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Abstract
Although mathematical modeling plays an important role in many curricula worldwide,
significant discrepancies persist in the importance of mathematical modeling in ordinary
mathematics classrooms and teacher education. This paper compares pre-service mathe-
matics teachers’ professional mathematical modeling competencies in three different
regions—Germany, Mainland China, and Hong Kong—where educational and cultural
traditions differ, including the role of mathematical modeling. In total, 232 pre-service
mathematics teachers from the three regions completed a modeling task covering mathe-
matics content knowledge (MCK) of modeling and mathematical pedagogical content
knowledge (MPCK) of modeling. The results show that pre-service teachers from Ger-
many demonstrated the strongest MCK and MPCK of mathematical modeling; by con-
trast, pre-service mathematics teachers from Mainland China and Hong Kong
demonstrated relatively weaker MCK and MPCK of mathematical modeling. MCK and
MPCK of mathematical modeling were also found to be unevenly developed at different
competence levels for the three regions. These differences may be attributed to the history
of mathematical modeling in mathematics curricula, teacher education, and teaching
culture in these three regions.
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1 Introduction

Mathematical modeling has been a prominent research topic among the international mathematics
education community for several decades and is now widely accepted as an essential component
of mathematical literacy (e.g., Niss, 2015; OECD, 2003). Owing to its considerable international
importance, in the latest reform of standards for school mathematics in many countries and
regions, including Germany, Mainland China, and Hong Kong, mathematical modeling has been
integrated into school curricula to promote connections between school mathematics and real-
world situations (Kaiser, 2017; Ng, 2013). Scholars have noted, however, that day-to-day
mathematics teaching includes few mathematical modeling examples (e.g., Blum, 2015; Tan &
Ang, 2016). Teachers’ professional mathematical modeling competencies have been widely
accepted as the key factor that determines the successful implementation of mathematical
modeling in mathematics teaching (Barquero et al., 2018; Greefrath & Vorhölter, 2016).

Mathematical modeling teaching poses substantial challenges to the common instructional
practices to which teachers are accustomed (Doerr, 2007; Ng, 2013). In particular, various
professional competencies that should “differ in some significant ways from traditional and
reform-based methods for teaching mathematics” (Doerr, 2007, p. 70) are necessary to teach
mathematical modeling. That is, new forms of mathematical and extra-mathematical knowl-
edge and pedagogical content knowledge are necessary to teach mathematical modeling
(Blum, 2015; Doerr, 2007; Kaiser & Maaß, 2007). Indeed, mathematics content knowledge
(MCK) and mathematical pedagogical content knowledge (MPCK) are the two main cognitive
components of recently developed teacher professional competence frameworks, which also
include affective components, such as beliefs (Weinert, 2001). Therefore, pre-service mathe-
matics teachers must develop such professional competencies to minimize the potential
occurrence of barriers to mathematical modeling teaching (Winter & Venkat, 2013). However,
in the field of mathematical modeling, few studies have investigated teachers’ professional
modeling competencies, in particular, the two most relevant competence components—MCK
and MPCK—simultaneously.

Additionally, according to sociocultural theory, pre-service teachers’ (PSTs’) learning is
mediated by specific social and cultural contexts; therefore, the shape and development of
professional mathematical modeling competencies will differ from one context to another
(Lerman, 2001). Indeed, clear differences in the underlying philosophy or deep-rooted values
of mathematics education between Eastern and Western regions have been widely identified in
the literature (Leung, 2001). In countries and regions in Eastern Asia, mathematics teaching
emphasizes mathematics content and problem-solving skills, such as the emphasis on basic
knowledge and basic skills in Mainland China (Ni et al., 2011). By contrast, the process of
dealing with reality is one important part of mathematics teaching for Western countries and
regions (Leung, 2001). For example, at the beginning of the twentieth century in Germany,
Klein promoted a utilitarian mathematics education principle intended to enhance the capabil-
ity to “deal with real life through a mathematical way of thinking” (Klein, 1907, p. 209).

Owing to such differences and despite the fact that mathematical modeling is now accepted as
an integral part of school mathematics curricula in many countries and regions worldwide, the
history and role of mathematical modeling at primary and secondary school levels varies
internationally. For example, in Germany, mathematical modeling has played an important role
for more than a century and has been intensified by German standards for mathematics education
implemented since 2003, which describe mathematical modeling as a compulsory general
competence at all school levels (Greefrath & Vorhölter, 2016). By contrast, in Mainland China,
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mathematics curricula have a long tradition of emphasizing basic mathematics knowledge and
basic mathematics skills without any strong relationship to real-world examples (Ni et al., 2011).
However, mathematical modeling is now considered one of the six key mathematical compe-
tences in the senior secondary school mathematics curriculum (MOE, 2017). In Hong Kong,
which has been influenced by bothWestern and Eastern cultures, the application of mathematics
has long been emphasized, albeit strongly influenced by the British understanding of the
application of mathematics, mainly in physics (Kong, 2000). However, mathematical modeling
is mentioned in the latest school mathematics curriculum.

The content and organization of mathematics teacher training curricula also differ interna-
tionally (Tatto et al., 2009; Tatto et al., 2020). At many universities in Germany, pre-service
mathematics teachers will have the opportunity to participate in mathematical modeling-related
study courses. In Mainland China, an optional course on mathematical modeling focusing on
mathematical modeling at the university level is offered only in parts of the pre-service
mathematics teacher training universities. However, in Hong Kong, it is uncommon for pre-
service mathematics teachers to choose mathematical modeling courses.

Undoubtedly, the differences mentioned above will shape different social and cultural
conditions and further provide different opportunities for PSTs to learn how to teach mathe-
matical modeling. To the best of our knowledge, only a few recent studies have compared
students’ knowledge of mathematical modeling from different cultures (e.g., Chang et al.,
2020; Hankeln, 2020). However, an investigation of the impact of pre-service teacher prep-
aration on teachers’ professional mathematical modeling competences is necessary to under-
stand the variation in teaching quality and to facilitate the effective development of such
professional competences. To achieve this aim, it is necessary to know more about the
strengths and weaknesses of PSTs’ professional competences with respect to specific themes
and topics, and a cross-cultural comparative study seems appropriate for this. Adapting
frameworks developed in previous comparative studies, namely Mathematics Teaching in
the 21st Century (MT21) and Teacher Education and Development Study in Mathematics
(TEDS-M), the present study aims to compare PSTs’ professional mathematical modeling
competences in Germany, Mainland China, and Hong Kong.

