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Abstract
We consider a spatial extension of genuine savings and wealth as a capital-based indicator 
of sustainability. In both inefficient and efficient economies, where well-being is locally 
or globally maximized, respectively, the well-known Hotelling rule and Hartwick (Dixit–
Hammond–Hoel) investment rules and results are extended, depending on the extent of 
the spatial diffusion of natural capital. It is shown that the net present value of any future 
change in neighboring resource stocks affects the current change in intergenerational 
well-being. Numerical examples show the relevance of such parameters as the diffusion 
rate, discount rate, and marginal utility of consumption. Moreover, they suggest the exact 
adjustments to be made in aggregating or disaggregating the sustainability of different spa-
tial units, which is not addressed in the current practice of green or wealth accounting.

Keywords Genuine savings · Inclusive wealth · Sustainable development · Spatial diffusion

JEL Classification C21 · C22 · Q20 · Q30 · Q56

1 Introduction

Given the current natural capital depletion, is intergenerational well-being improving? 
This elusive question has been posed in the green accounting literature to study the capital-
based indicator developed. Green accounting aims to measure all the capital assets in the 
economy that are relevant to intergenerational well-being. If capital assets, weighted by 
their shadow prices that represent their marginal contribution to well-being, do not decline 
at a given point in time, then the economy is deemed sustainable at that point. Those 
relevant capital assets are collectively called inclusive or comprehensive wealth (Arrow 
et al. 2012; UNU-IHDP and UNEP 2012, 2014); hence, the literature is also referred to as 
wealth accounting (Lange et al. 2018).

In his seminal paper, Weitzman (1976) stresses that the current-value Hamiltonian, 
which is typically interpreted as the net national product in utility numeraire, is propor-
tional to intergenerational well-being. This implies that the value of net investment in a 
comprehensive list of capital assets, which is frequently called genuine savings, is equal 
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to the change in intergenerational well-being (Hamilton and Clemens 1999; Dasgupta and 
Mäler 2000). Relatedly, the Hartwick rule (1977), which suggests investing exhaustible 
resource rents into reproducible capital, can be rephrased as keeping genuine savings zero. 
This rule leads to constant consumption (i.e., Hartwick result). The Hartwick rule was 
subsequently generalized to the Dixit–Hammond–Hoel (DHH) rule of keeping the present 
value of investments constant (Dixit et al. 1980).

A key challenge in green accounting lies in properly accounting for externalities, which 
make the change in wealth deviate from the change in well-being.1 Examples include car-
bon emissions and damage as well as transboundary air pollution. Although they do not 
appear in current capital assets, they affect well-being nonetheless.

To demonstrate this point, it may help to start with a simple example of an underground 
water aquifer. Imagine that two identical farmers own fractionalized agricultural plots, each 
tied to their non-replenishable water aquifer. The water aquifers are separate from each 
other, but the underground borders are physically ill-defined and thus subject to diffusion or 
seepage. In other words, the property rights to the water aquifer are not perfectly secured. 
Each farmer extracts groundwater to produce agricultural crops, using the produced capital 
he/she has aboveground. There is no trade in factor inputs or outputs. Suppose also that 
each farmer is interested in maximizing his/her own intertemporal well-being.

Now, in the absence of spatial diffusion, what does the index of each individual farmer’s 
intertemporal well-being look like? The green accounting literature tells us that the value 
of the investment in produced capital net of the value of the extracted water is the correct 
measure of well-being improvement. This is often called genuine savings, or adjusted net 
savings, or the change in inclusive (or comprehensive) wealth. Thus, investing the value 
of the depleted water underground in the accumulation of produced capital aboveground 
would render each farmer’s intertemporal well-being constant. In addition, by both keep-
ing the water underground and extracting the water, the celebrated Hotelling rule emerges 
in efficient economies, where the marginal product of additional water rises at the rate of 
return on marginal investment into produced capital.

Acknowledging that the groundwater seeps into the neighboring pool, however, each 
farmer hastens to extract the water because otherwise part of the water he/she owns dif-
fuses to his/her neighbor’s aquifer; hence, his/her neighbor will extract more in the future. 
This ratchets up the rate of increase in the marginal value of water. Moreover, in the pres-
ence of this diffusion, the farmer’s intertemporal well-being improvement should appear 
different. Specifically, in the measurement of the change in natural capital, we now have 
two added terms, aside from his/her own extraction. The first term is the current increase 
or decrease in his/her own aquifer due to the diffusion from his/her neighbor’s pool. The 
second term reflects the present value of future changes in his/her neighbor’s pool. The 
latter term is required, as his/her current extraction partially depends on the blessing his/
her neighbor’s pool provides. Furthermore, if we relax the assumption that the two farmers 
are identical, we need to attach different weights to well-being improvement because of the 
gap in their marginal utility of consumption.

The green accounting literature has developed with nations as spatial units. This is 
plausible given the nature of the extension of national accounting that attempts to proxy 
for the economic activities and well-being of those who reside within national borders. 

1 Another challenge is correctly measuring the shadow prices of capital assets, which typically differ from 
observable market prices and embody institutional characteristics (Arrow et al. 2003; Fenichel and Abbott 
2014).
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This macroeconomic aspect, however, has made green accounting insensitive to spatial 
externalities and heterogeneity, aside from a few exceptions in practice such as carbon 
emissions and local air pollution. As noted by Dasgupta (2001), “despite the self-evident 
importance of the spatial aspect of Nature, the welfare economic theory of environmental 
natural resources is not yet spatially sensitive.” Thus, we develop an accounting framework 
that incorporates the spatial diffusion of natural capital between different spatial units. Our 
framework therefore offers three contributions, corresponding to Sects. 2, 4, and 5 in the 
remainder of this paper.2

First, the framework enables us to modify the well-known Hotelling rule and general-
ized Hartwick (Dixit–Hammond–Hoel) results in a way that reflects the specific spatial 
diffusion rate. In particular, in a setting of interconnected subsoil resource pools, we gen-
eralize the framework of symmetric diffusion proposed by Arrow et  al. (2003) and van 
der Ploeg (2011) to heterogeneous diffusion. The Hotelling (1931) rule of the marginal 
resource rent increasing at the rate of interest involves the extent of spatial diffusion. van 
der Ploeg (2011) shows that the higher the number of resource owners in society, the more 
aggressive the extraction that takes place. We instead consider general diffusion, which 
also affects genuine savings in a way that differs between globally inefficient and efficient 
economies. In addition, Nash equlibrium outcomes are also studied, which prove to be in 
the middle ground between these efficient and inefficient economies.

