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Abstract
Many approaches for modelling the biodiversity and ecosystem function (BEF) rela-
tionship have been developed over recent decades. Diversity-Interactions modelling, 
a regression-based approach, models the BEF relationship by expressing ecosystem 
functions as a linear combination of species-specific effects, species’ proportions, 
and species’ interactions. The species interactions in a Diversity-Interactions model 
can take different forms (e.g., a unique interaction term for each pair of species, or a 
single interaction term for any pair of species) and may include a non-linear param-
eter ( � ) as an exponent to the species interactions to capture non-linear relationships, 
giving rise to Generalized Diversity-Interactions (GDI) modelling. The structure of 
the interaction terms describes the underlying biological processes in the ecosystem, 
while the value of � can determine the shape of the BEF relationship. When fitting 
GDI models, it is unclear whether one should choose the interaction structure first 
and then estimate θ, or vice versa. It is also unknown whether the estimate of � is 
robust to changes in the structure of the linear interaction terms of the model. Using 
a simulation study, we test the robustness of � and compare multiple model selec-
tion approaches to identify an optimal and computationally efficient model selection 
procedure for GDI models. Results show that the estimate of � is robust and remains 
unbiased regardless of changes in the underlying structure of interaction terms, and 
that the most efficient model selection procedure is to first estimate � for one interac-
tion structure and then reuse this estimate for the other interaction structures.
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1  Introduction

An ecosystem function is a response measured on an ecosystem that may directly 
or indirectly capture the goods and services provided by the ecosystem (de Groot 
et  al. 2002). Interest in quantifying the relationship between biodiversity and 
ecosystem functions (BEF) has driven a wealth of experiments and associated 
statistical modelling approaches over recent decades (Hector et al. 1999; Loreau 
and Hector 2001; Schmid et al. 2002; Bell et al. 2009; Kirwan et al. 2007; Cardi-
nale et al. 2009; Isbell et al. 2011). Studies have shown that increasing the biodi-
versity of an ecosystem can improve the performance and stability of ecosystem 
functions across a range of ecosystem types (Tracy et al. 2004; Bell et al. 2005; 
Hooper et al. 2005; Balvanera et al. 2006; Worm et al. 2006; Cardinale et al. 2007; 
Finn et al. 2013; Gamfeldt et al. 2013). Species richness is often assumed to be 
the main driver of the BEF relationship (Spehn et al. 2005; Tillman et al. 1997); 
however, community evenness, species’ relative abundances, and their functional 
groupings may also be strongly influential (Wilsey and Polley 2004; Reich et al. 
2004; Ebeling et  al. 2014; Lembrechts et  al. 2018). The Diversity-Interactions 
(DI; Kirwan et al. 2009; Brophy et al. 2011, 2017; Dooley et al. 2015) and Gen-
eralized Diversity-Interactions approaches (GDI; Connolly et al. 2013) model the 
BEF relationship using an alternative definition of species diversity by capturing 
species-specific effects, species’ abundances, and species’ interactions, in addi-
tion to richness patterns. The DImodels package (Moral et al. 2022) available 
for R software (R Core Team 2021) can be used to fit and compare DI and GDI 
models. The species interactions in Diversity-Interactions models can range in 
complexity from a single interaction term (assuming all pairs of species interact 
in the same way) to many interaction terms (e.g. assuming a separate interaction 
for all pairs of species) (Kirwan et  al 2009) and may also include a non-linear 
parameter (Connolly et  al. 2013). The structure of these interaction terms pro-
vides insight into the underlying biological processes and thus the proper estima-
tion of the interaction structure is important. In this paper, we (1) explore and 
test (via simulation) the robustness of the non-linear parameter, and (2) compare 
different model fitting approaches for selecting the best interaction structure for 
Generalized Diversity-Interactions models in a computationally efficient way.

DI and GDI modelling are regression-based approaches that use species pro-
portions and their interactions (defined as being proportional to the products of 
pairs of species proportions) as predictors to capture species diversity effects. 
Additional block or treatment effects may also be included. The interaction terms 
can take several different forms (Kirwan et al 2009) and may include a non-linear 
parameter if species interactions are not directly proportional to the product of 
their proportions, giving rise to Generalized Diversity-Interactions models (Con-
nolly et  al 2013). Figure  1 shows the effect of the non-linear parameter ( � ) on 
species interactions and model interpretation in GDI models using a hypothet-
ical two-species example; the parameter � affects the realisation of the species 
interaction effects and can change the shape of the BEF relationship across the 
species proportions gradient. Model selection is an important part of modelling 
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ŷ
=
�
1
P
1
+
�
2
P
2
+
�
(

P
1
P
2

)

