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Abstract

In mathematics education, students are repeatedly confronted with the tasks of interpret-
ing and relating different representations. In particular, switching between equations and
diagrams plays a major role in learning mathematical procedures and solving mathemat-
ical problems. In this article, we investigate a rather unexplored topic with precisely such
requirements—that is, vector fields. In our study, we first presented a series of multiple-choice
tasks to 147 introductory university students at the beginning of their studies and recorded
students’ eye movements while they matched vector field diagrams and equations. There-
after, students had to solve a similar coordination task on paper and justify their reasoning.
Two cluster analyses were performed including (i) transition and fixation data on diagrams
and options (Model 1), and (ii) additionally the number of horizontal and vertical saccades
on the diagram (Model 2). In both models, two clusters emerge—with Model 1 distinguish-
ing behaviors related to representational mapping and Model 2 additionally differentiating
students according to representation-specific demands. Model 2 leads to a better distinction
between the groups in terms of different performance indicators (test score, response con-
fidence, and spatial ability) which also transfers to another task format. We conclude that
vertical and horizontal saccades reflect executive actions of perception when approaching
vector field coordination tasks. Thus, we recommend targeted interventions for mathematics
lessons; these lessons must focus on a visual handling of the vector field diagram. Further,
we infer that students’ difficulties can be attributed to covariational reasoning, thereby indi-
cating the need for further investigations. From a methodological perspective, we reflect on
the triangulation of eye-tracking and verbal data in (multiple-choice) assessment scenarios.
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1 Introduction

Visual representations have been associated with mathematical thinking for a long time. Their
use can be traced back to the early development of mathematics in Mesopotamia and classical
Greece (Clagett, 1959). Considering the use of diagrams in Euclid’s Elements or the idea
underlying integration and differentiation through sums and differences, one could reasonably
claim that diagrams are as old as mathematics itself. Moreover, visual representations have
a high value in mathematics education, which can be explained using cognitive learning
theories (Stylianou & Silver, 2004).

In mathematics and science education, learners need to have the ability to work with
both symbolic and visual representations (e.g., equations and diagrams) and to relate them
to each other in order to solve problems or understand relationships (Acevedo Nistal et al.,
2013; Gates, 2018). A basic representation for university mathematics courses in multi-
variable and vector calculus is vector fields assigning a vector with length and directional
properties to every point in a subset of space (Arens et al., 2013). As such, they prepare
the track for vector differential operators (e.g., divergence or curl), higher-order differential
and integral calculus, and ordinary differential equations (Rasmussen & Blumenfeld, 2007).
While complex concepts of multivariable calculus—for example, vector line integrals (Jones,
2020), have already been investigated, vector field representations, which are used in learn-
ing such concepts (Arens et al., 2013), have not been studied thus far. In this context, the
coordination of different representational forms, the representational change between vector
field diagrams and equations, requires representational competencies related to covariational
reasoning (Hahn & Klein, 2022b; Jones, 2022) and demanding a flexible handling of both
representations.

However, which specific coordination strategies occur between vector field diagrams and
equations (in a multiple-choice environment) and what constitutes successful strategies has
remained unknown thus far and, therefore, is investigated in this work. To study such mental
coordination processes, eye tracking is a promising method, as it enables—for example—
the observation of gaze switches between and movements within representations and, thus,
visualizes procedures in representational change that are difficult to articulate or that are
not necessarily consciously reflected (Havanki & VandenPlas, 2014). Hence, we aim to
obtain insight into students’ coordination strategies through the use of eye tracking as well
as triangulating gaze, performance, and verbal data in order to obtain clues for difficulties
encountered by students and the design of targeted support and learning materials.

2 Theoretical background
2.1 Multiple representations of vector fields in mathematics education

As stated above, the coordination between different representations is a central cognitive
mechanism in mathematics education (Arcavi, 2003) taking place in different areas of school
and university learning—for example, fractions (Rau et al., 2009), trigonometry (Cooper
et al., 2018), probabilities (Zahner & Corter, 2010), proof construction (Gallagher & Infante,
2022), and, particularly, (multivariable) functions (e.g., De Bock et al., 2015; Kabael, 2011;
Makonye, 2014; Martinez-Planell & Gaisman, 2012; Yerushalmy, 1997). Based on the
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central functions of multiple representations to foster learning (Ainsworth, 1999), numerous
researchers report a strong connection to and a positive effect of multiple representations
on knowledge acquisition and problem-solving skills (e.g., Even, 1998; Gagatsis & Shi-
akalli, 2004; Rau et al., 2009; Rosengrant et al., 2007; Souto Rubio & Gémez-Chacén, 2011;
Trigueros & Martinez-Planell, 2010; Villegas et al., 2009).

However, there is also evidence that the use of multiple representations does not, per se,
lead to higher learning success (e.g., Acevedo Nistal et al., 2009; Andra et al., 2009; Vogel
et al., 2019). The positive effect on learning depends on the learner’s active engagement
with the representations (Booth & Thomas, 1999; Zazkis et al., 2016), aiming to process
information from different sources integratively into a coherent knowledge structure—that
is, generating coherence formation (Briinken et al., 2005; Seufert, 2003, 2019). Moreover,
two subprocesses of coherence formation can be identified—local and global coherence
formation (Briinken et al., 2005). On the one hand, local coherence formation refers to each
representation, including analyses of the individual parts within a representation and their
relationships—for example, algebraic symbols in equations or vector components in vector
field diagrams. On the other hand, global coherence formation refers to mapping of the
identified elements and analysis of relationships between multiple representations.