Second, our framework constitutes not only a theoretical update but also an empirical 
guideline for green accounting. In particular, we apply a reduced form of the asymmetric 
diffusion of the natural resources between two countries. It is shown that, on top of genu-
ine savings, the decrease in gross inflow from the neighboring country’s resource stock, 
capitalized with the discount rate, needs to be included in the change in intergenerational 
well-being. In globally efficient economies, the relative shadow price of natural resources 
is also incorporated. We show an empirical order of the magnitude of this adjustment in a 
hypothetical example of unidirectional resource diffusion between oil-producing nations.

Third, we apply the framework to the aggregation of sustainability indicators across 
spatial units. In practice, green accounting typically aggregates wealth in monetary units 
with no weighting that works out the value of world wealth. However, formally, this needs 
to be weighted by the marginal utility of the consumption of each spatial unit. Moreover, 
this weighting also affects the forward-looking spatial diffusion term. Overall, the relevant 
parameters include the diffusion rate, discount rate, and marginal utility of consumption. In 
globally efficient economies, the elasticity of marginal utility, commonly known as an ine-
quality aversion parameter, is also required to account for the difference in shadow prices. 
This neglected aspect of green accounting has become increasingly important, as more 
critical issues involve planetary boundaries rather than individual countries.

2 Our technical analysis is closely related to recent developments in space and time optimization and spatial 
dynamics in continuous space, especially studies of the diffusion-induced instability of spatial configura-
tion by Brock and Xepapadeas (2008a, b, 2010, 2020)  and Xepapadeas (2010), as well as Quah (2002), 
Brito (2004), Boucekkine et al. (2009), and Desmet and Rossi-Hansberg (2010), among others. Meanwhile, 
applications of spatiotemporal optimization in environmental and resource economic problems have also 
increased. Aside from those already mentioned, Camacho and Pérez-Barahona (2015), Desmet and Rossi-
Hansberg (2015), and de Frutos and Martín-Herrán (2019) study the spatiotemporal dimensions of land use 
dynamics, global warming, and transboundary pollution, respectively. Spatiotemporal modeling has also 
been applied to the infectious diseases of agricultural products (Goodwin and Piggott 2009), invasive spe-
cies (Atallah et al. 2017), and water and nitrogen management (Knapp and Schwabe 2008), among others. 
There is also a parallel understanding between time and space discounting (Yamaguchi and Shah 2020).
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Before moving on, it is helpful to clarify terminology. The original Hartwick invest-
ment rule (Hartwick 1977) is keeping the value of net investments equal to zero, while the 
Dixit–Hammond–Hoel (DHH) investment rule (Dixit et  al. 1980) is keeping the present 
value of investments constant. If the technology is stationary and the path is short-run effi-
cient (i.e., satisfying the Hotelling rule), then consumption is constant if and only if the 
DHH investment rule is satisfied (Dixit et al. 1980). If the technology is stationary and the 
path is efficient (not only short-run efficient) and feasible, then consumption is constant if 
and only if the Hartwick rule is satisfied (Mitra 2002; Buchholz et al. 2005; Asheim 2013). 
In this paper, we study the effects of resource diffusion on consumption and intergenera-
tional well-being under discounted utilitarianism. This means that consumption is not con-
stant, so we focus on the Dixit–Hammond–Hoel (DHH) result, not the original Hartwick 
(1977) result. Hartwick and DHH results are the consequences that can be obtained when 
Hartwick and DHH rules are complied, respectively (Asheim et  al. 2003). In addition, 
globally inefficient economy maximizes discounted utility only at a point in space, whereas 
globally efficient economy maximizes discounted utility across space.

It should be noted that our model imposes some assumptions. First, as is the case with 
the Hartwick and DHH investment rules, we assume perfect competition, no common pool 
externalities, perfect capital markets, and no other externalities than the spatial externali-
ties we study (cf. Asheim et  al. 2003). Since the model does not allow for any trade of 
goods or any side payments, the interpretation in terms of different countries in the real 
world requires caution. Second, the DHH result relies on the Hotelling rule, which effec-
tively implies that the expected rate of increase in the resource rent must equal the given 
rate of interest. The Hotelling rule sometimes differs from practice (Livernois 2009), partly 
because the depletion of oil wells is governed by geophysical considerations such as Dar-
cy’s law (Anderson et al. 2018). Third, population growth is abstracted away in the current 
analysis, whereas it needs to be absent or quasi-arithmetic rather than exponential for the 
DHH rule to be valid (Asheim et al. 2007).

The remainder of this paper is structured in the following manner. In Sect. 2, we present 
a basic spatiotemporal problem in discrete space, with the Hotelling and DHH investment 
rules, and non-declining well-being in globally inefficient and efficient economies. Sec-
tion 3 extends the model to study Nash equlibrium outcomes lying between polar cases in 
Sect. 2. In Sect. 4, we analyze an intuitive two-country setting with the asymmetric diffu-
sion of natural resources. Section 5 discusses our implications for the aggregation and dis-
aggregation of sustainability indicators in practice. Section 6 summarizes and concludes. 
The “Appendix” shows previous models in the literature as a special case of our model.

2  Model

We begin by imagining a fluid non-renewable resource such as oil, natural gas, or ground-
water. Following Sanchirico and Wilen (1999), Smith et al. (2009), Arrow et al. (2003) and 
van der Ploeg (2011), the resource is fractionalized into N pools numbered by i = 1,… ,N . 
Resource pools are also tied with their owner-cum-user. The specific resource pool Si is 
characterized by the following dynamics:

(1)Ṡi = −Ri +
∑

j∈1,...,N

djiSj = −Ri + diiSi +
∑

j≠i
djiSj,
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where Ri is the human use or extraction from the resource pool i. Initial stocks are given by 
Si(0) for all i. The dynamics described in (1) apply well to “point-source” resources such as 
oil, natural gas, and water aquifers. Other typical natural resources such as gold, bauxite, 
and cropland do not fall into this category.

The diffusion parameters dji represent the speed of inflow (diffusivity) of the resource 
from the pool j to i. The self-diffusion of a given pool can be defined as an outflow 
from i and negative (i.e., dii < 0 ). Otherwise, resource inflows from interlinked pools 
j into i are positive, namely, dji > 0 for j ≠ i . In other words, diiSi and 

∑

j≠i djiSj repre-
sent the gross outflow and gross inflow, respectively. By diffusion, we primarily mean 
the physical seepage of the resource  (cf. Costello and Polasky 2008); however, this is 
open to socioeconomic interpretations, such as the security of the property rights on the 
resource (van der Ploeg 2011).

