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Abstract
This paper focuses on the importance of covariational reasoning within the processes of 
mathematics teaching and learning. Despite the internationally recognized relevance of 
covariation, research shows that only a small percentage of students and teachers is able 
to adopt covariational reasoning and the majority of mathematics curricula do not contain 
explicit references to covariational skills. In particular, when covariational reasoning mani-
fests as conceptual knowledge, it becomes challenging to assess, and the need for innova-
tive methods of assessment emerges; there is a need for suitable assessment to highlight 
the characteristics of covariation and capture the various features that characterize concep-
tual understanding. Comparative judgement (CJ) is an innovative assessment method based 
on collective expert judgements of students’ work rather than requiring scoring rubrics. 
Due to its holistic approach, CJ is particularly suitable for assessing complex mathematical 
competencies, and, as we shall see in this study, it proved to be appropriate for the covari-
ation’s assessment. In details, our study aims to investigate the perception and relevance 
attributed by mathematics teachers to covariation as a theoretical construct and the way 
CJ can help in the assessment of covariational reasoning skills underlying a less structured 
modelling task.

Keywords Comparative judgement · Assessment · Conceptual understanding · 
Covariation · Modelling

1  Rationale

Most mathematics curricula worldwide, including Italian syllabi, highlight the rele-
vance of modelling in students’ activities in order to develop up-to-date mathemati-
cal literacy. Among the areas of mathematical content in which mathematical liter-
acy is applied, and which are particularly linked to modelling activities, PISA names 
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change and relationships. It claims: “Being more literate about change and relation-
ships involves understanding fundamental types of change and recognizing when they 
occur in order to use suitable mathematical models to describe and predict change” 
(OECD-PISA, 2022). One of the crucial aspects in such processes is the ability to 
develop covariational forms of reasoning, which can help to model “the change and 
the relationships with appropriate functions and equations, as well as creating, inter-
preting and translating among symbolic and graphical representations of relationships” 
(OECD-PISA, 2022).

However, notwithstanding the didactical relevance of covariational reasoning, 
there are some obstacles to adopting it as a regular and effective practice in Italian 
classrooms. Firstly, covariational reasoning is not explicitly addressed in the Italian 
National Curricula; this absence is reflected in school practices and the majority of 
mathematics textbooks, so most Italian teachers are not aware of covariation and there-
fore do not foster its use in their classrooms. Secondly, covariational reasoning, insofar 
as it represents a form of conceptual understanding, is difficult to assess (Bisson et al., 
2016). These findings, illustrating the absence of guidelines addressing covariational 
reasoning in classroom mathematical modelling activities and on its assessment, led 
us to engage in this research aimed at sowing some seeds to counteract this situation.

The object of this study is the assessment of some open-ended written tasks con-
cerning mathematical modelling of a real phenomenon. In the proposed situations, a 
conceptual understanding of covariation and the use of suitable reasoning skills can 
be of great aid in exploring and describing the interconnections between the math-
ematical model and the real phenomenon under investigation. We identified in com-
parative judgement (CJ) a valuable tool for assessing students’ conceptual understand-
ing involving covariational skills, and making its assessment easier for teachers less 
confident with covariation. Open-ended tests, the object of this study, were adminis-
tered to students of a 10th grade class at the end of a teaching experiment conducted 
in 2019. Students were asked to prepare a written report on an activity regarding the 
well-known Galilei experiment (Galilei, 1638) of a ball rolling along an inclined plane 
to represent the law of motion in action.

The specific goals of our research are twofold: firstly, they investigate how CJ 
can help in assessment of an open-ended test concerning a modelling task in which 
covariational reasoning skills can significantly help its understanding. This assess-
ment method, based on a holistic approach, is particularly suitable for assessing com-
plex mathematical skills, and in this study, we will explore the potential of assessment 
through the CJ of open-ended tasks involving covariational reasoning. Secondly, they 
verify if teachers can (implicitly or explicitly) recognize features of covariational rea-
soning as important in grading students’ works; as a by-product, we can also gain some 
insight into Italian teachers’ reactions to the CJ method. Thus, in addition to perform-
ing a CJ session that adopts an online tool, a post-judging questionnaire was designed 
and distributed to investigate teachers’ comparative processes and the features which 
influenced them.

The paper is organized as follows. After a review of the literature (Sect. 2), we pre-
sent the main features of the covariation construct and highlight existing research gaps 
concerning its assessment (Sect. 2.1). The method of CJ is introduced in Sect. 2.4 and 
all details about the methodology and design of our research are provided in Sect.  3. 
Data obtained are reported in Sect.  4 and the contribution of this study is discussed 
in Sect.  5 to provide answers to our research question. Finally, the limitations of this 
research are outlined, together with further research purposes.
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2  Theoretical background

Covariational reasoning is a mental activity involved in solving specific cognitively 
demanding tasks, which require the development of “multiple levels of sophistication” 
(Thompson & Carlson, 2017, p. 436). Indeed, it is an example of what many researchers 
call “conceptual knowledge” (Skemp, 1976), insofar as it involves not only a deep under-
standing of the principles and theories that govern a certain domain of knowledge (Rittle-
Johnson et al., 2001), but also the relationships among the various sources of information 
(Hiebert & Lefevre, 1986); above all, it does not reduce this reasoning to the mere applica-
tion of mechanical procedures. Covariational reasoning is proved to be essential in activi-
ties concerning mathematical modelling (Thompson, 2011), specifically when involving 
motion or dynamic situations.