�

 . T
he

 v
al

ue
 o

f t
he

 re
sp

on
se

 is
 ex

pr
es

se
d 

as
 

a c
om

bi
na

tio
n 

of
 th

e s
pe

ci
es

 id
en

tit
ie

s a
nd

 sp
ec

ie
s i

nt
er

ac
tio

ns
 fo

r a
ll 

po
ss

ib
le

 co
m

m
un

iti
es

 in
vo

lv
in

g 
tw

o 
sp

ec
ie

s, 
ra

ng
in

g 
fro

m
 a 

m
on

oc
ul

tu
re

 o
f s

pe
ci

es
 1

 (o
n 

le
ft)

 to
 a 

m
on

oc
ul

tu
re

 
of

 sp
ec

ie
s 2

 (o
n 

rig
ht

) a
nd

 a
ll 

po
ss

ib
le

 tw
o-

sp
ec

ie
s m

ix
tu

re
s i

n 
be

tw
ee

n.
 �

1
an

d 
�
2
 a

re
 ‘i

de
nt

ity
 e

ffe
ct

s’ 
fo

r s
pe

ci
es

 1
 a

nd
 sp

ec
ie

s 2
 re

sp
ec

tiv
ely

 a
nd

 a
re

 th
e 

ex
pe

ct
ed

 p
er

fo
rm

an
ce

s o
f 

ea
ch

 sp
ec

ie
s i

n 
m

on
oc

ul
tu

re
s. 

Th
e 

ex
pe

ct
ed

 p
er

fo
rm

an
ce

 o
f m

ix
tu

re
s i

s t
he

 w
ei

gh
te

d 
av

er
ag

e 
of

 th
e 

id
en

tit
y 

eff
ec

ts 
(  �

1
P
1
+
�
2
P
2
 ) p

lu
s t

he
 in

te
ra

ct
io

n 
eff

ec
t (

  �
∗
(

P
1
P
2

)

�

 ). 
Th

e 
no

n-
lin

ea
r p

ar
am

et
er

 ( �
 ) f

ee
ds

 in
to

 th
e 

in
te

ra
ct

io
n 

eff
ec

t a
s a

n 
ex

po
ne

nt
 w

hi
ch

 sc
al

es
 th

e 
pr

od
uc

t o
f t

he
 sp

ec
ie

s p
ro

po
rti

on
s (

 
(

P
1
P
2

)

�

 ). 
Fo

ur
 d

iff
er

en
t s

ce
na

rio
s f

or
 th

e 
ex

pe
ct

ed
 re

sp
on

se
 

ar
e p

re
se

nt
ed

: (
a)

 N
o 

in
te

ra
ct

io
n 

te
rm

 ( �
=
0
 , �

 o
m

itt
ed

), 
(b

) N
o 

no
n-

lin
ea

r p
ar

am
et

er
 ( �

=
1
 ), 

(c
) �

=
0
.3

 , a
nd

 (d
) �

=
1
.3

 ; i
n 

ea
ch

 p
an

el
 th

e i
de

nt
ity

 eff
ec

ts 
ar

e k
ep

t c
on

sta
nt

, i
n 

pa
n-

el
s (
b)

–(
d)

 th
e 

va
lu

e 
of

 th
e 

in
te

ra
ct

io
n 

pa
ra

m
et

er
 ( �

 ) i
s k

ep
t c

on
sta

nt
 (a

nd
 a

 p
os

iti
ve

 v
al

ue
 u

se
d)

