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Abstract
It is widely recognized that the evaluation of risky projects critically depends on how 
the riskiness of future benefits is treated. Standard discounting theories are based on the 
assumption that risks that are uncorrelated with aggregate risk are diversified, so that pro-
jects’ idiosyncratic risk is not priced. However, this may not be true for long-term risky 
projects, such as those with persistent idiosyncratic shocks. In this study, we investigate 
the impact of both aggregate risk and nondiversifiable idiosyncratic risk on the discount 
rate for risky projects. We extend the generalized discount rate to the case of persistent 
shocks. A particular advantage of the generalized discount rate is that it can be applied in 
the setting of incomplete markets. We show that nondiversifiable idiosyncratic risk reduces 
the discount rate, and increases the present value of projects’ future uncertain benefits. We 
further apply our findings to the evaluation of emissions reduction projects.

Keywords Generalized discount rate · Term structure · Idiosyncratic risk · Cost–benefit 
analysis · Emissions reduction projects

JEL Classification H43 · D61 · G12

1 Introduction

The choice of an appropriate discount rate is a critical and contentious issue in environ-
mental and resource economics, as it determines whether a project passes the cost-ben-
efit test. This is especially true for projects with long time horizons and uncertain ben-
efits (Arrow et al. 2013, 2014). The discount rate for risky projects is critically dependent 
upon the riskiness of future benefits. Classical discounting models implicitly assume that 
a project’s idiosyncratic risk can be diversified, and therefore, this risk is not priced (Gol-
lier 2014, 2016b; Dietz et al. 2018). However, public projects are not arbitrarily divisible 
(Traeger 2013), and idiosyncratic risk should be incorporated into the discount rate of 
climate change investments (Weitzman 2013). In this study, we investigate the impact of 
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both aggregate risk and nondiversifiable idiosyncratic risk on the discount rate for risky 
projects.

In our model, we assume that risky projects’ benefits are affected by both uncertainties 
of consumption growth and project productivity. Traeger (2013) initially defines a general-
ized discount rate (GDR) that is determined by the joint distribution of an uncertain con-
sumption growth rate and project productivity rate. The GDR, as a devaluation rate, meas-
ures the present value consumption loss due to a future shift to productive consumption. 
Motivated by Traeger (2013), we use the GDR framework to evaluate risky projects. We 
relax the assumption of perfect serial correlation in Traeger (2013)1 and assume that both 
consumption growth and project productivity rates are time-varying.

Based on Bansal and Yaron (2004), we assume that both the consumption growth rate 
and project productivity rate contain small but persistent predictable components. The 
logic behind this assumption is that the consumption growth rate in the current stage is 
affected by that of the previous stages. Meanwhile, the project productivity rate is affected 
by both the consumption growth rate of the previous stages as well as idiosyncratic persis-
tent components of the previous stages, which are independent of the consumption growth 
process.

We find that two effects determine the term structure of the GDR. The first is the relative 
wealth effect, which captures the difference between the future wealth level in the economy 
and that of the project. The second is the joint risk effect, which reflects the impact of the 
overall uncertainty of consumption growth and project productivity. If the consumption 
growth and project productivity rates have no serial correlation, the GDR is flat. Other-
wise, the joint risk effect reduces the GDR, while the impact of the relative wealth effect on 
GDR depends on the relative level of social wealth growth and project productivity. When 
the small consumption growth rates dominate the valuation of marginal consumption and, 
simultaneously, the large productivity rates dominate the payoff expectations, the relative 
wealth effect reduces the GDR. The combined effect thus leads to a decreasing GDR term 
structure. However, if a high social wealth growth is accompanied by a low project pro-
ductivity, the relative wealth effect increases the GDR. Furthermore, if the increasing trend 
due to the relative wealth effect overwhelms the decreasing trend due to the joint risk effect, 
the combined effect makes the GDR increase over time for small maturities.

We further apply our findings to the evaluation of emissions reduction projects whose 
nondiversifiable idiosyncratic risk stems from persistent shocks due to climate sensitiv-
ity changes. Our numerical application implies that the discount rate for risky projects 
is overestimated and the present value (PV) of emissions reduction benefits is underesti-
mated when ignoring the impact of the nondiversifiable idiosyncratic risk. Furthermore, 
our numerical application also illustrates that the higher the intensity of macroeconomic 
impact, the smaller the GDR and the greater the PV of emissions reduction benefits.