One important didactical problem related to students’ achievement of covariational rea-
soning in modelling activities lies in its concrete assessment and this issue involves three 
main difficulties.

First, covariational reasoning deals with a typical conceptual knowledge construct, 
which is more complex than a content area or procedure to be assessed because of the 
variety and complexity of students’ reasoning. Bisson et al. (2016) highlight the difficulties 
of using standard assessment practices when conceptual understanding is under the lens 
because “conceptual understanding is an important but nebulous construct which experts 
can recognise examples of, but which is difficult to specify comprehensively and accurately 
in scoring rubrics” (p. 143).

Second, this opaque situation for assessing covariational reasoning manifests also 
with regard to activities using mathematical modelling. Studies on this topic have mainly 
focused on the theoretical definition of mathematical models (Niss, 1989; Niss et al., 2007) 
or on a valid definition of mathematical modelling competence (Niss & Højgaard, 2019), 
but there is not usually a systematic exploration of the issue of its assessment which should 
reflect not only the aims of applications and appropriate modelling (Blum, 2015) but also 
students’ ability to reason covariationally.

The third issue concerns some institutional and didactical aspects. As pointed out by 
Thompson et  al. (2017), covariational reasoning is not a regular feature in mathematics 
curricula, except for a few Eastern countries, and therefore is not explicitly considered 
in students’ assessment surveys. In addition, teachers themselves struggle when teaching 
covariation and one of the reasons is that they are neither able to master covariational rea-
soning (Thompson et al., 2017) nor to include it in their school practices.

2.1  Covariation as a theoretical construct

The large body of literature concerning covariation as a theoretical construct began in the 
early 1990s (Confrey, 1991; Thompson & Thompson, 1992) and is rooted in quantitative 
reasoning (Thompson, 1993). Saldanha and Thompson (1998) defined covariational rea-
soning as the ability to hold in mind a global image of the values of two quantities as they 
vary simultaneously. Thus, it concerns coupling the two quantities and forming a multipli-
cative object, an idea derived from Piaget’s notion of logical multiplication (1950). Covari-
ational reasoning emerges when students are able to grasp “that there is an invariant rela-
tionship between their values that has the property that, in the person’s conception, every 
value of one quantity determines exactly one value of the other” (Thompson & Carlson, 

471



 S. Bagossi et al.

1 3

2017, p. 436). The final version of this theoretical construct, presented in Thompson and 
Carlson (2017), consists in a taxonomy of six levels describing the characteristics of a per-
son’s skill in covariational reasoning: no coordination, pre-coordination of values, gross 
coordination of values, coordination of values, chunky continuous covariation, and smooth 
continuous covariation.

International studies in mathematics education have strongly underlined and sup-
ported (with evidence-based research) the importance of covariational reasoning for the 
understanding not only of many mathematical ideas (e.g., function, rate of change, vari-
able, exponential growth) (Thompson & Carlson, 2017). Covariation is revealed as cru-
cial for the conceptualization of dynamic situations (Carlson, 1998; Carlson et al., 2002) 
and the mathematical modelling of a physical phenomenon (Arzarello, 2019) because “the 
operations that compose covariational reasoning are the very operations that enable one to 
see invariant relationships among quantities in dynamic situations” (Thompson, 2011, p. 
46), and so it is fundamental for launching into the steps of the so-called modelling cycle 
(Blum, 2015; Blum & Niss, 1991).

2.2  Relevance of covariation in the mathematics curricula

Despite the recognized importance of covariation, school practices and mathematics cur-
ricula also rarely focus on covariational reasoning in the USA, where covariation is an 
extremely relevant research topic (Thompson et  al., 2017). Explicit attention to covaria-
tion can be found instead in Japan, South Korea, and Russia, and literature shows that also 
Germany has a long tradition supporting the covariational approach in functional thinking 
(Thompson et al., 2017; Vollrath, 1989). The Italian curricula for secondary schools instead 
(both for second cycle MIUR, 2010a, b, c and for first cycle MIUR, 2012) do not contain 
explicit references to covariation. Concerning the curricula for science-oriented second-
ary school, an implicit reference can be found in the following statement, which could 
be interpreted according to a covariational reasoning perspective: “An important topic of 
study will be the concept of rate of change of a process represented through a function1” 
(MIUR, 2010a, p. 340). From the early years of high school, functions are studied, espe-
cially as representations of real phenomena, and the Italian curricula stress the relevance of 
mathematical modelling activities in teaching practices. The words model and modelling 
appear nearly 12 times, under the headings General guidelines, Change and relationships, 
and Uncertainty and data. In particular, it states that modeling consists in “the possibility 
to represent the same class of phenomena through different approaches” (MIUR, 2010a, 
p. 337) and that the study of the language of functions is the “first step in introduction 
to the concept of a mathematical model” (p. 339). This lack of explicit references is also 
reflected in the fact that, apart from a minority of textbooks which in recent years have 
introduced covariational reasoning as a thinking tool (Paola & Impedovo, 2014), most Ital-
ian textbooks currently in use do not foster this approach when dealing with the modelling 
of classes of phenomena or conceptualization of dynamic problems. For instance, when 
teachers introduce the concept of function, they mainly adopt a static definition, e.g., that 
of Bourbaki (1939) as a law of correspondence between the elements of two sets. As lit-
erature suggests, the lack of a covariational approach may be one reason why students are 

1 The translation of the quotations here reported is made by the authors.

472



Assessing covariation as a form of conceptual understanding…

1 3

unable to interpret dynamic situations and to construct meaningful formulas suitable for 
representing one quantity as a function of another (Carlson, 1998).

