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Abstract
Recent developments in cognitive and educational science highlight the role of the body
in learning. Novel digital technologies increasingly facilitate bodily interaction. Aiming
for understanding of the body’s role in learning mathematics with technology, we
reconsider the instrumental approach from a radical embodied cognitive science perspec-
tive. We highlight the complexity of any action regulation, which is performed by a
complex dynamic functional system of the body and brain in perception-action loops
driven by multilevel intentionality. Unlike mental schemes, functional systems are
decentralized and can be extended by artifacts. We introduce the notion of a body-
artifact functional system, pointing to the fact that artifacts are included in the
perception-action loops of instrumented actions. The theoretical statements of this radical
embodied reconsideration of the instrumental approach are illustrated by an empirical
example, in which embodied activities led a student to the development of instrumented
actions with a unit circle as an instrument to construct a sine graph. Supplementing
videography of the student’s embodied actions and gestures with eye-tracking data, we
show how new functional systems can be formed. Educational means to facilitate the
development of body-artifact functional systems are discussed.
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1 The need for reconsidering instrumental genesis from an embodied
perspective

When using technology in education, one of the central challenges is that the cultural ways of
using it are not self-evident for novice users and learners. If one encounters a piano for the first
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time, it is not obvious what it is designed for or how to play it. Speaking in general, artifacts
preserve practices of former generations in forms that are described as crystallized (Radford,
2003), reified (Wenger, 1998), or sedimented (Goodwin, 2003). The challenge for novice
users is to develop practices of using the artifact in a culturally intended way, and, perhaps,
further contribute to new practices. For mathematics education, the differences in how novices
and experts approach artifacts have been noted for many cases, such as visual inscriptions
(Presmeg, 2006; Radford, 2010), formulas (Jansen et al., 2003; Susac et al., 2014), and 3D
shapes (Roth, 2018). The question at stake now is how to address theoretically the process of
novices appropriating cultural practices of using advanced digital technologies for learning
mathematics.

The general case has been addressed in cognitive ergonomics by the instrumental approach
(Rabardel, 1995, 2002; Verillon & Rabardel, 1995), which introduces the notion of instrument
as a mixed entity that is “formed from two sub-systems” (Verillon & Rabardel, 1995, p. 87),
namely, an artifact and “one or more associated utilization schemes” (p. 87). These schemes
are cognitive structures that regulate action with artifacts and represent operational invariants,
which are often associated with theorems-in-action and concepts-in-action (Vergnaud, 1998).
Over the past decades, the instrumental approach has been widely applied to the integration of
digital technology into mathematics education (Artigue, 2002; Drijvers & Gravemeijer, 2005;
Trouche, 2004). Even though this application was helpful in fostering such integration, the
instrumental approach has been criticized for different reasons, such as being a cognitivist
perspective that focuses on schemes (Nemirovsky et al., 2013; Noble et al., 2006), approaching
mathematics as “a cerebral activity” by some interpreters (Drijvers, 2019), paying a limited
attention to the ontological role of bodies and machines in constituting mathematics (Sinclair
& de Freitas, 2019).

Indeed, contemporary developments in cognitive and educational science highlight the im-
portance of bodily experience. Both body and artifacts are considered indispensable parts of
embodied and extended cognition (Kiverstein & Clark, 2009). A radical embodied approach,
which joins enactivist and ecological ideas (Baggs & Chemero, 2018; Kiverstein & Rietveld,
2018), stresses the non-representational character of knowledge. Knowledge emerges as part of a
complex dynamic system of behavior, which is constituted through multiple perception-action
loops. Cognition, as well as the body, co-evolves with cultural tools (Malafouris, 2018) in the
course of and across activities. In application to mathematics education, this approach is conso-
nant with pivotal work by Radford and colleagues (Radford et al., 2005) who highlight embodied
processes of social practice with signs and artifacts; by Nemirovsky and colleagues (Nemirovsky
et al., 2013), who point to perceptuomotor integration as new emerging capacities of students
enactment; and by Abrahamson and colleagues (Abrahamson & Sánchez-García, 2016), who
develop a radical embodied approach and highlight the non-linear character of learning.

Alongside theoretical advancement towards the body, digital technology is becoming more
body-oriented as well: unlike keyboard-oriented devices, multi-touch screens, augmented and
virtual reality platforms, motion sensors, and gesture-recognition systems provide students
with rich opportunities for embodied interactions. In mathematics education, these new
technological artifacts have shown potential for enhancing students’ number sense
(Baccaglini-Frank & Maracci, 2015; Sinclair & Heyd-Metzuyanim, 2014), graph comprehen-
sion (Duijzer et al., 2019; Nemirovsky et al., 2013), and conceptual understanding (Duijzer
et al., 2017; Ladel & Kortenkamp, 2014). Appropriation of such embodied interactive
platforms, just like all other types of artifacts, requires instrumental genesis to become a part
of students’mathematical activity and to contribute to students’ understanding of mathematical
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concepts. In the light of these developments, the theory of instrumental genesis might benefit
from considering embodied interactions in these situations.

To summarize, in line with work done by others (Nemirovsky et al., 2013; Radford et al.,
2005), we feel the need to reconsider the instrumental approach from an embodied perspective
to highlight the role of the body in regulating instrumented actions and to acknowledge new
developments in educational technology and cognitive science. As such, our analysis is driven
by the research question of how to reconsider instrumental genesis in mathematics education,
taking into account contemporary findings of radical embodied cognitive science on action
regulation and knowledge constitution.