Our study contributes to the discounting theory for risky projects in three ways. First, 
we provide a general approach to evaluate long-term risky projects by extending the GDR. 
A particular advantage of this approach is that it can be applied to evaluate risky projects 
in the setting of incomplete markets. Second, we explicitly quantify the impact of idio-
syncratic risk on the discount rate for risky projects. We demonstrate that nondiversifi-
able idiosyncratic risk reduces the discount rate and increases the PV of projects’ future 
uncertain benefits. If the idiosyncratic risk is diversifiable, our result is consistent with that 

1 Traeger (2013) states that such simplified models of perfect serial correlation should not be used to derive 
quantitative policy guidance.
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of the classical discounting model. Third, we apply our findings to the evaluation of emis-
sions reduction projects. Our extended GDR approach can avoid underestimating the PV of 
an emissions reduction project when it is significantly affected by persistent idiosyncratic 
shocks associated with climate sensitivity.

Our study is closely related to the risk-adjusted discount rate (RADR) literature on 
evaluating risky projects (Gollier 2014, 2016b; Dietz et  al. 2018). The RADR literature 
is based on the consumption-based capital asset pricing model (CCAPM) of Lucas (1978) 
in the setting of complete markets. The corresponding RADR is the sum of a risk-free dis-
count rate and a project-specific risk premium. The project-specific risk premium is deter-
mined by the CCAPM beta of the project and the macro risk premium, and there is no risk 
premium associated to idiosyncratic risk. However, future markets for long-term projects 
do not always exist or are incomplete (Traeger 2013), and therefore the idiosyncratic risk 
may not be diversified. Furthermore, Weitzman (2013) states that the idiosyncratic risk of 
a long-term risky project with environmental impacts should be priced. Motivated by Trae-
ger (2013) and Weitzman (2013), by extending the GDR, we explicitly quantify the impact 
of a project’s idiosyncratic risk on the discount rate. Our research enriches the discount-
ing theory of risky projects in the setting of incomplete markets. This paper is also linked 
to literature on the discount rate for projects with certain future benefits. There are two 
streams to investigate risk-free discount rates (Groom et al. 2005; Arrow et al. 2013, 2014; 
Cropper et al. 2014): the consumption-based approach2 and the expected net present value 
approach.3 We lean on the consumption-based approach to define the relative wealth effect. 
Inspired by the expected net present value approach, we incorporate the persistent shocks 
of productivity rate into our model. This paper is also linked to recent literature on the eco-
logical discount rate, which is used to evaluate natural capital such as environmental goods 
and services (Hoel and Sterner 2007; Gollier 2010, 2019). The GDR is consistent with the 
ecological discount rate if the degree of the substitutability of natural capital can be used to 
measure the productivity of environmental services.

The remainder of this paper is organized as follows. In Sect. 2, we present the extended 
GDR and introduce two effects that determine the term structure of the GDR. In Sect. 3, we 
discuss the term structure of the GDR and analyse the impact of the nondiversifiable idi-
osyncratic risk. In Sect. 4, we present a numerical application. We conclude with Sect. 5.

2  Obtaining the Generalized Discount Rate

Here, we extend the GDR with time-varying consumption growth and project productivity 
rates and define two effects on the term structure of project-specific GDR.

2 The consumption-based approach assumes that a new project is financed by an increase in the savings 
of the current generation, and an agent’s impatience and anticipation regarding the future of the economy 
determine the discount rate (Ramsey 1928). Notable studies addressing the consumption-based discount 
rate include Weitzman (2007, 2009, 2012), Gollier (2007, 2008), Grijalva et al. (2014), and Johansson-Sten-
man and Sterner (2015).
3 The expected net present value approach claims that the equilibrium economy-wide productivity rate 
determines the certainty-equivalent discount rate, which is proposed by Weitzman (1998, 2001). Papers 
addressing expected net present value approach include Weitzman (2010), Gollier (2004, 2016a), Hepburn 
and Groom (2007), Gollier and Weitzman (2010), Traeger (2013), and Freeman and Groom (2015, 2016).
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2.1  Model

We follow Traeger’s (2013) framework to present the GDR. Assume an agent consumes 
c0 units in the present and ct units at date t, considering an investment project that reduces 
current consumption by some certain amount � , which yields an uncertain payoff of �Ft 
units at time t. This project affects the agent’s welfare according to:

where u is an increasing and concave utility function and � is the rate of pure time prefer-
ence. Therefore, the change in the agent’s consumption utility from carrying out the project 
is

Traeger (2013) defines �t =
1

t
ln(1 +

Δ�t

�
) as the annual surplus rate and Rt = −�t as the 

GDR:

Traeger (2013) assumes Ft = ert and ct = c0e
gt , where r is a project’s annual productive 

rate and g is the annual growth rate of consumption between dates 0 and t.4 In this paper, 
we extend Traeger’s theoretical framework to a general situation, where the consumption 
growth and project productivity rates are time-varying.