2.3  Assessment of covariation

Given the peculiarity and complexity of covariation as a theoretical and cognitive con-
struct, the variety of fields and topics where covariation can be applied, its occasional and 
only implicit presence in school curricula and practices, and, above all, the limited knowl-
edge of teachers in this regard, any assessment of this form of reasoning turns out to be 
challenging, and a non-homogeneity can be detected both in terms of achievements and 
assessment practices. We here provide some examples of existing ways in which covari-
ational reasoning has been assessed, and we use those findings to help identify the benefits 
of a comparative judgement method.

The six-level taxonomy developed by Thompson and Carlson (2017), constructed through 
individual interviews, aims at classifying the different ways in which one person can reason 
in a covariational way. Their framework levels should be interpreted as “descriptors of a class 
of behaviors” or as “characteristics of a person’s capacity to reason covariationally” (Thomp-
son & Carlson, 2017, p. 435) and there are several qualitative studies that have used these 
descriptions of mental actions as a coding scheme (e.g., Carlson et al., 2002). Another sig-
nificant contribution is the diagnostic assessment of teachers’ mathematical meanings called 
Mathematical Meanings for Teaching secondary mathematics (MMTsm; Thompson, 2015). 
This assessment has a very detailed rubric to score students’ quantitative and covariational 
reasoning and has been used with both US and Korean teachers (Yoon & Thompson, 2020). 
In Thompson et al. (2017) on the other hand, the investigation of US teachers’ attitudes to 
reason in a covariational manner was conducted through the development of a specific scor-
ing rubric based on the features of graphs that teachers were asked to sketch. As Thompson 
et al. (2017) underline, the scoring categories were not defined theoretically because scorers 
would not have had the theoretical background to understand the rubric.

What seems to be missing, and proves even more challenging, is the assessment of 
covariation intended as a form of conceptual understanding. Covariational reasoning, 
intended as a form of conceptual knowledge “is defined by how it is perceived, understood 
and used by the relevant community of expert practitioners” (Bisson et al., 2016, p. 143), 
and in a strict rubric of items it risks reducing to a “rigid definition that fails to capture the 
full meaning and usage that exists in practice” (p. 143). Moreover, the limited pedagogical 
and mathematical knowledge of teachers about this theoretical construct makes it hard to 
elaborate suitable items of a scoring rubric whose meaning is shared by the expert math-
ematicians’ community. Finally, “conceptual understanding is best assessed using open-
ended and relatively unstructured tasks” (Bisson et al., 2016, p. 143) but assessing open-
ended tests is difficult because of the variety and unpredictability of students’ responses, 
and also the huge amount of time required to obtain both a valid and reliable outcome.

In recent years, an alternative approach to the assessment and enhancement of concep-
tual understanding has been proposed (Jones & Karadeniz, 2016) based on the technique of 
comparative judgement. In this study, instead of developing a specific content-based scor-
ing rubric, we use the holistic method of CJ to assess some students’ written productions 
involving covariational reasoning. Although CJ is usually adopted as a time-saving tech-
nique to assess a huge number of tests, we used it to assess just a small sample of tests and 
our main research question can be formulated as follows:
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How can CJ, performed by expert mathematicians, be valuable in the assessment of 
open-ended tasks requiring covariational reasoning?

2.4  Comparative judgement: an assessment method

One explanatory factor of the difficulties that accompany assessment practices, in Italy 
as in other contexts, is linked to changes in the way of understanding the teaching and 
learning of mathematics nowadays. Teaching does not consist merely in the transmission 
of disciplinary concepts but must also enable students to autonomously build “significant 
learning” (in the sense of Ausubel, 1960). Learning becomes meaningful when it does not 
arise from the accumulation of notions and information, but when the learner becomes 
able to use these in order to tackle complex problems, identifying paths and tools that help 
him/her to act effectively and competently. Summing up, school education should enhance 
conceptual understanding rather than mere procedural knowledge, but all the issues con-
cerning assessment are amplified when it comes to assessing complex forms of conceptual 
knowledge such as covariational reasoning. All of  this has obviously led to the need to 
search for new methods and tools in the assessment field. It is within this perspective that 
the use of CJ in the educational field was born. The comparative judgment is an assess-
ment method based on the idea that human beings are more reliable at making judgements 
between objects, through comparison, than at making value-laden judgements about the 
quality of an object. This non-traditional assessment method is based on expert judgment 
to whom are presented successive pairs of students’ work and asked to decide, for each 
pair, which student has displayed the greatest proficiency (Jones et al., 2015). As detailed 
later, ties are not permitted, and the judge must choose one student’s work in preference to 
the others. Comparative judgment offers an alternative to traditional scoring for the assess-
ment of students’ works; it is an approach that bases its validity directly on what is valued 
and expected by judges, rather than on what can be precisely established in scoring rubrics. 
CJ has been applied successfully in various educational assessment contexts (Tarricone & 
Newhouse, 2016) and, as we will argue in this study, it may be helpful also in the assess-
ment of unstructured tasks involving forms of conceptual understanding as covariational 
reasoning.