. T
he

 ex
pe

ct
ed

 e
co

sy
ste

m
 fu

nc
tio

n 
fo

r a
n 

ex
am

pl
e 
0.
75
:0
.2
5 

m
ix

tu
re

 is
 sh

ow
n 

ac
ro

ss
 

th
e f

ou
r s

ce
na

rio
s a

nd
 is

 co
m

pu
te

d 
as

 �
1
×
0
.7
5
+
�
2
×
0
.2
5
+
�
×
(0
.7
5
×
0
.2
5
)�

 . T
he

se
 co

nc
ep

ts 
sc

al
e u

p 
fo

r s
ys

te
m

s w
ith

 m
or

e t
ha

n 
tw

o 
sp

ec
ie

s



558	 Environmental and Ecological Statistics (2023) 30:555–574

1 3

as it aids in a better understanding of the response-predictor relationship as well 
as the identification of significant and non-significant predictors (Mitchell and 
Beauchamp 1988). In the absence of the non-linear parameter ( � set equal to 1, 
not estimated), model selection for the interaction terms in DI models can be car-
ried out through a series of hierarchical comparisons (Kirwan et  al 2009). Fur-
ther, there is a plethora of techniques available to perform model selection for 
linear regression; these include F-tests, AIC (Akaike 1973), BIC (Schwarz 1978), 
stepwise regression (Breaux 1967), etc. The inclusion of the non-linear term in 
GDI models complicates the model selection process: should the user first iden-
tify the most appropriate interaction structure  and then estimate � for only the 
selected interaction structure, or should they first estimate � for a particular inter-
action structure and then reuse this estimate for the remaining interaction struc-
tures, or should � be estimated for each interaction structure before an appropriate 
interaction structure can be selected. Estimating � for each interaction structure 
would be desirable, but is also computationally expensive as � may have to be 
re-estimated for any change to the interaction terms. Hence for increased user-
friendliness we explore the viability of the following three possible approaches to 
selecting the best model: (a) Select the appropriate interaction structure first by 
ignoring � (i.e., assuming � = 1 ) and then estimate and test for the inclusion of � , 
(b) Estimate � and test its inclusion for the simplest interaction structure (average 
pairwise; Table 1) first and then reuse that estimate to fit the remaining interac-
tion structures and select the best model, and (c) Estimate � and test its inclusion 
for each interaction structure and then perform model selection. Approach (c) is 
the most exhaustive method for model selection, but is computationally expensive 
(see Table  A1 in Online Appendix A for comparison of model selection times 
for these three approaches for data from an experiment with 72 species), while 
approaches (a) and (b) aim for efficiency but rely on � being invariant across var-
ying specifications of species interactions, making it important to test whether the 
estimate of � is robust to changes in the structure of the interaction terms of the 
model. In this paper, we address the following two questions using a simulation 
study:

1)	 Is the estimation of the non-linear parameter ( � ) of a GDI model affected by 
changing the structure of the interactions?

2)	 What is the optimal and most computationally efficient model selection process 
for GDI models?

 2 � Review of DI and GDI models

The DI modelling framework (Kirwan et al. 2009) models the BEF relationship 
by expressing an ecosystem function response as a linear function of the relative 
abundances of the species spread across the simplex space (Kirwan et al. 2007; 
Cornell 2011). BEF data suitable for applying the DI models framework would 
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include a range of experimental units (species communities) where species diver-
sity is manipulated across dimensions such as species composition (identity), 
richness, and/or evenness to assess the impact of these variables on the ecosystem 
function. It is also possible to apply the DI modelling approach to appropriate 
observational data. The general formulation of a DI model is

The response (y) is a community-level ecosystem function (e.g., biomass or 
weed resistance in a grassland ecosystem). The Identities and the Interactions 
components are the species-specific and the species interaction effects on the 
response, respectively, and are incorporated in the model using the initial pro-
portions of the species and their products, respectively. Structures (experimental 
structures) are additional covariates or factors to capture experimentally manip-
ulated treatments or blocks, or other measured descriptors of the experimental 
units. � is a normally distributed error term.

Connolly et al. 2013 showed that modifying the formulation of the species inter-
action terms in DI models leads to Generalised Diversity-Interactions (GDI) mod-
els that provide a more flexible framework for modelling BEF relationships. GDI 
models incorporate all the benefits of DI models and provide deeper insight into 
how individual pairs of species interact and by extension, affect community-level 
responses whilst also enabling us to explore phenomena such as the effects of diver-
sity loss, functional stability, saturation properties of the BEF relationship, and 
transgressive overyielding (Connolly et al. 2013). DI models characterise the con-
tribution of two species i and j to an ecosystem function as being proportional to the 
product of their relative abundances ( PiPj ), while GDI models assume a more gen-
eral form for this contribution as 

(

PiPj

)� , where � is an additional parameter allow-
ing for non-linearity in the relationship between the response and the interactions. A 
possible GDI model is:

where Pi is the sown proportion of species i, s is the number of species in the sys-
tem, �i is the identity effect of species  i , the �ij parameters are the effects of the 
interactions between species i and  j , A is a vector (or matrix) of experiment struc-
tures, � is a vector containing the effects of the experimental structures, and � is a 
normally distributed error term with mean 0 and variance �2 , i.e. � ∼ N

(

0, �
2
)

 . This 
variance is assumed to be constant, but it could be affected by the community struc-
ture; for example, it could differ for monoculture and mixture communities (Brophy 
et  al. 2017; Cummins et  al. 2021). � is a non-linear parameter that can affect the 
nature of the relationship between the species interactions and the ecosystem func-
tion (Fig. 1).

