximated to be around ≈ 170 Wm

−2 [36]. Given a cross-sectional 
area of around 97 m2 for the Bourke Weir and a depth of � = 4 m , the flow velocity can be 
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calculated to be around Ub = 0.04 ms
−1 [35]. The shear stress at the wall of the river can be 

determined by,

 where rp is the roughness of the bed channel which is equal to 0.05 [35]. Here, the Reyn-
olds number is equal to Re = Ub�∕� = 1.4 × 105 . Analysis of average wind velocities at 
recording station in Bourke indicate minimal variations through the year with average 
speeds varying between 1.2 to 2.1 ms

−1 between the period of 1991-1995 [37] taken at 
altitude 107 m. Using a logarithmic wind profile [38], U10 can be interpolated to be around 
1.7 ms

−1 . From here, a surface shear stress can be found.
Turbidity at Bourke can range between 9-1740 NTU [39] though there is a strong cor-

relation between the decline of turbidity and decreased flow rates [37]. With turbidity at 
Bourke in August of 1995 dropping to around 20 NTU at flow rates 3.5 m3

s
−1 [37]. 20 

NTU has been taken to calculate the attenuation coefficient �.
With all the parameters listed above and summarised into Table  3, �B , Re

�
 and t̂ 

can be solved once Eqs.  9 and 12 are calculated. With these parameters, �B = 17.6 , 
Re

�
= 8.4 × 103 , t̂ = 45 and ReL = 478 for the example of this flow. From Mitrovic et al. 

[35], the period where Ub was calculated (September-October of 1997), the flow was per-
sistently stratified with persistent stratification defined when the temperature difference 
between the top and bottom of the water column is greater 0.5◦C for more than five days. 
Though temperatures at the surface of the water column will drop during the night, the dif-
ference between surface and bottom temperatures do not fall below 0.5◦C during this time. 
In the case of this flow, from the regime maps of Fig.  12, the flow will be in the NL regime 
for the LLD regime map and a PS regime for the SLD regime map. Overall, the flow for 
this instance will have no laminar layer depth within its diurnal timescale of t̂ = 45 but will 
have a stratified layer depth that is persistent throughout the entire period of the diurnal 
timescale. Since the data indicates a persistent SLD, it is in agreement with the data from 
Mitrovic et al. [35] where they observe persistent stratification within this period.

6  Parameterisation of R∗

f
 as a function of Fr

This section aims to determine if previous parameterisation of the mixing efficiency can 
be applied to a diurnally heated, stratified channel flow and is distinct from previous 
sections with regards to the layer depths and their regimes. For many studies into strati-
fied flows, there is a lot of emphasis placed on parametrisation of mixing with one such 
notable relation, the Froude number and flux Richardson number Fr − R∗

f
 framework. 

Previous data simulation have found the turbulent Froude number Fr to be a strong 

(28)U
�
= Ub

(

2.5 ln
12�

rp

)

−1

,

Table 3  Summary of variables used to determine �
B
 , t̂  and Re

�
 at Bourke Weir pool

Cross-sectional � Ub U10 �� �s × 10−3 �w × 10−3 �b × 10−3 Qb

area ( m2) (m) (ms−1) (ms−1) (Nm−2) (Nm−2) (Nm−2) (Wm
−1)

97 4 0.04 1.7 6 7.5 4.4 7 42
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parameter to parameterise the mixing efficiency and infer on the localised state of tur-
bulence in stably stratified flow [16, 23, 32] though its relation has yet to be tested on 
diurnally heated open channel flows.