Even though CJ may be innovative in the Italian context, internationally it has received 
increased attention in the last two decades. It constitutes an efficient alternative approach to 
traditional marking (Pollitt, 2012), works particularly well in absence of restrictive indica-
tions or scoring rubrics, and allows the assessment of forms of complex knowledge such as 
covariation, with a holistic approach (Jones et al., 2019). It is rooted in the psychological 
principle that people are more accurate in making a comparison between two objects than 
when expressing an isolated judgement (Laming, 1984; Thurstone, 1927). Some experts 
are asked to make pairwise comparisons of students’ works, choosing the one they con-
sider better according to a global construct. Results are fitted to the Bradley-Terry statisti-
cal model (1952) which returns a unique score for each student, i.e., a scaled rank order 
of the works. Research literature supports both the validity and reliability of comparative 
judgement. It is proven to be even more reliable than traditional marking in open-ended 
assessment not only in mathematics (Jones & Alcock, 2014; Steedle & Ferrara, 2016). This 
assessment technique has been used with several mathematical topics: problem-solving 
(Jones & Inglis, 2015), conceptual understanding (Bisson et  al., 2016; Jones & Alcock, 
2014; Jones & Karadeniz, 2016), mathematical proof (Davies et al., 2020), and also sta-
tistical knowledge (Bisson et al., 2016; Marshall et al., 2020). As far as we know, CJ has 
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never been used to assess tests requiring covariational reasoning. Typically, CJ is used to 
assess tests on a national scale in countries like the UK or New Zealand but is little-known 
in Italy. Its advantages reside in the non-problematic nature of the variety of possible stu-
dents’ responses, the non-necessity of a scoring rubric to grade the productions, and the 
resulting reduction in time required to assess a huge number of tests.

Although validation can never be fully demonstrated or completed (Marshall et  al., 
2020), suitable statistical methods allow us to verify the reliability and validity of CJ out-
comes. All the details useful for the purposes of our research are provided in Sect. 4.1.

3  Methodology

3.1  The context of the CJ experimentation

The written productions analyzed in this research paper are the result of a larger teach-
ing experiment (Steffe & Thompson, 2000) conducted in 2019 in a 10th grade class of a 
science-oriented school in the province of Turin (Italy). The experimentation took 3 weeks 
for a total duration of almost 16 h. The class was made up of 22 students who worked in 
small groups of 4 − 5 students. All the group work sessions were followed by classroom 
discussion guided by the teacher. The main purpose of the activity was to mathematically 
explore the phenomenon of the motion of a ball running along an inclined plane, the so-
called Galilei experiment. This goal was achieved through interaction with various arti-
facts providing different representations of the main aspects of the phenomenon analyzed: 
specifically, a video reproducing the experiment and some applets within the GeoGebra 
environment simulating the phenomenon and providing a table of finite differences. The 
final aim was to achieve a strong grasp of the law of motion of the ball, s = k ⋅ t

2 where s is 
the distance traversed by the ball, t is the time, and k is a parameter depending on the angle 
of inclination of the plane. The design of the proposed activities allowed the students (i) to 
explore the relationship between time and distance thanks to the numerical relationships 
between time and covered distance provided in the video and the table of first finite dif-
ferences provided in applet and (ii) to explore how the distance-time graph is affected by a 
change in the angle of inclination of the plane thanks to a simulation of the inclined plane 
contained in the GeoGebra applet and the possibility to change its inclination by dragging a 
blue point located at the end of it and so obtaining the related discrete distance-time graph. 
The screen of the GeoGebra applet is shown in Fig. 1.

During the working group sessions on the video and GeoGebra applets, students were 
provided with some worksheets containing open questions and they were asked to explore 
and elaborate some hypotheses on the law of the motion of the ball. These working group 
sessions were followed by classroom discussions. We remark that only covariational rea-
soning enables one to envision time and distance traversed varying simultaneously and 
continuously and to appreciate how the angle of inclination of the plane globally affects the 
distance − time relationship. At the end of the project, students were asked to write a text 
in which they described (to students of another class) the activity completed and the law of 
the obtained motion, producing a form of theoretical support for the study. The task of the 
essay is reported below translated into English:

Thinking back to the work carried out on the inclined plane, write to schoolmates 
of another class to outline the work itself and, specifically, the relationship that 
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describes and explains mathematically the motion of the ball along the inclined 
plane. This report should be a theoretical support for you and your schoolmates.

The expedients of a narrative addressed to schoolmates from a different class and that of 
the theoretical support for study have been chosen to invite students to adopt a formaliza-
tion approach and not to take details for granted. Students were accustomed to this kind of 
task and were familiar with the terminology used in the prompt.

3.1.1  Participants

The students, who are accustomed to written tasks in mathematics and physics, were 
involved in this activity without prior notice, had two hours of time to complete the task, 
and received no specific instruction on the formal structure of the essay. The texts were 
from two to four pages long; students could freely report graphs, formulas, and numerical 
tables in their written work.