The other class of capital asset is reproducible, which accumulates as output net of 
consumption:

where F signifies the mapping from capital and resources to output.
Take the time derivative of both sides of the capital dynamics, (2), and obtain

In general, following Dixit et  al. (1980), Buchholz et al. (2005) and Asheim (2013), the 
following fundamental relationship between constant consumption and Hotelling and Hart-
wick rules (in the absence of diffusion) can be derived:

2.1  Globally Inefficient Economies

In this subsection, we consider the situation in which owners of resource pools ignore 
others and rather maximize their own dynamic benefits. First, we define intergenera-
tional well-being.

Definition 1 Let Vi(t) denote the intergenerational well-being of i from now to the future:

where utility U is a function of consumption Ci with declining marginal utility and 𝛿 > 0 is 
the pure rate of time preference.

In addition, following the green accounting literature (Arrow et al. 2012), we refer to 
the state of non-declining intergenerational well-being as sustainable development.

Definition 2 The economic development of i is sustainable at t iff �Vi(t)∕�t ≥ 0.

(2)K̇i = F(Ki,Ri) − Ci,

(3)Ċi = FKi
K̇i + FRi

Ṙi −
̇̇Ki.

(4)Ċi = −FRi

d

dt

(

K̇i

FRi

− Ri

)

− K̇i

(

̇FRi

FRi

− FKi

)

.

(5)Vi(t) = ∫
∞

t

U(Ci(�)) e
−�(�−t)d�,
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We now characterize the economy under individual optimality. The relevant current-
value Hamiltonian reads

where �i and �i are the co-state variables associated with capital and resources, respec-
tively. For later purposes, it is useful to define the following.

Definition 3 The genuine savings of i, or, equivalently, the change in the inclusive wealth 
of i in consumption terms, is the weighted sum of the change in capital assets weighted by 
their shadow prices. For example, in the current inefficient economies, it can be expressed 
as: Gi ∶= K̇i +

𝜇i

𝜆i
Ṡi.

Along the optimum, the following usual conditions hold:

The first and second static efficiency conditions (7) and (8) state that the marginal utility 
of consumption equates to the marginal product of capital and that the marginal resource 
rent equates to the scarcity of the resource. The last dynamic efficiency condition (10) only 
accounts for the gross outflow from the resource pool (i.e., diiSi ), dismissing any inflows 
from neighboring sites, which are uncontrollable by the resource owner i. This corresponds 
to the case in which each agent takes the gross inflows from other resources as given.

Combining (8)–(10), we have the following lemma.

Lemma 1 (Hotelling rule in globally inefficient economies) The marginal resource rent 
increases at a rate equal to the sum of the marginal product of capital and the gross out-
flow rate of the resource:

Lemma 1 shows that when individual players only care about the fact that their 
resource flows out to interconnected resource pools, the marginal resource rent 
increases at a rate faster than the rate of return on capital, as −dii > 0 . The original 
Hotelling rule strikes a balance between keeping the resource and earning the capital 
gain, on the one hand, and extracting the resource to be used in production and earning 
the marginal product of capital, on the other hand. Lemma 1 complicates the right-
hand side of the rule by adding the rate of the gross outflow of the resource, because 

(6)Hi = U(Ci) + �i
(

F(Ki,Ri) − Ci

)

+ �i

(

−Ri + diiSi +
∑

j≠i
djiSj

)

,

(7)UCi
= �i,

(8)�iFRi
= �i,

(9)− 𝜆iFKi
= �̇�i − 𝛿𝜆i,

(10)−
𝜕Hi

𝜕Si
= −dii 𝜇i = �̇�i − 𝛿𝜇i.

̇FRi

FRi

= FKi
− dii.
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resource owners extract resources more now, under the expectation that if they keep 
the resource under the ground, their neighbors will consume more in the future (van 
der Ploeg 2011). The rate of increase in the marginal resource rent is larger, other 
things being equal, as the resource outflow rate ( −dii ) is larger.

Taking the time derivative of the capital dynamics (2) and using Definition 3 (genu-
ine savings) and Lemma 1 (Hotelling rule), we have:

Lemma 2 (Dixit–Hammond–Hoel result in globally inefficient economies) The change in 
current consumption is the return on genuine savings, net of the change in genuine savings 
and spatial diffusion. In particular, consumption changes according to

Lemma 2 states that the change in current consumption is made up of three compo-
nents. The first intuitive term is the return on genuine savings, with the rate of return 
being the marginal product of capital or the real interest rate. When Gi is zero, there is 
no return, such that consumption is constant. The second term is the change in genuine 
savings. This reflects the fact that, given current income, consumption and savings are 
a direct tradeoff, meaning that an additional unit of consumption reduces a marginal 
unit of savings. In other words, if this term is moved to the left-hand side, the sum of 
the consumption change and savings change is the return on savings, besides the dif-
fusion term. A corollary is that as far as the change rate of savings does not exceed 
the rate of interest, consumption is non-declining. Both these terms appear in Ham-
ilton and Hartwick (2005). The third additional spatial diffusion term represents the 
decrease in gross inflows from neighboring resource pools as a result of their current 
depletion ( Ṡj < 0 and dji > 0 by definition), which places downward pressure on the 
change in consumption.

Taking the time derivative of intergenerational well-being in Definition 1 and using 
Lemma 2 (DHH result) as well as the first-order conditions (7) and (9), we obtain

Proposition 1 (Sustainability in globally inefficient economies) The well-being improve-
ment of i is given by

The change in intergenerational well-being is not well represented by genuine sav-
ings. In particular, given dji < 0 and Ṡj < 0 , genuine savings overestimate the change 
in well-being by the diffusion term. The diffusion term partially holds from Lemma 2, 
which captures the decrease in gross inflows from interconnected resource pools. In 
contrast to Lemma 2, the diffusion term is revealed in a forward-looking way, because 
an indicator of sustainability incorporates all the future diffusion effects with an appro-
priate discount rate (Aronsson and Löfgren 2010). Proposition 1 is written in the 
well-being numeraire, and thus the current shadow price of the resource is also added, 
which is composed of the marginal utility of consumption and marginal product of the 
resource. By way of a simplified asymmetric diffusion, Sect. 4 discusses this intuition 
in more detail.