With regard to vector algebra, decades of research on school and university mathematics
and physics education have revealed that students encounter difficulties with basic vector
concepts, such as interpreting graphical properties like vector decomposition (e.g., Appova
& Berezovski, 2013; Barniol & Zavala, 2014; Liu & Kottegoda, 2019; Sandoval & Possani,
2016; Van Deventer & Wittmann, 2007; Watson et al., 2003). However, despite its great
relevance for university mathematics courses (Arens et al., 2013), mathematics education
research on students’ understanding and difficulties regarding multivariable calculus and,
particularly, vector calculus is still in its early stages. Previous research in this field has
primarily focused on the generalization of single variable functions (e.g., Martinez-Planell
et al., 2015a; Yerushalmy, 1997), multivariate integrals (e.g., Jones & Dorko, 2015), and
partial derivatives (e.g., Martinez-Planell et al., 2015a, 2015b). While the aforementioned
studies refer to single vectors and scalar functions of two (or more) variables, vector calculus,
and—in particular—vector fields as a multivariable function have barely been studied. A
study by Jones (2020), aimed at students’ understanding of vector line integrals, revealed
initial clues for students’ local coherence formation by reporting that students have a diverse
understanding of a vector field as, for example, being a collection of literal “arrows.” Further,
a study by Bollen et al. (2017) revealed that coordination between vector field diagrams and
equations presents a major challenge for students, thereby indicating that students have
difficulties establishing global coherence formation.

In this article, we use Cartesian coordinate systems, which are commonly used for the
introduction of vector fields in mathematics as they are easy to visualize and provide a general
framework for most problems in vector calculus (Dray & Manogue, 1999). The following is
the symbolic representation of the vector fields depicted in Fig. 1:

P _ (P _ (S _(—x > _(const.\ _ (-1
Fi(x,y) = <F1’y> = < 0o )=\ o) Pen= o )= Lx )
For simplicity and w.l.o.g., we have defined that any constant other than 0 equals £1 and

that all dependencies are proportional (i.e., x, —x, y, or —y). To coordinate these represen-
tations, covariational reasoning—particularly reasoning about the simultaneous covariation
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Fig.1 Examples of vector field diagrams used in the study: F 1(x, y) (left) and 1:"2 (x, y) (right; further devel-
opment of Klein et al. (2018, 2019))

of the component lengths (F, and Fy) and the coordinate directions (x and y)—is demanded
(Jones, 2022). A change in the vertical direction is related with a y-dependency of a vector
field component, and a change in the horizontal direction with an x-dependency. In mathe-
matics learning, the skill of covariational reasoning is considered fundamental to students’
mathematical development (e.g., Carlson et al., 2002; Confrey & Smith, 1995; Johnson,
2012; Thompson & Carlson, 2017).

2.2 Eye tracking to study assessment scenarios and coordination processes

Eye-tracking studies are becoming increasingly popular in mathematics education research.
In a systematic review by Strohmaier et al. (2020), three benefits of the use of eye tracking are
provided, all of which apply to the assessment situation here: observing solution processes
(e.g., Ogren et al., 2017), working with visual representations (e.g., Andra et al., 2009), and
studying cognitive processes that cannot be consciously reported because they are, for exam-
ple, difficult to articulate (Havanki & VandenPlas, 2014). When changing between vector
field diagrams and equations, two processes are inseparably connected and occur alternately:
domain-specific mental operations related to local coherence formation (decomposing vec-
tors, comparing rows or columns) and strategies resulting from representational mapping
(e.g., comparisons) related to global coherence formation. With regard to the latter, previ-
ous studies in mathematics education research draw on fixation measures to quantify visual
processing of multiple representations (e.g., Andra et al., 2015; Malone et al., 2020; Ott et
al., 2018). Following the eye-mind hypothesis (Just & Carpenter, 1976), fixation count is
associated with attention allocation to a particular representation, which may indicate its rel-
evance to the task or the effort required for information processing (Orquin & Loose, 2013);
further, fixation count has been shown to relate to expertise (Epelboim and Suppes, 2001).
In addition, pairwise comparisons, which refer to transitions between two representations,
are assumed to reflect actual or attempted integration processes (Andra et al., 2015; Malone
et al., 2020; Ott et al., 2018; Ogren etal., 2017). As shown by Schiiler (2017), when different
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forms of representation—such as text and diagram—need to be integrated, transitions
provide information regarding students’ coordination behavior. Furthermore, representational
change is typically assessed using multiple-choice tasks that require students to choose the
correct representation from among multiple (commonly four) alternatives. Here, previous
studies reported that expertise influences attention allocation to different response options
and, further, that transitions between different options are related to decision-making pro-
cesses (Glaholt & Reingold, 2011; Lindner et al., 2014; Nugrahaningsih et al., 2013; Tsai
etal., 2012)

With regard to representation-specific mental operations, three studies investigated stu-
dents’ eye movements when interpreting vector field diagrams to assess the fields’ divergence
(Klein et al., 2018, 2019, 2021b). All three studies concluded that frequencies of horizon-
tal and vertical saccades were important indicators of performance, because they reflected
visual inspection along relevant field directions. Following this line, when studying the eye
movements of novices and experts as they navigated to points in a Cartesian coordinate sys-
tem, Chumachemko et al. (2014) and Krichevets et al. (2014) found that experts performed
saccades in vertical and horizontal directions more frequently than in other directions. Refer-
ring to “theoretical” perceptual actions, they conclude that these saccades reflect the cultural
manner of approaching the Cartesian coordinate system. Additionally, in a first case study,
eye tracking was shown to successfully visualize individual processes related to covariational
reasoning with graphs (Thomaneck et al., 2022).

Further, a skill that is closely related to the development of perceptual actions is spatial
ability. With regard to vector fields, it was shown that students’ spatial abilities—as measured
by the Spatial Span Task (SST) by Shah & Miyake (1996)—are related to the number of
horizontal and vertical saccades (Klein et al., 2021b).

2.3 The present study

In the present study, the representational coordination between vector field diagrams and
equations is assessed in a multiple-choice format. Thus, extending previous work, a close
integration of representational mapping, representation-specific coordination, and represen-
tational change strategies is required for problem-solving. Further, we use eye-tracking, as
well as performance and verbal data, to provide clues for analyses and characterization of
coordination strategies.

We address the following research goals: (1) to identify different patterns of students’ coor-
dination strategies referring to global and local coherence formation based on their gazing
behavior when translating between vector field diagrams and equations, and (2) to charac-
terize the identified student groups and coordination strategies through several achievement
measures (i.e., test performance, response confidence, and spatial skills) and students’ ver-
bal reasoning. Considering the aforementioned studies on divergence of vector fields, it is
reasonable to assume that the frequencies of horizontal and vertical saccades are related to
performance when changing between vector field diagrams and equations.