2 Theoretical framework and literature review

2.1 Theoretical framework

Interest in international comparative studies on mathematics teachers’ professional competen-
cies has recently increased (e.g., Bryan et al., 2007; Kleickmann et al., 2015). One influential
international study of pre-service mathematics teacher education was TEDS-M (for lower
secondary level mathematics teachers Blömeke et al., 2010b), in which a conceptual model of
mathematics teachers’ professional competencies was developed and adopted as a theoretical
framework.

Departing from the important work by Weinert (2001), TEDS-M conceptualizes teachers’
professional competences as comprising cognitive facets (e.g., teachers’ professional knowl-
edge) and affective-motivational facets (e.g., beliefs). For teachers’ professional knowledge,
referring to the seminal work by Shulman (1986), among others, the following three facets of
the professional knowledge of teachers were distinguished: MCK, MPCK, and general
pedagogical knowledge (Blömeke et al., 2010b). The present study concerns the mathematical
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aspects of cognitive facets of professional competence—MCK and MPCK—and refers these
areas of knowledge to mathematical modeling.

Regarding MCK, it is widely accepted that teachers require a profound understanding of
mathematical content to successfully accomplish their professional activities, which also
applies to mathematical modeling teaching (Blömeke & Delaney, 2012). However, many
studies have described mathematical modeling as a cyclic and iterative process that includes
different modeling sub-processes and requires the ability to translate between reality and
mathematics in both directions (e.g., Blum & Leiß, 2007; Galbraith & Stillman, 2006). To
successfully teach mathematical modeling, pure MCK alone is insufficient (Hankeln, 2020).
Teachers must also possess a solid foundational knowledge of the world of mathematics for
modeling activities (Blum & Niss, 1991). More importantly, teachers must comprehensively
understand the relationship between the extra-mathematical world and the world of mathe-
matics to perform various sub-processes, such as simplifying, mathematizing, interpreting, and
validating. Therefore, modeling MCK in the present study refers to sub-competences for
carrying out modeling processes and meta-cognitive modeling competencies (e.g., reflecting
critically on executed modeling) (Kaiser, 2017).

Pedagogical content knowledge (PCK) mainly denotes subject-specific knowledge that is
focused on making subject matter accessible to students (Shulman, 1986). Shulman (1986)
identified two components that are central to PCK: knowledge of instructional strategies and
representations and knowledge of students’ (mis)conceptions. Specific frameworks for math-
ematical modeling PCK have been developed. For example, Borromeo Ferri and Blum (2010)
distinguished four dimensions: (1) a theoretical dimension, including modeling cycles or aims
and perspectives of modeling as background knowledge; (2) a task dimension, including
multiple solutions or cognitive analyses of modeling; (3) an instructional dimension—for
example, teachers need to know how to make appropriate interventions, give students proper
support, and provide timely feedback; and (4) a diagnostic dimension, such as the ability to
recognize students’ difficulties and mistakes.

Cetinkaya et al. (2016) further detail the MPCK of mathematical modeling from the
perspective of the “pedagogy of mathematical modeling.” Referring to previous discussions
relating to pedagogical knowledge of mathematical modeling, they distinguish several aspects
that are required for mathematical modeling teaching in the classroom: (1) knowing a given
modeling task’s cognitive demands; (2) knowing how to organize classroom discourse and how
to manage the classroom during modeling activities; (3) providing adaptive, independence-
preserving, and strategic interventions; (4) interpretive listening, recognizing, and responding to
students’ thinking; (5) recognizing productive versus less productive paths in the modeling
process; and (6) recognizing unexpected solution approaches and developing coping strategies.

To summarize, these earlier studies’ rich discussions of MPCK of mathematical modeling
mainly relate to teaching-related aspects, such as task-related knowledge, teaching methods,
and assessment, and learning-related aspects, such as students’ possible solutions, difficulties,
and mistakes (Maaß & Gurlitt, 2011). Therefore, like the approaches discussed in these
previous studies and following respective conceptualizations of MPCK in TEDS-M
(Döhrmann et al., 2010) and MT21 (Blömeke et al., 2008), in the present study, MPCK of
mathematical modeling was generally categorized into two aspects: (1) the learning process
perspective, which mainly includes teachers’ knowledge with respect to evaluating students’
answers and providing feedback, and (2) the teaching perspective, which mainly concerns
teachers’ knowledge with respect to explaining the adequacy of the modeling task and
choosing the appropriate teaching approach (Fig. 1).

412 Yang X. et al.



Concerning the relationship between MCK and MPCK, the present study understands
MCK and MPCK as separate domains with MCK also contributing to MPCK. The latter
follows from the assumption that thinking about the teaching and learning of mathematics
under both aspects—the learning process perspective and the teaching perspective—requires
the consideration of subject-related aspects. However, MPCK is not a sub-dimension of MCK;
rather, it requires the integration and even the adjustment of subject-related knowledge into
multifaceted pedagogical considerations. Thus, concerning the relationship between MPCK
and MCK, the present study begins from the assumption that MCK and MPCK can be
separated both theoretically and empirically but that they correlate, as has been shown for
MCK and MPCK in general aside from the focus on modeling (Blömeke et al., 2010a;
Brunner et al., 2006; Charalambous et al., 2020). Against the background of the varying
strength of the correlations between MCK and MPCK in an international comparison
(Blömeke et al., 2010a), the study also expects possible cross-national differences concerning
the relation between MCK and MPCK. Furthermore, it is assumed that the relationship
between MCK and MPCK is not necessarily homogenous within a single sample but might
differ with respect to the theoretically based differentiations of MPCK (that is, with respect to
the teaching perspective and the learning perspective and sub-differentiations).