To address this question, we develop a dynamic functional systems approach to embodied
instrumentation in four steps. First, we introduce the instrumental approach (Section 2) and a
notion of body-artifact functional system as radical embodied clarification of instrumented
actions constitution (Section 3). Then, we compare these two views on action regulation
(Section 4). Next, we revisit instrumental genesis from an embodied perspective (Section 5).
Finally, we provide an empirical illustration of the developed approach in an interactive
embodied design for trigonometry (Section 6). We claim that understanding instrumented
action as constituted by a body-artifact dynamic functional system leads to a coherent
theoretical framework that takes seriously the role of the body and of the artifact in instru-
mented actions. Focusing on embodied processes between a student, an artifact, and a teacher,
our theoretical framework provides guidelines for facilitating students’ actions through the
development of new technologies and corresponding teaching strategies.

2 Instrumental genesis: from cognitive ergonomics to mathematics
education

The instrumental approach originated from cognitive ergonomics (Rabardel, 1995, 2002;
Verillon & Rabardel, 1995) and was later appropriated by mathematics education (Artigue,
2002). The instrumented approach distinguishes an artifact, as independent from a user entity,
from an instrument, which is a mixed entity that includes an artifact and ways of using it for a
particular set of tasks in a form of utilization schemes. The process of instrument formation is
called instrumental genesis. This process includes mutual transformations on the side of the
learner and on the side of the artifact, namely, instrumentation and instrumentalization. The
instrumentation side concerns “the emergence and evolution of utilization schemes and
instrument-mediated action” (Rabardel, 2002, p. 103); the instrumentalization side concerns
“the emergence and evolution of artifact components of the instrument” (p. 103), such as
selection or transformation of the artifacts to a particular task or attribution of the properties to
it. A scheme is an “invariant organization of behavior for a certain class of situations”
(Vergnaud, 1998, p. 168).

The instrumental approach intends to join genetic epistemology, in which knowledge is
built from action, and cognitive approaches, according to which knowledge is put to action
(Rabardel, 2002). Epistemic and pragmatics aspects of actions are considered two dimensions
of artifact use that “are in constant interaction within... activity” (p. 63). This means that on the
one hand, following Piaget, knowledge emerges from action being captured in a scheme, and
on the other hand, knowledge is pragmatically applied in instrumental activity.

In mathematics education, researchers, designers, and educators care about conceptual
understanding and stress epistemic aspects in the dialectics of epistemic and pragmatic values
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of an instrument (Artigue, 2002). For artifacts such as a spoon or a teapot, users are happy to
forget about the functions outsourced to the material artifact, such as how the tall spout on a
teapot prevents spilling the liquid. However, in teaching mathematics, we wish students not
only to use artifacts but also to understand the mathematics involved. The expectations that the
pragmatic use of the artifacts would automatically lead to or facilitate conceptual understand-
ing in mathematics are mostly not met (Artigue, 2002). To facilitate conceptual understanding
in practice, careful orchestration of instrumented actions by a teacher is promoted (Drijvers
et al., 2010), as well as the iterative co-development of digital technology techniques together
with paper and pen techniques (Artigue, 2002).

Building on Vergnaud’s (1998) definition, the schemes are described as integrating “ma-
chine techniques and mental concepts” (Drijvers & Gravemeijer, 2005, p. 168) and a scheme’s
“mental part consists of the mathematical objects involved, and of the mental image of the
problem solving process and the machine actions” (p. 168), so the conceptual aspect of
schemes is often considered including an internal image of a mathematical concept. This
theorization of conceptual understanding as mental encapsulation might be explained by
centuries of considering mathematics as something independent from sensory experience
and incorporated in mind, as Descartes and Kant stated it. However, post-constructivist and
radical embodied theories reconsider mathematical concepts as distributed in material activities
(Coles et al., 2017), and mathematical cognition as serving and emerging from actions with
artifacts (Menary, 2015). This focus on constitutive power of activity was present in the initial
instrumental approach as it emerged in cognitive ergonomics: the instrument-mediated action
schemes “consist of wholes deriving their meaning from the global action which aims at
operating transformations on the object of activity” (Rabardel, 2002, p. 83). We highlight the
transformation of meaning as arising from acquiring instrumented actions and aim to clarify
better the epistemic value of instrumented actions as constitutive for conceptual understanding.

3 Instrumented actions from a functional dynamic system approach

3.1 A functional system of action regulation

There is a variety of theoretical contributions that point at embodied processes in technolog-
ically enhanced mathematics learning (Nemirovsky et al., 2013; Noble et al., 2006; Radford,
2005, 2014; Sinclair & de Freitas, 2014; Swidan et al., 2020; White, 2019). Agreeing with
these diverse approaches in their radical departure from a representational view on knowledge,
we highlight the need to theorize embodied cognition based on the scientific insights on the
constitution of bodily movements. We base our theoretical claims on the literature from
ecological psychology and coordination dynamics (Bernstein, 1967; Gibson, 1986; Kelso,
1982; Turvey, 1977); we follow ideas of ecological dynamics (Abrahamson & Sánchez-
García, 2016) and develop them towards the use of tools. We claim that enactment is
intentionality-driven and regulated by a functional body-brain system in the process of
permanent anticipation of and adjustment to the environment through feed-forward and
feedback processes of multiple perception-action loops (Turvey, 1977). Next, we unpack the
meaning of these terms, see also Fig. 1.