To achieve goal (1), hierarchical cluster analyses based on different eye-tracking mea-
sures that are related to global and local coherence formation (see Sections 2.2 and 3.6) are
performed. In order to achieve goal (2), students in the emerging clusters are compared in
terms of performance indicators and verbal reasoning.
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3 Methods
3.1 Sample

The sample was drawn from engineering students at a German university in the context of a
large-scale compulsory introductory physics lecture. At the time of the study, which was in
the first weeks of the lecture, vector fields and basic concepts had already been introduced.
In total, 147 students (114 male, average age 20.5 years), mostly in their first year of study,
participated in the study.

3.2 Study procedure

The procedure is summarized in Table 1, which includes an overview of all instruments
and data. Subjects were individually guided to the eye-tracking laboratory, where their prior
knowledge was assessed through pretest tasks (see Appendix), and a standardized test on
spatial abilities was administered. In the subsequent eye-tracking phase, after successful
calibration (see Section 3.4), participants were given a short written introduction to the topic
of vector fields before they had to solve eight coordination tasks. In each task, they were
presented with a vector field diagram and four equations alternatives (see Fig. 2). Once they
chose an option, they pressed a key to mark their answer and rank their response confidence
on an input page. There were no time constraints during the study, and students were not
given feedback, allowed to seek help, or jump back. Later, subjects were presented with two
of the tasks again. This time, they had to write down the equation on their own and provide a
detailed verbal explanation of their procedure (see Section 3.7). Finally, subjects completed
a short questionnaire about their demographics, which was used to characterize the sample
(e.g., gender).

Table 1 Study procedure and overview of instruments and data collected. For relevant data and variables,
reliability of the instruments is also indicated (Cronbach’s alpha o, Spearman-Brown coefficient p)

Phase Description Time (min) Instruments and data collected
(source and ptly. reliability of the
instruments)

1 Pretest: prior knowledge and spatial 5 Prior knowledge test, Spatial Span

abilities Task (Shah & Miyake, 1996;
Section 3.3)
2 Computer-based multiple-choice test: 10 Eight coordination tasks (Klein et al.,
vector field diagram - equation 2018, 2019):
e Response accuracy (o = 0.77)
e Response confidence (¢ = 0.92)
o Gaze data
3 Paper-based coordination task: open 15 Two coordination tasks (equal to
response and verbal data phase 2):
e Response accuracy (p = 0.78)
e Verbal data (see Sections 3.7 and
4.3)
4 Demographic data 5 Questionnaire
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AOI Diagram AOI Options

Fig.2 Example illustration of the areas of interest (AOIs) that have been defined for each of the eight vector
fields, with the global look zones being indicated with dotted lines (Diagram, Options)

3.3 Study material

Vector field plots. The vector field diagrams used in the study meet the requirements mentioned
in Section 2.1 and have been previously used in prior studies (see Figs. 1, 2 and 3). All eight
task pages were designed identically, with the vector field diagrams and options being the
same size and placed in the exact same location. The diagrams occupied a space of 550 x
500 pixels, the options area a space of 250 x 500 pixels, and each option a space of about
250 x 125 pixels.

Spatial span task (SST). For the assessment of spatial ability, we used a version of the
SST by Shah & Miyake (1996), which measures the ability to simultaneously process and
hold spatial information in memory.

3.4 Eye-tracking procedure and areas of interest

All tasks were presented on a 22-inch computer screen (1920 x 1080 pixel resolution,
75 Hz frame rate). Eye movements were recorded using a stationary, head-free eye-tracking
system from Tobii (Tobii X3-120), which has an accuracy of less than 0.4° visual angle
and a sampling frequency of 120Hz. A 9-point calibration was used, and calibration was
considered acceptable when falling below the accuracy threshold of 0.4°. Further, agreement
between the measured gaze positions and the actual points on the screen was checked, and
calibration was repeated if the result was not satisfactory. Seven participants were discarded
due to insufficient fit. The average distance between participants and the screen was 63 cm,
and the distinction between fixations and saccades was made using a velocity threshold of
30°/s (Salvucci & Goldberg, 2000). Visualization and analysis of the data were performed
using Tobii Studio 3.4.8 software. To evaluate the gaze data, two areas of interest (AOIs)
were defined for all items (see Fig. 2).
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3.5 Cluster analysis

To group students according to their visual behavior, hierarchical cluster analyses were per-
formed using agglomerative methods based on the squared Euclidean distance (i.e., the
sum of the squared differences between each pair of participants; Antonenko et al., 2012;
Gore, 2000). By using hierarchical clustering of eye-tracking data, students are partitioned
into different groups, not necessarily relevant for mathematics education, in which consis-
tent properties were searched for. The analysis starts from single-element clusters and then
sequentially combines clusters, reducing their number at each step until all cases are com-
bined into one cluster, thus generating a hierarchy of nested clusters (Antonenko et al., 2012;
Battaglia et al., 2016; Speece, 1994). Which clusters are linked in each step depends on the
calculation of dissimilarity between clusters and is determined by the choice of the distance
measure within the cluster agglomeration method, called the linkage method (e.g., single,
complete, average linkage, or Ward’s method; Gore, 2000; Ward Jr, 1963). Hence, hierar-
chical cluster analysis, commonly visualized by dendrograms (Battaglia et al., 2016; Gore,
2000), offers an exploratory method for researchers who do not have a preconceived idea
about the likely number of clusters by identifying homogeneous subtypes of persons from a
heterogeneous sample (Antonenko et al., 2012; Everitt & Dunn, 1983; Speece, 1994).

A crucial step of agglomerative hierarchical clustering is choosing the optimal number of
clusters—for example, by examining the clusters’ silhouette (Rousseeuw, 1987). By consid-
ering the average silhouette width for different numbers of cluster k, the average silhouette
approach enables choosing k “appropriately”, which means “to select that value of k for
which the overall average silhouette width is a large as possible” (Rousseeuw, 1987, p. 59).