Equation (2) can be adjusted in multiple different ways by modifying the speci-
fication of the interaction terms to describe different biological hypotheses. These 

(1)y = Identites + Interactions + Structures + �

(2)
y =

s
∑

i=1

𝛽iPi +

s
∑

i, j = 1

i < j

𝛿ij

(

PiPj

)𝜃

+ 𝛼A + 𝜖
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adjustments serve the purpose of reducing the number of interaction terms when the 
species pool is large. Table 1 gives a list of the several different GDI models (Kirwan 
et al. 2007, 2009; Connolly et al. 2013) along with their equations and the biological 
aspects that they describe. These models are a subset of a range of different possible 
models. Traditional model selection methods using F-tests or information criteria 
can be used to select the best model which strikes a balance between parsimony and 
explaining the BEF relationship. The models in Table 1 can be further expanded by 
crossing the identities and interaction terms with the variables such as year or treat-
ment, as appropriate. They could also be extended to have multivariate responses 
(Dooley et al. 2015) or to include random pairwise interaction effects for modelling 
numerous species interactions over a single (Brophy et al. 2017) or multi-year set-
ting (McDonnell et al. 2023). Diversity-Interactions models have been widely used 
in understanding the BEF relationship in several experiments where the diversity 
was varied across the flora, fauna, or bacteria within the ecosystem (Kirwan et al. 
2007; Connolly et al. 2009, 2011, 2018; Frankow-Lindberg et al. 2009; Nyfeler et al. 
2009; O’Hea et al. 2010; Brophy et al. 2011; Grange et al. 2022). A key advantage 
that DI and GDI models have over the other approaches, such as richness-only or 
anova models, is that they can be used to make predictions for the entire simplex 
space (provided the initial communities were sufficiently spread across the simplex 
space).

The � parameter forms an integral part of GDI models. A value of � = 1 describes 
a linear interaction, proportional to the product of the species proportions, whilst a 
value of 𝜃 < 1 corresponds to a stronger than expected contribution of species’ pairs 
to ecosystem functioning, particularly at low abundances of the species, resulting in 
a stronger interaction effect. This is akin to a scenario where there is a strong niche 
separation of resources between the species resulting in little or no interspecific 
competition for the resources and is highlighted in Figs. 1 and 2, which show the 
impact of varying the � parameter in two-species and three-species systems, respec-
tively. Varying the value of � affects the shape of the BEF relationship; e.g. in the 
middle column of ternary diagrams in Fig. 2, for small � values the species interac-
tion effect is flatter for a larger range of communities across the entire simplex, in 
contrast to high � values where the interaction effect is high for some communities 
in the centre and then declines as we move away from these central communities.

3 � Methods

A simulation study was performed under two different experimental designs, one 
with four species and one with nine species. Under both designs, the true underlying 
model was assumed to be the full pairwise model with equation

(3)
y =

s
∑

i=1

𝛽iPi +

s
∑

i, j = 1

i < j

𝛿ij(PiPj)
𝜃 + 𝜖
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Fig. 2   Ternary diagram illustrations of the effect of � on an ecosystem function response in GDI mod-
els (final column) for a range of � values and decomposed into the identity component (first column) 
and interactions component (middle column). A single dataset was simulated from a three-species design 
assuming the average pairwise model, with identity effect coefficient values �

1
= 9, �

2
= 5, �

3
= 3 , for 

species 1, 2 and 3 respectively  (denoted S1, S2 and S3 in the ternary diagrams), a value of 9 for the 
average interaction effect ( �

AV
 ), and � equal to 0.8. The random error term is added to the response from 

a normal distribution with � = 0 and � = 0.8. Five versions of the average pairwise interaction model 
were then fit to this data, but where � was not estimated, instead it was fixed for a range of values: (a) 
0.3, (b) 0.7, (c) 1, (d) 1.15, and (e) 1.3 giving us five different estimated models (estimates of the �

i
 ’s and 

�
AV

 only and not the � parameter). The model predictions across the simplex space are shown for each 
of these models, as well as the decomposition into identities and interactions components. The model 
parameter estimates are also shown for each row. The identity effects aren’t strongly influenced by forc-
ing the value of � to change; however, the interaction component (and hence the total response) changes 
considerably depending on the forced value of � . For low values of � , the interactions (and hence total 
response) are high and are quite flat over a wide range of communities across the simplex
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where s = 4 for the four-species design and s = 9 for the nine-species design, the 
Pi ’s were the proportions of the respective species, �i ’s were the identity effects of 
the species, and �ij was the interaction effect between species i and j , with � and � 
being the non-linear parameter and the random normal error term respectively.

For the four-species simulations, the species SP
1
 , SP

2
 , SP

3
 , and SP

4
 were spread 

across the simplex space in a design that consisted of 37 different communities 
(shown in Fig. 3). The design comprised of 15 equi-proportional and 22 imbalanced 
mixtures. The equi-proportional communities included the four monocultures, six 
two-species mixtures (50%, 50%, 0%, 0%), four three-species mixtures (33.33%, 
33.33%, 33.33%, 0%), and one centroid community (25%, 25%, 25%, 25%). The 
imbalanced communities included four mixtures with each species being dominant 
in turn at three different levels of dominance (90%, 3.33%, 3.33%, 3.33%), (70%, 
10%, 10%, 10%) and (40%, 20%, 20%, 20%), six mixtures with two species being 
dominant in turn at (40%, 40%, 10%, 10%), and four mixtures with three species 
being dominant in turn at (30%, 30%, 30%, 10%). For each of these 37 communities, 
three values of the response were simulated, giving a design with 111 data points 
(per simulated dataset). The four species were assumed to be grouped into two func-
tional groups (groupings based on the function they perform) with SP

1
 and SP

2
 being 

in the first functional group and SP
3
 and SP

4
 being in the second functional group.