Originally, a functional system was defined in physiology by Anokhin as “a complex of
neural elements and corresponding executive organs that are coupled in performing defined
and specific functions of an organism” (quoted from Kazansky, 2015, p. 105) and
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characterized as “self-organizing non-linear systems composed of synchronized distributed
elements” (Kazansky, 2015, p. 106). A functional system is responsible for a stable, and yet
creative, behavior within partially repetitive environmental constraints. Expanding the notion
of a functional system (Fig. 1) beyond physiology, we consider it to be a complex dynamic
system that develops as the organism couples with the environment in its “tendency towards a
grip on multiple affordances” (Rietveld et al., 2018, p. 3). Affordance—a neologism proposed
by Gibson (1986)—“implies the complementarity of the animal and the environment” (p. 127)
and means the possibilities for actions, which the environment “offers to an animal” (p. 127).
A complex, nested system of affordances enables and at the same time constrains possible
enactment by restricting the dynamics that might develop within the system (Rietveld et al.,
2018). Complementary to affordances, body potentialities—needed to recognize and act with
affordances—develop in the dynamics of functional systems and stored as body structures.
Body potentialities and affordances frame perception and action—the two entangled processes
in the continuous organism–environment coupling and interaction. These processes mark two
directions of this interaction: an influence of the environment on the organism and an influence
of the organism on the environment.

A driving force of a functional system is multilevel intentionality; it is understood as a
general quality of future directedness and anticipation, which is inherent to the living world—
not only of a conscious human. It can be described at multiple levels of action-regulation, such
as a primitive Ur-intentionality without a content (Hutto & Satne, 2015), motor and operative
intentionality (Merleau-Ponty, 1945/2002), and enactive intentionality of coordinating behav-
ior of others without mind reading (Gallagher & Miyahara, 2012). Fulfilling such
intentionalities as organic needs—for example eating or breathing—is interwoven together
with finding comfortable moves or solving a mathematical task. At the same time, society
plays an essential role in framing the intentionality of personal functional systems through
guiding students towards social requests. Students and a teacher form intercorporeal functional

Fig. 1 Non-centralized multilevel functional system: perception-action loops are represented by arrows; body-
potentialities interact with environmental affordances as represented by the complementary pieces; only two out
of many levels of a functional system are shown in this model
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systems, for which a bodily system of one student is just a sub-system (Newman, Griffin, &
Cole, 1989; Shvarts & Abrahamson, in press). Thus, within nested system of affordances,
driven by multiple levels of intentionality, a functional system emerges as a complex of body
potentialities, such as an eye–head–body system engaged in visual control (Gibson, 1986) or a
complex of physiological adjustments of internal organs, spinal reflexes, telereceptors (eyes
and ears), and finally cortical structures engaged in motor control (Bernstein, 1967).

Critically, a functional system is not ruled by a central mechanism. Complex systems of
perception-action loops in environment-organism interaction “exhibit self-organization and
emergent processes at multiple levels” (Thompson & Varela, 2001, p. 421); each level driven
by their own intentionality, and express freedom and creativity, as “emergence involves both
upward and downward causation” (p. 421).

What processes take place in a functional system of solving a mathematical task? A
complex system of multiple perception-action loops is involved in recognizing mathematical
affordances in cultural artifacts and acting upon them. This system includes—and is not
limited to—physiological processes, maintenance of a posture, drawing and holding a pen in
the space of a notebook, or manipulating digital objects in the space of a screen, or multimodal
expressions in an interpersonal space. Of course, many of these processes do not require
attention from a secondary school student; think of breathing, holding a pen or adding numbers
under ten. However, solving a mathematical task requires all these processes to assemble in
one functional system that constitutes an action towards the target outcome. Educational
interventions, therefore, need to acknowledge and facilitate the assemblance of all these
processes into one system that regulates enactment. For mathematical actions, not only body
potentialities but also affordances of cultural artifacts take part in the constitution of an action,
as we elaborate in the next section.

3.2 Body-artifact functional system

A bodily functional system regulates intentionality-driven actions by perception-action loops
in strong anticipation of environmental dynamics. How can we include a digital artifact, such
as dynamic geometry software with a point running on a unit circle, in this embodied process?
Gibson notices “When in use, a tool is a sort of extension of the hand... This capacity to attach
something to the body suggests that the boundary between the animal and the environment is
not fixed at the surface of the skin, but can shift” (Gibson, 1986, p. 41, emphasis original). This
idea is consonant with an extended mind proposal, where an extended cognitive system is
addressed as “a coupling of biological organism and external resources” (Clark & Chalmers,
1998, p. 18). Tools become incorporated into perception-action loops (Lockman, 2000) in
fulfillment of functional requests (Bril, 2015) and perception is now directed towards the point
where a tool meets the environment. Indeed, famous experiments on monkeys demonstrate
that holding a stick changes the neuronal activity of the monkey’s brain, as visual-motor
neurons now respond not only to objects at the distance reachable by a hand, but also at the
distance reachable by the stick (Iriki et al., 1996). The same holds for humans: when a patient
with space dissociation disorder holds a stick, the distortion of far space disappears as it
becomes reachable by a stick (Berti & Frassinetti, 2000). From a functional system approach, a
shift of an agential boundary means that an artifact becomes a part of a functional system. In
mathematics learning, visual inscriptions, formulas, verbal definitions, and terms are the
artifacts that become a functional system’s part. A functional system of a human’s body is
now enhanced by the history of cultural practices, crystallized in the artifacts (e.g., Radford,
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2003; Wenger, 1998). We suggest calling a system that is formed by an artifact and the body
(including brain) a body-artifact functional system (Fig. 2).

Functioning of a body-artifact functional system in instrumented activity leads to a quick
transformation of body-potentialities. For example, after a short tryout of a wheelchair, persons
are capable to anticipate the height of a path which they need to pass on a wheelchair quite
precisely (Stoffregen et al., 2009). Such integration is not determined by the development of an
instrumented action scheme somewhere in a head but by direct coupling between body-artifact
potentialities and environment. This type of anticipation—strong anticipation (Stepp &
Turvey, 2010)—does not require any inference, but allows for direct perception of affordances
for a task fulfillment. The plasticity of brain structures enable retaining of new body poten-
tialities: “Once we learn how to recognize, understand, and manipulate mathematical symbols
our brains undergo a profound transformation” (Menary, 2015, p. 15), and artifacts serve as
extra-cerebral levels in a new functional system (Vygotsky, 1965).