2.2 Related previous studies

A small number of studies have investigated teachers’ knowledge in the field of mathematical
modeling research. For teachers’ MCK of mathematical modeling, the findings reported in
previous studies can be roughly classified into two aspects. The first relates to teachers’
understanding of the essential characteristics or meaning of mathematical modeling (e.g.,
Anhalt & Cortez, 2016; Cetinkaya et al., 2016). Many pre-service and in-service mathematics
teachers were found to have misunderstood the nature of mathematical modeling before
participating in specifically designed teacher development programs. The other aspect is that
many teachers experienced difficulties concerning specific sub-processes of the mathematical
modeling cycle. For example, Tan and Ang (2013) found that PSTs could interpret real-world
situations and identify important quantities, but some teachers struggled to recognize the need
to uncover relationships between variables and failed to interpret mathematical solutions in
real situations or to validate their mathematical models. Anhalt et al. (2018) also found that
PSTs could make appropriate assumptions and simplifications and mathematize relevant
quantities and their relations, but some participants showed low proficiency in interpreting

Professional Mathematical Modeling Competences 

Mathematical content 
knowledge of modeling 

Mathematics Pedagogical content 
knowledge of modeling 

Learning Process Perspective
(Evaluating students' answers; giving 

feedback to students' answers)

Teaching Perspective
(Explaining the adequacy of the task; 

choosing appropriate teaching approach)

Fig. 1 Framework of professional mathematical modeling competences
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mathematical results in real-life contexts, and only half were able to suggest alternative
approaches.

Regarding teachers’ MPCK of mathematical modeling, researchers have investigated
teachers’ knowledge of modeling tasks and found that many teachers’ knowledge is limited.
For example, Kuntze (2011) found that the majority of 230 PSTs rated tasks with higher
modeling requirements as having lower learning potential than tasks with lower modeling
requirements. Such findings suggest that most PSTs were not fully aware of the possibilities
and potentials of modeling tasks. Similarly, Ng (2013) found that some teachers were unable
to appreciate the potential of modeling activities because they lacked prior modeling experi-
ence. Other researchers investigated PSTs’ ability to pose mathematical modeling problems to
their students. For example, Paolucci and Wessels (2017) found that the PSTs were inclined to
create problems for more advanced students, and nearly 60% of the participants missed or
incorrectly identified at least one content area related to their modeling problems. They further
identified that most PSTs struggled to create tasks requiring learners to construct mathematical
representations of the contexts.

Other studies reported that mathematics teachers struggle to interpret students’ thinking as
reflected in the students’mathematical modeling works. For example, Didis et al. (2016) found
that PSTs could not thoroughly interpret students’ ways of thinking in mathematical modeling
tasks and mostly focused on the correctness of the students’ answers while oversimplifying
students’ mathematical ideas. Moreover, it was reported that teachers struggle to facilitate
students’ progression from one stage to the next during the modeling process. For example, Ng
et al. (2015) found that teachers in their study faced challenges in (1) striking a balance
between questioning and listening and (2) fostering metacognition in students.

Studies have also investigated the relationship between teachers’ MCK and MPCK of
mathematical modeling, despite the fact that it was not clearly noted as a research goal. For
example, Didis et al. (2016) found that some PSTs’ insufficient MCK of mathematical
modeling presented them with difficulties in recognizing and interpreting students’ mathemat-
ical thinking. However, other studies reported that PSTs’ profound knowledge of the modeling
process may not necessarily imply that they are profoundly knowledgeable about how to teach
modeling. For example, Kaiser et al. (2010) reported that although one teacher possessed a
sound content knowledge of modeling, he could not relate this knowledge to the didactic aims
associated with mathematical modeling. By contrast, another teacher, who lacked a sound
MCK of modeling, had clear and concrete ideas of the aims of modeling teaching. Such
findings suggest that teachers’ MCK and MPCK of modeling are not necessarily evenly
developed. Indeed, Doerr and English (2006) found that after the same intervention, one
teacher mainly developed knowledge of mathematics content of the problem, while the other
teacher mainly developed new MPCK.

As described above, research in mathematical modeling in the field of mathematics teacher
education has expanded in recent years; however, the main goal of most studies’ was to
explore the effectiveness of a specific design-based training program. Overall, according to
Tan and Ang (2016, p. 403), “little is known about professional development for teachers’
competencies in teaching mathematical modelling.” To effectively facilitate the growth of
teachers’ professional competencies, a clear understanding of the main influencing factors is
necessary. Cross-cultural comparative studies can therefore help to identify the main strengths
and weaknesses of teachers’ professional mathematical modeling competences in different
social and cultural contexts. Such studies may also further facilitate exploration of how specific
social and cultural contexts influence the shape and development of PSTs’ professional
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competences of mathematical modeling. In view of these, the present study is guided by the
following research questions:

1) What competency levels with respect to MCK and MPCK are evident in samples of PSTs
in Germany, Hong Kong, and Mainland China?

2) Do the samples differ in their level and structure of competencies?
3) Can any relationships between MCK and MPCK be identified in the three regions?

3 Design of the study and research methods

To address the research questions, the PSTs’ cognitive facets of competence were evaluated using
an open-item questionnaire covering PSTs’modeling-related MCK andMPCK. The instruments
were developed by Schwarz (2013) and adapted and translated for use in a cross-cultural study.
The questionnaire, the sample, and the data evaluation methods are presented below.

3.1 Participants

The overall sample comprised 232 PSTs from three regions: Mainland China, Hong Kong, and
Germany. The German sample consists of 79 PSTs from a university in Germany and covers
both beginners and advanced students. In Germany, a consecutive preparation model
consisting of a first phase in university and a second phase of in-service-training is imple-
mented. All participants had studied mathematics for teaching at the lower secondary level
combined either with primary (n=47) or upper secondary level (n=32). Regarding the two-
phase model of teacher education in Germany, all German PSTs were in their first phase of
teacher education. In this phase, the focus is on subject matter–related education and peda-
gogical studies, the latter including didactical courses.

Eighty-four PSTs were chosen from two teacher education institutions, normal universities,
in Mainland China. Currently, teacher education universities generally provide 4-year bache-
lor’s programs for PSTs. In Mainland China, a preparation model that concurrently delivers
general and professional education is implemented with greater emphasis on extensive training
in mathematics than on mathematics pedagogy training (Tatto et al., 2009). The PSTs were all
in their fourth year of study and therefore close to completing their university degrees. Thirty-
five had already completed their teaching practicum in senior secondary schools, and the other
49 had completed their 18-week teaching practicum in junior secondary schools. All were
qualified to teach secondary school mathematics after graduation.