For the nine species simulations, the species were named SP
1
 , SP

2
 , SP

3
 , …, SP

9
 

and the design opted was the same as the one in the Jena dominance experiment 
(Roscher et al. 2005). There were nine monocultures, 36 two-species communi-
ties, 24 three-species communities, 18 four-species communities, 12 six-species 
communities, and one centroid community with nine species. This resulted in a 
simplex design with 100 unique equi-proportional communities. For each of these 
100 communities three values of the response were simulated, giving a design 
with 300 data points (per simulated dataset). The functional grouping structure 
assumed was SP

1
 , SP

2
 , SP

3
 , SP

4
 , and SP

5
 being in functional group one, SP

6
 and 

SP
7
 being in functional group two and SP

8
 and SP

9
 being in functional group 

three. The full simplex design for both the four- and nine-species simulations are 
shown in Figs. A1 and A2 in Online Appendix A.

The species identities and interaction effects used to simulate the responses 
for the four- and nine-species models are shown in Online appendix Table A2a 
and Table  A2b respectively. The identity effects for the four- and nine-species 
models were simulated from N(3, 9) and N(7, 4) distributions, respectively, and 
were rounded off to integers. To give a net non-zero interaction effect between 
the species, the interaction effects for the four-species model were simulated 
from a N(8, 16) distribution, while for the nine-species model they were simu-
lated from a N(9, 36) distribution (the means and variances for these distributions 
were chosen to reflect species identity and interaction effects similar to what has 
been observed in real-world grassland biodiversity experiments measuring annual 
above ground biomass as the response e.g. Kirwan et  al. 2007). The functional 
groupings of the species weren’t taken into consideration when simulating the 
interaction coefficients for these datasets as the true model was assumed to be the 
full pairwise model.
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The response variable was simulated (using Eq.  (3) and the values in Online 
Appendix Table A2) for ten different � values ranging from 0.05 up to 1.33. A ran-
dom normal error term with mean 0 and constant standard deviation � was then 
added to the response, � was varied to have five different values: 0.8, 0.9, 1.0, 1.1 
and 1.2. This gave us a total of 100 settings for the full simulation study (2 experi-
mental designs × 10 � values × 5 � values). A total of 200 datasets were simulated for 
each setting; datasets for the four species experimental design each consisted of 111 
rows (37 communities * 3 replicates) and datasets for the nine species experimen-
tal design consisted of 300 rows (100 communities * 3 replicates). These datasets 
were simulated in R (version 4.0.3) and reproducible scripts are available in Online 
Appendix D and at https://​github.​com/​rishv​ish/​Theta-​Simul​ation-​Study. Increasing 
the number of simulated datasets up to 1000 was tested for a small number of set-
tings, but the results stabilised at around 200 simulations and hence 200 was chosen 
as the number of datasets to simulate per setting (results for these preliminary simu-
lations have not been provided).

To test the robustness of � estimation across different interaction specifications, 
the final four GDI models in Table 1 (the average pairwise, functional group, addi-
tive species and full pairwise models) were fit to each of the 200 simulated data-
sets across each of the  100 simulation settings using the DI function from the 

Fig. 3   Graphical representation of the 4 species simplex design: Each point in the tetrahedron represents 
a four-species community and its position is determined by the relative abundances of the species (P1, 
P2, P3, and P4). The points are coloured according to the richness level of the community. The black 
points represent communities where richness = 1, which are the monocultures and are positioned at the 
vertices of the tetrahedron. The red points represent the two-species mixtures and are positioned at points 
along the edges of the tetrahedron, determined by the relative abundances of the two species. The green 
points represent the three-species mixtures and are positioned along the faces of the tetrahedron. Finally, 
the blue points represent the four-species mixtures and are placed in the interior of the tetrahedron 
according to the relative proportions of the species

https://github.com/rishvish/Theta-Simulation-Study
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DImodels package (v1.2; Moral et al. 2022) in R (R Core Team 2021). The value 
of � was estimated by maximising the profile log-likelihood using the DImodels 
package and the distributional properties of the estimator were assessed graphically 
to determine whether the estimate of � differed across the different models and from 
its true underlying value. Profile log-likelihood confidence intervals (CI) were also 
calculated. This is the interval for � where the log-likelihood function l(�) is greater 
than lmax(�) − 0.5 × �

2

1−�
(1) . Here, lmax(�) is the maximum log-likelihood value and 

�
2

1−�
(1) is the (1 − �) × 100% percentile of the chi-squared distribution with 1 d.f. 