For the paper, the irreversible flux Richardson number R∗

f
 is used as the mixing effi-

ciency parameter. This definition of the flux Richardson number allows the formula-
tion to quantify the mixing efficiency in stably stratified flows with the consideration of 
removing stirring, a large scale non-diffusive reversible flux from the equation [40]. The 
R∗

f
 number can be defined as,

 where �pe is the dissipation rate of the turbulent potential energy and is approximated by 
the density scalar variance dissipation rate �p [41]. Both parameters are defined respec-
tively as: 

 Here, � is the density (temperature) and �′
i
 is the fluctuating density. For strongly strati-

fied flows Fr ≪ 1 , the irreversible flux Richardson is approximately constant R∗

f
∝ Fr0 , 

while moderately stratified flows Fr ∼ O(1) exhibit the relation R∗

f
∝ Fr−1 and for weakly 

stratified conditions Fr ≫ 1 ; R∗

f
∝ Fr−2 [16, 23, 32]. The Fr-based framework defined by 

Garanaik & Venayagamoorthy [16] differs from our definition of SLD as the SLD is based 
on the length from the free surface when Fr ≈ 1 , making the location of the SLD within 
the transition region between weakly stratified and strongly stratified. Due to the nature of 
open channel flows and depth and time dependent heating function, it is expected for the 
paper’s flow to exhibit a wide range of Fr and R∗

f
 spatially (in the vertical direction) and 

temporally. The temporal relevance is most notable for long diurnal timescales where the 
change in regime in one diurnal timescale cycle at a specific location is most evident and 
visible (Fig.  13d).

Figure 13 illustrates the irreversible flux Richardson number as a function of the turbu-
lent Froude number for cases 2 to 5. Each point represents a specific time, while each shape 
indicates where the data lies along the channel height. The vertical dotted black line denotes 
where Fr = 1 while the solid black lines take the form of the function Fr−1 , the closely spaced 
dashed line shows the function Fr−2 and the horizontal and widely spaced dashed line when 
Fr0 . The dot-dashed horizontal line indicate when R∗

f
= 0.17 . Between Fig. 13a and d, the 

simulation data collapses reasonably well onto the parameterization made by Garanaik & 
Venayagamoorthy [16] with all cases supporting the theoretical critical R∗

f
= 0.15 − 0.21 

value above which turbulence is incapable to be sustained at steady-state [15, 42, 43].
With regards to the constant forcing case, the flow exists mostly within a moderately to 

strongly stratified regime as shown in Fig.   13a. For most of the constant forcing, the flow 
stays constant in its stratification regime along the vertical positions of the channel column 
except for when y = 0.3 . This can be noted in Fig.   13a where the y-position points stay rela-
tively in the same Fr and R∗

f
 values as oppose to the scattering observed in Fig.   13d where 

the y = 0.3 red-circle points demonstrate differing Fr and R∗

f
 values. This scattering behaviour 

is seen in all diurnal cases within Fig.   13 where each region of the water column experi-
ences a range of Fr numbers throughout its diel cycle, and this range broadens as t̂ increases. 

(29)R∗

f
=

�pe

� + �pe

,

(30a,b)�pe = N2
�p

�

�⟨�⟩

�Y

�

−2

, �p = �

��

��
�

i

�Y

��

��
�

i

�Y
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Furthermore, the free surface is seen to undergo greater shifts in stratification levels than the 
near-wall regions between the diurnal periods.

Figure 13d highlights all stratification regimes with the strongly stratified regime following 
the critical flux Richardson number value R∗

f
∝ Fr0 . Where the case is moderately stratified, to 

the left of the vertical Fr = 1 line on the plot, the points follow the R∗

f
∝ Fr−1 equation well, 

and this additionally applies to the weakly stratified regime on the right of the Fr = 1 line 
which follows R∗

f
∝ Fr−2 adequately. This behaviour is similar to the time graphs and vertical 

profiles of t̂ = 24 , revealing that at large t̂ , the flow exhibits periods of stratification and an 
abrupt collapse of it for specific locations within the vertical water column.