The notion of a body-artifact functional system resonates with the neo-materialist proposal
of the artifact having an agency in instrumental activity (White, 2019). Indeed, “learners”
bodies are always in the process of becoming assemblages of diverse and dynamic material-
ities, including physical objects such as pencils, compasses, and calculators (de Freitas &
Sinclair, 2013, p. 454). However, we consider digital artifacts as participating in a functional
system by their affordances for the learner, rather than as equally agential co-actors in
assembling mathematical concepts. The artifacts expose their affordances in response to the
learner’s complex intentionalities that develop within social practice, and also at the levels of a
biological organism and personality.

Our view is also aligned with the idea of a body incorporating a tool (Noble et al., 2006, p.
389) and perceptuomotor integration as a mark of fluent use of a tool (Nemirovsky et al.,
2013). Nemirovsky and colleagues showed how students’ lived experience with motion
detectors grounded new perception of the graphs. We interpret this experience as developing
body-potentialities for perceiving new affordances of the graphs. Nemirovsky and colleagues

Fig. 2 Body-artifact functional system in interaction with the environment
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altered the instrumental approach that is at risk of mentalism with a non-dualist approach
which “locate(s) both tool fluency and mathematical thinking and learning in the evolving
relationships between action and perception when learners engage with a physical artifact” (p.
378). We share this view on conceptual aspects of understanding the mathematics of the
machine as being born from the students’ actions.

4 Body-artifact functional system’s view on an instrumented action
scheme

Both schemes and functional systems are constructs that describe constitution of stable actions
in particular circumstances. However, while scheme-regulated behavior is usually seen as
determined by a central mechanism (see exception in the works of Cellérier, cited by Rabardel,
2002), a functional system is principally decentralized. There are no central mechanisms of
taking decisions and determining actions. The structural materiality of body potentialities and
environmental affordances both contribute to the constitution of actions, which are driven by a
web of intentionality. The artifacts, thus, come to shape the dynamics of the system, as well the
students’ bodies and their potentialities come to recognize artifacts’ affordances.

These two theoretical conceptualizations of stable action constitution differ on how stability is
achieved. To understand this difference, we focus on how a person predicts that action leads to the
desired outcome and distinguish weak and strong anticipation (Stepp & Turvey, 2010). Let us
consider a simplified example of a classic baseball outfielder problem (Chapman, 1968). Imagine
a person throws a ball ahead, and another person nearby starts to run aiming to catch the ball. Two
strategies can be distinguished in achieving a reliable result: The runner can mentally calculate the
parabolic movement of the ball andwhere it will reach the ground, and then run to that point. Such
anticipation of the events in reality is called weak anticipation, as it is an anticipation by one
system—a cognitive system of the runner—of the behavior of another system—the ball in the
field (Stepp & Turvey, 2010). Another possibility is that the runner eventually runs all the time
directly under the ball, and naturally catches the ball when it approaches the ground. The runner
and the ball couple in a new system and continuously anticipate and coordinate positions within
the system. This type of anticipation is called strong anticipation.

A scheme is usually meant to regulate behavior by representing the situation and possible
outcomes of actions, thus ruling the choice of appropriate moves (Vergnaud, 1998). In this
way, a scheme becomes a central place to keep invariants of actions and to rule the perfor-
mance. The predictive power of a scheme is based on possibility to compute an action
outcome, which is separate from the executing system, so a scheme regulates behavior through
weak anticipation between two systems.

In a functional system, stability emerges in the tight coupling between an organism and an
environment within intentionality. There is no scheme that would compute, predict, and control
invariant behavior; instead, the interaction self-organizes in away that leads to stability. Just like a
runner, having discovered the strategy of running under the ball, would not miss the ball anymore
due to the strong anticipation of the situation in recurrent acts of interaction. Aiming for the
fulfillment of intentionality—not to following an invariant—a functional system of central and
peripheral bodily parts dynamically and creatively adapts to the changes in environment.
Scheme-like voluntary control of the invariant behavior (something like “I should run and check
if the ball is ahead”) might emerge or do not emerge in the functional system, depending on the
circumstances and request for a deliberate effort in describing the strategy.
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Given the functional systems perspective, we need to reconsider our understanding of the
conceptual knowledge, which was attributed to the mental scheme by some researchers in
mathematics education (Drijvers & Gravemeijer, 2005). In a body-artifact functional system,
knowledge is distributed across the body and the artifacts, which are both in use. We
hypothesize that conceptual understanding in mathematics is related to active recognition of
artifacts’ affordances or re-creating of the artifacts in the course of instrumentalization within
fulfilling students’ intentionality. Such artifacts come to substitute a part of the functional
system, which initially develops to fulfill target intentionality without an artifact.

5 Instrumental genesis from a body-artifact functional system
perspective

While complex dynamic system theory stresses the self-organization of the dynamic systems,
from an educational perspective, we want to identify conditions that promote such a self-
organization and foster the genesis of body-artifact functional systems for regulating instrumented

Fig. 3 Instrumental genesis from a radical embodied perspective
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actions. First of all, we stress the role of a task in assembling a new functional system. “What is
learnt is not the movement but the capacity to satisfy the functional parameters of the task” (Bril,
2015, p. 109). It is a target task, not an invariant of action that determines the way of acting in a
mathematically meaningful use of an artifact.