3.1.2  Judges

The research group recruited 13 judges from pre-existing contacts. All judges were math-
ematicians and experts in the field: specifically, 2 of them were middle school teachers, 7 
were high school teachers of mathematics and physics, and 4 were university professors 
specialized in mathematical physics. The group of judges was heterogeneous, to collect dif-
ferent points of view on this evaluation experience. Based on informal interviews, we can 
state that none of the judges had ever heard about the CJ assessment technique. The mathe-
matical competence of the judges is necessary to ensure reliability of the outcomes (Bisson 
et al., 2016; Jones & Alcock, 2014), particularly as they were asked to identify the better 
text from a mathematical point of view, rather than that which displayed more covariational 
reasoning. All the judges volunteered for the case study and received no financial compen-
sation. The students’ teacher was not part of the group of the judges, and she elaborated a 
personal evaluation of students’ texts as addressed in Sect. 4.1.

Fig. 1  The GeoGebra applet interface
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3.2  The research design

3.2.1  Phase prior to comparative judgement

A few weeks before starting the CJ session, judges were introduced to compara-
tive judgement through e-mail correspondence which explained the peculiarity of 
this assessment approach and the main differences from traditional marking. On 
the first day of the project, the judges received an instruction sheet containing all 
the information related to the teaching experiment on the law of the inclined plane, 
how the activity was structured, its main objectives, and the task given to the stu-
dents (see Sect. 3.1). Moreover, the instruction sheet showed specifically how the 
comparisons platform worked. The judges could keep the instruction sheet on hand 
throughout the whole CJ session. The judges did not undergo any trial CJ session 
because one of the research purposes was to capture their first impressions when 
facing this new kind of assessment approach.

3.2.2  Comparative judgement procedure

The 22 open-ended texts were anonymized for a matter of privacy, scanned, and 
uploaded to an online comparative judgement platform (www. nomor emark ing. com), 
freely available for research purposes. When starting comparisons, judges saw a screen 
recalling the main aims of the Galilei teaching experiment and were asked to “choose 
the best mathematical text.” Judges made 17 judgements each, for a total amount of 221 
judgements, so that each text was compared at least 10 times according to literature 
standards (Jones & Alcock, 2014). The judges worked in their free time and had 20 days 
of time to complete their comparisons.

The CJ website displayed the two texts to be compared side by side and the judges 
just had to click the left or right button to express their preference. An example of the 
display screen is shown in Fig. 2.

Fig. 2  Screen for the comparisons displayed on the online engine
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3.2.3  Post‑judging questionnaire

One week after completing the CJ procedure, the judges received by email new instructions 
to fill in an online questionnaire. The judges were sent two texts chosen by the researchers 
and based on the following criteria: the two texts had obtained a good and close final CJ 
score, but they also presented many dissimilarities. They were written by students of dif-
ferent gender, a boy and a girl, had different lengths (text 1: 2 pages; text 2: 3 pages) and 
one was clearly written but presented misspelling, while the other was untidier. A picture 
of the first page of two texts is contained in the (Appendix Figures 6,7, 8 and 9) along with 
a translation into English of the content.

Both texts first describe what they had seen on the video, then recall the GeoGebra 
applet and what they had done with it, and eventually summarize the meaning of the exper-
iment using different representations.

Text 1 is more focused on verbal descriptions than formulas. The student’s verbal 
descriptions provided evidence of their covariational reasoning; we detect the use of 
verbal markers like “always constant” and distinguishing dependent and independent 
variables. The student introduces a table, which condenses the covariation between t, 
s, first finite differences of s, and formulas that make explicit their mutual depend-
ence. Text 1 privileges conciseness and tries to condense the message in not too many 
chunks, which in any case contain all the essence of covariation.

Text 2 instead uses more formulas and representations and gives more details about 
the thinking processes through which the covariational relationships between the dif-
ferent quantities have been achieved, also referring to the support given by the teacher 
for progressing into it. The student’s use of general formulas, skipping references to 
explicit numerical values, provided evidence of their covariational reasoning: it is 
underlined mixing words, formulas, pictures, and using arrows to mark the mutual 
relationships among quantities. In this, text 2 is much richer than text 1 since it gives 
more details. Even if adopting different modalities and communicational registers, 
both the authors show a good mastery of covariational reasoning.

The first part of the questionnaire aimed at investigating which factors influenced the 
outcome of the CJ procedure. After asking judges to state which of the two texts they con-
sidered better in mathematical terms, we elaborated a four-point set of items represent-
ing an ordinal scale from 1 (little influence) to 4 (strong influence) and the judges were 
presented with some basic features of students’ work. The 10 features listed below were 
of three main categories: communicational aspects, like the presentation clearness, the 
structure of the text, and the ability to synthesize [3 − 4 − 6]; mathematical aspects, like the 
use of formal notations (e.g. graphics, images), of a formal mathematical vocabulary, the 
modelling capability, and the presence of errors [1 − 2 − 5 − 7 − 8]; and specific covariation 
features, like the ability to describe verbally or symbolically the relationships between dis-
tance, time, and the angle (of inclination of the plane) [9 − 10].