7  Conclusion

This paper seeks to determine the effects of varying diurnal timescales on stably stratified 
channels as a model for radiatively heated river flow. This surface heating irradiance acts 
as potential energy and suppresses the turbulence in competition with the turbulent kinetic 

Fig. 13  R∗

f
 as a function of Fr for cases 2 to 5 with parameters �

B
= 5.8 , Re

�
= 400 , Pr = 1 and �� = 8 . Each 

marker represents a vertical position on the water column at a point in time with red circle marker at y = 0.3, 
blue diamond at y = 0.5, green squares at y = 0.6, purple crosses at y = 0.7 and orange triangles at y = 0.9
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energy production through shearing from the bottom of the channel. In this flow, the near 
wall region is turbulent while the mid-channel and near surface region is stratified. As the 
thermal source is removed and re-introduced, the stratification alternatively increases and 
then decreases.

This paper provides a description of the local flow states of the open channel and show 
where they exist within the water column and their changes across the diel cycle as the 
flow goes through its cyclic heating period. The diurnal timescale between t̂ = 6 to 24 with 
�B = 5.8 along with t̂ = 6 with �B = 1.5 and �B = 17.4 for parameter values Re

�
= 400 , 

Pr = 1 and �� = 8 are examined. Results of the temperature profile, laminar and stratified 
layers are shown and flow regimes are presented.

The flow is shown to exhibit either a fully neutral state, or a diurnal or persistently 
stratified state. It is essential to understand the conditions for the transition between these 
regimes. These conditions highlight whether the flow, within its diel cycle, will experience 
a breakdown of stratification or persist in its stratified state with minimal mixing.

A relationship was found between the diurnal timescale t̂ and the vertical extent of the 
LLD and SLD. A regime map was produced with the transition from NL to DL given by 
t̂ = 2.7 × 10−10Re4.5

L
− 0.1 , DL to PL by t̂ = 1.56 × 102Re−0.5

L
− 18 , NS to DS by �B = 1.01 

and DS to PS by t̂ = 3𝜆B . This regime map may be of direct use in identifying flow condi-
tions that may lead to adverse phenomena such as cyanobacterial blooms, caused by the 
rapid breakdown of a persistently stratified and stagnant flow [6, 35].

For these flow conditions, the irreversible flux Richardson number R∗

f
 and its relationship with 

the turbulent Froude number Fr collapses well onto previous parameterizations of turbulent mix-
ing in stratified flows [16]. Increasing the diurnal timescale for this flow will broaden the range of 
stratification levels throughout a flow’s diurnal cycle, and its thermal buoyancy influences extend 
further down the depth of the channel. At very high t̂ the flow will move between a fully neutral 
state flow to a steady state equilibrium within its diurnal cycle.

Acknowledgements The authors are highly appreciative of the computational resources that have contrib-
uted to the results reported in this paper. The authors gratefully acknowledge the National Computational 
Infrastructure Australia and the Informatics Hub at the University of Sydney for providing their high perfor-
mance computing facility.

Author Contributions CN and NW contributed to the study conception and design. CN collected the data, 
interpreted the results and wrote the main manuscript text with support from NW, SA, MK, and SN. NW 
supervised the project. All authors reviewed the manuscript.

Funding Open Access funding enabled and organized by CAUL and its Member Institutions.

Declarations 

Conflict of interest All authors declare that they have no conflicts of interest.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article 
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly 
from the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen ses/ by/4. 0/.

http://creativecommons.org/licenses/by/4.0/


1257Environmental Fluid Mechanics (2023) 23:1233–1259 

1 3

References

 1. Bormans M, Webster IT (1997) A mixing criterion for turbid rivers. Environ Model Softw 12:329–
333. https:// doi. org/ 10. 1016/ S1364- 8152(97) 00032-7

 2. Condie S, Webster I (2001) Estimating stratification in shallow water bodies from mean meteorologi-
cal conditions. J Hydraul Eng 127:286. https:// doi. org/ 10. 1061/ (ASCE) 0733- 9429(2001) 127: 4(286)

 3. Nezu I, Nakagawa H (1993) Turbulence in Open-Channel Flows. Routledge, London. https:// doi. org/ 
10. 1201/ 97802 03734 902

 4. Schladow SG, Hamilton DP (1995) Effect of major flow diversion on sediment nutrient release in a 
stratified reservoir. Mar Freshw Res 46:189–195. https:// doi. org/ 10. 1071/ MF995 0189