Ċi = FKi
Gi − Ġi + FRi

∑

j≠i
djiṠj.

V̇i =
dVi(t)

dt
= UCi

Gi + �
∞

t

UCi
FRi

∑

j≠i
dji Ṡj e

−𝛿(𝜏−t)d𝜏.
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2.2  Globally Efficient Economies

As illustrated, our idea of globally inefficient economies introduced in the previous section 
is a spatial externality not incorporated into market transactions. In general, it is common 
practice to assume a social planner to correct externality. However, in our setting, there is no 
obvious reason the collective world have an incentive to maximize the world’s well-being, 
while being also concerned about the well-being of individual pool.3 We thus assume that 
there exist relative prices for dynamic well-being such that the allocation is efficient even 
if the dynamic well-being of the different pools could have been exchanged at these prices. 
In other words, there exist Negishi weights on dynamic well-being such that the weighted 
sum of dynamic well-being is maximized. Let �0

i
 be the weight assigned to each pool, where 

∑N

i=1
= 1 . Then the total intergenerational well-being across space becomes

We say that economies are globally efficient if all pool owners use the same vector of 
weights. To consider such a case, write the present-value Hamiltonian as

where �i and �i are co-state variables associated with capital and resource at i. Define 
�i(t) ∶= �0

i
e−�t as a discount factor that embodies Negishi weight and the pure rate of time 

preference. Necessary conditions for optimality include

In (16), the second term appears, in contrast to Eq. (10) in inefficient economies. This 
results from accounting for the effect of the pool’s outflow to other interconnected pools 
(i.e., from i to j for all j ≠ i)4. From (13)–(16), the Hotelling rule and DHH result in this 
setting can be described as follows:

(11)
N
∑

i=1

�0

i

(

∫
∞

0

U(Ci(t))e
−�tdt

)

.

(12)Hp =

N
∑

i=1

�0

i
e−�tU(Ci) +

N
∑

i=1

�i[F(Ki,Ri) − Ci] +

N
∑

i=1

�i

(

−Ri +

N
∑

j=1

djiSj

)

,

(13)�iUCi
= �i,

(14)�iFRi
= �i,

(15)− 𝜋iFKi
= �̇�i,

(16)− 𝜌idii −
∑

j≠i
𝜌jdij = �̇�i.

4 In matrix notation, for the case of N = 3 for example, (16) forms a system of linear differential equations:

where
�̇� = X𝜌,

X = −

⎛

⎜

⎜

⎝

d11 d21 d31

d12 d22 d32

d13 d23 d33

⎞

⎟

⎟

⎠

.

3 The author is grateful to an anonymous referee for this observation and suggesting the weighting 
approach.
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Lemma 3 (Hotelling rule in globally efficient economies) The resource rent at i increases 
according to the following:

Lemma 4 (Dixit–Hammond–Hoel result in globally efficient economies) The change in 
current consumption is the return on genuine savings, net of the change in genuine savings 
and spatial diffusion. In particular, consumption at i changes according to

Comparing Lemma 1 with Lemma 3, all else equal, the resource price rises more slowly 
in the efficient economies, since dij ≥ 0 for all j ≠ i and �i ≥ 0 for all i. In Lemma 3, since 
resource allocation is also optimized across space, we see the internalized effect of a 
given resource diffusion on neighboring resources, multiplied by relative shadow prices 
( dij �j∕�i ). This term also appears in the consumption change in the DHH result, attenuat-
ing the effect of an exogenous resource inflow. We arrive at:

Proposition 2 (Sustainability in globally efficient economies) The social well-being 
improvement of i is given by

Proof Expressing (3) in present-value utils, we have

which is, using (14) and (15),

so that

Using (16) and ̇̇Si = −Ṙi +
∑

djiṠj , we obtain an extension of Theorem  1 of Dixit et  al. 
(1980):

which is another way of stating Lemma 4. Integrating both sides from [t,∞) and multiply-
ing both sides by e�t∕�0

i
 , we obtain the expression.

Alternatively, use Lemmas 3 and 4, and the rest of the procedure is the same.   ◻

In Proposition 2, added to conventional genuine savings, the net present value of future 
changes in i’s neighboring pools enter i’s intergenerational well-being in much the same 

̇FRi

FRi

= FKi
− dii −

∑

j≠i
dij

𝜎0

j
UCj

FRj

𝜎0

i
UCi

FRi

= FKi
−
∑

j

dij

𝜎0

j
UCj

FRj

𝜎0

i
UCi

FRi

.

Ċi = FKi
Gi − Ġi + FRi

(

N
∑

j=1

djiṠj − Ṡi

N
∑

j=1

dij

𝜎0

j
UCj

FRj

𝜎0

i
UCi

FRi

)

.

dVi(t)

dt
= UCi

Gi + ∫
∞

t

(

UCi
FRi

N
∑

j=1

djiṠj − Ṡi

N
∑

j=1

dij

𝜎0

j

𝜎0

i

UCj
FRj

)

e−𝛿(𝜏−t)d𝜏.

(17)𝜋iĊi = 𝜋iFKi
K̇i + 𝜋iFRi

Ṙi − 𝜋i
̇̇Ki,

(18)𝜋iĊi = −�̇�iK̇i + 𝜌iṘi − 𝜋i
̇̇Ki,

(19)𝜋iĊi = −
d

dt
(𝜋iK̇i + 𝜌iṠi) + �̇�iṠi + 𝜌i

̇̇Si + 𝜌iṘi.

(20)𝜋iĊi = −
d

dt
(𝜋iK̇i + 𝜌iṠi) + 𝜌i

∑

djiṠj − Ṡi

∑

𝜌jdij,
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way as in Proposition 1. Moreover, the net present value of future changes in i’s own pool 
is also captured as a result of social optimality.

To guide green national accounting in imperfect economies, Arrow et al. (2003) pro-
vide a formulation of interconnected resource pools with mutual physical seepage. van der 
Ploeg (2011) further studies their resource pools to show that imperfect property rights can 
lead to rapid resource depletion.5 In the “Appendix”, we show that our current model is a 
generalization of their special case in which all resource pools are subject to the same dif-
fusion rate.