The GDR, defined as an annual devaluation rate, measures the present value consump-
tion loss from a productive consumption shift into the future. The corresponding general-
ized discount factor, exp(−Rtt) , can be explained as follows. The PV of investing an extra 
unit of productive consumption today that yields Ft units at time t equals exp(−Rtt).

If there exists a complete future market, the GDR of an equilibrium project equals zero. 
However, long-term risky projects often suffer from non-excludability, non-rivalry, and 
are not arbitrarily divisible, and future markets are incomplete (Traeger 2013). Therefore, 
long-term risky projects do not imply a zero GDR. Furthermore, in the setting of incom-
plete markets, a project’s idiosyncratic risk that is uncorrelated with aggregate risk may 
not be diversified and may have a significant impact on the PV of the project’s uncertain 
benefits. The GDR, as shown in Eq. (3), maps the uncertain benefits to PV and prices the 
project’s idiosyncratic risk. Accordingly, this paper discusses the GDR performance with 
dual uncertainty due to project productivity and macro consumption growth processes.

2.2  Relative Wealth Effect and Joint Risk Effect

We define gt = ln ct − ln ct−1 as the log consumption growth rate and rt = lnFt − lnFt−1 as 
the log productivity rate of the project from time t − 1 to t. We use a binary random vari-
able, Yt , to represent the compound growth process of consumption and project productiv-
ity, that is, Yt = (gt, rt)

� . Furthermore, we introduce the following definition.

(1)Δw = u(c0 − �) − u(c0) + E[u(ct + �Ft) − u(ct)] exp(−�t),

(2)Δ�t =
Δw

u�(c0)
=

{
−1 + E

[
u�(ct)

u�(c0)
Ft

]
exp(−�t)

}
�.

(3)Rt = � −
1

t
lnE

[
u�(ct)

u�(c0)
Ft

]
.

4 Traeger (2013) proposes the GDR to solve the Weitzman–Gollier puzzle (Weitzman 2001; Gollier 2004). 
He discusses GDR performance in the case of perfect serial correlation.
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Definition 1 The bivariate cumulant-generating function (CGF) Ψ(�1, �2) is defined as:

for all Θ = (�1, �2)
� for which the expectation is finite.

The CGF simplifies the technological side of the model. Based on Martin (2013), when 
vector Yt follows a binary normal distribution with mean (�1,�2) and variance-covariance 

matrix 
(
�11 �12
�12 �22

)
 , the CGF function of Yt can be expressed as:

If the compound growth rate Yt follows an independent and identically distributed (i.i.d.) 
process, the CGF of the Yt can be rewritten as:

for any t > 0.
For the constant relative risk aversion (CRRA) utility function, that is, u(ct) =

c
1−�
t

1−�
 , 

where � is the relative risk aversion coefficient and 𝜂 > 0, 𝜂 ≠ 1 , from Eq. (5), the expres-
sion of the GDR in Eq. (3) simplifies to:

Therefore, the term structure of the GDR is completely flat for the CRRA utility function 
combined with an i.i.d. process. In fact, if Yt follows an i.i.d. normal process, from Eqs. (4) 
and (6), the expression of the GDR, Rt , can be written as follows:

where �1 and �2 are the expectations of gt and rt , respectively. �11, �22, and �12 are the ele-
ments of the variance-covariance matrix of the joint growth process.

The first three terms capture the difference between the simple consumption-side Ram-
sey discount rate and the project’s expected productivity rate. In particular, the second term 
��1 is referred to as a “wealth effect” that reflects the future wealth level of the entire econ-
omy,5 and �2 in the third term reflects the future wealth level of the project. Therefore, we 
call the combined second and third terms as the “relative wealth effect”.

The last three terms capture the joint risk from dual uncertainty of consumption growth 
and a project’s productivity. We call the last three terms as the “joint risk effect”. Both 
the variance of the consumption growth rate and the project’s productivity rate reduce the 
GDR. If the productivity rate is positively (negatively) related to the consumption growth 

Ψ(�1, �2) = lnE[eΘ
�Yt ] = lnE

[(
ct

ct−1

)�1
(

Ft

Ft−1

)�2
]
,

(4)Ψ(�1, �2) = �1�1 + �2�2 + 0.5�2
1
�11 + 0.5�2

2
�22 + �1�2�12.

(5)Ψ(�1, �2) =
lnE[(

ct

c0
)�1 (

Ft

F0

)�2 ]

t
,

(6)Rt = � − Ψ(−�, 1).