3.6 Eye-tracking measures and data analysis

Referring to the aforementioned eye-tracking studies on representational mapping, multiple-
choice tasks, and vector fields (see Section 2.2), the following eye-movement measures were
included for hierarchical cluster analyses.

Fixation count (FC) refers to the total number of fixations on the AOI Diagram and the
AOI Options (see Fig. 3, green circles). For cluster analyses, normalization at the individual
level was performed to examine the distribution of attention between the diagram and options,
thus the proportion of fixation counts (FCP) was included. Further, we refer to the ratio of
fixation counts on the diagram (index D) or options (index O) to the total number of fixations
(sum of fixation counts on the diagram and options),

FCp
FCPp = ——+—,
FCp+ FCop
FCo
FCPp= ————=1—FCPp.
FCp+ FCo

Transition count (TC) refers to the total number of times when the gaze switches between
the AOI Diagram and the AOI Options, or between different option choices (see Fig. 3, green
connectional lines). For the latter, four additional AOIs within the AOI Options (not shown
in Fig. 2) were defined. Here, we refer to DO- and OO-transition counts, or more precisely,

@ Springer



Strategies for coordinating vector field equations and diagrams

Welch&Formel beschreibt das (l;,.,t,...‘ \'okl,('ld'.’

/ ‘

' D
i 5 h© Flay)=
8 e - (%)
[T o) e
‘ 3 [
) [ XX
A~ Q)
| S 7 i ‘)\)‘q“b
______________________________ 5 g e e e e i |
AOI Diagram AOI Options

Fig. 3 Eye-gaze path including fixations, saccades, and transitions during representational change between
vector field and equations in a multiple-choice format. Green circles indicate fixations with the size of the circles
related to the fixations’ duration. Connectional lines between two fixations are either transitions (connecting
two fixations in different AOIs) or saccades (both fixations are within the same AOI), and the (blue) angle ¢
between the horizontal and the saccade indicates the absolute saccadic angle

proportion of DO- and OO-transitions,

TCpo
TCPpp = —————,
TCpo+TCoo
TC
TCPoo = =00 =1—-TCPpo.
TCpo+TCoo

Absolute saccadic angle describes the angle enclosed between the horizontal and the sac-
cades (see Fig. 3, blue angle ¢). For cluster analyses, the number of horizontal and vertical
saccades within the diagram (saccade count, SC) was extracted within a tolerance margin of
45° and used as the proportion of horizontal and vertical saccades,

SC
scpy = —1
SCtotaZ
SCy
SCPy = .
SCtotaZ

These eye-tracking metrics were included in two separate models for cluster analysis, namely
Model 1 and Model 2. The first model uses metrics that address global coherence formation
(TCP and FCP measures), and the second additionally uses the measures related to local
coherence formation (SCP measures). In addition to the eye-tracking studies mentioned in
Section 2.2 and with respect to Cognitive Theory of Multimedia Learning (Alemdag &
Cagiltay, 2018; Mayer, 2005), fixation counts reflect organizational processes in the process-
ing of symbolic and graphic representations. More precisely, they characterize an initially
unspecific processing of the respective representation (diagram or options) with the goal of
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integrating all representations into a coherent mental model indicated by transitions and,
therefore, reflecting global coherence formation. In contrast, horizontal and vertical sac-
cades represent a procedural, representation-specific handling and processing of the vector
field diagram (see Section 2.2). More precisely, they indicate that participants observe adja-
cent vectors in a column or row, thus addressing local coherence formation, as they reflect
the way participants skim over the plot. Moreover, the first model is nested within the second
model.

All data from subjects were included in the analyses, regardless of their performance.
Cluster analyses were performed in R using the packages named cluster (v. 2.1.0), factoextra,
and dendextend after z-transforming all variables (Huberty et al., 2005; Speece, 1994). The
emerging clusters were compared with respect to different performance measures (test score,
response confidence, and spatial ability) using standard methods of quantitative statistics
(e.g., analysis of variance). Additionally, mean fixation durations and saccade lengths were
extracted from subjects’ data. As there is no theoretical indication that these measures reflect
coherence formation, they were solely used to further characterize the emerging clusters.

Saccade length refers to the (angular) distance between two consecutive fixations within
the vector field diagram. Following Strohmaier et al. (2020), saccade length can be used as an
indicator for local strategies in information retrieval, associated with expertise (Klein et al.,
2018).

Mean fixation duration is calculated by dividing the total fixation duration on the dia-
gram by the number of fixations on the diagram, representing the cognitive effort of visual
information intake (Mason et al., 2013; Miller, 2015).

3.7 Classification of verbal data

Assuming that certain (particularly conscious) coordination strategies underlie students’
justifications, students’ arguments were extracted and classified for triangulation with the
identified clusters. For category formation, a bottom-up procedure (Kuckartz, 2018; Mayring,
2015) was performed, including only those parts of the reasoning that address the relationship
between vector field diagrams and equations. Coding of the arguments referred exclusively
to the use of an argument; correctness was not considered. Furthermore, an explanation can
be assigned to several categories at the same time, thus containing different arguments.

Analyses revealed that students used two types of arguments— descriptive and struc-
tural. Descriptive arguments refer to surface characteristics that derive from the vector field
diagram. They are based on descriptions of the graphical properties of the diagram—for
example, subjects referred to the direction, position, or magnitude of the arrows. An example
(translated from the original German) is:

[...] The x part points in opposite direction. [...]

In contrast, arguments encoded as structural use systematic-formal approaches. In terms of
mathematical procedures, they refer to changes in properties, differentiation of value ranges,
or concrete calculations. An example of a structural argument is:

[...] With increasing x value the arrows become longer in the opposite direction. [...]
F increases with increasing x. [...]
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Once this distinction was made and classification criteria were available, 25 out of 140
responses were randomly selected and assessed by a second independent rater, resulting in
high intercoder reliability («x = 0.86).

Although detailed analyses of verbal arguments were not the scope of this work, it was
noticeable during coding that many structural justifications were related to the concept of
change. Therefore, it was also coded when a structural argument refers to changes of variables
(change argument). Frequencies of arguments in relation to the clusters are analyzed in
Section 4.3.