As a new functional system emerges, the new coupling between a student and a mathematical
environment is established. Thus, both the student and the environment are transformed to
accomplish the target action: a student develops new body potentialities and recognizes and/or
creates new affordances in the environment. In the case of an instrumented action, bi-directional
transformation of a student’s body and of an environment includes transition of the artifact from
the side of environment into a body-artifact functional system (Fig. 3). In the instrumental
approach, this process of instrumental genesis is explained as instrumentalization and instrumen-
tation, respectively, the transformation of an artifact and the students’ schemes of action. From a
radical embodied approach, we propose to see instrumentalization as recognition and/or creation
of affordances and instrumentation as development of body potentialities. Note however that this
distinction is only analytic; we consider these as two sides of the same process.

5.1 Instrumentation as development of body potentialities

Body-potentialities are an inherently developing structures of body and brain (neurons grow,
muscles become stronger and ligaments become more flexible), which enable new function-
alities. Unlike a mental scheme, body potentiality does not represent invariance of the action,
but enables the relevant enactment per se. How can the teaching-learning process contribute to
such a development before the target action has been established?

In accordance with the radical embodied approach, ways of teaching new actions have been
theorized as establishing fields of promoted actions (Reed & Bril, 1996). Body potentialities
develop within multiple levels of a functional system. Given that, we can distinguish two
approaches to education. For example, a functional system of cycling fulfills balancing,
pedaling, steering, which are all organized in a united system of action. One approach is a
scaffolding strategy, where an adult temporarily and contingently complements a functional
system by holding a child’s bike at the luggage rack (or helps an infant in her first steps, see
Luria & Vygotsky, 1930/1992; Shvarts & Bakker, 2019). In a comparable way, a teacher
facilitates the establishment of a new functional system by reducing degrees of freedom in
students’ behavior and maintaining the focus on accomplishing the task (Bernstein, 1967;
Shvarts & Bakker, 2019; Wood et al., 1976).

Another approach lies in designing special devices that target the oldest grounding levels
of coordinations within the functional system. Such an approach led to the development of a
balance bike, which is now a prominent tool in learning to ride a bike. When applied to
mathematics education, this approach has been promoted as an “instrumented field of pro-
moted actions” (Abrahamson & Trninic, 2015) within an embodied design genre
(Abrahamson, 2014; Bakker et al., 2019). Designing special environments that facilitate
sensory-motor coordinations, researchers contribute to the development of body potentialities,
which are later involved in conceptual understanding of mathematics.

5.2 Instrumentalization as recognition and creation of affordances

A complementary side of developing body potentialities is the recognition of affordances.
Appealing to the concept of affordance in the interpretation of instrumental genesis is not new.
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Trouche (2020) proposes affordance as a critical term for the analysis of instrumental genesis,
and uses it as a methodological means to unpack what technology affords to a learner.
Monaghan (2016) stresses the importance of affordances for the analysis of the tool’s use as
well. He distinguishes physical and cultural affordances and stresses the learning process is
needed to highlight cultural affordances.

However, one cannot teach recognition of affordances directly. Instead, it is through
exploratory attempts to perform an action that affordances become apparent to a learner:
“exploratory activity is the primary behavioral mechanism for generating perceptual informa-
tion and for differentiating information from the flux” (Adolph & Kretch, 2015, p. 130). Such
exploratory activity with the tools might be facilitated by fields of promoted actions, namely,
the situations where the use of the tools is well constrained and supported (Bril, 2015).

With respect to the reconsideration of mathematics as being developed in material practice,
we point out that recognition and creation of an affordance become two instances of the same
process. When intending to eat, one can take a spoon, thus recognizing its particular
affordances, or create affordances by cutting a spoon from wood, if no spoon is available.
The same way, wanting to estimate the sine of a particular angle, one might use a unit circle if
available, or draw it on a piece of paper, or just refer to an imaginary unit circle which can be
activated1. Thus, creation of particular artifacts (such as inscriptions or emergent models, see
Gravemeijer, 1999) might be particularly helpful in teaching affordances for instrumented
actions in mathematics. An epistemic value of instrumented actions lies in recognition and
creation of new affordances within broad and flexible functional systems.

6 Empirical illustration of the genesis of a body-artifact functional
system

We illustrate the genesis of the body-artifact functional system with an empirical case study from
trigonometry in which a student uses a unit circle to build and understand a sine graph (see also
Alberto et al., 2019). As a methodological means to illustrate our theoretical claims, we use
an embodied action-based design genre (Abrahamson, 2014; Abrahamson et al., 2011; Bakker
et al., 2019) that provides an opportunity to observe and facilitate development of mathematical
concepts as students progress from establishing new sensory-motor coordinations to multimodal
expressions of their reflections on the performance. Eachmathematical relation is presented at first
in the form of a sensory-motor task, as the student is asked to find and maintain continuous green
feedback from the screen. Later, a tutor changes the task by asking the students to reflect on their
sensory-motor strategies. As the tutors support the transition of sensory-motor experiences into
mathematical discourse (Flood, 2018), they use a variety of multimodal tactics in eliciting
students’ verbal and gestural expressions of their sensory-motor coordinations and bridging these
expressions with scientific discursive norms (Flood, 2018; Flood et al., 2020)2. Aiming to
facilitate inclusion of sensory-motor coordinations into further mathematical reasoning

1 Note that an imaginary unit circle is not a mental representation of a previously seen unit circle, but part of
prospective control of a possible task of drawing a unit circle (see Kiverstein & Rietveld, 2018).
2 From the functional systems perspective, a student and a tutor form an intercorporeal functional dynamic
system, in which perception and action of two subjects are interwoven in a process of supporting the student’s
development of new cultural forms of behavior (Shvarts & Abrahamson, in press), so a body-artifact functional
system—the topic of this paper—develops within tight collaboration with a tutor; however, this consideration is
beyond the scope of this paper.
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in a course of embodied instrumentation (Drijvers, 2019), we supplemented embodied
action-based design ideas by mathematical tasks that require instrumented actions. We
offered the students the tools that incorporate previously developed coordinations and
could be helpful in solving mathematical tasks. For example, once the student
established the sensory-motor coordination between an arc on the unit circle and an
x-coordinate on the Cartesian plane (section 6.1), a task of transitioning from degrees
to radians was given (section 6.2)3.