(7)
Rt = � + ��1 − �2

⏟⏞⏟⏞⏟
relative wealth effect

−
1

2
�2�11 −

1

2
�22 + ��12

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
joint risk effect

,

5 An increase in the consumption growth rate makes an agent reluctant to sacrifice present consumption to 
improve the future, which is already better than the present (Gollier 2012).
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rate, the covariance of the consumption growth rate and the project’s productivity rate 
increases (decreases) the GDR.

An i.i.d. process implies that the compound growth rate contains no serial correlation 
and the previous stages’ growth rate provides no information about the future growth rate. 
However, any model of long-term economic growth should recognize the persistence of 
shocks at different frequencies (Gollier 2014). Indeed, many empirical studies on discount 
rates focus on how the persistence in uncertainty regarding the discount rate affects the 
certainty-equivalent discount rate (Newell and Pizer 2003; Groom et al. 2007; Gollier et al. 
2008; Hepburn et al. 2009; Freeman et al. 2015). These studies show that the persistence of 
shocks on economic growth increase the long-term macroeconomic uncertainty. Thus, in 
the next section we analyse the term structure of the GDR under an evolution process with 
persistent shocks.

3  GDR Term Structure

Here, we investigate how the relative wealth effect and joint risk effect form the shape of 
the term structure of the GDR and compare the GDR approach with the RADR approach.

3.1  GDR Under a Process with Persistent Shocks

Frequently, the economic growth in a given year is affected by that in the previous year or 
even that in past years. Due to the economic cycle, economic growth may present a phe-
nomenon of regression to the mean. For example, although the GDP growth rate in China 
has remained at about 7 % in recent years, such a high growth rate cannot be sustained for 
a long time. The reason may be the diminishing returns to capital and labour inputs, which 
allow the economy to adapt to a lower or more reasonable growth rate. In this section, we 
assume that the consumption growth and project productivity rates follow mean-reverting 
processes.

Following Bansal and Yaron (2004), we use a stochastic process with persistent shocks 
to describe the mean-reverting process of consumption growth:

where parameter �1 is the historical mean of gt . Variable yt is a persistent component with 
an initial state y−1 , and its degree of persistence is represented by parameter � , which takes 
values between 0 and 1. If � = 0 , the model reverts to a pure random walk. If y−1 = 0 , the 
expectation of the consumption growth rate equals its historical mean.

Similarly, we assume that the project’s productivity rate also contains persistent compo-
nents and follows a mean-reverting process:

where parameter �2 is the historical mean of rt . Variable it with initial state i−1 is the idi-
osyncratic persistent component of the project’s productivity rate, which is independent of 

(8)
gt = �1 + yt + �gt
yt = �yt−1 + �yt
�gt ∼ N.i.i.d.(0, �2

g
), �yt ∼ N.i.i.d.(0, �2

y
),

(9)
rt = �2 + �t(�tyt + (1 − �t)it) + �rt
it = it−1 + �it
�rt ∼ N.i.i.d.(0, �2

r
), �it ∼ N.i.i.d.(0, �2

i
),
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yt . Parameter �t represents the intensity of total persistent shocks to the project’s productiv-
ity rate. The total persistent shocks are assumed to be a weighted sum of persistent con-
sumption growth shocks and persistent idiosyncratic shocks, the weight associated to per-
sistent consumption growth shocks being �t . If �t = 1 , all persistent shocks to the project’s 
productivity rate stem from the consumption growth process, and the project’s idiosyn-
cratic risk comes from a transitory shock �rt . If �t = 0 , the project’s productivity rate has 
nothing to do with the business cycle. There is no reason �t and �t should be constant over 
time. We could proceed with a general analysis of GDR in terms of time-varying �t and �t . 
However, in order to identify the impact of idiosyncratic risk on the GDR more concisely, 
we assume that these two parameters are constant in the following discussion.

To obtain the analytic expression of the GDR, we denote Xt and Zt as the cumulative 
consumption growth and productivity rates, respectively:

From Definition 1 in Sect. 2.2, the CGF of (Xt, Zt) is Ψ(Xt ,Zt)
(�1, �2) = lnE[e�1Xt+�2Zt ] . The 

GDR defined by Eq. (3) can therefore be rewritten as:

By carefully iterating and summing Eq. (10) and using the expression of CGF in Eq. (4), 
we obtain the following proposition.

Proposition 1 If the consumption growth and project productivity rates follow a mean-
reverting process with persistent shocks [i.e., Eqs. (8)–(9)], the corresponding GDR is:

where

and

Proof See “Appendix 1”.   ◻

Proposition  1 provides the analytical expression of the GDR under a mean-reverting 
process with persistent shocks. The GDR is the sum of the rate of pure time preference � , 
relative wealth effect term D(t), and joint risk effect term V(t). Next, we analyse the term 
structure of D(t) and V(t).