4 Results

On the pretest, participants achieved an average score of 0.88 +0.19, thus, indicating that the
students had sufficient prior knowledge to follow the study content (see Appendix). Further, in
the first part of the assessment (computer-based multiple-choice test; eye tracking), subjects
achieved average scores of 0.74 £ 0.27, 0.67 &+ 0.25, and 0.44 £ 0.21 for performance,
response confidence, and spatial ability, respectively. In the second part of the assessment
(free-response coordination task; verbal data), subjects achieved a performance score of
0.69 £0.37.

4.1 Clustering eye-movement data

For the first model (Model 1 or global model, G), the proportion of transition counts (TCP)
and the proportion of fixation counts (FCP) were subjected to hierarchical cluster analysis.
Since TCPpop and TCPp are highly correlated by definition, it is sufficient to include one
of the two metrics, and the same applies to the FCP metrics. Ward’s method was assessed to
provide the strongest cluster structure, yielding an agglomerative coefficient of AC = 0.99
and outperforming other methods (average linkage AC = 0.93, single linkage AC = 0.78,
and complete linkage AC = 0.96). The clustering results are presented in the dendrogram in
Fig. 4 (left part, Model 1). The right row of the dendrogram (140 nodes) representsthe initial

1 08060402 0

0 02040608 1
Model 1 Gl Ll Model 2

Fig. 4 Results of both cluster models. The dendrogram illustrates the arrangement of the clusters produced
by the hierarchical cluster analysis using the Ward method. For Model 1 and Model 2, two clusters emerge,
referred to as G1, G2, L1, and L2, respectively. The numbers indicate the participants per group, and the
numbers in the center indicate the overlap. The diagrams at the edges (including error bars representing the
standard error of the mean) show how the dependent variables differ between the resulting groups in terms of
performance (P), response confidence (C), and spatial ability (S). Statistically significant differences between
the clusters are marked with *
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data (subjects), and the remaining nodes further to the left indicate the clusters to which
the subjects belong, with the horizontal lines representing the dissimilarity. The height of
each node in the plot is proportional to the value of the inter-group dissimilarity between
its two daughters. Inspecting the dendrogram, one can argue for a two- or three-cluster
solution, whereas a two-cluster solution was confirmed using the average silhouette approach,
see. Figure 5(a). The first cluster (referred to as cluster G1 hereafter) includes 40 subjects,
and the second cluster (G2) includes 100 subjects. In a next step, we performed a 2 x 2
analysis of variance with TCP and FCP metrics as within-subject factors and cluster as
the between-subject factor. We found a statistically significant interaction between metric
and cluster, F (1, 138) = 6.65, p = 0.011, nf, = 0.05, f = 0.22, with small effect size
(Cohen, 1988).

For the second model (Model 2, L), four measures of eye movements were subjected to
hierarchical cluster analysis, namely TCP, FCP, SCPy, and SCPy. Again, Ward’s method
was found to yield the strongest cluster structure (AC = 0.96). The dendrogram shown in
the right part of Fig. 4 (Model 2) indicates a two-cluster solution; denoted as L1 and L2
with 81 and 59 subjects, respectively, which is also confirmed by the silhouette approach,
see Fig. 5(a). Again, a statistically significant interaction between metric and cluster, Huynh-
Feldt F(2.70, 372.98) = 74.80, p < 0.001, n% = 0.35, f = 0.74, with a medium effect
size (Cohen, 1988) was found using a 4 x 2 mixed ANOVA. Furthermore, Fig. 4 places
the solutions of both cluster models side by side, illustrating that 53 of the 59 subjects in
cluster L2 are also included in cluster G2; and 34 of the 40 subjects in G1 are also part of
L1. Therefore, adding saccadic information essentially splits the second cluster in the first
model.

—+—Cluster G1 (N = 40) —®—Cluster G2 (N = 100)

g Cluster L1 (N = 81) - ®- Cluster L2 (N = 59)
5 03 . Model 1 (G)
2 s 1 \
g ! e .. o
2o02{ | el e P
= q > I P
o Model2L) S 0
0.1 % g o
o} N ~<
A S
< _ )

0.0 1

12 3 456 7 8 9 10
Number of clusters TCPpoo FCPo SCPy SCPy

(@ (b)

Fig.5 Results of cluster analyses. (a) Due to the maximum at 2, the silhouette approach suggests a two-cluster
solution for both models. (b) Characterization of clusters emerging from cluster analyses based on measures of
eye movements during problem solving. 7'C Pg ¢ : Proportion of transition counts between options to the total
number of transitions; F C Pg: Proportion of fixation counts on the options to the total number of fixations;
SC Py v : Proportion of horizontal/vertical saccades to the total number of saccades, restricted to the diagram
region. Note that SC Py and SC Py measures were not included in Model 1
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4.2 Comparing student clusters

With regard to Fig. 5(b) and Table 2, clusters G1 and L1 are characterized by a high proportion
of OO-transitions and O-fixations compared to clusters G2 and L2. Thus, the latter are
typified by a higher proportion of DO-transitions and D-fixations. TCP differences are more
pronounced in the first model (d = 2.49) than in the second (d = 0.58), and the reverse is true
for FCP differences (d = 1.36 and d = 2.29; large effect sizes). Regarding the proportion of
horizontal and vertical saccades, there are no group differences in the first model. In Model
2, we find that cluster L2 is characterized by significantly higher proportions of horizontal
and vertical saccades compared to L1 (medium effect sizes; d = 0.57 and d = 1.67).

Regarding the side plots in Fig. 4 and the results in Table 2, group differences with respect
to the cognitive variables are larger in Model 2 than in Model 1. Subjects in clusters G2
and L2 achieved significantly higher test scores compared to subjects in G1 and L1 with
medium effect sizes (d = 0.63 and d = 0.77, respectively). In the second model, subjects in
cluster L2 also indicated significantly higher response confidence (d = 0.50) and achieved
significantly higher spatial ability scores (d = 0.39) compared to subjects in L1. Lastly,
saccade length is significantly higher for cluster L1 (d = 0.86) compared to L2, whereas no
group differences regarding saccade length between the clusters were present in Model 1.
Regarding mean fixation duration, no differences were found.