 1. Presence of errors
 2. Use of formal notations
 3. Untidy presentation
 4. Structure of the presentation

478



Assessing covariation as a form of conceptual understanding…

1 3

 5. Use of graphics and images
 6. Ability to synthesize
 7. Use of a formal mathematical vocabulary
 8. Modelling capability
 9. Ability to describe exhaustively the relationships between distance, time, and the angle 

(of inclination of the plane)
 10. Ability to describe formally the relationships between distance, time, and the angle

This list of features and also the following questions were mainly inspired by 
the work on judgement processes by Jones and Inglis (2015): we adapted them 
according to the characteristics displayed by our written texts and added some 
features specifically related to the content of the task proposed. The feature 
“modelling capability,” explicitly refers to the modelling competence stressed in 
national curricula and intended as the ability to represent classes of real phenom-
ena. Features 9 and 10 instead were designed to grasp specifically the relevance 
of covariation. The tasks proposed during the experimentation (see Sect.  4.1) 
allowed us not only to investigate the distance − time relationship, but also to 
explore in depth how the angle affects the distance − time graph (Bagossi, 2021). 
The specific covariation features refer to the ability to describe that relation-
ship using the natural language (exhaustively), or to condense it into suitable for-
mulas (formally). The two adverbs respectively refer to the verbal and symbolic 
semiotic registers according to Duval’s frame (Duval, 2017).

The questionnaire concluded with three open-ended questions: (1) Please list 
any other features you think may have influenced your judgement when comparing 
texts. (2) Please comment on this overall experience and state your feelings during 
the comparative process. (3) In his theory of quantitative reasoning, P. Thompson 
states that a person reasons in a covariational manner when able to envision the 
values of two or more quantities as varying simultaneously. In which of the two 
texts do you think the presence of covariation between physical magnitudes can be 
better encaptured and why?

The judges again worked in their free time and had two weeks to complete their task.

4  Data analysis and results

4.1  Outcome of the CJ procedure

The CJ method allows positioning a set of complex objects on a unidimensional scale 
(Davies et  al., 2020). The CJ website fitted the 221 judgements with the statisti-
cal Bradley-Terry model (1952) and using a maximum likelihood estimation proce-
dure (Pollitt, 2012). It produced a final parameter estimate for each student (M = 0, 
SD = 1.7). The distribution of the class’ scaled scores is shown in Fig.  3; the box 
shows the two texts involved in the post-judging questionnaire, whose values were 
0.57 (text 1) and 0.47 (text 2).
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4.1.1  Reliability

The reliability of an assessment procedure refers to the consistency of its outcomes. Internal con-
sistency can be measured with the Scale Separation Reliability (SSR), analogous to Cronbach’s 
alpha. The outcome showed high internal consistency since SSR ≥ 0.7 (SSR = 0.81).

Moreover, looking for “misfitting” judges, we computed an infit statistic for every 
judge and compared this data to a threshold value, i.e., two standard deviations above 
the mean of the infit (Marshall et  al., 2020; Pollitt, 2012). Only one judge resulted 
slightly above the threshold value (0.03 above); so we did not consider it necessary to 
adapt the CJ scores by removing the misfitting judge.

4.1.2  Criterion validity

In order to evaluate the validity of the outcome of the CJ procedure, we considered the crite-
rion validity by computing the Pearson Product − Moment correlations between the param-
eter estimate of the CJ procedure and some benchmark measures. We would expect positive 
correlations, meaning that those students who are more successful on these other covaria-
tion-related performances were also more successful in the assigned task.

We correlated the CJ outcome with the marks assigned by their teacher to a physics test 
concerning problems on accelerated motion and the motion of bodies along the inclined 
plane (r = 0.57) (Fig.  4). The test was specifically designed by their teacher to enhance 
covariational reasoning. We also correlated the parameter estimate with the marks assigned 
by their mathematics teacher, who has a solid background in covariation, to her own stu-
dents’ written productions specifically focusing on covariational skills in the assessment 
phase (r = 0.51). These results, while modest, are in alignment with the results of other 
research in literature on conceptual understanding in secondary and tertiary mathematics 

Fig. 3  Distribution of CJ scores as per number of students reported on the vertical axis (N = 22). The box 
frames the two texts involved in the post-judging questionnaire
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(Bisson et al., 2016), which reported correlation coefficients between 0.35 and 0.56. Finally, 
we correlated CJ scores with the final course scores (i.e., the evaluation obtained at the end 
of school year) in mathematics (r = 0.48): this positive correlation can be interpreted as a 
sign that covariational reasoning is a transversal competence in mathematics.

4.2  How much does covariation matter?

The last open-ended question (3) of the questionnaire asked the judges to state which of the 
two texts displayed a stronger covariational reasoning and why. Seven judges preferred text 

Fig. 4  Scatter plots of the relationship between CJ scores, those on a physics test on the same topic, and 
those assigned by their teacher on the same test
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2 and 4 preferred text 1 but 2 judges expressed a preference without justifying it. Moreover, 
one explicitly stated that he didn’t know [J12], and another said neither of the two because 
he considered “the two texts very confusing” [J4]. Globally, 10 out of 13 answers were in 
agreement over which text was mathematically better.

Judges who preferred text 1 justified their choice by saying:

[J3] It clearly expresses how “the ratio between space and time is constant and this ratio 
is equal to the half of acceleration”
[J10] It “highlights a greater understanding of the subject in its overall aspect”
[J13] “It addresses finite differences,” referring to a table made by the student (Fig. 5) 
in which he reported distances and first finite differences of distance in function of time 
and the parameter k, i.e., providing a general expression and not numerical values.