Having seen the differences between globally inefficient and efficient economies, a wor-
thy question is how we can fix the former. The usual Pigouvian taxation on the resource 
extracted would not work well, as we would end up with the same Hotelling rule (i.e., 
Lemma 1). Moreover, a tax rate proportional to the individual extent of diffusion would be 
hard to become operational, even if theoretically possible. Thus, policy intervention should 
aim to correct the diffusion parameters themselves. If the parameters represent the bio-
physical diffusion of natural resources, then the division of resource pools can be fortressed 
by reproducible capital such as impermeable panels. If the diffusion parameters are instead 
more of a proxy of socioeconomic institutions such as the security of property rights and 
administrative capacity, then monitoring and surveillance systems or capacity building 
must be beefed up toward governing the quasi commons.6

3  Nash Equilibrium Outcomes

In Sect. 2, we looked at the polar cases of inefficient and efficient economies. Thus, in this 
section, we consider open-loop Nash equilibrium (OLNE) outcomes, where each owner 
is doing the best they can given each other’s strategy (Reinganum 1982; Reinganum and 
Stokey 1985; Kamien and Schwartz 1991). An OLNE is relevant when each player cannot 
observe each other’s play and resource stocks. As the stock size of other players can be 
induced from one’s own behavior and one’s own extraction, an OLNE is a strong assump-
tion for our setting. This solution concept is often studied mainly because it is more trac-
table than a feedback Nash equilibrium and embodies the efficient case as the benchmark. 
Thus, in an OLNE, decreasing the own extraction does not change the expectation about 
other players’ extraction. However, under resource diffusion, it means that the own stock is 
higher, leading to more diffusion to other players’ stocks (van der Ploeg 2011). We focus 
on the case of N = 2 to avoid unnecessary complicaitions.

The resource owner i maximizes (5) subject to (1) for all j, as well as to (2). Let �j

i
 

denote the shadow price of pool i for j. One can write the current-value Hamiltonian for i 
as a function of time, consumption, resource input, capital stock, and resouce stocks of all 
the owners:

5 By contrast, van der Ploeg (2010a) examines a common resource pool to which individual players rush to 
deplete.
6 Another possible way to close the gap between our inefficient and efficient economies might to convert 
the former into the latter in keeping with the supply-side environmental policy discussion (e.g., Harstad 
2012). That is, the central government may purchase all the resource divisions and issue extracting conces-
sions to the current owners of the resources. Since our N individuals are homogeneous except for the diffu-
sivity of the resources they own, it is socially optimal to issue extracting rights for the same quantity across 
the board.
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where i, j = 1, 2 . The first-order conditions are

with transversality conditions. In the same manner as in Sect. 3, from (22)–(25), we have

Note that the last term represents the outflow weighted by the relative shadow price of pool 
j to pool i, from i’s perspective. But from integrating (26) with regard to time, the shadow 
price of pool j to i can be expressed in a forward-looking way:

which is the net present value of the shadow price of i’s own pool, weighted by the diffu-
sion from the neighbor to i, dji . Thus, we rewrite (27) to obtain

Lemma 5 (Hotelling rule in OLNE) For N = 2 , the resource rent at i increases according 
to the following:

From (3), Definition 3, and Lemma 4, it is straightforward to show:

Lemma 6 (Dixit–Hammond–Hoel result in OLNE) For N = 2 , the change in current con-
sumption is the return on genuine savings, net of the change in genuine savings and spatial 
diffusion. In particular, consumption at i changes according to

(21)
Hi = u(Ci) + �i

(

F(Ki,Ri) − Ci

)

+ �i
i

(

−Ri + diiSi + djiSj
)

+ �i
j

(

−Rj + djjSj + dijSi
)

(22)UCi
= �i,

(23)�iFRi
= �i

i
,

(24)− 𝜆iFKi
= �̇�i − 𝛿𝜆i,

(25)−
𝜕Hi

𝜕Si
= −dii 𝜇

i
i
− dij 𝜇

i
j
= �̇�i

i
− 𝛿𝜇i

i
,

(26)−
𝜕Hi

𝜕Sj
= −dji 𝜇

i
i
− djj 𝜇

i
j
= �̇�i

j
− 𝛿𝜇i

j

(27)
̇FRi

FRi

= FKi
− dii − dij

𝜇i
j

𝜇i
i

.

(28)�i
j
(t) = dji ∫

∞

t

�i
i
(�)e−(�−djj)(�−t)d�,

(29)
̇FRi

FRi

= FKi
− dii − dijdji ∫

∞

t

UCi
(𝜏)FRi

(𝜏)

UCi
(t)FRi

(t)
e−(𝛿−djj)(𝜏−t)d𝜏

(30)Ċi = FKi
Gi − Ġi + FRi

(

djiṠj − dijdjiṠi ∫
∞

t

UCi
(𝜏)FRi

(𝜏)

UCi
(t)FRi

(t)
e−(𝛿−djj)(𝜏−t)d𝜏

)

.
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It is useful to see incremental changes from the results in Sect. 2. In contrast to Lem-
mas 1 and 2 for individual efficiency, Lemmas 3–6 all incorporate the outflow to neighbor-
ing pools, but Lemmas 3 and 4 for globally efficient economies weight diffusion not by 
individual but by the global, fully internalized price. Here, Lemmas 5 and 6 also have the 
terms for diffusion from i to j, but they are valued by their worth only to i.

Multiplying both sides of Lemma 6 by UCi
e−�t , changing the notation from t to � , inte-

grating with regard to � for [t,∞) , and multiplying both sides again by e�t , we obtain

Proposition 3 (Sustainability in OLNE) For N = 2 , the social well-being improvement of i 
is given by

where

Proposition 3 is placed between Propositions 1 and 2, in that externality of the outflow 
is internalized as in Proposition 2, but only to the extent that it is valued from i’s perspec-
tive. If it were �i

j
= �

j

j
 , it would converge to the globally efficient case of Proposition 2, 

except for the number of owners and Negishi weighting.

4  Numerical Example

In this section, we illustrate how the numerical estimations of genuine savings are adjusted 
for non-renewable resources in the presence of spatial diffusion, using the results provided 
in Sect. 2.

To prepare for the numerical estimations, we consider a simple asymmetric example of 
two countries under spatial diffusion. Suppose two otherwise identical neighboring coun-
tries, A and B, each endowed with an initial non-renewable natural capital of SA(0) and 
SB(0) , respectively, where SA(0) < SB(0) . In addition, we assume asymmetric spatial diffu-
sion, where a constant proportion, 0 < 𝜖 < 1 , of the natural resource of country A diffuses 
to B in each period. In this unidirectional setting, the diffusion parameters should read

Table 1 summarizes the theoretical results. We start with an inefficient economy in which 
A and B act independently. For country A, out of which a constant proportion of resource 
flows, Lemma 1 states that the generalized Hartwick (DHH) rule includes the diffusion 
rate. The accelerated rate of the resource rent increase revealed in this rule is canceled out 
by spatial diffusion, meaning that the change in consumption is unaffected, as in Lemma 2. 
As a result, the change in intergenerational well-being can be proxied for by conventional 
genuine savings (Proposition 1).