Sixty-nine PSTs were chosen from a teacher education institution in Hong Kong, where the
two modes—consecutive and concurrent preparation—are both used with major emphasis on
concurrent training in mathematics (Leung, 2017). All participants were chosen from a
concurrent preparation program and were attending a 4-year bachelor’s program for PST
training. Similarly, the 69 PSTs were also in their fourth year, and all had acquired teaching
experience in both primary and secondary schools in Hong Kong for one semester.

All PSTs participated voluntarily and had time to complete the questionnaire during the
seminar. As all participants in the courses were studying to become mathematics teachers and
therefore fulfilled the criteria for the sample (i.e., PST for mathematics), no further selection
process was conducted; instead, all questionnaires were evaluated.
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3.2 Research instrument

The evaluation of the cross-cultural study was based on one task with five items with each item
aligning with one area of professional competencies, such as MCK and MPCK of mathemat-
ical modeling1 (from Schwarz, 2013, translated); the original instrument contained more tasks,
not all of which were limited to modeling.

The task’s starting point was a modeling exercise for lower secondary students (slightly
modified from Maaß, 2004). The PSTs were then asked to first solve the modeling problem
independently before four different interviews with students (from the unpublished
supplement to Maaß, 2004) were presented. Afterward, the PSTs were asked to analyze
the students’ thinking from a content-related perspective and to formulate responses to the
four students’ answers, providing feedback to each. In the next items, the PSTs evaluated
the appropriateness of the task for junior secondary school students and described which
teaching method they would use when teaching such an exercise in their mathematics
lessons.

3.3 Data evaluation methods

All data were coded according to the qualitative content analysis approach (Kuckartz, 2016;
Mayring, 2014) using deductively defined codes. This means that both the overall categories
according to which the data were evaluated, and the possible values for each category and the
respective coding rules were theoretically defined prior to data evaluation. Together with
answers from the data, which either illustrate typical answers or answers that are “on the
border” of a value—so-called “anchor-answers”—the categories, values, and coding rules
form the coding manual. All items were coded using an ordinal scale. As the items focus on
cognitive facets of competence—either MCK or MPCK—the answers’ degree of adequacy is
covered by the code. A more detailed description of the different data evaluation steps and a
sample of the coding manual are provided in the appendix.

Despite previous attempts to formulate precise coding rules, the method still entails an
act of data interpretation. Therefore, all data were coded by the researchers or intensively
trained raters, who had been introduced to both the underlying theoretical background and
the evaluation method. In particular, the raters’ introduction to the theoretical background
should help to maximize the adequate interpretation of the various answers with their
different emphases and solution attempts. The coding manual was translated into English to
facilitate exchange within the research group. To prevent any misunderstandings arising
from translations, data from the various regions were kept in the original languages and
were evaluated by raters who were proficient in the respective languages. To ensure the
reliability of the data evaluation, all data were coded by two raters in different phases. More
precisely, two coders independently coded approximately 25% of the German data and
noted possible ambiguities in the upfront-formulated coding manuals. The coding manuals
were revised based on these ambiguities and cases in which the raters selected different
codes.

Using these manuals, the project followed Mayring’s (2014) suggestions concerning
intercoder agreement. Therefore, all data were coded by two raters independently (“the best
way for most Qualitative Content Analysis projects” (Mayring, 2014, p. 114)). Afterward, both

1 A detailed description of the questions can be found in the appendix.
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raters discussed their codings, focusing particularly on the cases that they had coded differ-
ently. If the different codes arose as a result of ambiguities remaining in the coding manual,
that particular part was revised, and the data were re-coded. These re-worked manuals later
formed the basis for the coding in the other regions. If different interpretations of the data were
the reason for different codes in all regions, the raters discussed their different understandings,
with the result that they either agreed on one code or retained two different codes owing to
persistently different understandings of the respective aspects of the data. This is in line with
Mayring’s methodological considerations that “interpretative elements […] always bear a
subjective element” (Mayring, 2014, p. 114). The Cohen’s kappa values for the items are
presented in Table 1 and are satisfactory for all three regions.

In the next step, which involved all coders, one coder’s coding was selected to avoid the
reduction of the material by excluding all cases with different codings. Corresponding to the
research question focusing on the comparison of the different PST groups, the coded data were
evaluated using basic quantitative methods, such as frequency analyses. Chi-square tests and
post hoc analyses were further performed to determine whether each component of the
assessed professional competencies across the three regions differed significantly. In view of
the relatively small sample size, no generalization was intended; rather, the study is considered
to provide first insights into answering patterns in the three regions under comparison.

4 Findings

The two sections that follow address the first and second research question—that is, the PSTs’
competency levels with respect to MCK (Sect. 4.1) and MPCK (Sect. 4.2)—and analyze the
differences between the three regions. Subsequently, in Sect. 4.3, the third research question
concerning the relations between MCK and MPCK in the three regions is addressed.

4.1 Levels and differences in mathematical content knowledge of modeling

First, PSTs’ MCK of modeling was investigated by asking the participants to solve the
modeling task independently. PSTs’ answers were categorized into five levels depending on
how many central aspects of a modeling cycle (development of a real model and a mathemat-
ical model, interpretation of the results) the PSTs adequately work on in their solution (one
aspect average level, two aspects high level, three aspects very high level) or whether they only

Table 1 Cohen’s kappa for the coded items in the three regions

Cohens Kappa

Item Germany Mainland China Hong Kong

MCK 0.82 0.91 0.84
MPCK—learning process perspective (evaluating students’ answers) 0.66 0.82 0.87
MPCK—learning process perspective (providing feedback

to students’ answers)
0.81 0.86 0.88

MPCK—teaching perspective (explaining the appropriateness
of the task)

0.88 0.92 0.91

MPCK—teaching perspective (proposing an appropriate
teaching approach)

0.86 0.89 0.87
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adopt ideas given in the task (low level) or whether they formulate a model which is not
adequate for the task (very low level). The results are summarized in Table 22.

As Table 2 shows, the first main result by comparing the achievements of PSTs from the
three regions is that very few participants (less than 10%) possessed very high mathematical
modeling competency levels. That is, in each of the three regions, less than 10% of the
participants could solve the task correctly. Interestingly, few PSTs—particularly in Mainland
China—achieved very low professional mathematical modeling competency levels.