The relative wealth effect contains four constant terms and a time-varying term, i.e., 
(� − ��)y−1

�

1−�

1−�t

t
 , which is caused by the persistent consumption growth component. 

Xt =

t−1∑

�=0

g� , Zt =

t−1∑

�=0

r� .

(10)Rt = � −
Ψ(Xt ,Zt)

(−�, 1)

t
.

(11)Rt = � + D(t) + V(t),

(12)D(t) = ��1 − �2 − �(1 − �)i−1 + (� − ��)y−1
�

1−�

1−�t

t

(13)

V(t) = −

(
�2

2
+

�2�2

2
− ���

)
�2
g
−

1

2
�2
r
−

(
�2

2
+ �2�2 − ���

) �2
y

(1 − �)2

+

(
�2

2
+ �2�2 − ���

) �2
y

(1 − �)2

[
2�

1 − �

1 − �t

t
−

�2

1 − �2

1 − �2t

t

]
−

1

2
�2(1 − �)2

t2

3
�2
i
.
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When the economy is booming and the diminishing speed of E[rt] is slower than that of 
E[�gt] (i.e., y−1 > 0 and 𝜉𝛼 < 𝜂 ), or when the economy is in a downturn and the rising 
speed of E[rt] is faster than that of E[�gt] (i.e., y−1 < 0 and 𝜉𝛼 > 𝜂 ), the relative wealth 
effect term decreases over time.6 As a result, the relative wealth effect tends to reduce the 
GDR. By contrast, if y−1 > 0 and 𝜉𝛼 > 𝜂 or if y−1 < 0 and 𝜉𝛼 < 𝜂 , the relative wealth effect 
tends to raise the GDR.

The joint risk effect contains three constant terms and two time-varying terms. Because 
both 2�

1−�

1−�t

t
−

�2

1−�2

1−�2t

t
 and − 1

2
�2(1 − �)2

t2

3
�2
i
 decrease over time, the joint risk effect 

tends to reduce the GDR. The reason is that the joint risk in consumption growth and pro-
ductivity tends to raise an agent’s willingness to sacrifice present consumption to improve 
the future.

The term structure of the GDR is determined by the way the relative wealth effect and 
the joint risk effect evolve with the time horizon. A declining GDR assigns a higher weight 
to future benefits and costs than a constant GDR. If the relative wealth effect and the joint 
risk effect both tend to reduce the GDR, the GDR decreases over time. If the relative wealth 
effect tends to raise the GDR and the joint risk effect dominates the relative wealth effect, 
the GDR also decreases over time. The following proposition provides a sufficient condi-
tion for a decreasing term structure of the GDR.

Proposition 2 If the consumption growth and project productivity rates follow a mean-
reverting process with persistent shocks [i.e., Eqs. (8)–(9)] and the corresponding param-
eters satisfy

the GDR, i.e., Rt , decreases over time.

Proof See “Appendix 2”.   ◻

We illustrate the results of Proposition 2 with a numerical example. We calibrate the 
model at the annual frequency. We assume � = 0.011 , and � = 1.35 , which matches the 
results of Drupp et  al. (2018) that surveyed around 200 discounting experts.7 Following 
Bansal and Yaron (2004), we choose �1 = 0.018 , �g = 0.027 , �y = 0.0012,8 and � = 0.979 . 
Without loss of generality, we choose �2 = 0.034 , �r = 0.031 , and i−1 = 0 . Furthermore, 
we assume that the economy is booming with y−1 = 0.012 (Gollier 2012) and choose 
�i = 0.0005 , � = 1.69 , and � = 0.8 to satisfy the inequality (14) in Proposition 2. Figure 1 
plots the GDR, which decreases over time.

Remarkably, the inequality (14) in Proposition 2 is a sufficient but not necessary condi-
tion for the GDR to be monotonically decreasing. For example, if 𝜉𝛼 > 𝜂 and the economy 

(14)(𝜂 − 𝜉𝛼)y−1
𝜙

1 − 𝜙
> −(𝜂2 + 2𝜉2𝛼2 − 2𝜂𝜉𝛼)

𝜙

1 + 𝜙

𝜎2
y

(1 − 𝜙)2
− 𝜉2(1 − 𝛼)2

𝜎2
i

𝜙 ln2 𝜙
,

7 There is substantial disagreement over the two central normative parameters, the pure rate of time prefer-
ence � and elasticity of marginal utility � ( � is the relative risk aversion coefficient under CRRA). For exam-
ple, Tol (2010) estimates parameter � to be 0.7. However, Groom and Maddison (2019) suggest � is 1.5 for 
the United Kingdom.
8 The original parameter calibration values of the consumption growth rate employed in Bansal and Yaron 
(2004) are monthly. Here, we convert them to annual calibration values.