(Morgan 1992, p.63). The corresponding coverage of the CI was assessed by taking 
the proportion of times that the true value of � fell within the computed CI.

To explore the efficacy of different model selection procedures, using the same 
200 simulated datasets for each of the 100 simulation settings, we checked the pro-
portion of times that the true underlying interaction structure was selected as the 
best model using three different model selection procedures. Table 2 gives a detailed 
description of these model selection procedures.

Additional simulations for both the robustness of � estimation and the model 
selection efficacy were carried out under different conditions, including a high num-
ber of species (up to 72), the presence of experimental structures, different true 
underlying models to the full pairwise interaction model, different structure of func-
tional groupings, and higher variance of error terms (results presented in Online 
Appendix C). Simulations were also performed to test the robustness of a re-param-
eterisation of � suggested by Connolly et al. 2018, where the � coefficients are scaled 
by a factor of 2s2�

s(s−1)
 to reduce the correlation between � and � coefficients (results 

presented in Online Appendix B).

Table 2   The three model selection procedures tested for selecting the best interaction structure for GDI 
models along with their algorithmic description

Procedure Description

(a) (i) Assume � = 1 and fit all interaction structures first using ordinary least squares
(ii) Select the most appropriate interaction structure using AIC
(iii) Estimate � for selected interaction structure using profile log-likelihood maximisation
(iv) Test whether it significantly differed from 1 using AIC

(b) (i) Estimate � first for the simplest (average pairwise) interaction structure using profile log-
likelihood maximisation

(ii) Test whether this estimate significantly differs from 1 using AIC
(iii) If � was significantly different from 1 reuse estimate of � from step (i), else assume � = 1

(iv) Use value of � deduced from step (iii) to fit the remaining interaction structures using 
ordinary least squares

(v) Use AIC to select the best interaction structure
(c) (i) Estimate � for each interaction structure using profile log-likelihood maximisation

(ii) Use AIC to test whether the � estimates significantly differ from 1 for each interaction 
structure

(iii) Use AIC to select the best interaction structure
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Fig. 4   Mean estimated � vs true � : (a) For the four-species model and (b) For the nine-species model. 
The black line in the centre is the x = y line. The � estimates of each of the four models (average pair-
wise, functional group, additive species, and full pairwise) for the different � values across the 1000 real-
izations (200 simulations × 5 � values) are averaged and represented as points. The corresponding bands 
around each point give the 95% dispersion of the respective estimate of � (calculated using the 2.5% and 
97.5% percentiles of the estimates of � ). In each case, the true underlying model was the full pairwise 
interactions model
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Table 3   Simulation study results: The mean, standard deviation, coverage (conditional on convergence), 
and distribution of � estimates across the 200 realizations for � = 1 and a subset of � values for the aver-
age pairwise and full pairwise interaction structures

(a) Four-species model: these estimates were generated with the true underlying model being the full 
pairwise model with identity effects 5, 6, 7, and 3 for species SP1, SP2, SP3, and SP4 respectively and 
interactions being simulated from normal distribution N(8,16). The functional grouping structure 
assumed was SP1 and SP2 being in FG1 and SP3 and SP4 being in FG2

True � Model

Average Pairwise Full Pairwise

Mean Est SD Est Coverage Distribution Mean Est SD Est Coverage Distribution

 0.05 0.050 0.0032 0.975 0.050 0.0032 0.37

 0.35 0.352 0.0129 1 0.351 0.0128 0.895

 0.63 0.634 0.0319 0.985 0.634 0.0315 0.925

 0.91 0.918 0.0614 0.965 0.917 0.0605 0.945

 1 1.009 0.0742 0.965 1.009 0.0732 0.935

 1.33 1.351 0.1535 0.945 1.354 0.1535 0.94

(b) Nine-species model: these estimates were generated with the true underlying model being the full 
pairwise model with identity effects 3, 4, 4, 7, 4, 6, 8, 9, and 2 for species SP1, SP2, SP3, …, SP9 respec-
tively and interactions being simulated from normal distribution N(10,16). The functional grouping 
structure assumed was SP1, SP2, SP3, SP4, and SP5 being in FG1, SP6 and SP7 being in FG2, and SP8 and 
SP9 being in FG3

True � Model

Average Pairwise Full Pairwise

Mean Est SD Est Coverage Distribution Mean Est SD Est Coverage Distribution

 0.05 0.05 0.002 1 0.05 0.0026 0.2

 0.35 0.349 0.0069 1 0.349 0.0069 0.65

 0.63 0.629 0.0144 1 0.629 0.0144 0.905

 0.91 0.91 0.0252 0.99 0.910 0.0253 0.915
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4 � Results