The chi-square test result (χ2 (8, N=228)=22.63, p<0.01) shows that the distributions of
each level of MCK of mathematical modeling across the three regions differed significantly.
Bonferroni-adjusted post hoc tests show that the proportion of PST at low levels in Mainland
China (26.2%) and in Hong Kong (34.8%) is significantly greater than the proportion in
Germany (10.1%), with p=0.034 and p=0.001, respectively. By contrast, post hoc test results
show that for the high level, the proportion of PST in Hong Kong (11.6%) is significantly
lower than the proportion in Germany (32.9%) with p=0.005. The results suggest that PSTs
from Germany were identified as having a stronger MCK foundation in modeling compared
with those from Hong Kong and Mainland China.

4.2 Levels and differences in mathematics pedagogical content knowledge
of modeling

For the learning perspective of PSTs’ MPCK of mathematical modeling, the evaluation of
students’ answers and the provision of feedback to students’ answers were specifically
investigated. PSTs’ MPCK of modeling from the learning perspective was also categorized
across five levels—very high, high, average, low, and very low. For the first aspect, partici-
pants were required to evaluate the appropriateness of four students’ approaches to the
modeling example. PSTs’ answers were categorized into five levels depending on how many
students’ approaches they adequately could assign a strength or weakness to. Table 3 sum-
marizes the results of the evaluation of the PST’s answers.

A central difference from the preceding result about MCK is that, with respect to MPCK,
both the highest and lowest levels were reached more often within all three groups (with the
exception of the lowest level in the German sample, which was reached at a similar frequency
to that of MCK). The chi-square test result ((χ2 (8, N=219)=34.43, p<0.001) shows that the
distribution across the three regions differs significantly. Bonferroni-adjusted post hoc tests
show that compared with PSTs from Germany, significantly more teachers from Hong Kong
were found to reach a very low level (p<0.001), and significantly fewer teachers were found to

2 As some PSTs left out some questionnaire items or formulated no meaningful answers, the total number in the
analyses is in some cases less than the sample-size.

Table 2 Distribution of the levels of MCK

Germany (N=79) Hong Kong (N=69) Mainland China (N=84)

+2 (very high level) 7 (8.9%) 6 (8.7%) 8 (9.5)
+1 (high level) 26 (32.9%) 8 (11.6%) 19 (22.6%)
0 (average level) 27 (34.2%) 25 (36.2%) 33 (39.3%)
−1 (low level) 8 (10.1%) 24 (34.8%) 22 (26.2%)
−2 (very low level) 8 (10.1%) 5 (7.2%) 2 (2.4%)
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reach a high level (p=0.002). Post hoc test results also show that the proportion of PSTs in
Mainland China at a very low level differs from that of Hong Kong’s PSTs (p=0.019), but the
proportion of PSTs in Mainland China at a low level is different to that of German PSTs
(p=0.015). Results as such again suggest that in line with the preceding result regarding MCK,
relatively more German PSTs reached at least the high level, and more PSTs from Mainland
China and Hong Kong reached at least the low level.

To investigate PSTs’ competencies in providing feedback to students’ answers, each
participant was required to respond to the four students’ answers. PSTs’ answers were again
categorized into five levels depending on how many students’ approaches the PSTs adequately
could formulate an individual learning aid for in a sense of a meaningful perspective for the
student to work on. Table 4 summarizes the results related to this aspect, which differ from the
preceding results. The chi-square test result ((χ2 (8, N=223)=9.94, p=0.269) shows that the
distribution does not differ significantly across the three regions. However, in this item, more
PSTs from Hong Kong andMainland China reached the highest level compared to the German
participants. Furthermore, all participants appeared to find the task difficult, as more than half
of the PSTs from all three regions only achieved low and very low levels.

For the teaching perspective of MPCK of mathematical modeling, the teachers’ competen-
cies in explaining the task’s appropriateness and suggesting appropriate teaching approaches
were specifically investigated.

Table 5 summarizes the results related to PSTs’ competencies in explaining whether the
task is appropriate for students at the secondary school level and why. PSTs’ answers here
were categorized into three levels depending on whether the PSTs with or without sound
argumentation correctly accept the modelling task as a possible part of mathematics teaching
or incorrectly do not accept it. The chi-square test result ((χ2 (4, N =221)=26.19, p<0.001)
suggests a significant difference in distribution across the three regions. Bonferroni-adjusted
post hoc tests further show that compared with the proportion of Hong Kong PSTs (11.6%) at
high level, the proportion of PSTs in Germany (41.8%, p<0.001) and Mainland China (41.7%,
p<0.001) was found to be significantly greater. By contrast, again, the proportion of Hong
Kong PSTs (26.1%) at the low level differs significantly from that of German PSTs (6.3%)

Table 3 Distribution of the levels of MPCK with regard to evaluating students’ answers

Germany (N=79) Hong Kong (N=69) Mainland China (N=84)

+2 (very high level) 20 (25.3%) 10 (14.5%) 10 (11.9%)
+1 (high level) 27 (34.2%) 6 (8.7%) 18 (21.4%)
0 (average level) 12 (15.2%) 5 (7.2%) 13 (15.5%)
−1 (low level) 8 (10.1%) 13 (18.8%) 23 (27.4%)
−2 (very low level) 10 (12.7%) 26 (37.7%) 18 (21.4%)

Table 4 Distribution of the levels of MPCK with regard to providing feedback to students’ answers

Germany (N=79) Hong Kong (N=69) Mainland China (N=84)

+2 (very high level) 4 (5.1%) 11 (15.9%) 13 (15.5%)
+1 (high level) 14 (17.7%) 7 (10.1%) 8 (9.5%)
0 (average level) 12 (15.2%) 8 (11.6%) 10 (11.9%)
−1 (low level) 11 (13.9%) 5 (7.2%) 10 (11.9%)
−2 (very low level) 34 (43.0%) 33 (47.8%) 43 (51.2%)
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with p=0.003. Post hoc tests show that the proportion of Hong Kong’s PSTs (56.5%) at the
average level differs significantly from that of Mainland China’s PSTs (35.7%) with p=0.029.