6 This result holds because 1−�
t

t
 monotonically decreases over time.
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is booming, the GDR may have an increasing term structure for small maturities (see 
“Appendix 3”).

3.2  Relationship Between the GDR and RADR Approaches

The RADR, which is based on the CCAPM, is a classical approach for evaluating risky 
projects. We here compare the GDR with the RADR.

If we use the RADR approach to evaluate the PV of a future uncertain benefit Ft , it 
requires a two-step procedure. The first step is to calculate the expectation of uncertain 
benefit, E[Ft] . The second step is to calculate the PV of E[Ft] by using the RADR which is 
denoted as �t , where PV = e−�t tE[Ft] with �t = � −

1

t
ln

E[Ftu
�(ct)]

u�(c0)E[Ft]
. In the RADR literature 

(Gollier 2014, 2016b; Dietz et  al. 2018), the uncertain benefits of risky projects are 
assumed to be:

where � is the elasticity of the benefits of changes in aggregate consumption. Combined 
with the assumption of Eq. (15), the RADR is determined by the consumption growth pro-
cess and the covariance of a project’s benefit payoffs with the aggregate consumption. The 
project’s idiosyncratic risk, which is assumed to be diversified, is not priced.9

Alternatively, if we use the GDR approach, the PV of Ft is equal to e−Rtt = E[
u�(ct)

u�(c0)
Ft]e

−�t. 
To identify the main difference between these two approaches, from the definition of the 
project’s productivity rate and Eq. (9), we rewrite the benefits Ft as follows:

(15)E[Ft|ct] = c
�
t ,

Fig. 1  The generalized discount rate as a function of maturity

9 According to the CCAPM (Lucas 1978), the ratio of marginal consumption utility in different periods/
states is equal to the relative price, which depends on aggregate consumption. Therefore, the project’s idi-
osyncratic risk should not be priced.
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where �(�it) is independent of ct , and �(t) is determined by the historical means �1 , �2 , 
transitory shocks �gt and �rt.10 In particular, if the project productivity process matches the 
macro consumption growth process, i.e., �(t) = 1 , from Eq. (16), we get

which means �� equals the CCAPM � . Therefore, the intensity of persistent consumption 
growth shocks can be referred to as the elasticity of the net benefit to changes in aggregate 
consumption if �(t) = 1.

In a complete future market, the project’s idiosyncratic risk is diversifiable, and the 
GDR and RADR frameworks are equivalent. Mathematically, e−Rtt = e−�t tE[Ft] . This can 
be expressed as:

The GDR captures the difference between the RADR and the average annual project pro-
ductivity rate. For an equilibrium project in a complete future market, the RADR equals 
the average annual productivity rate of the project, while the corresponding GDR equals 
zero.

However, if the project cannot be marketed in an incomplete market, its idiosyncratic 
risk should be priced. For example, if the project’s productivity rate is affected by the per-
sistent idiosyncratic shocks i.e., � ≠ 1 , the idiosyncratic risk cannot be diversifiable and 
affects the PV of the project’s future uncertain benefits. This scenario is not analysed in 
the existing literature on RADR. However, the GDR approach includes the analysis of this 
scenario. As shown in Eq. (13), the component − 1

2
�2(1 − �)2

t2

3
�2
i
 measures the impact of 

the nondiversifiable idiosyncratic risk. The impact of nondiversifiable idiosyncratic risk on 
the PV of future benefits could be quite pronounced, as a numerical application in the next 
section will demonstrate.

4  Numerical Application

In this section, we use emissions reduction projects to numerically analyse how nondiversi-
fiable idiosyncratic risk affects the GDR. We further analyse the impact of �� on the PV of 
a project’s future uncertain benefits. For brevity, in this section, we use the term “climate 
beta” to denote the product of parameters � and �.

Emissions reduction projects are “green investments” to mitigate climate change. They 
are affected by climate change and long-term economic development. Inspired by the 
widespread dynamic integrated model of climate and the economy (DICE) model (Nord-
haus 2008, 2018), for an emissions reduction project, we assume that persistent consump-
tion growth shocks stem from economic output growth and that persistent idiosyncratic 
shocks stem from climate sensitivity changes. We choose � = 1 to denote the setting of 
a complete market (CM). Since the idiosyncratic risk cannot be diversified away when 

(16)Ft = [�(�it)]
�(1−�)c

��
t �(t),

(17)E[Ft|ct] = c
��
t ,

(18)Rt = �t −
1

t
lnE[Ft].