Instead, those judges who expressed a preference for text 2 provided the following 
reasons:

[J1] “In the supported conclusion, the covariation between the two magnitudes involved 
is perfectly grasped and the formula simply assumes the role of symbolic expression 
of that covariation, so that it is not even mentioned anymore.” In fact, the student con-
cluded with a sentence summarizing her considerations: “The distances traversed by the 
ball are directly proportional to the squares of times”
[J2] “In several steps the relationships of dependence of the mutual growth are under-
lined”
[J6] Another answer, more difficult to interpret, attributed her decision to the “more 
schematic structure of the discourse” of the study.
[J7] “Not only did they report formulas, but they also tried to explain variations. They 
also referred to dependent and independent variables”
[J8] “It expresses which magnitudes depend on the others”
[J11] “The conclusive section summed up the different hypotheses and discussed each 
one in depth, eventually arriving at formulas in correct terms of the law of ‘falling’ bod-
ies on an inclined plane (s as a function of time t) free of friction.”

The conceptual aspects of covariation are highlighted, considering the role that some 
judges award to formulas in the statements above. J1 who chose text 2 states that “the for-
mula just assumes the role of symbolic expression of that covariation” [J1] and is “con-
densed” into the sentence “the distances traversed by the ball are directly proportional to 
the squares of times.” So, one crucial point for the judge is that formulas address concep-
tual knowledge, while formulas alone are not always enough; this is stressed also in another 
statement: “Not only did they report formulas, but they also tried to explain variations” 

Fig. 5  Table of finite differences present in text 1
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[J7]. In another stream of thought, J13 who chose text 1 considers formulas positive when 
judging, if they allow the formulation of “general expressions” and not simply numerical 
ones, relying on a conceptual representation such as that of finite differences. In this case, 
students use their existing knowledge (the finite differences method) to elaborate methods 
for solving the problem. In both cases, covariation is thought of as an “implicit or explicit 
understanding of the principles that govern a domain and of the interrelations between 
units of knowledge in a domain” (Rittle-Johnson et al., 2001, p. 347), namely of a key fea-
ture of conceptual knowledge.

With reference to the basic features listed in Sect. 3.2, we did not get significant differ-
ent results considering the whole group of judges. They become more relevant considering 
the subgroup of 4 judges who chose text 1 and the subgroup of 7 judges who chose text 2. 
The first subgroup attributed more importance to the presence of errors and the modelling 
capability; subgroup 2 valued more the structure of the presentation, its tidiness and the use 
of graphics and images. Globally we can observe that those who chose text 1 gave more 
importance to non-strictly mathematical features and those who chose text 2 gave more 
importance to mathematical features. Both subgroups considered positively relevant those 
features addressing specifically the relationship between the quantities involved. All the 
means and standard deviations are reported in Table 1. Hence, the answers of the judges 
confirm that their choices had been deeply influenced by the communicational registers 
adopted, and particularly by the more or less relevant role of representations in expressing 
covariation. The communicational and representational registers used by the students were 

Table 1  Table containing the features of the survey for two subgroups of judges, those who chose text and 
text 2, divided into three sections: non-mathematical features (white), mathematical features (grey), covari-
ational features (dark grey)

Quantitative questions (1=little influence, 4=strong Text 1 Text 2

influence)

Untidy presentation M=2 SD=0.71 M=2.71 SD=0.70

Structure of the presentation M=1.75 SD=0.43 M=3.14 SD=0.83

Ability  to synthesize M=2.75 SD=1.09 M=2.85 SD=0.64

Presence of errors M=3 SD=0.71 M=1.86 SD=0.83

Use of graphics and images M=1.75 SD=0.83 M=2.86 SD=0.64

Use of formal notations M=2.75 SD=0.83 M=2.57 SD=0.49

Use of a formal mathematical vocabulary M=3 SD=0.71 M=2.86 SD=0.64

Modelling capability M=3.25 SD=0.83 M=2.85 SD=0.64

Ability  to describe exhaustively the 

relationships between distance, time, and the 

angle

M=2.75 SD=0.83 M=2.85 SD=0.64

Ability  to describe formally the relationships 

between distance, time, and the angle

M=3 SD=1 M=2.85 SD=0.64
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explicitly present in almost all judges’ sentences. Moreover, there was a high frequency of 
the specific covariation features [9, 10] in the answers: both were quoted as relevant by all 
the judges. Eleven judges attributed equal importance to both features; in the case of the 
other two judges, one gave more weight to the discursive aspect and the other to the formal 
aspect, so confirming that covariation can be expressed within different communicational 
registers with equal success.

4.3  Opinions on CJ as an assessment technique

The comments of the judges on this experience express different opinions. Five judges 
stated the experience was “positive” or at least “interesting.” It was defined “optimal from 
the point of view of accurate assessment because it diverts attention from the error of the 
single student” [J1]; “direct comparison between the two texts enables (from the begin-
ning) different points of view without valuing or penalizing too much a single student” 
[J2]. Another judge said that “the assessment is quite fast, and the comparison facilitates 
the judgement” [J13]. The median time of judgement for the judges ranked from 2 to 
11 min for a median time of 297 s (nearly 5 min per comparison). These time data are an 
overestimate because the timer of the online platform does not stop when judges move 
away from the computer leaving the screen open. The time required for the comparisons 
in our experimentation does not differ much from the estimate reported in Marshall et al. 
(2020) and, in our opinion, it is reasonable when taking into consideration the length of 
texts, their nature, and difficulties linked to deciphering handwriting. However, based on 
our experience, the time is less than that usually required to grade a single text by a tradi-
tional marking method.