Regarding the second aspect of the teaching perspective, the participants were required to
suggest a teaching approach to the task appropriate to Grade 8 students. PSTs’ answers here
were again categorized into three levels depending on whether the PSTs with or without sound
reasoning could formulate an adequate teaching approach or whether they could not do so.
Table 6 summarizes the results for this aspect. Similarly, the chi-square test result ((χ2 (4, N =
221) =22.44, p<0.001) shows significant differences in the distribution across the three
regions. Bonferroni-adjusted post hoc tests show that for the low level, the proportions of
PSTs in Mainland China (28.6%) and Hong Kong (34.8%) differ significantly from the
proportion (6.3%) in Germany with p = 0.001 and p < 0.001, respectively.

4.3 Relationship between MCK and MPCK of mathematical modeling

To explore the relationship between PSTs’ MCK and MPCK of mathematical modeling, the
distribution of participants’ performance of the four aspects of MPCK of mathematical
modeling at different levels of MCK of mathematical modeling was analyzed across the three
regions. Table 7 summarizes the results. Several patterns may be identified.

Firstly, PSTs with strong MCK foundations with respect to mathematical modeling do not
necessarily show high levels of MPCK of mathematical modeling accordingly. As Table 7
indicates, in all three regions, only around a half (for Germany) or even less than half (for
Hong Kong and Mainland China) of PSTs who reached high or very high levels of MCK of
mathematical modeling were further found to demonstrate corresponding levels of MPCK of
mathematical modeling. By contrast, almost more than half of the PSTs experienced difficul-
ties in the four MPCK-related aspects.

Secondly, for those PSTs with weak MCK in mathematical modeling, it appears probable
that their MPCK of mathematical modeling will also be poor. As Table 7 illustrates, more than
half of those PSTs who only reached average, low, and very low levels of MCK of
mathematical modeling were found to show average or low levels of MPCK with one
exception on the aspect of evaluating students’ answers in Germany.

Thirdly, for those participating PSTs with poor MCK of mathematical modeling, a small
number still showed a high level of MPCK. As shown in Table 7, some PSTs (especially

Table 5 Distribution of the levels of MPCK with regard to explaining task appropriateness

Germany (N=79) Hong Kong (N=69) Mainland China (N=84)

+1 (high level) 33 (41.8%) 8 (11.6%) 35 (41.7%)
0 (average level) 36 (45.6%) 39 (56.5%) 30 (35.7%)
−1 (low level) 5 (6.3%) 18 (26.1%) 17 (20.2%)

Table 6 Distribution of the MPCK levels with respect to proposing an appropriate teaching approach

Germany (N=79) Hong Kong (N=69) Mainland China (N=84)

+1 (high level) 33 (41.8%) 15 (21.7%) 22 (26.2%)
0 (average level) 38 (48.1%) 23 (33.3%) 37 (44.0%)
−1 (low level) 5 (6.3%) 24 (34.8%) 24 (28.6%)
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participants from Germany and Mainland China) with poorer performance in MCK were
found to reach at least an average level with regard to explaining the appropriateness of a
modeling task for secondary mathematics teaching.

Another tendency could be identified from the distribution in Table 7: the relationship
between MCK of mathematical modeling and the distinguished aspects of MPCK of mathe-
matical modeling varies. More PSTs (especially for those in Germany and Mainland China)
with high MCK levels were found to attain high levels in explaining the task’s appropriateness
and in suggesting a teaching approach. By contrast, more PSTs with high MCK levels were
found to experience difficulties in providing feedback on students’ answers. In addition,
relatively more PSTs in Germany and Mainland China with low or very low level of MCK
were found to attain high levels in the aspects of evaluating answers and explaining the
appropriateness of tasks.

5 Discussion

5.1 Discussion of MCK on mathematical modeling

Regarding MCK of mathematical modeling, a general pattern identified in the study is that few
PSTs in the three regions were found to possess very high mathematical modeling competency
levels. Earlier studies have reported similar findings. For example, as noted above, PSTs were
typically found to experience difficulties at some stages of the mathematical modeling cycle,
particularly at the stages of interpreting and validating (Anhalt et al., 2018; Tan & Ang, 2013).

The second pattern observed in PSTs’ MCK of mathematical modeling is that those PSTs
from Germany demonstrated the strongest professional competencies in this aspect, with more

Table 7 Distribution of each aspect of MPCK of different levels of MCK of mathematical modeling (by
percentage)

Evaluating
answers

Providing
feedback

Explaining
appropriateness

Teaching
approach

2/1 0 −1/−2 2/1 0 −1/−2 +1 0 −1 +1 0 −1

Germany MCK (very high/high
level, n=33)

57.6 27.2 15.2 33.3 12.1 51.5 48.5 51.5 0 54.5 39.4 6.1

MCK
(average level, n=27)

66.7 3.7 29.6 18.5 18.5 59.3 33.3 44.4 7.4 33.3 48.1 11.1

MCK (low/very low
level, n=16)

56.3 12.5 25.0 12.5 12.5 68.8 43.8 37.5 18.8 31.3 68.7 0

Hong
Kong

MCK (very high/very
high level, n=14)

35.7 14.3 42.9 21.4 14.3 64.3 14.3 71.4 14.3 28.6 28.6 28.6

MCK
(average level, n=25)

20.0 4.0 56.0 32.0 8.0 48.0 20.0 48.0 20.0 24.0 32.0 32.0

MCK (low/very low
level, n= 29)

6.9 17.2 65.5 13.8 24.1 55.2 3.4 55.2 37.9 17.2 34.5 41.4

Mainland
China

MCK (veryhigh/very
high level, n=27)

25.9 22.2 48.1 14.8 14.8 70.4 48.1 29.6 18.5 55.6 33.3 11.1

MCK
(average level, n=33)

30.3 12.1 57.6 21.2 12.1 66.7 39.4 39.4 21.2 18.2 60.6 21.2

MCK (low/very low
level, n=24 )

45.8 12.5 37.5 41.7 8.3 50.0 37.5 45.8 16.7 8.3 33.3 58.3
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than 40% of them achieving the two highest levels and only around 20% achieving the two
lowest levels. By contrast, the post hoc analysis results in particular showed that significantly
more PSTs from the two other regions—particularly those from Hong Kong—demonstrated
significantly weaker professional competencies. Around 30% to 40% of the participants in
Mainland China and Hong Kong could not provide satisfactory answers to at least one of the
three assessed aspects.