 5. Kolb BH, Heineman MC (1995) Controlling mechanisms of sediment-driven dissolved oxygen dynam-
ics in New Bedford Outer Harbour. Mar Freshw Res 46:69–79. https:// doi. org/ 10. 1071/ MF995 0069

 6. Moritz C, Blackall L, Davis J, Flannery T, Godden L, Head L, Jackson S, Kingsford R, Wheeler SA, 
Williams J (2019) Investigation of the causes of mass fish kills in the Menindee Region NSW over the 
summer of 2018–2019. UK, Australian Academy of Science

 7. Vertessy R, Barma D, Baumgartner L, Mitrovic S, Sheldon F, Bond N (2019) Independent assessment 
of the 2018-19 fish deaths in the Lower Darling: Final report. Institute for Land, Water and Society

 8. Simpson JH, Hunter JR (1974) Fronts in the Irish Sea. Nature 250:404–406
 9. Holloway PE (1980) A criterion for thermal stratification in a wind-mixed system. J Phys Oceanogr 

10:861–869
 10. Bormans M, Condie SA (1997) Modelling the distribution of Anabaena and Melosira in a stratified 

river weir pool. Hydrobiologia 364:3–13
 11. Williamson N, Armfield S, Kirkpatrick M, Norris S (2015) Transition to stably stratified states in open 

channel flow with radiative surface heating. J Fluid Mech 766:528–555. https:// doi. org/ 10. 1017/ jfm. 
2014. 711

 12. Monin AS (1970) The atmospheric boundary layer. Ann Rev Fluid Mech 2:225–250
 13. Taylor JR, Sarkar S, Armenio V (2005) Large eddy simulation of stably stratified open channel flow. 

Phys Fluids 17:11
 14. Atoufi A, Scott KA, Waite ML (2020) Characteristics of quasistationary near-wall turbulence sub-

jected to strong stable stratification in open-channel flows. Phys Rev Fluids 5:6
 15. Shih LH, Koseff JR, Ivey GN, Ferziger JH (2005) Parameterization of turbulent fluxes and scales using 

homogeneous sheared stably stratified turbulence simulations. J Fluid Mech 525:193–214. https:// doi. 
org/ 10. 1017/ S0022 11200 40025 87

 16. Garanaik A, Venayagamoorthy SK (2019) On the inference of the state of turbulence and mixing effi-
ciency in stably stratified flows. J Fluid Mech 867:323–333. https:// doi. org/ 10. 1017/ jfm. 2019. 142

 17. Holt SE, Koseff JR, Ferziger JH (1992) A numerical study of the evolution and structure of homoge-
neous stably stratified sheared turbulence. J Fluid Mech 237:499–539. https:// doi. org/ 10. 1017/ S0022 
11209 20035 13

 18. Brethouwer G, Billant P, Lindborg E, Chomaz JM (2007) Scaling analysis and simulation of strongly 
stratified turbulent flows. J Fluid Mech 585:343–368. https:// doi. org/ 10. 1017/ S0022 11200 70068 54

 19. Issaev V, Williamson N, Armfield SW (2023) Intermittency and critical mixing in internally heated 
stratified channel flow. J Fluid Mech 963:A5. https:// doi. org/ 10. 1017/ jfm. 2023. 303

 20. Venayagamoorthy SK, Koseff JR (2016) On the flux Richardson number in stably stratified turbulence. 
J Fluid Mech. https:// doi. org/ 10. 1017/ jfm. 2016. 340

 21. Smyth WD, Moum JN (2000) Length scales of turbulence in stably stratified mixing layers. Phys Flu-
ids 10(1063/1):870385

 22. Caulfield CP (2020) Open questions in turbulent stratified mixing: do we even know what we do not 
know? Phys Rev Fluids. https:// doi. org/ 10. 1103/ PhysR evFlu ids.5. 110518