10 Here, �(�it) = exp[ti−1 +
∑t−1

�=0
(t − �)�i� ] , �(t) =

F0 exp(�2 t+
∑t

�=0
�r� )

c0 exp[��(�1 t+
∑t

�=0
�g� )]

.
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there exist persistent idiosyncratic shocks (i.e., 0 < 𝛼 < 1 ), without loss of generality, we 
choose � = 0.5 to denote the setting of an incomplete market (ICM). Furthermore, based 
on the estimate of climatic beta in Dietz et al. (2018), we choose �H = 1.05 , �M = 0.78 , and 
�L = 0.49 with �� = � , where �H , �M and �L correspond to the high-beta, medium-beta, 
and low-beta projects, respectively. Figure 2 plots the GDR for three types of emissions 
reduction projects in two scenarios: CM and ICM.11

Figure  2 shows that the GDR in the setting of incomplete markets (dotted lines) is 
smaller than that in the setting of complete markets (solid lines) for projects with the same 
climate beta. Therefore, the PV of climate mitigation in the setting of incomplete markets 
is larger than that in the setting of complete markets. That is, the PV of the emissions 
reduction benefits is underestimated when ignoring the impact of nondiversifiable idiosyn-
cratic risk. The economic intuition can be explained as follows. The benefits of emissions 
abatement include monetary and non-monetary benefits. The monetary benefits increase 
future consumption, and their PV depends on the climate beta. The non-monetary benefits 
improve the quality of the ecological environment, and their PV depends on the relative 
price of the environmental quality.12 Since persistent idiosyncratic shocks associated with 
climate sensitivity increase the relative price of environmental quality, the PV of the non-
monetary benefits of emissions abatement is underestimated when ignoring the impact of 
persistent idiosyncratic shocks.

From Fig. 2, the higher the climate beta, the smaller the GDR, which is consistent with 
the results of Dietz et al. (2018).13 That is to say, the higher the intensity of the persistent 
consumption growth shocks, the greater the PV of climate mitigation.

Fig. 2  The generalized discount rate of the emissions reduction project as a function of the maturity for dif-
ferent climate betas in different scenarios

11 The settings for the other parameters are the same as that in Sect. 3.1.
12 The relative price of the environmental quality is measured by the degree of substitutability of natural 
capital in the ecological discount rate literature (Hoel and Sterner 2007; Gollier 2010, 2019).
13 Dietz et al. (2018) point out that the social cost of carbon increases with the climate beta.
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5  Conclusions

In this study, we use the GDR model to analyse how aggregate risk and nondiversifiable 
idiosyncratic risk effect the evaluation of long-term risky projects. We incorporate the 
persistent shocks of the consumption growth and the project’s productivity rates into our 
model, and further investigate the term structure of the GDR. A numerical application is 
presented to illustrate our findings.

Our main results are as follows. First, the term structure of the GDR is determined 
by the relative wealth and joint risk effects. The relative wealth effect tends to increase 
(reduce) the GDR if a high (low) social wealth growth is accompanied with a low (high) 
project productivity, while the joint risk effect tends to reduce it. The GDR decreases over 
time unless the increasing trend due to the relative wealth effect dominates the joint risk 
effect. Second, we find that, the nondiversifiable idiosyncratic risk reduces the GDR and 
raises the PV of the project’s future uncertain benefits. Third, a numerical application dem-
onstrates that the PV of the emissions reduction benefits is underestimated when ignoring 
the impact of persistent idiosyncratic shocks associated with climate sensitivity.

Two possible extensions of the model could be interesting as a scope for future research. 
First, while the simplified constant � and constant � could concisely explain the impact 
of the project’s idiosyncratic risk on the discount rate, the time-varying �t and �t is more 
rational. Therefore, we could study the GDR with time-varying �t and �t . Second, as our 
model theoretically quantifies the impact of the risk characteristics of future benefits on the 
discount rate, future research may consider how the central novel parameters � and � could 
be estimated empirically.
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Appendix 1: Proof of Proposition 1

From the definitions of Xt and Zt,

and

Xt = �1t + y−1�
1 − �t

1 − �
+

t−1∑

�=0

(
1 − �t−�

1 − �
�y� + �g�

)

Zt = �2t − ���1t + ��Xt +

t−1∑

�=0

�r� − ��

t−1∑

�=0

�g� + �(1 − �)

(
ti−1 +

t−1∑

�=0

(t − �)�i�

)
,
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where �y� , �g� , �r� and �i� are assumed to be normally distributed, it is easy to see that:

where a1 = �1t + y−1�
1−�t

1−�
 and b2

1
=

�2
y

(1−�)2
[t − 2�

1−�t

1−�
+ �2 1−�2t

1−�2
] + t�2

g
. Furthermore, Zt is 

also a normally distributed variable conditional on Xt,

where a2 = �2t − ���1t + �(1 − �)i−1t and b2
2
= t�2

r
+ �2�2b2

1
+ �2�2�2

g
t + �2(1 − �)2

t3

3
�2
i
.