The differences between the three regions may be explained in the first instance by the
differences in mathematics teaching traditions between the three regions. As mentioned above,
in Hong Kong and particularly inMainland China, the focus and goal of mathematics education
is to acquire mathematical knowledge and routine mathematical problem-solving skills; how-
ever, inWestern countries such as Germany, it is a long-standing tradition to teach students how
to apply mathematics in the real world (Leung, 2001). In contrast to Germany, mathematics
teaching in Mainland China and Hong Kong emphasizes accurate and abstract mathematics;
therefore, students in these two regions will have fewer opportunities to apply mathematics in
real-life situations. Therefore, it is understandable that a considerable number of PSTs from
HongKong andMainland China exhibited weak professional competencies in theMCK aspect.

Additionally, the historical development of the mathematics curricula—particularly differ-
ences in the role and relevance of mathematical modeling in primary and secondary school
mathematics curricula in the three regions—may further explain these differences. As described
earlier, mathematical modeling has been discussed for several decades in Germany, in contrast to
Mainland China and Hong Kong, where mathematical modeling has only recently been included
in the reformed mathematics curriculum. It is widely accepted that teachers will require time to
accept such reformed ideas to implement modeling-related tasks in ordinary teaching (Lloyd,
1999). Therefore, PSTs in Germany may have commonly experienced mathematical modeling
when they themselves attended school. Hong Kong’s PSTs may have experienced mathematics
applications, as such examples have been emphasized in school mathematics curricula there for
many years; however, essential differences are evident between the traditional British under-
standing ofmathematics applicationmainly inmechanics andmathematical modeling (for details,
see Kaiser, 1995). It was therefore expected that most PSTs would be unable to solve a secondary
school-level mathematical modeling problem. Similarly, in Mainland China, many PSTs may
also not have had the opportunity to experience mathematical modeling.

However, the emphasis on acquiring sound mathematical knowledge in Hong Kong and
Mainland China may help to explain that some participants from these regions demonstrated
high or very high MCK of mathematical modeling levels. A recent cross-cultural study
between Germany and Taiwan on students’ mathematical modeling knowledge found that
when students have high conceptual knowledge of mathematics, they might have similar high
modeling competence (Chang et al., 2020).

In addition, the differences in pre-service training courses may further contribute to
explaining the differences between the three groups. At many German universities, PSTs will
participate in mathematical modeling-related study courses. Currently, in Mainland China, an
optional course on mathematical modeling is available only in some teacher training univer-
sities. However, in Hong Kong, it is uncommon for PSTs to take mathematical modeling
courses. Therefore, it is not unexpected that PSTs from Hong Kong will demonstrate the
weakest MCK of mathematical modeling among the three groups. In addition, it was therefore
expected that no significant differences between Mainland China and Germany would exist, as
the post hoc analysis revealed. Rather, around 30% of PSTs from Mainland China attained
high or very high MCK of mathematical modeling levels.
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5.2 Discussion of MPCK of mathematical modeling

Regarding PSTs’ MPCK of mathematical modeling, first—for the two aspects related to the
learning perspective—it appears that providing feedback on students’ answers is relatively
more difficult or demanding than evaluating students’ answers, particularly for PSTs from
Germany and Mainland China. This may be due to the lack of practical experience in
successfully interpreting students’ mathematical modeling thinking processes. Based on the
literature, it is known that PSTs were unable to interpret students’ mathematical thinking
underlying a specific mathematical task or were inclined to oversimplify students’mathematical
ideas (Didis et al., 2016). Some PSTs in the present study also did not know how to highlight
errors in the four students’ answers and, consequently, did not know how to provide viable
feedback. As described earlier, some PSTs in Germany and Mainland China may already have
modeling experience from when they were in school (for German PSTs) and during PST
training (for both). Therefore, they may know more about how specific modeling tasks should
be analyzed compared to providing feedback. This explanation is supported by existing studies,
which report PSTs’ difficulties in suggesting alternative approaches (Anhalt et al., 2018).

Second, for the learning perspective of MPCK of mathematical modeling, PSTs in Ger-
many demonstrated stronger competencies in evaluating students’ answers than PSTs from
Hong Kong and Mainland China but not in providing feedback on students’ answers. As
mentioned earlier, German participants’ relatively rich experience in mathematical modeling
from when they were in schools may have helped them to acquire stronger competencies in
evaluating students’ modeling work. As modeling work in German schools is often conducted
in groups, German participants may have had some experience in evaluating other classmates’
work but not in providing feedback. By contrast, in Mainland China, although optional
mathematics modeling courses are available during the pre-service training period, owing to
the direct teaching tradition and large class sizes, university lecturers will seldom require PSTs
to solve mathematical modeling problems in small groups. However, existing studies suggest
that PSTs’ experiences of working in small groups to carry out mathematical modeling will
provide them with thought-provoking opportunities to evaluate their own and their classmates’
mathematical modeling work (English, 2003). Therefore, the Chinese mathematics teaching
tradition and dominant direct teaching culture further contribute to explaining their weak
competences with respect to evaluating students’ work.

For the two aspects related to the teaching perspective—explaining the appropriateness of
the task for teaching and suggesting appropriate teaching approaches—only a small proportion
of participants in the three regions demonstrated high levels of professional competencies,
which suggests that many PSTs experienced difficulties in both aspects. Such findings are
consistent with those of earlier studies, which note that PSTs were unable to identify the
potential of modeling tasks or experienced difficulties in identifying mathematical content
related to the tasks (Kuntze, 2011; Paolucci & Wessels, 2017). In addition, the Bonferroni-
adjusted post hoc test results suggest a common tendency among the three regions where
significantly more PSTs from Hong Kong and Mainland China only attained low competency
levels with respect to the teaching aspect, particularly in suggesting appropriate teaching
approaches. Moreover, the post hoc test results do not reveal many differences between Hong
Kong and Mainland China with respect to these two aspects.