For country B, by contrast, the DHH rule takes the familiar form with no effect of diffu-
sion (Lemma 1), because the resource blessing from its neighbor is outside its control. Spa-
tial diffusion is thus a positive externality, and the consumption change incorporates the 
decrease in the neighboring pool (Lemma 2). Accordingly, conventional genuine savings 

(31)
dVi(t)

dt
= UCi

Gi + ∫
∞

t

(

UCi
FRi

djiṠj − Ṡi dij 𝜇
i
j

)

e−𝛿(𝜏−t)d𝜏,

(32)�i
j
(t) = dji ∫

∞

t

UCi
FRi

e−(�−djj)(�−t)d�.

(33)dAA = −�, dAB = �, dBB = 0, dBA = 0.
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would overstate the change in intergenerational well-being (Proposition 1). The net present 
value of a future decrease in the neighboring resource pool enters the formula, with a suit-
able discount rate applied. This represents the value to country B by applying the marginal 
resource rent for B, not A.

We now turn to a globally efficient economy in which extractions are determined to 
maximize the intergenerational well-being of A and B combined. Because the resource 
stock of country A affects the resource dynamics and management of both A and B, the 
resource rent increase also embodies the resource scarcity of both A and B. Consequently, 
the relative shadow price of A and B is internalized in the generalized Hartwick (DHH) 
rule for A (Lemma 3). Unless the shadow prices of the resource between A and B are equal, 
the resource rent increases at a rate that deviates from the interest rate. The consumption 
change of A also internalizes this diffusion effect (Lemma 4). Similarly, the change in the 
intergenerational well-being of A includes the diffusion effect weighted by the marginal 
utility of B relative to A, in addition to the usual genuine savings (Proposition 2). For coun-
try B, by contrast, all three theoretical results stay the same as in inefficient economies.

To summarize our results in the fourth and seventh rows (i.e., Propositions 1 and 2) in 
Table 1, genuine savings ( Gi ) correctly proxy for the change in intergenerational well-being 
only for country A, from which the resource constantly diffuses, and only in an inefficient 
setting. Genuine savings overestimate the sustainability of country B in either regime 
because they do not reflect the net present value of any future decrease in the resource 
stock of its neighbor. If the global economy is efficiently managed, the genuine savings of 
country A should be adjusted upward to reflect the value of the diffusion of its resource to 
B.

For illustrative purposes, to see the order of magnitude of the adjustment required to 
reflect the diffusion effect, we hypothesize that subsoil oil diffuses from Kuwait (country 
A) to Saudi Arabia (country B).7 If each country manages its economy independently, the 
genuine savings of Kuwait can be used with no adjustment. That is, capital investment net 

Table 1  An example of the asymmetric diffusion between the two countries

Regime Country A Country B

Inefficient
Lemma 1 Ḟ

Ri

F
Ri

=
F
K
A

+ � F
K
B

Lemma 2 Ċ
i
= F

K
A
G

A
− Ġ

A
F
K
B
G

B
− Ġ

B
+ 𝜖 F

R
B
Ṡ
A

Proposition 1 V̇
i

U
Ci

= G
A G

B
+
(

𝜖

𝛿

)

F
R
B
Ṡ
A

Efficient
Lemma 3 Ḟ

Ri

F
Ri

= F
K
A

+ �

(

1 −
U

CB
F
RB

U
CA

F
RA

)

F
K
B

Lemma 4 Ċ
i
= F

K
A

G
A
− Ġ

A
− 𝜖

U
CB

U
CA

F
R
B

Ṡ
A

F
K
B
G

B
− Ġ

B
+ 𝜖 F

R
B
Ṡ
A

Proposition 2 V̇
i

U
Ci

= G
A
−
(

𝜖

𝛿

)

U
CB

U
CA

F
R
B
Ṡ
A

G
B
+
(

𝜖

𝛿

)

F
R
B
Ṡ
A

7 We hasten to add that no evidence of such a physical diffusion exists.
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of resource depletion, including resources that diffuse to Saudi Arabia, can correctly show 
the change in intergenerational well-being. A correct indicator of the well-being change of 
Saudi Arabia, which partially depends on its neighbor’s oil, should be adjusted by the net 
present value of Kuwait’s resource depletion.

Assume, for now, that the diffusion rate is � = 0.01 and the social rate of discount is 
� = 0.03 . Average genuine savings in 2012–2016 are 40.2 and 146.3 in Kuwait and Saudi 
Arabia, respectively, while their energy depletion is 20.5 and 87.9 (in billion USD).8 These 
figures show that both countries have experienced sustainable development in the sense of 
non-declining wealth in recent years by investing more into other forms of capital than nat-
ural capital depletion. Suppose also that the energy rent per unit is the same in both nations 
(i.e., FRA

= FRB
 ). To account for the adjustment in efficient economies, we need the relative 

shadow prices of natural capital depletion. A utility function is assumed to have the elastic-
ity of marginal utility of � = 2 , so that UCi

= C−2
i

 . Using the actual average consumption 
per capita in these countries, we set CA = 20.1 and CB = 13.5 in thousand USD.

With these figures in hand, Table  2 summarizes the hypothetical estimates. The cur-
rent numerical examples show a limited order of magnitude of the diffusion effect for B, 
adjusted from 146.3 to 139.5. However, the negative effect of spatial diffusion can over-
come the positive genuine savings of B if the diffusion rate is more than around seven 
times the discount rate. For country A in an efficient setting, genuine savings are always 
adjusted upward to indicate sustainability. In the example shown in Table 2, the efficient 
interpretation of the observables suggests a more optimistic view (55.3) than genuine sav-
ings indicate (40.2). This adjustment is subject, among others, to the elasticity of marginal 
utility, � . This parameter has multiple interpretations such as inequality aversion, risk aver-
sion, intertemporal substitution, and goods substitution, but inequality aversion would fit 
our context. The more inequality averse the global society is, the larger the adjustment will 
be, as society is more concerned about the impact of diffusion in spatial units with different 
income levels.