For each of the four models (average pairwise interaction, functional group effects, 
additive species contributions, and full pairwise interactions) fit to the datasets in 
the simulation study, the mean estimate of � was almost identical and was approxi-
mately equal to the true value of � (Fig. 4 and Table 3). Splitting the results up by 
the five � values (0.8, 0.9, 1, 1.1, and 1.2), it was found that the results were invari-
ant to a changing � , with the only effect of � being an increase in the variation of the 
distribution of the estimates of � as the value of � increased (select results shown in 
Online Figure A3 in Appendix A). The results obtained from the study were similar 
for both the four- and nine-species cases. The mean estimate of � was approximately 
equal to the true value of � and the average coverage of the 95% confidence inter-
val for the estimated � was unusual for low values of � and approached 0.95 as the 
value of � increased, for both the four- and nine-species cases (select results shown 
in Table 3; full results shown in Online Table A4 in Online Appendix A). The unu-
sual coverages for low � values were due to a combination of convergence problems 
near the boundary of � = 0 and the interval being too precise (see Online Appendix 
A for more details). The standard deviations of the estimates for � tend to increase 
as the true value of � increases. This is because we are simulating different datasets 
for each value of � and the range of the response variable is different for each value 
of � , which causes the change in the standard deviations of the estimates. Scaling the 
standard deviations of predicted estimates by the interquartile range for each unique 
�-model combination results in the standard deviations being similar for each unique 
�-model combination (Figure A5 in Online Appendix A). 

The simulations for testing the efficacy of different model selection methods 
showed that method ‘b’, where we first estimate � and then select the best interaction 

Table 3   (continued)

(b) Nine-species model: these estimates were generated with the true underlying model being the full 
pairwise model with identity effects 3, 4, 4, 7, 4, 6, 8, 9, and 2 for species SP1, SP2, SP3, …, SP9 respec-
tively and interactions being simulated from normal distribution N(10,16). The functional grouping 
structure assumed was SP1, SP2, SP3, SP4, and SP5 being in FG1, SP6 and SP7 being in FG2, and SP8 and 
SP9 being in FG3

True � Model

Average Pairwise Full Pairwise

Mean Est SD Est Coverage Distribution Mean Est SD Est Coverage Distribution

 1 1.001 0.0300 0.99 1.001 0.0300 0.915

 1.33 1.339 0.0682 0.945 1.337 0.0695 0.895

A more detailed version showing results for all values of � tested and remaining interaction structures 
(functional groups and additive species) is shown in Online Appendix A. Similar results were observed 
for other � values (0.8, 0.9, 1.1 and 1.2), but are not shown
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structure, was better than method ‘a’, where we select the appropriate interaction 
structures first and then estimate the value of � . For model selection procedure ‘a’, 
we found that for lower values of � ( 𝜃 < 0.5 ), irrespective of the number of species 
and the underlying true structure of interaction terms, the true underling interaction 
structure was hardly ever selected, instead the average pairwise interaction model 
was selected as the chosen model almost 100% of the time (Figure A6 in Online 
Appendix A). However, as the value of � increased, the proportion of times that 
the true underlying (full pairwise in our example) interaction structure was chosen 
increased (Table 4). Different selection metrics besides AIC, like F-tests and BIC, 
were also tested, but similar results were observed. A possible reason for this could 
be that for low values of � ( 𝜃 < 0.5 ), the initial assumption of � being equal to 1 is 
incorrect, and thus all estimated models fit the data poorly and the selection criteria 
end up selecting the model with the simplest structure, resulting in the average pair-
wise interaction model being selected every time. As the value of � increases over 
0.5, the initial assumption of � being 1 isn’t far off from the true value of � and thus 
the models fit the data better and the selection metrics have more power to select the 
best interaction structure.

Table 4   Efficacy of the different model selection procedures: (a) For the four-species model and (b) for 
the nine-species model

The proportion of times the true underlying interaction structure (full pairwise in these examples) is 
selected for each of the three model selection procedures ‘a’, ‘b’, and ‘c’ using AIC as selection criteria. 
Results are shown for a subset of � values at � = 1 . A more detailed version of these results is presented 
in Online appendix A. Similar results were observed for other information criteria but are not shown

(a)

� Model selection method

‘a’ ‘b’ ‘c’

0.05 0 1 1
0.35 0.03 1 1
0.63 1 1 1
0.91 0.98 0.98 0.98
1 0.955 0.955 0.955
1.33 0.625 0.645 0.655

(b)

� Model selection method

‘a’ ‘b’ ‘c’