Below, we summarize an empirical tryout of our design with a first-grade college
student, whom we call Dmitry. Dmitry studied trigonometry at secondary school
approximately three years before this research and did not have any experience of
interacting with multi-touch learning technologies. As the data have shown, his prior
knowledge was insufficient to establish the connection between the unit circle and the
sine graph, although he did anticipate a general wavy form of the sine. The teaching/
learning session was audio and video recorded and the student’s eye-movements were
recorded to reveal the sensory-motor processes, such as overt-attention to relevant—for
affordances’ recognition—aspects of the artifacts. The first author acted as the tutor.

6.1 Developing multilevel functional system and body-potentialities

The first task concerns the coordination of the distances along the circumference of the unit
circle and along the x-axis. A student is moving point C around the circle and point X on x-axis
(Fig. 4). The feedback-frame turns green when these two target distances are equal. Note, the
origin on the Cartesian plane is deliberately aligned with the counting origin on the unit circle.
The student is required to find green locations and then maintain—while moving both hands—
continuous green feedback from the screen without knowing ahead of the enactment the rule
that determines the feedback.

Dmitry explored the embodied task. He iteratively started from the origin and his right hand
was delayed compared to the left hand, thus making the frame red. His eyes concentrated on
the frame most of the time (Fig. 5a). After about 2 min, he managed to sustain green feedback.
The constant feedback from the interactive design facilitated the development of a new
functional system of body regulation in the digital environment.

At the next stage, the tutor then triggered reflection, thus establishing a new level
of intentionality and a new lever of the functional system, namely, a level of verbal
description.

T: Let us reflect. How are you achieving this feedback, how are you keeping it green all
the time?
D: <…> I am looking at the color. But I would not be so certain were I should be. I can
approximately suggest where I have to be.

T: How would you do such an estimation?

3 A full description of the design sequence is beyond the scope of this theoretical paper. The design sequence can
be find at our website https://embodieddesign.sites.uu.nl/activity/. Press on the screenshots for Trigonometry,
Activity 1 to access the interactive tasks.
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D: <…> the further I am on the circle [gesture around the circle, Fig. 5b]… the further I
am here [gesture along the x-axis, Fig. 5c]. So obviously these two correspond. But this
one… if I am moving, this one [gesture to the point on the circle] moves slightly
faster….. as this like here [as point on x-axis moves].

Dmitry’s reflection uncovers perception of a one-to-one correspondence between the points.
The particular relations between the points as moving the right point “slightly faster” are
determined by his iterative attempts to move his right hand faster and overcome symmetrical
moves, which body potentialities naturally initiated.

While regulation of the action by a scheme would suppose that sensory-motor performance
grasps “the same speed” relation from the very beginning (in a form of theorem-in-action,
according to Vergnaud, 1998), in this example, we see that the performance is regulated at
multiple levels. Sensory-motor performance was also possible without verbal regulation—as
we can see from the difficulties that the student experienced once asked to reflect—and stood
out for the student as a “slightly faster” strategy.

The conventional expression “same speed” emerged in negotiation with the tutor, thus
bringing sensory-motor experience in correspondence with scientific discourse (Flood,
2018). Furthermore, Dmitry expressed his strategy through a metaphor: “It is a kind of a
wire. Just wired on [he is performing a gesture that expresses the metaphor, Fig. 6]”.
These gestural-verbal expressions emerged as an additional level of regulation which

Fig. 4 Coordinating the distances along the circumference of the unit circle and along the x-axis. The frame turns
green when two distances from the origin are the same. Red notations of the points are added for clarity and were
not shown to the students

Fig. 5 The student maintains the green feedback looking at the frame (a) and then explains how it was done (b
and c). Red arrows are added for clarity. Red circles mark Dmitry’s eye fixations

Fig. 6 Dmitry depicts the circular and stretched out parts of a wire in his metaphor
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played a role in further conceptual understanding (Section 6.4). We theorize it as a
functional system of Dmitry's embodied experience being stored as body-potentialites,
which makes Dmitry ready for further recognition of other artifacts' affordances.

6.2 An artifact as a part of a perception-action loop

The next episode represents a more conventional mathematical task, in which Dmitry
is asked to find the corresponding angles and radians using an artifact in which the
previously enacted coordination was reified: only the point C on the circle was
manipulatable and the sum of green arc and green segment was equal to the entire
circle (see Fig. 7).

The items in this task did not require much effort from Dmitry. Figure 8 shows his solution
of the first item: 1 radian = x degrees.

Dmitry moved the point around the circle and at the same time looked at the x-
axis. He looked at the location of 1 radian before it was actually reached by the green

Fig. 7 Mathematical task and digital artifact for aligning the distance on the x-axis and the distance on the unit
circle

Fig. 8 Digital artifact takes part in a perception-action loop as the student finds the point on a unit circle that
corresponds to 1 radian. Red circles mark Dmitry’s eye fixations
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segment (Fig. 8a), thus anticipating the enactment of the artifact within body-artifact
functional system.4

As soon as Dmitry understood the task, he immediately recognized the artifact’s affordances
for aligning two different measurements of the arc: a possibility to measure arch length in
degrees on the unit circle and to receive the length in radians on the x-axis. Previously elaborated
coordination is preserved in Dmitry’s body potentialities and now was activated within the new
body-artifact functional system and helped in anticipation of the automatically moving point
along the x-axis. New instrumented action was regulated by the system of the body (including
eye-movements) and the artifact: the perception-action loop was mediated—in a very physical,
not semiotic sense—by the green automatically moved strip which physically connects arm
movement and gaze. Digital artifact, Dmitry’s motor action and focus of visual perception are
physically interlocked into a loop, thus contributing to the solution of the target task.