4.3 Verbal arguments

Qualitative content analysis, including subjects’ reasoning, resulted in two sets of arguments—
that are, descriptive arguments and structural arguments. Overall, 55% of all identified
arguments were descriptive in nature, indicating that these were used more often than
structural-symbolic explanations. Table 3 compares the number of descriptive arguments
(DA) and structural arguments (SA) used by subjects in each cluster for both cluster models.
Please note that the four clusters are of different sizes. Thus, the proportion of descriptive
arguments (DAP) and structural arguments (SAP) was also compared referring to

DA SA

DAP = ————— and SAP=———.
DA+ SA DA+ SA

It can be seen that there are larger differences in terms of arguments between the clusters
in Model 1 than in Model 2. In Model 1, subjects in cluster G2 used a higher proportion
of mathematical-structural arguments than subjects in G1 (small effect size; ¢ = 0.23).
Regarding the other comparisons, no significant differences were found; however, it can be
observed that subjects in clusters G2 and L2 tend to formulate a higher proportion of structural
arguments than subjects in G1 and L1, while the latter use a higher proportion of descriptive
arguments. Regarding performance in the paper-based coordination task, subjects in clusters
G2 and L2 achieve significantly higher scores than subjects in G1 and L1 with medium effect
sizes (d = 0.57 and d = 0.72 respectively; see Table 3). In addition, the use of change
arguments as a subcategory of structural arguments was coded. Again, Table 3 compares
the number (“Change”) as well as the proportion (“ChangeP”) of those arguments used by
subjects in each cluster for both cluster models, with the proportion of change arguments
defined as

Change

ChangeP = —————— .
DA+ SA
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Strategies for coordinating vector field equations and diagrams

It was found that 50% of all subjects used a change argument at least in one of the tasks.
Regarding the clusters, in Table 3, one can see that subjects in cluster G2 refer to changes sig-
nificantly more often than subjects in G1, with small effect size (d = 0.19). When comparing
those who referred to changes and those who did not, a Welsh z-test for independent samples
revealed that the former achieved significantly higher scores in the paper-based coordination
task, 7(119.54) = 5.63, p < 0.001, d = 0.95. With a score of 0.86 % 0.25, the performance
of these subjects is higher than the sample mean, whereas the score of those who did not
use a change argument is much lower (0.55 £ 0.39). Further, statistical analysis showed that
subjects who invoked a change argument during the open-response phase were not more or
less likely to perform saccades in the vertical or horizontal direction during computer-based
assessment.

In order to gain a deeper insight into the use of change arguments and draw conclu-
sions about specific strategies, the explanations were individually examined. The following
examples express that subjects’ understanding and reasoning were far from precise despite
referencing the concept of covariation:

[...] The more negative the x values, the more negative are also the y values [...]

[...] There is no change in y direction. [...] In x direction the arrows go opposite to the
x value. |[...]

[...] x is always —1 and y corresponds to the change of the x coordinate, because
changes can only be detected at the O-pass. [...]

In two of the three examples given, subjects interchanged coordinates and components;
an error many other subjects also made (see Section 5.3).

Table 3 Number and proportion of arguments used by subjects in the groups for both cluster models the first
three rows. Report the total numbers of arguments and the statistical results of group comparisons using x2—tests
(df = 140, effect size (ES) ¢, DA: Number of descriptive arguments, SA: Number of mathematical arguments,
Change: arguments that refer to changes or covariation of variables or properties). The following three rows
show the proportions of arguments (P) to all arguments by subjects from a cluster. The performance in the
paper-based coordination task is shown in the last row. The p-values refer to (Welch) ¢-tests for independent
samples, effect size (ES) d

Model 1 Model 2
Argument Gl G2 p ES L1 L2 p ES
DA 32 88 n.s. 67 53 n.s.
SA 22 78 0.007 0.23 54 46 n.s.
Change 14 56 0.025 0.19 36 34 n.s.
DAP 0.59 0.53 0.55 0.54
SAP 0.41 0.47 0.45 0.46
ChangeP 0.26 0.34 0.30 0.34
Performance 0.56 0.77 0.004* 0.57 0.61 0.85 < 0.001* 0.72

* Welch t-test due to a lack of homogeneity of variance
n.s. means “(statistically) not significant” indicating p-values > 0.05
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5 Discussion

5.1 Eye-movement data reveal problem-solving strategies regarding
multiple-choice questions

Cluster analysis using fixation and transition measures (Model 1) revealed two groups that
differed in terms of the solution process and, thus, show different representational-mapping
procedures within the multiple-choice format. The larger group of subjects (G2, N = 100)
devoted a higher proportion of attention to the diagram than to the options and performed a
smaller percentage of gaze switches between options than between the diagram and options.
This group outperformed the smaller group (N = 40) with medium effect size. These findings
regarding the distribution of attention between the diagram and options are similar to results by
Andra et al. (2009) and Chumachemko et al. (2014), who found that for multiple-choice items
referring to representational change, experts were searching for clues to the answer in the input
representation, instead of searching among the alternatives as novices did. Thus, expertise
differences regarding attention allocation on the diagram and options can be confirmed using
Model 1. Further, the browsing and seeking behavior between the options was found to be
an indicator of the test format related problem-solving behavior of weaker students (Andra
et al., 2009; Hejnova & Kekule, 2018; Nugrahaningsih et al., 2013; Tsai et al., 2012).

Moreover, these results suggest that, similar to findings reported by Andra et al. (2009),
there are two successful strategies for representational mapping in a multiple-choice format in
the context of vector fields: either starting from the diagram with examining the covariation
of components and coordinates in order to identify the correct equation, and then back-
checking the solution with excursions to the alternatives; or using a trial-and-error approach
by verifying the alternatives in the diagram. The latter is equally conceivable and will achieve
the desired goal, but might be less effective and probably more likely to be found among
weaker students (also found, e.g., by Barnes, 2004; Puspitasari et al., 2018; Van Gog et al.,
2005). As amain result of this model, the relevance of the diagram’s processing to form global
coherence was shown. Therefore, a starting point for mathematics lessons could be to practice
the necessary procedures on the basis of the diagram (decomposing vectors, comparing rows
or columns), formulate them verbally, and then convert them into an equation. Additionally,
practicing the reverse procedure increases flexibility, which is particularly important when
using the test format used here.