0.05 0 1 1
0.35 0 1 1
0.63 1 1 1
0.91 1 1 1
1 1 1 1
1.33 0.985 1 1
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Model selection procedures ‘b’ and ‘c’ offered an improvement on this as 
instead of assuming � to be 1, we first estimate it for a specific interaction struc-
ture and then reuse that estimate of � to fit the remaining interaction structures in 
method ‘b’ or estimate � separately for each interaction structure in method ‘c’. 
Thus, these model selection procedures outperformed method ‘a’ and selected the 
true underlying interaction structure most of the time across the different values 
of � (Table 4). The proportion of times the true interaction structure gets selected 
did decrease sometimes as the value of � increased (see Figures A6, A7, and A8 
in Online Appendix A) and this can be expected as increasing � had the effect 
of increasing the noise in the data. Similar results were observed when testing 
with different selection criteria besides AIC. Comparing the efficacy that model 
selection procedures ‘b’ and ‘c’ showed that method ‘b’ had comparable perfor-
mance to method ‘c’ whilst giving a four- to seven-fold (depending on the num-
ber of species in the experiment) reduction in computation time (Figure A9 and 
Table A1 in Online Appendix A). Thus, our recommendation is to use approach 
‘b’ for model selection within the Diversity-Interactions modelling framework.

Simulations testing additional scenarios like a higher number of species (up to 
72 species), a different true underlying interaction structure, a different structure 
of functional groups, the presence of additional experimental structures, and the 
reparameterisation of � , all yielded similar results in that the mean estimate of 
� was approximately equal to the true value of � and didn’t differ much across 
the four (average pairwise interactions, functional group effects, additive species 
contributions, and full pairwise interactions) estimated models. Results for model 
selection too were similar to the results observed for the four- and nine-species 
cases (Tables and figures presented in Online Appendix B for � reparameteriza-
tion and Online Appendix C for all other factors).

5 � Discussion

Our simulation study showed that the estimator of � is unbiased, with the estimate of 
� being robust across the different interaction structures in GDI models. This robust-
ness of � is consistent across a wide range of � values (0.05 up to 1.3) and a variety 
of different scenarios, including changes to the number of species (up to 72), true 
underlying interaction structure, functional grouping of species, presence of experi-
mental structures, and crossing of interaction terms with experimental structures.

The results of our study give conclusive evidence for the robustness of � and thus 
help us in deducing a model fitting procedure for GDI models which is parsimoni-
ous and informative. We recommend first estimating � using profile likelihood and 
testing its inclusion for the simplest interaction structure (average pairwise) and then 
using that estimate of � to fit the remaining interaction structures and perform model 
selection. This approach is desirable due to the speed (compared to the approach of 
estimating � for each interaction structure (method ‘c’)) with which we can converge 
to an appropriate GDI model and is used by the autoDI function in version 1.2 of 
the DImodels R package to perform model selection (note that the autoDI func-
tion in earlier versions 1.0 and 1.1 of the DImodels R package used method ‘a’ for 
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model selection but we have switched to this recommended method of model selec-
tion from version 1.2). There is precedent for fixing a model parameter to a specific 
value when performing model selection in wider statistics. For example, in nega-
tive binomial models, the dispersion parameter may be fixed when testing for model 
effects; in generalized linear mixed models, including observational-level random 
effects (e.g. Poisson-normal, see Demétrio et al. 2014), the variance of the random 
effects may also be fixed when testing fixed effects. We note that joint estimation of 
all parameters in a GDI model using a non-linear estimation framework would also 
be possible, however, our profile likelihood solution scales up well when the data 
structure becomes more complex (e.g., multiple responses, multiple time points and/
or multiple study locations).

The robustness in � estimation does rely on a few prerequisites being satisfied. 
Firstly, the species proportions should be reasonably spread around the simplex 
space (rather than restricted to a small subspace). Further, if there is lack-of-fit in 
the models or if all, or a majority, of the interaction terms aren’t significant then 
this would have trickle-down effects on � and its estimation would be affected, 
resulting in estimates which are considerably different across the different GDI 
models while at the same time being far off from the true underlying value of � . 
Thus, it is important to check for any data issues and model fit before finalising 
model selection. Examples with such issues are highlighted in Online Appendix 
C. In this study, we have examined over 300,000 datasets, which gives assurance 
in the reliability of our results. Our study assumed a single � parameter across 
all interaction terms; there is scope for allowing different � ’s for each interaction 
term in GDI models, perhaps in a multivariate or repeated measures setting with 
complex variance structures.

6 � Conclusion

The aim of our research was to discern if the non-linear parameter ( � ) in GDI 
models was robust to changes in the structure of the underlying interaction terms 
and compare different multiple model selection approaches to identify an opti-
mal and computationally efficient model selection procedure for GDI models. The 
results of our simulation study show that for our experimental designs, � esti-
mation is invariant to different interaction structures and that the most efficient 
model selection procedure for GDI models is to first estimate � for the simplest 
interaction structure (average pairwise) and test for its significance, and then use 
that estimate to fit the different interaction structures and finally select the most 
appropriate structure using selection criteria.
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