Moreover, if A and B are interchanged, so that the resource is assumed to flow out from 
B (Saudi Arabia) to A (Kuwait), the sustainability of A can turn negative if the diffusion 
rate is more than half the discount rate. This interchanged example shows that if you par-
tially depend on the resource flowing in from your neighbor that is a large consumer of the 
resource, then your own sustainability is naturally at more peril. This interpretation can 
be extended from pure physical diffusion to any ill-defined property rights attached to the 
resource.

Table 2  A numerical example 
of the index of the well-being 
change

Regime Country A Country B

Ineffi-
cient

G
A
= 40.2

G
B
+
(

𝜖

𝛿

)

F
R
B
Ṡ
A

= 146.3 +
(

0.01

0.03

)

(−20.5) = 139.5

Efficient
G

A
−
(

𝜖

𝛿

)

U
CB

U
CA

F
R
B
Ṡ
A

(same as above)

= 40.2 −
(

0.01

0.03

) (

13.5

20.1

)−2

(−20.5) = 55.3

8 Genuine savings and resource depletion are taken from “adjusted net savings, including particulate emis-
sion damage” and “energy depletion” (current USD) in World Bank (2018).
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Overall, the numerical examples here highlight the importance of the diffusion rate 
relative to the discount rate (i.e., �∕� ) because of the forward-looking nature of the diffu-
sion effect to sustainability. In efficient economies, the elasticity of marginal utility also 
affects the estimate because the diffusion effect to the neighboring country is internalized 
there. Of course, the resource rent and marginal utility stay relevant, as in previous green 
accounting studies, because they constitute the shadow price of natural capital.

5  Aggregation and Disaggregation Across Spatial Units

In practical wealth accounting, either the aggregation or the disaggregation of the change 
in wealth among different spatial units is sometimes performed. For instance, UNU-IHDP 
and UNEP (2014) reports “world wealth” or “regional wealth” such as Asia and Europe by 
seemingly simply summing the wealth of the individual nations in US dollars. The report 
shows that world wealth is composed of produced capital (18%), human capital (54%), and 
natural capital (28%). By the same token, in their recent update of wealth accounting by 
the World Bank, Lange et al. (2018) estimate per capita wealth for 2014 as 168,580 US 
dollars by simply dividing the simple sum of the wealth of all the countries in the world by 
the global population. However, whether such treatment would bring us to the real change 
in world social well-being is unclear. Indeed, it is a legitimate treatment only in a globally 
optimum world. This is not only of theoretical interest but also practically critical, with 
increased attention being paid to the “planetary boundaries” that calculates global conse-
quences of natural capital consumption.9

It is straightforward to examine this point in the asymmetric two-country model shown 
in the previous section. Using the results in the fourth and seventh rows of Table 1, the 
change in global well-being in an ineffcient setting reads

in utils. Set against this is the change in global well-being in a globally efficient world, 
which is now

This pair of equations delivers the following three points. First, both (34) and (35) show 
that in the aggregation of the well-being change, genuine savings in consumption need to 
be weighted by the marginal utility of consumption of the spatial unit under study. Sec-
ond, in an inefficient economy, the forward-looking term of future spatial diffusion remains 
in the change in global well-being, as in Eq. (34). Third, in a globally efficient economy, 
the forward-looking terms that appear in the change in the well-being of A and B cancel 
each other out, as in Eq. (35); therefore, the correct index can only be computed by using 

(34)V̇A + V̇B = UCA

[

GA +
UCB

UCA

(

GB +
(

𝜖

𝛿

)

FRB
ṠA

)

]

(35)V̇A + V̇B = UCA

[

GA +
UCB

UCA

GB

]

.

9 In the presence of spatial heterogeneity, Addicott and Fenichel (2019) demonstrate that shadow price 
functions hinge on the order of spatial aggregation and valuation even within a specific natural capital.
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the weighted sum of genuine savings, as resources are allocated in a way that maximizes 
global intergenerational well-being.

In summary, given that the inefficient setting is closer to our economy, Eq. (34) shows 
that the global indicator of sustainability should include the effect of the spatial diffusion 
between spatial units. Moreover, not only the diffusion effect but also conventional genuine 
savings should be weighted by the relative marginal utility of consumption. Table 3 shows 
the aggregation using the numerical example from Sect. 3.

To rewrite this point in a general format that pertains to Sect. 2, we employ Propositions 
1 and 2 to derive global sustainability. First, summing the individual well-being improve-
ment shown in Proposition 1, we obtain

This equation, which generalizes (34), implies that in inefficient economies, one needs to 
adjust for the forward-looking term that represents the weighted sum of the diffusion effect 
of the resource depletion of neighbors.

By contrast, in a globally efficient state, the summation of the individual well-being 
improvement disappears from the forward-looking diffusion term. It is immediate from 
Proposition 2 that the global well-being improvement ends up with

This shows that if a global government ensures the efficient allocation of resources both 
dynamically and spatially, simply aggregating genuine savings (i.e., the change in inclusive 
wealth) is sufficient. Your neighbor’s diffusion is already internalized in the sustainability 
index of yours, so there is no need to adjust for the diffusion once it is included in genuine 
savings.

Furthermore, even if all the future effects of diffusion are properly accounted for, a 
different marginal utility of consumption should be attached as weighting factors to the 
change in wealth, as is apparent in Eqs. (36) and (37). This is not necessarily pronounced 
in the literature,10 largely because wealth accounting has not been concerned with spatial 
heterogeneity. Considering that the marginal utility of consumption should be largely dif-
ferent among nations, this is another rationale for advising against simply aggregating the 
increase in “world wealth” as an indicator of world social well-being. It would also raise 

(36)
∑

i

V̇i =
∑

i

UCi
Gi + �

∞

t

∑

i

UCi
FRi

∑

j≠i
dji Ṡj e

−𝛿(𝜏−t)d𝜏.

(37)
∑

i

V̇i =
∑

i

UCi
Gi.

Table 3  A numerical example 
of the index of the well-being 
change, globally aggregated

Regime

Inefficient
G

A
+

U
CB

U
CA

(

G
B
+
(

𝜖

𝛿

)

F
R
B
Ṡ
A

)

= 40.2 +
(

13.5

20.1

)−2

∗ 139.5

Efficient
G

A
+

U
CB

U
CA

G
B
= 40.2 +

(

13.5

20.1

)−2

∗ 146.3

10 An explicit account of the different marginal utility of consumption in a cost/benefit analysis can be 
found in Nyborg (2014). Our discussion differs by focusing on wealth accounting and sustainability assess-
ment.
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concerns about aggregating the change in inclusive wealth even within an economy if it is 
composed of heterogeneous spatial units.