6.3 Facilitation and self-organization in affordance recognition

In the last task in the learning sequence, green feedback facilitated drawing a sine graph by
manipulating two points (see Fig. 9). Point C moved along the circle, and a new point G
moved on the coordinate plane horizontally and vertically. The target performance included
alignment of the y-coordinates of two points and the alignment of the x-coordinate of the point
G and the arc that point C passed. When the points are moved correctly, the frame becomes
green and the dots of the sine graph emerge. To help the student in comparison of the arc’s
length and the x-coordinate of the pointG, two numbers, each reporting the length of the target
distance, were added to the digital environment.

By that moment in the learning sequence, Dmitry had already half-automatically generated
a line of a sine graph: he manipulated only point G, while point C would be automatically
adjusted based on the x-coordinate of G. However, once Dmitry was asked to draw the line
again with full freedom in manipulating the x and y coordinates of G and C, he got lost. In this
task, the student needed to integrate two previously explored coordinations in one functional
system: vertical alignment (not reported in this paper) and correspondence between arc length
and x-coordinate.

He started by enacting a wavy movement based on the resemblance with the sine graph. His
eye-movements demonstrated that he was taking care of the y-coordinates of two points by
keeping them vertically aligned. However, he never directly gazed at the correspondence
between the arc length and x-coordinate: He gazed neither at the numbers nor at the arc. As a
result, the frame never became green and the graph did not emerge.

The tutor provided a hint by pointing to the numbers, which had been present on the screen
all the time.

T: Should these numbers perhaps help you? (Fig. 10)

In response, the student’s behavior changed dramatically (cf. Abrahamson et al., 2011):
Dmitry looked iteratively at two numbers, moved both points to the maximum position at π/2,

4 In Fig. 8, the fixation of the student is slightly shifted to the right from 1 due to the calibration issues; we can be
sure about anticipatory behavior from analysis of the dynamic record.
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iteratively checked the numbers again, and moved the points back to the origin maintaining
green, checking the numbers and repeating with a low-level voice:

D: Wait… These are the same… These are the same…

Then Dmitry easily found the green position in the second quadrant by his own initiative
(Fig. 11).

D: I know that. It is also the prediction that I had. [...] but it did not appear at first.

Now, as the strategy of keeping two numbers the same had surfaced, it appeared to Dmitry as
fully corresponding with his anticipations. He tested this new strategy at a few more points by
his own initiative.

The tutor facilitated the emergence of the target functional system by pointing at two
numbers and thus helping the student to notice the affordance of the artifact and to
establish the target perception-action loop for coupling with the artifact. One pointing
gesture triggered essential re-organization of the functional system in the task perfor-
mance. Although the tutor did not provide any explanation of the meaning of these

Fig. 9 The final coordination task to align the distance along the circumference of the unit circle and along the x-
axis, as well as the vertical positions

Fig. 10 Tutor points to a number on the x-axis and the student fixates there
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numbers, Dmitry immediately recognized the target affordance based on his previous
experience. The numbers afforded for him an action of finding the equivalence between
an arc and x-coordinate. The student spontaneously practiced the performance, thus
solidifying the assembled functional system. The phrase “these are the same” regulated
behavior at the verbal level and the eye-movements between two numbers regulated the
target coordination at the embodied level. Body and digital artifact (including two
numbers) came to be joined in one functional system of drawing the sine graph, making
use of the body potentialities developed in the previous tasks. This instrumented action
was regulated at multiple levels, such as verbal expression and sensory-motor coordina-
tion. Initial coordination of two equal distances was easily transformed into maintaining
the same values of two numbers, thus demonstrating the creativity and flexibility of the
functional system, which went beyond repeating previous experience and assembled
towards target instrumented action with the available artifact.

6.4 Epistemic value within the functional system of instrumented action

In a short while, the tutor questioned the student’s understanding of this strategy, thus
exploring the epistemic value of the emerged functional system:

T: Why? What does this mean? These same values? [the tutor gestures between two
numbers]
D: They again, they are kind of amount that I traveled over there [gestures
along the circle], so to say, from the tape that I have that does it as much as it
have got … So, it is a roller tape [multiple gestures around the circle, Fig. 12a],

Fig. 11 Dmitry finds other points with equal length of the arc on a unit circle and x-coordinate by checking the
numbers. Red circles mark his eye fixations

Fig. 12 Dmitry explains the correspondence of the arc and the x-coordinace through the previously developed
metaphor
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it is just moved more and more [a gesture as if unrolling a tape, Fig. 12b]. And
it is straightened out [a stretching gesture, Fig. 12c]. Just as far.
T: So, this distance [a gesture along the x-axis]?
D: It is a rolled up, from the whole thing.

Dmitry’s understanding of maintaining two values the same appeared to be ground-
ed in the previous embodied experience of moving around the circle (compare Fig. 12
with Figs. 5 and 6, section 6.1). The functional system served not only pragmatic
performance but also epistemic explanation. The metaphorical expression had reified
embodied experience, thus becoming a new artifact (a word) that constituted epistemic
value in response to the tutor’s request. The metaphor spontaneously traveled from “a
wired wire” to “a roller tape,” as the student gestures at first on the screen (Fig. 12a)
and then separately, repeating his gestures of the previous activity. We see an iterative
constitution of the verbal expression that tends to grasp embodied experiences of the
functional system in the best way.