 23. Issaev V, Williamson N, Armfield SW, Norris SE (2022) Parameterization of mixing in stratified open 
channel flow. J Fluid Mech. https:// doi. org/ 10. 1017/ jfm. 2021. 1159

 24. Kirkpatrick MP, Williamson N, Armfield SW, Zecevic V (2019) Evolution of thermally stratified tur-
bulent open channel flow after removal of the heat source. J Fluid Mech 876:356–412. https:// doi. org/ 
10. 1017/ jfm. 2019. 543

 25. Lei C, Patterson JC (2006) Natural convection induced by diurnal heating and cooling in a reservoir 
with slowly varying topography. JSME Int J Ser B 49:605–615. https:// doi. org/ 10. 1299/ jsmeb. 49. 605

 26. Wallace BB, Hamilton DP (1999) The effect of variations in irradiance on buoyancy regulation in 
Microcystis aeruginosa. Limnol Oceanogr 44:273–281

 27. Armfield S, Morgan P, Norris S, Street R (2003) A parallel non-staggered Navier–Stokes solver imple-
mented on a workstation cluster. Comput Fluid Dyn 2002:30–45

https://doi.org/10.1016/S1364-8152(97)00032-7
https://doi.org/10.1061/(ASCE)0733-9429(2001)127:4(286)
https://doi.org/10.1201/9780203734902
https://doi.org/10.1201/9780203734902
https://doi.org/10.1071/MF9950189
https://doi.org/10.1071/MF9950069
https://doi.org/10.1017/jfm.2014.711
https://doi.org/10.1017/jfm.2014.711
https://doi.org/10.1017/S0022112004002587
https://doi.org/10.1017/S0022112004002587
https://doi.org/10.1017/jfm.2019.142
https://doi.org/10.1017/S0022112092003513
https://doi.org/10.1017/S0022112092003513
https://doi.org/10.1017/S0022112007006854
https://doi.org/10.1017/jfm.2023.303
https://doi.org/10.1017/jfm.2016.340
https://doi.org/10.1103/PhysRevFluids.5.110518
https://doi.org/10.1017/jfm.2021.1159
https://doi.org/10.1017/jfm.2019.543
https://doi.org/10.1017/jfm.2019.543
https://doi.org/10.1299/jsmeb.49.605


1258 Environmental Fluid Mechanics (2023) 23:1233–1259

1 3

 28. Kirkpatrick MP, Williamson N, Armfield SW, Zecevic V (2020) Destratification of thermally stratified 
turbulent open-channel flow by surface cooling. J Fluid Mech. https:// doi. org/ 10. 1017/ jfm. 2020. 447

 29. Lovecchio S, Zonta F, Marchioli C, Soldati A (2017) Thermal stratification hinders gyrotactic micro-
organism rising in free-surface turbulence. Phys Fluids 29:053302

 30. Shih L, Koseff J, Ferziger J, Rehmann C (2000) Scaling and parameterization of stratied homogeneous 
turbulent shear flow. J Fluid Mech 412:1. https:// doi. org/ 10. 1017/ S0022 11200 00084 05

 31. Monismith SG, Koseff JR, White BL (2018) Mixing efficiency in the presence of stratification: when is 
it constant? Geophys Res Lett 45:5627–5634

 32. Maffioli A, Brethouwer G, Lindborg E (2016) Mixing efficiency in stratified turbulence. J Fluid Mech. 
https:// doi. org/ 10. 1017/ jfm. 2016. 206

 33. Yi YR, Koseff JR (2022) Revised mixing coefficient scaling for sheared stably stratified turbulence. J 
Fluid Mech. https:// doi. org/ 10. 1017/ jfm. 2022. 904

 34. Chung D, Matheou G (2012) Direct numerical simulation of stationary homogeneous stratified sheared 
turbulence. J Fluid Mech. https:// doi. org/ 10. 1017/ jfm. 2012. 59

 35. Mitrovic SM, Oliver RL, Rees C, Bowling LC, Buckney RT (2003) Critical flow velocities for the 
growth and dominance of Anabaena circinalis in some turbid freshwater rivers. Freshw Biol 48:164–
174. https:// doi. org/ 10. 1046/j. 1365- 2427. 2003. 00957.x