At the other end of the spectrum, the disaggregation of wealth accounting (e.g., from a 
nation to a state or province) seems to be more challenging. As there is diffusion in natu-
ral capital (or any capital asset for that matter), simply disaggregating the capital assets is 
insufficient to ensure the equivalence between wealth and well-being. As Propositions 1 
and 2 suggest, the present value of all the future consequences of resource diffusion should 
be adjusted. Moreover, the accountant has to know whether the prevailing resource alloca-
tion mechanism across space is optimal, as the forward-looking adjustment to inclusive 
wealth differs from inefficient (Proposition 1) to efficient (Proposition 2) regimes. How-
ever, we resort to the inefficient setting (Proposition 1) more often in real-world wealth 
accounting.

6  Concluding Remarks

In this study, we extended genuine savings as an index of capital-based sustainability to 
incorporate the spatial diffusion of natural capital. Specifically, in a general model of diffu-
sion between resource pools, it was shown that the Hotelling rule and generalized Hartwick 
(Dixit–Hammond–Hoel) results are adjusted to reflect diffusion onto efficient policies and 
consumption change. Consequently, we obtained an adjusted indicator of intergenerational 
well-being, which would be overstated by the genuine savings used in the literature. The 
additional term is forward looking, as it incorporates the net present value of the effect of 
decreased diffusion due to the current depletion in a neighboring pool. Proposition 1 con-
tributes to the literature on how to adjust the genuine savings indicator when technology is 
non-stationary. Normally, we think of this when there is technological progress or in the 
case of countries having changing terms-of-trade. Here positive external effects lead to the 
non-stationary technology.

Moreover, forward-looking terms take different forms between inefficient and efficient 
economies. Proposition 2 is more interesting by analyzing the proper adjustment of the 
genuine savings indicator in the case where these positive external effects are internalized, 
leading to additional terms relating to the diffusion of resources from the country in ques-
tion. The numerical application to the asymmetric diffusion of subsoil resources highlights 
the relevant parameters that determine the order of magnitude of the adjustment.

We focused on the effect of the spatial interaction of resources. A promising extension 
would be to allow for the economic interaction of capital. Indeed, resource-rich economies 
can tap into the international oil market to accumulate economic assets in the form of sov-
ereign wealth funds. This open-economy setting has many implications. For example, the 
value of the depletion of natural capital may be offset by the accumulation of net foreign 
assets. Moreover, if the marginal resource rent is expected to increase, genuine savings 
look negative for the time being (Vincent et al. 1997). van der Ploeg (2010b) also points 
out many other possible reasons for negative genuine savings, including anticipated tech-
nical progress in the extraction technology. Formally, this resembles the forward-looking 
term in Propositions 1 and 2 in our analysis of the spatial diffusion of resources.

On the empirical front, a straightforward extension of our study is to apply the spatial 
diffusion to natural resources either between or within nations as well as negative stock 
externalities. Green accounting has developed as an extension of national accounting, 
which has paid insufficient attention to spatial heterogeneity. As discussed in Sect. 5, this 
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goes for both spatial diffusion and the different marginal utility in subregions. The aggre-
gation of, or disaggregation into, subregions with a suitable account of spatial diffusion 
would enable us to put regional disparities into sharp relief, which tend to be glossed over 
in national accounting.

The application to negative stock diffusion is also relevant. Carbon damage, the larg-
est stock externality, is incorporated into green accounting using the social cost of carbon 
estimates (UNU-IHDP and UNEP 2014; World Bank 2018). This can be performed with 
relative ease because the carbon stock is a global public bad that does not require regional 
diffusion dynamics (Arrow et al. 2012). A negative stock diffusion of a more local nature, 
by contrast, has not been fully addressed. In theory, flow pollutants do not affect green 
accounting, only stock pollutants do (Pezzey 2004); however, the distinction between the 
two may be practically challenging. Some studies have added particulate matter under the 
tacit understanding that it comes from a domestic stock source (World Bank 2018). With 
sufficient data and stock dynamics, our model could be applicable to transboundary stock 
pollution by adding the forward-looking term of the expected change in the stock source of 
pollution as well as adjusted marginal utility.

At a global level, the value of the change in natural capital could be aggregated accord-
ing to the procedure in Sect. 5, with the different marginal utility attached as weighting fac-
tors in a way that differs from the simple summation currently performed. The diffusion of 
natural capital into a poorer constituency, for example, may be related to a higher shadow 
price. This aggregation exercise that ultimately gets us to world wealth would thus be a 
critical piece of information, as it indicates whether we are nearing or have crossed well-
known planetary boundaries.

Appendix: Example—Symmetric Diffusion

In this “Appendix”, we show that the symmetric resource pools analyzed by van der Ploeg 
(2011) are embedded into our model presented in Sect. 2. To see this, suppose each pool 
is symmetric with a constant diffusivity of � instead of dji . Formally, we have dji = � for 
all j ≠ i and dii = −(N − 1)� , as there are N − 1 interconnected pools out of which the 
resource flows. Lemma 1 suggests that the resource price moves according to

in an inefficient economy. This is the political Hotelling rule (van der Ploeg 2011) where 
non-cooperative agents rush to withdraw non-renewable resources, thereby accelerating 
the resource price rise. The more factions there are (N), the more aggressive the resource 
extraction becomes.

By contrast, Lemma 3 leads to

in a globally efficient economy. This is the rule when the global optimum is ensured by a 
social planner. The above expression clarifies that, in general, simply integrating multiple 
regions into one does not entail the conventional Hotelling rule. If the shadow prices of 

(38)
̇FRi

FRi

= FKi
− dii = FKi

+ (N − 1)𝜖

(39)
̇FRi

FRi

= FKi
− dii −

∑

j≠i
dij

𝜇j

𝜇i

= FKi
+

(

N − 1 −
∑

j≠i

𝜎0

j

𝜎0

i

𝜇j

𝜇i

)

𝜖
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every pool are equalized across space for one reason or another ( �j = �i for all j ≠ i ), then 
the second term on the right-hand side disappears and the conventional rule ̇FRi

∕FRi
= FKi

 
applies.

Consumption dynamics can be described as

in inefficient and efficient regimes, respectively.
Finally, the change in local social well-being in utility units is

in inefficient and efficient regimes, respectively.
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