Such differences may again first be attributed to the dominant cultural differences and
traditional methods of mathematics teaching between the three regions. In Eastern Asian areas,
teacher-centered approaches to teaching or direct teaching are the most popular mathematics
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teaching methods (Leung, 2001). However, student-centered approaches to teaching are
required to teach mathematical modeling effectively (Ng, 2011; Tan & Ang, 2016). Therefore,
such approaches may present significant challenges for PSTs in Hong Kong and Mainland
China owing to the lack of such experience in schools. Additionally, the differences in
modeling experience in schools and the lack of training related to pedagogical strategies
during the PST training period may help to explain this difference further.

5.3 Discussion of the relationship between MCK and MPCK of mathematical modeling

The study also explored the potential relationship between MCK and MPCK of mathematical
modeling. The findings reported above suggested several patterns for the relationship between
MCK and MPCK of mathematical modeling. First, it was found that those PSTs with strong
foundations in MCK of mathematical modeling do not necessarily demonstrate similarly
strong foundations in MPCK of mathematical modeling. Such a pattern may suggest that
although it is widely accepted in mathematics teacher education research that MCK supports
the development of MPCK (Tatto et al., 2020), the relationship between MCK and MPCK of
mathematical modeling is complicated. It appears that the development of MCK of mathe-
matical modeling alone will not necessarily facilitate the development of MPCK of mathe-
matical modeling. Of course, this does not mean that MCK of mathematical modeling is
unnecessary for the development of MPCK of mathematical modeling. The second pattern
reported above clearly shows that PSTs—particularly those in Hong Kong and Mainland
China—with weak foundations in MCK of mathematical modeling tend to experience diffi-
culties in the four aspects of MPCK of mathematical modeling.

Overall, these findings may further imply that the MCK and MPCK of mathematical
modeling are not developed evenly or at the same pace. Similar findings were also identified
in earlier case studies (e.g., Doerr & English, 2006; Kaiser et al., 2010). As reviewed above, in
these earlier case studies, after the same intervention or after attending the same workshops,
some participating PSTs or teachers mainly developed MCK of mathematical modeling, while
the other participants mainly developed new MPCK-related aspects.

Additionally, regarding the relationship between MCK and MPCK of mathematical model-
ing, small cross-cultural differences were also identified. As reported above, the third pattern
shows that some PSTs with poor foundations in MCK of mathematical modeling demonstrated
high MPCK levels. However, as Table 7 illustrates, few PSTs from Hong Kong—compared to
Germany and Mainland China—showing low MCK levels of mathematical modeling, dem-
onstrate high MPCK levels. In addition, in the three regions, more PSTs with high MCK levels
from Germany demonstrate correspondingly high MPCK mathematical modeling levels. Such
differences may largely be attributed to the differences in mathematical modeling learning
experienced in school (for Germany) and in university (for Germany and Mainland China).

6 Conclusion, implications, and limitations

Based on the findings reported above, we observed that PSTs from Germany exhibited the
highest professional mathematical modeling competencies, while those from Hong Kong dem-
onstrated the weakest professional competencies, with PSTs from Mainland China falling in
between. Specifically, Bonferroni-adjusted post hoc tests suggest that for high professional
competence levels, significant differences were mainly identified between Germany and Hong
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Kong. For low professional competence levels, significant differences were observed between
Hong Kong and Germany and between Mainland China and Germany, indicating that signifi-
cantly more PSTs from Hong Kong and Mainland China displayed low or very low levels of
MCK andMPCK of mathematical modeling. By contrast, more participants fromGermany were
found to possess high or very high levels of MCK and MPCK of mathematical modeling. The
study further found that MCK andMPCK of mathematical modeling were not evenly developed.

The present study is one of the few cross-cultural comparative studies hitherto on the topic
of mathematical modeling competencies. Theoretically, the findings identified in the study not
only contribute to the understanding of the strengths and weaknesses of PSTs’ professional
mathematical modeling competencies and the possible relationship between the two core
cognitive competence facets—MCK and MPCK. The results further provide a more profound
understanding of how specific curricular and educational traditions influence PSTs’ profes-
sional mathematical modeling competencies.

In practical terms, the study’s findings further contribute to the design of teacher profes-
sional development programs. First, the study found that few participants in each of the three
regions demonstrated high professional mathematical modeling competency levels. Such
findings therefore highlight the necessity of improving PSTs’ professional competences in
mathematical modeling at the international level. In cultural contexts with short histories of the
inclusion of mathematical modeling, such as Mainland China and Hong Kong, it is particularly
important to design courses purposely to improve the overall level of MCK and MPCK of
mathematical modeling of PSTs, with particular attention paid to aspects such as how to
provide feedback on students’ answers and how to select suitable teaching methods.

Second, the uneven development relationship between MCK and MPCK of mathematical
modeling suggests that, in practice, the development of a sole component of PSTs’ profes-
sional mathematical modeling competencies is insufficient. Therefore, for regions like Main-
land China, whose mathematics teacher preparation has long emphasized mathematics over
mathematics pedagogy, it is necessary to make mathematics pedagogy for mathematical
modeling teaching available beyond elective courses focusing on mathematical modeling at
the university level only. Correspondingly, for those regions that have traditionally empha-
sized pedagogy or mathematics pedagogy, it is also necessary to enhance PSTs’ MCK
foundations during the pre-service training period.

The study has several limitations that should be mentioned. First, concerning the data
collection methods, one considerable limitation is that we only used one modeling problem to
investigate PSTs’ professional competencies. Therefore, PSTs’ professional mathematical
modeling competencies may not have been as fully examined as possible. Future studies
should consider including more items, particularly items of varying modeling complexity.
Second, the number of participants from the three regions was insufficient for more advanced
quantitative data analysis, limiting the results’ generalizability, particularly regarding the
relationship between MCK and MPCK of mathematical modeling.

Third, the number of institutions involved was relatively low, and we did not investigate the
opportunities to learn mathematical modeling available during the pre-service training period,
which may limit the possibility of establishing possible linkages between the specific charac-
teristics of the institutions with PSTs’ professional mathematical modeling competences.
Moreover, few factors related to cultural tradition and educational contexts were discussed
in the present study. Although it may be difficult, future studies should involve more
participants from more institutions and should explore and compare the relationship cross-
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culturally between more countries to facilitate the identification of clear patterns concerning
the influence of school and university curricular issues on PSTs’ modeling competencies.
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