6.5 Joining empirical episodes

Our empirical illustration demonstrated the tight coupling of an artifact’s affordances and
student’s body potentialities in one functional system of instrumented actions. Episode 1
(Section 6.1) showed the development of body potentialities, which were later involved into
body-artifact functional systems. At first (Section 6.2), a point that traveled around the unit
circle was attached to a point on the x-axis by a green line; these points were used to translate
degrees to radians. Secondly (Section 6.3), a complex artifact with a point on the unit circle
and the numbers to align arc length and x-coordinate were used to draw a sign graph. In both
cases, hand and eye movements demonstrated that artifact and body were jointly interlocked
into perception-action loops, thus forming the body-artifact functional systems.

As we saw in the second case (Section 6.3), the body-artifact functional system regulated
behavior at multiple levels: a verbal expression “these are the same” and perceptually checking
the numbers by the eye-movements maintained coordination of two distances. Note that
despite the availability of the required body-potentialities, the student did not notice the
numbers on the artifact at first. However, once prompted towards the numbers, the student
immediately recognized their affordances. The numbers substituted the part of the functional
system that he had already developed: he was maintaining the equal arc length and a segment
on the x-axis in the previous task (see Section 6.1).

Despite the initial difficulty in assembling a functional system, Dmitry could easily explain
its functioning through a metaphor grounded in his previous embodied experience (Sec-
tion 6.4). Thus, the functional system did not only help in the pragmatic achievement of the
target solution but provided an opportunity for conceptual understanding.

7 Conclusion

The question guiding this study was how to reconsider instrumental genesis in mathematics
education taking into account contemporary findings of radical embodied cognitive science on
action regulation and knowledge constitution. The radical embodied perspective led us to
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introduce the notion of a body-artifact functional system regulating instrumented actions to
clarify the notion of instrument. With respect to the science of coordination dynamics
(Bernstein, 1967; Kelso, 1982; Turvey, 1977), a functional system emerges as a synergy of
many perception-action loops. When a functional system is extended by an artifact, this artifact
takes part in perception-action loops. This process is vividly visible in the case where Dmitry
manually manipulated one side of the artifact and looked at the other side of the artifact
(Section 6.2). We highlight multiple levels of action regulation in this functional system: both
verbal expressions and sensory-motor coordinations play a constitutive role in the target
performance, as empirical examples in Sections 6.1 and 6.3 illustrate. In this paper, we mostly
focused on the digital tools and a sine graph as a visual artifact; other artifacts—such as
mathematical terms and definitions—also need to be involved in this functional system as
intentionality of communicating, reflecting, or describing calls forth the verbal level of
regulation.

From the radical embodied perspective, the process of instrumental genesis consists of the
preparation of body potentialities (instrumentation), which contribute to the recognition or
creation of the artifact’s affordances (instrumentalization). Our approach stresses the
decentralized and multilevel nature of action constitution within a functional system distrib-
uted across the body (including the brain) and artifacts. Careful preparation of body potenti-
alities in previous embodied activities can enable recognition of the artifact’s affordances in
further mathematical problem solving (Sections 6.1 and 6.2). However, the emergence of a
functional system as a self-organization process cannot be guaranteed, only facilitated. This
self-organization process takes place within intentionality-driven behavior and it might be
triggered by downward causation of a social interaction. It is up to a teacher to flexibly
modulate intentionality of a student by introducing sub-tasks and to facilitate the self-
organization process by pointing gestures or verbal expressions. In Section 6.1, we illustrated
how socially triggered reflection led to establishing a verbal level of regulation. In Section 6.3,
we pointed out how the tutor’s subtle prompts directing the student’s attention by a pointing
gesture led to assembling a new body-artifact functional system.

In our approach, we want to avoid separation of action and knowledge, and of body and
mind. In line with the radical embodied theories cited, we highlight the constitutive role of
action in conceptual understanding. An artifact—as it preserves previous actions in a reified,
materialized form—ensures the epistemic value of the body-artifact functional system, but
efforts are needed for a student to take advantage of this epistemic dimension.

We hypothesize that an artifact gets incorporated into a body-artifact functional system of a
student with conceptual understanding in case it substitutes a part of the student’s previously
developed body potentialities; thus, the student repeats (in a simplified way) the historical
invention of the artifact. Designing the tasks along with this hypothetical claim, before
introducing a mathematical artifact, an educator would need to make sure that a student is
capable of the target action crystallized in the artifact without the artifact per se. We illustrate
this theoretical statement in Section 6.4 where postponing the introduction of a sine graph—as
the target artifact—led to a conceptual understanding of relations between a unit circle’s arc
and x-coordinate of the point on the emerging sine graph. Embodied activities that precede
instrumented actions provide an opportunity to develop body potentialities, which are later
involved in the recognition of the artifacts’ affordances. Additional empirical research is
needed to corroborate this theoretical statement. However, our theoretical vision explains well
the role of pen-and-paper techniques, which has been stressed within the instrumental ap-
proach literature: enactment without outsourcing a substantial part of the functional system to
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an artifact makes students’ bodies capable of the entire action. In this vision, counting without
a calculator and coordinating the unit circle’s arc and x-coordinate are needed before
outsourcing these actions to a calculator or to dynamic geometry software.

A body-artifact functional system is decentralized and multilevel; different levels of action
regulation can cause self-organizing transformations in other levels. These upward and
downward causations are not deterministic, but rather act as the triggers for synergetic
development. Following Hutto and Sánchez-García (2015) in their call for teaching ap-
proaches that “generate more flexible modes of coupling with the environment” (p. 328) in
sports training, we call for teaching guidance that leaves freedom for students’ self-organizing
processes and facilitates assembling flexible and creative functional systems with the artifacts
by careful prompts, guiding questions and tasks.
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