Regarding the proportion of horizontal and vertical saccades of all saccades, both groups
do not differ. Further, the proportion of horizontal and vertical saccades is low at about 30%
of all saccades, which indicates many oblique eye movements. In other studies, this has been
used to justify an unsystematic approach (Chumachemko et al., 2014; Klein et al., 2018,
2019; Krichevets et al., 2014), and indeed, the verbal data support that many subjects reason
descriptively (see Section 5.3), which was associated with low expertise in previous studies
(Jacobs et al., 2010; Reuker, 2017)—a relation, that could not be confirmed. Furthermore,
horizontal saccades appear more often than vertical saccades. The dominance of horizontal
saccades can be attributed, on the one hand, to the influence of the writing culture in West-
ern countries (Chumachemko et al., 2014; Dragoi et al., 2001), and, on the other hand, to
oculomotor factors of the eye (Foulsham et al., 2008). Thus, a task-based determinant of
saccade direction indicates targeted top-down processes of visual attention, which indicates
the necessity for learning and training of conscious vertical eye movements—for example,
by pointing or visual cues. This assumption is supported by the results in Model 2 (see
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Section 5.2). Taken together, despite differences related to global coherence formation, the
two groups do not differ in the visual handling of the vector field diagram on a local level.

5.2 Accounting for task-specific characteristics in the cluster model magnifies the
group differences

Adding the metrics about saccade direction to Model 1 reallocates the subjects, again resulting
in two groups. These groups still differ in the same way with respect to the fixation and
transition metrics (Section 5.1), allowing to transfer the aforementioned conclusions to Model
2. In addition, by performing horizontal and vertical saccades more frequently, and thus
looking less often in oblique directions, better-performing subjects observe the vector field
more systematically in the preferred direction of the coordinates, which means that they
compare vectors lying next to or on top of each other more often (Klein et al., 2018, 2019).
Furthermore, subjects in the better group make shorter saccades, which is consistent with
previous results (Klein et al., 2018). The average saccade length of 4.31° corresponds to a
real distance of 4.7 cm on the screen. Thus, the saccade lengths of the better group are closer
to the average distance of the vectors (3 cm), which supports the argument of comparing
adjacent vectors. These results strongly support the impression of Model 1 that the vector
field diagram plays a central role for representational change and, thus, should be the starting
point for instructions. Furthermore, the importance of mathematical operations related to
covariational reasoning (e.g., comparisons of vectors) could be inferred, again indicating the
necessity of these operations being central subject of mathematical instructions in the context
of vector fields.

Besides performance differences, the resulting groups in Model 2 also differ regarding
response confidence and spatial ability. It is reasonable to assume a relationship between spa-
tial skills and subjects’ ability to decompose vectors into components and further operations
related to covariational reasoning.

5.3 Verbal data reveal frequent but inaccurate use of covariation concepts

Beyond the inclusion of quantitative data on eye gaze and performance indicators, we ana-
lyzed subjects’ verbal explanations. In addition to differentiating between descriptive and
structural arguments, change arguments, which refer to changes or covariations in variables
or components, were identified as a subcategory of structural arguments. It was found that
half of all subjects invoked a change argument in their explanations. However, a closer look
revealed that using an argument that refers to change does not unambiguously indicate a high
level of covariational reasoning (levels of covariational reasoning; see Carlson et al., 2002).
Moreover, despite talking about change, many explanations exhibit linguistic and technical
inaccuracies and errors that illustrate a frequently incorrect or insufficient use of change argu-
ments. As illustrated above, many subjects confused components and coordinates, a typical
error found in previous research (Bollen et al., 2017; Gire & Price, 2012). However, with
respect to the general use of change arguments, an explanation about changes in variables or
components was found to be closely related to subjects’ performance in the coordination task,
with a large effect size. This is consistent with previous results of Klein et al. (2018, 2019),
although no significant relationship with the proportion of horizontal and vertical saccades
was found. Possible reasons are discussed in Section 5.4.
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We found tendency of subjects in the higher-performing clusters G2 and L2 to use
arguments of a symbolic-mathematical nature more frequently than subjects in the lower-
performing clusters G1 and L1—a difference that is also evident when comparing the
performance of the clusters in the paper-based coordination task. This relationship between
performance and mathematical formalization in communication reflects a property of math-
ematics described by Freudenthal (1973) as conscious engagement with language as an exact
means of expression. Confirmation of this relationship, however, requires further investiga-
tion.

5.4 The occurrence of different types of verbal arguments is unlikely to match the
results of the gaze-based cluster analysis

Regarding the triangulation of performance and gaze with verbal data, it is important to note
that the former were collected using multiple-choice items, whereas justifications were based
on a free-response format without answer options. Performance was found to be relatively
independent of the task format, yielding similar mean scores for both formats. In contrast, the
cognitive solution processes, which are accessible through eye movements, are significantly
influenced by the task format, as it was found that cluster differences in the quantitative data
did not translate to differences in the verbal data. A possible explanation could be that, despite
answering correctly, students may not articulate their coordination strategies, either because
the test format does not explicitly ask for these strategies, or because they are unable to do
so. This highlights the necessity of explicitly practicing verbalization of problem-solving
strategies. From a methodological perspective, these results underline the value of involving
and triangulating both gaze and verbal data when analyzing coordination strategies related to
representational change, as one data source cannot reveal all facets of the actual underlying
coordination strategies (similar results found by Schindler & Lilienthal, 2018)—a point to
keep in mind for further investigations. Furthermore, the appearance of change arguments
may not be sensitive enough to match correct covariation strategies revealed by gaze data.
As the level of covariational reasoning is more important, a more detailed analysis of verbal
data, including—for example, the correct use of change arguments or referring to the mental
actions of the covariation framework (Carlson et al., 2002), may yield additional insights.