 36. Bormans M, Webster IT (1998) Dynamics of temperature stratification in Lowland Rivers. J Hydraul 
Eng 124(10):1059–1063. https:// doi. org/ 10. 1061/ (ASCE) 0733- 9429(1998) 124: 10(1059)

 37. Oliver RL, Hart BT, Olley J, Grace M, Rees C, Caitcheon G (1999) The Darling River: algal growth 
and the cycling and sources of nutrients. Technical Report, CSIRO Land and Water

 38. Kara Birol, Wallcraft A, Metzger E, Hurlburt H, Fairall C (2007) Wind stress drag coefficient over the 
global ocean. J Clim 20:5856–5864. https:// doi. org/ 10. 1175/ 2007J CLI18 25.1

 39. NSW Department of Planning, Industry and Environment. (2020). Water quality technical report for 
the Barwon-Darling surface water resource plan area (SW21). NSW Department of Planning, Indus-
try and Environment. https://water.dpie.nsw.gov.au/__data/assets/pdf_file/0004/456925/Water-quality-
technical-report-for-the-Barwon-Darling-surface-water-resource-plan-area-SW12.pdf

 40. Peltier WR, Caulfield CP (2003) Mixing efficiency in stratified shear flows. Ann Rev Fluid Mech 
35:135–167

 41. Karimpour F, Venayagamoorthy SK (2015) On turbulent mixing in stably stratified wall-bounded 
flows. Phys Fluids 27:046603

 42. Osborn TR (1980) Estimates of the local rate of vertical diffusion from dissipation measurements. J 
Phys Oceanogr 10(1):83–89

 43. Ivey G, Winters KB, Koseff J (2008) Density stratification, turbulence, but how much mixing? Ann 
Rev Fluid Mech 40:169–184. https:// doi. org/ 10. 1146/ annur ev. fluid. 39. 050905. 110314

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Authors and Affiliations

Cindy Nguyen‑Dang1 · Nicholas Williamson1 · Steven W. Armfield1 · 
Michael P. Kirkpatrick1 · Stuart E. Norris2

 * Cindy Nguyen-Dang 
 cngu4799@uni.sydney.edu.au

 Nicholas Williamson 
 nicholas.williamson@sydney.edu.au

 Steven W. Armfield 
 steven.armfield@sydney.edu.au

 Michael P. Kirkpatrick 
 michael.kirkpatrick@sydney.edu.au

 Stuart E. Norris 
 s.norris@auckland.ac.nz

https://doi.org/10.1017/jfm.2020.447
https://doi.org/10.1017/S0022112000008405
https://doi.org/10.1017/jfm.2016.206
https://doi.org/10.1017/jfm.2022.904
https://doi.org/10.1017/jfm.2012.59
https://doi.org/10.1046/j.1365-2427.2003.00957.x
https://doi.org/10.1061/(ASCE)0733-9429(1998)124:10(1059)
https://doi.org/10.1175/2007JCLI1825.1
https://doi.org/10.1146/annurev.fluid.39.050905.110314


1259Environmental Fluid Mechanics (2023) 23:1233–1259 

1 3

1 School of Aerospace, Mechanical and Mechatronic Engineering, The University of Sydney, 
Sydney, NSW 2006, Australia

2 Department of Mechanical Engineering, University of Auckland, Auckland 1010, New Zealand


	Stratification and temporal evolution of mixing regimes in diurnally heated river flows
	Abstract
	Article Highlights
	1 Introduction
	2 Problem formulation
	3 Numerical simulation
	4 Transient response of flow field
	4.1 Temperature evolution
	4.2 Removal of diurnal heat source

	5 Layer depths and flow regimes
	5.1 Laminar and stratified layer depths
	5.2 Flow regimes
	5.3 Regime map application

	6 Parameterisation of  as a function of Fr
	7 Conclusion
	Acknowledgements 
	References