Stochastic processes (19)–(20) are sufficient for the analysis in a reduced form. The 

probability density function of Xt is of the form fXt
(x) =

1√
2�b1

e
−

(x−a1 )
2

2b2
1  and the conditional 

probability density function for the random variable Zt is of the form 

fZt�Xt
(z�x) = 1√

2�b2
e
−

(z−a2−��x)
2

2b2
2 . Therefore, the joint probability density function of (Xt, Zt) is 

of the form

where g(x, z) = −
1

2
b2
2

�2b2
1
+b2

2

(
(x−a1)

2

b2
1

− 2
�b1√
�2b2

1
+b2

2

(x−a1)(z−a2−��a1)

b1

√
�2b2

1
+b2

2

+
(z−a2−��a1)

2

�2b2
1
+b2

2

).

We denote (Xt, Zt) ∼ N(𝜇1,𝜇2, 𝜎
2
1
, 𝜎2

2
, 𝜌) . From Eq.  (21), we obtain 

𝜇1 = a1, 𝜇2 = 𝜉𝛼a1 + a2, 𝜎
2
1
= b2

1
, 𝜎2

2
= 𝜉2𝛼2b2

1
+ b2

2
, and � =

��b1√
�2�2b2

1
+b2

2

. Then, the ele-

ments of the covariance matrix of joint growth process (Xt, Zt) are �11 = b2
1
 , �12 = ��b2

1
 , 

�21 = ��b2
1
 , and �22 = �2�2b2

1
+ b2

2
 , which means

Because Rt = � −
Ψ(Xt ,Zt )

(−�,1)

t
 , from Eq. (22), we obtain Proposition 1.

Appendix 2: Proof of Proposition 2

From the expression of Rt , we denote

w h e r e 
fc = � + ��1 − �2 − �(1 − �)i−1 − (

�2

2
+

�2�2

2
− ���)�2

g
− (

�2

2
+ �2�2 − ���)

�2
y

(1−�)2
−

1

2
�2
r
, 

f1 =
�

1−�
[(� − ��)y−1 + (�2 + 2�2�2 − 2���)

�2
y

(1−�)2
], f2 = −

�2

1−�2
(
�2

2
+ �2�2 − ���)

�2
y

(1−�)2
, 

and f3 = −
1

2
�2(1 − �)2

�2
i

3
.

From Eq. (23), we have

(19)Xt ∼ N(a1, b
2
1
),

(20)Zt|Xt ∼ N(a2 + �Xt, b
2
2
),

(21)
f (x, z) =

1

2�b1

�
�2b2

1
+ b2

2

b2√
�2b2

1
+b2

2

exp[g(x, z)],

(22)Ψ(Xt ,Zt)
(−�, 1) = (�� − �)a1 + a2 +

(
�2

2
+

�2�2

2

)
b2
1
+

1

2
b2
2
− ���b2

1
.

(23)Rt = fc + f1
1 − �t

t
+ f2

1 − �2t

t
+ f3t

2,
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We nextly give a sufficient condition for dRt

dt
< 0 . Let 

g(t) = f1(−�
tt ln� − 1 + �t) + f2(−2�

2tt ln� − 1 + �2t) + 2f3t
3. Then, we obtain 

g(0) = 0, g�(t) = [−(f1 + 4f2�
t)�t ln2 � + 6f3t]t. Because f2 < 0 and 𝜙t < 1 for t > 0 , we 

have f2𝜙t > f2 , and therefore,

Because t
𝜙t

>
1

𝜙
 for t > 0 , from Eq. (25), we obtain g�(t) < 0 if

By combining Eq. (26) with the expressions for f1 , f2 and f3 , we have g(t) < 0 for t > 0 if

From the definition of g(t) and Eq. (24), the inequality (27) is a sufficient condition for a 
decreasing term structure of Rt.

Appendix 3: Proof of the Monotonicity of R(t) for Small Maturities

From Eq. (24) in “Appendix 2”, we have

By combining Eq. (28) with the expressions of f1 and f2 defined in “Appendix 2”, we find 
that f1 + 4f2 < 0 if

Therefore, if the parameters satisfy the inequality (29), from Eq. (28), Rt increases in small 
maturities.
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