5.5 Limitations and implications, outlook

As mentioned above, we observed difficulties in relating verbal data collected during open-
response questions to quantitative (eye-tracking) data based on multiple-choice questions.
This demonstrates that when triangulating gaze and verbal data, attention should be paid to
a clear prompt asking for strategies and a consistent task format that immediately includes
verbal data collection (concurrent think-aloud methods, e.g., Olson et al., 2018) or uses ret-
rospective interviews (retrospective think-aloud methods, e.g., Van den Haak et al., 2009).
Moreover, gaze-cued (retrospective) think-aloud methods, in which subjects are shown
recordings of task processing with their gaze paths overlaid (e.g., Alhadreti et al., 2017),
would explicitly enable a connection between verbal and gaze data. Additionally, instruc-
tional consequences related to the focus of interventions and instructions when changing the
representation of vector fields can be derived, as these should primarily target the diagram.
Furthermore, the comparison of Model 1 and Model 2 underscores the sustained relevance
of local coherence formation when changing between representations in the context of vec-
tor fields. Moreover, the associated differences in gaze measures (saccade angle and length)
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appear to be closely related to the ability of covariational reasoning. Hence, this provides
a starting point for further investigations detached from the multiple-choice format. At this
point, we would also like to point out the richness of the field for research, including, for
example, different coordinate systems (to which the covariation argument is transferable;
Moore et al., 2013), differential operators, three-dimensional fields (multivariational reason-
ing; Jones, 2022), and transfer to physics contexts.

6 Conclusion

In this study, students’ coordination strategies when switching from vector field diagrams to
equations were investigated by clustering different eye-tracking metrics referring to global
and local coherence formation. Separating two models—one addressing global coherence
formation only and one addressing global and local coherence formation—yielded two clus-
ters each. The model that includes local coherence formation measures provides a finer
resolution of cognitive strategies by discriminating not only in terms of performance but also
in terms of response confidence and spatial ability (Fig. 6). This indicates the relevance of
the vector field diagram and its representation-specific operations related to covariational
reasoning that are visualized through horizontal and vertical saccades.

From a mathematics education perspective, this extends previous findings of learning in
the context of vector fields by revealing that frequencies of horizontal and vertical saccades
are crucial performance indicators not only for vector field properties but also for the rep-
resentational change between diagrams and equations. Beyond vector fields concepts—for
example, divergence—that are defined by partial derivatives, it can be shown that opera-
tions related to covariational reasoning are also central for procedures that do not include
the change principle by definition. Covariational reasoning was also found in the verbal data

Multiple-choice coordina- Paper-based co-
tion task (eye tracking) ordination task
inconclusive
€-------- >
Model 1 (global) | Model 2 (local) Qualitative con-
tent analysis

_l(_—)-
o)

Fig.6 Overview of the triangulation in this article. On the left, results from cluster analyses are shown (red:
Model 1; green: Model 2; TC P o : Proportion of transition counts between options to the total number of
transitions; F'C Pg: Proportion of fixation counts on the options to the total number of fixations; SC Py /v :
Proportion of horizontal/vertical saccades to the total number of saccades, restricted to the diagram region). On
the right, the inclusion of verbal data is illustrated. Since the relationship between verbal data and eye-tracking
measures has not yet been established, there is a need for further research
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in our study, even though triangulation between arguments and clusters was difficult for
conceptual and methodological reasons (Section 5.4).

As a major contribution to the field of mathematics education research, this study reveals
the first results regarding (successful) coordination strategies that learners use when relat-
ing vector field diagrams and their equations in a multiple-choice environment and provides
insights into students’ difficulties, thereby opening the door for specific concept- and task-
related support. As such, the diagram was identified to be the key representation for a
successful representational change; however, further, a missing or unsystematic handling
of the diagram was shown to be associated with low achievement. Therefore, targeted
instructions need to address typical student challenges related to the diagram, such as vector
decomposition and covariation of components and coordinates. At this point, particularly
video recordings superimposed with gaze data could provide instructional support (eye-
movement modeling examples, EMME; Halszka et al., 2017) by visualizing gaze data of
experts with accurate problem-solving procedures. Additionally, simulations and game-based
learning might offer opportunities regarding practicing representational change in the context
of vector fields (Klein et al., 2021a; Ponce Campuzano et al., 2019).

It is expected that multiple-choice tasks will be widely used in future eye-tracking stud-
ies because (i) assessment is an important component of empirical mathematics education
research and (ii) these studies are comparatively easy to set up (Hahn & Klein, 2022a). As
typical scenarios from mathematics education can be presented very well in this manner, it is
particularly important to be aware of the limitations of eye tracking in multiple-choice tasks.

Moreover, a first attempt to relate covariational reasoning and vector fields was made in this
article, particularly by triangulating gaze data with verbal justifications referring to changes.
While covariational reasoning is fundamental in different fields of mathematics education,
the need for further research in the context of vector fields becomes apparent—for example,
analysis of verbal data that refers to different levels of covariational reasoning when switching
between representations. Following this line of thinking, targeted instructions geared toward
students’ problems regarding covariational reasoning—addressing students with low spatial
skills in particular, need to be the goal for further research.
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Appendix

The following test was used to assess students’ prior knowledge of vector fields and vector
decomposition.

I) Given are the graphs of the two-dimensional vector fields F#)), G(7)) and H(#)). Fy
denotes the component of the field F in the x-direction, etc.:

F(z,y) G(z,y) H(z,y)
NI S LT s
vy /'/'/'//,,4,_*:: s s s

AT NI

<

SOOI
AR
OO

-

8
8

Tick whether the statement is true or false:

correct  incorrect Response confidence
a) Fy = 0 overall [] [] very confident [] [1] [] [] not confident
b) Fy=Ooverall [ ] [] (1 01 01 (1
¢)  Gy=0overall [ ] [] (1 1 1 11
d)  Gy=0overall [] [1] (1 tr 1 11
e) Hy=O0overall [] [1] (1 tr 1 11
f)  Hy=0overall [] [] (1 1 1 1r[1

II) Given three vectors in the x-y plane. Sketch the vector component decomposition in x-
and in y-direction:

\
e
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