A negative aspect underlined even by those judges who positively evaluated the experi-
ence laid in “bad handwriting” [J5], “errors of misspelling” [J4], and “lack of linguistic 
correctness” [J3].

Those judges who considered the experience as “complicated” and “hard” supported 
their statement by saying that “most of the texts presented both strengths and weaknesses 
and it was not always evident which text was the best” [J3]. The texts showed “differ-
ent modalities of reporting, some students used mainly natural language, others formal, 
but eventually reached the same conclusion” [J8]. The presence of “descriptive elements 
related to an experience of the students” [J10] made the assessment “challenging” com-
pared with other forms like “tests in the state examination” [J10].

Another judge stated that to “really focus on the mathematical aspects of the content” 
[J12], texts should be “visually comparable” [J12]. Only two judges clearly stated that they 
“prefer” or “need an evaluation grid” [J9-J10].

5  Discussion

Data emerging from our analysis seem to positively support the assumption that the CJ 
technique may be helpful in the assessment of an unstructured test involving covaria-
tional reasoning. We provide arguments for this claim. The positive correlation between 
the CJ scores and the three benchmark measures provided in Sect. 4.1 (finals scores in 
mathematics, grades given by their teacher, and the tests on accelerated motion) is a 
sign that (i) judges really focused on mathematical aspects when comparing students’ 
texts; (ii) if there had not been covariational reasoning, students’ productions would be 
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of low mathematical level. In the post-judging survey, 10 of the 13 judges claimed that 
the text displaying a greater ability to reason in a covariational manner was also the 
best mathematical text, at least regarding the two texts analyzed during the online sur-
vey. The method of CJ, due to its global approach, seems to have provided a reliable 
assessment of the texts even though judges were not specifically looking for covariation. 
Indeed, covariational reasoning results to be fundamental to succeed in a mathematical 
modelling task like the one illustrated here.

Our investigation allowed us to obtain implicitly some insights into our judges’ per-
ception of the construct of covariation and the relevance attributed to it. Judges identi-
fied the relationship among the magnitudes involved in the real phenomenon as strongly 
relevant for their judgements. The answers to the open-ended question clearly reveal that 
a full grasp of this relationship does not necessarily translate into elaboration of a for-
mula condensing all quantities involved, but certainly results in a complete description 
of the relationships of dependence and mutual growth. One judge interestingly referred 
to the table of finite differences, a powerful tool but barely used in Italian school prac-
tices, which can be considered a forerunner instrument to the study of rate of change 
and can surely help students in grasping how variables vary and co-vary.

While the validity of CJ as an assessment method in general, and specifically con-
cerning conceptual understanding (Bisson et al., 2016; Jones & Alcock, 2014; Jones & 
Karadeniz, 2016), is not in question, it is an unknown and rarely used tool in Italy since 
in our country there is a long tradition of the use of scoring rubrics in the assessment 
field. Hence, even though it was not a primary purpose of research, we were curious 
about gaining some insight into how Italian teachers could approach CJ. Although none 
of them had ever experimented with CJ, no judge expressed any discomfort in using it 
and only two judges clearly referred to the lack of a scoring rubric. In most cases, the 
positive factors of this assessment method were highlighted. Most of the judges involved 
in our research recognized that CJ allows a more holistic approach to assessment of 
conceptual understanding. Some judges stated that CJ avoids awarding too much impor-
tance to single errors that are often irrelevant in mathematical solution processes.

This study also presents many limitations. First of all, the physics test prepared by the 
teacher was not validated in class and this could affect the feasibility of the correlation. 
Regarding participants in the study, the sample of students involved is small, especially 
compared to other studies about CJ (e.g., 250 responses for Jones and Inglis (2015); 200 
responses for Steedle and Ferrara (2016)). Moreover, these students were accustomed 
to this kind of unstructured tasks, which is not so common in Italy, and their teacher 
has a strong background concerning covariation, introducing this reasoning in her les-
sons. Although the number of judges involved in this experimentation is in agreement 
with the standard literature on CJ (Jones & Alcock, 2014), it is still a small number 
with which to generalize the questionnaire conclusions: they simply provide interest-
ing insights into which elements capture attention when reading an open-ended text, 
especially concerning a mathematical topic framed in a real context, and offer some 
preliminary information on the attitude of Italian teachers toward covariation. We hope 
our study may act as evidence that larger investigation on the assessment of covariation 
as a form of conceptual understanding is required and of value. In particular, the last 
three items in the list in Sect. 3.2.3, which concern specifically modelling and covaria-
tion, have shown crucial in our analysis: possibly, new researches using CJ along these 
features could be fruitful for a comparison of results in investigations outside Italy about 
teachers’ perception and awareness of covariation and of its relationships with students’ 
modelling competences. We conclude underlining that we chose to undertake this line 
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of research adopting comparative judgement since it allows us to tackle the challenges 
and difficulties we outlined in the literature review, but this does not exclude the fact 
that other methods may be valid or that more teachers’ training on covariational reason-
ing is needed.

Appendix

Fig. 6  Original version of text 1, page 1
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Fig. 7  Translation into English of text 1, page 1
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Fig. 8  Original version of text 2, page 1
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Fig. 9  Translation into English of text 2, page 1
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