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Abstract

A finite non-regular primitive permutation group G is extremely primitive if a point stabiliser
acts primitively on each of its nontrivial orbits. Such groups have been studied for almost a
century, finding various applications. The classification of extremely primitive groups was
recently completed by Burness and Lee, who relied on an earlier classification of soluble
extremely primitive groups by Mann, Praeger and Seress. Unfortunately, there is an inaccu-
racy in the latter classification. We correct this mistake, and also investigate regular linear
spaces which admit groups of automorphisms that are extremely primitive on points.
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1 Introduction

All groups and linear spaces in this paper are assumed to be finite. Let G be a non-regular
primitive group. We say that G is extremely primitive if a point stabiliser G, acts primitively
on each of its nontrivial orbits. Some examples of extremely primitive groups include Sym,,
in its natural action and PGL;(g) on the projective line over IF;. Extremely primitive groups
have been studied for almost a century [12], and have arisen several other contexts, including
in the constructions of the simple sporadic groups Jo and HS, as well as in the study of
transitive permutation groups with a given upper bound on their subdegrees (see [13] for
example).

The problem of classifying extremely primitive groups has garnered significant attention in
recent years and a final classification has recently been completed following a series of papers
[2-6, 11]. Unfortunately, an oversight was made in the classification of soluble extremely
primitive groups in [11]. In this paper, the authors prove a set of necessary conditions for
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a soluble group to be extremely primitive [11, Lemma 3.3]. They then claim that these
conditions are sufficient [11, Theorem 1.2] but this is never proved and turns out to be
incorrect. This error is then reproduced in later work that relies on this result, for example
[2, Theorem 1] and [4, Theorem 4].

The first purpose of this paper is to correct the classification of soluble extremely primitive
groups. Recall that for a prime p and positive integer d, a primitive prime divisor of p¢ — 1
is a prime that divides p? — 1 but not p' — 1 foreach1 <i <d — 1.

Theorem 1.1 A soluble group G is extremely primitive ifand only if G = Vx H < AT'L; (p?)
fora prime p andd > 1, where V is the natural vector space and C; x C, = H < T'L{(p%),
where t = |H N GL1(p%)| is a primitive prime divisor of p® — 1 and eithere = 1, or e is a
prime dividing d and t = (p¢ — 1)/(p9/¢ — 1).

This corrected version of the classification of soluble extremely primitive groups also
impacts results which relied on it. For example, see Theorem 4.4 for an updated version of
[2, Theorem 1].

Our next goal is to study linear spaces that admit a group of automorphisms that is
extremely primitive on points. We first introduce some terminology. A linear space S =
(P, L) is a point-line incidence structure with a set P of points and a set L of lines, where
each line is a subset of P such that each pair of points is contained in exactly one line. A linear
space is nontrivial if it has at least two lines and every line has at least three points. A linear
space is regular if all its lines have the same size. This is equivalent to being a2 — (n, k, 1)
design for some n and k. An automorphism of S is a permutation of P which preserves
L. The automorphisms of S form its automorphism group Aut(S). (One could consider
automorphisms as acting simultaneously on points and lines but, in a nontrivial linear space,
the action on points is already faithful and this viewpoint will usually be simpler for us.)

If S = (P, L) and S’ = (P, L') are two linear spaces with the same set of points, we say
that S’ is a refinement of S if every line of S’ is contained in a line of S. (In other words, for
every ¢’ € L/, there exists £ € £ such that ¢ C ¢.)

Theorem 1.2 Let S be a nontrivial regular linear space. If G < Aut(S) is extremely primitive,
then one of the following holds:

(1) G = PSLy(2%") with point stabiliser D2(22»z+1), where 2¥' +1isa Fermat prime, and S
is a refinement of LS(G);

(2) Gisasin Theorem 1.1 withe > 2, and S is a refinement of LS(G);

(3) GisasinTheorem 1.1 withe = 1.

In cases (1) and (2) of Theorem 1.2, there is a unique “coarsest” linear space LS(G)
admitting G as a group of automorphisms. These linear spaces are defined in Sect.3 and
some of their properties described in Sect. 6. It is also possible to describe the admissible
refinements of £LS(G) in a systematic manner, see Proposition 5.3 and Examples 6.6 and 6.7.
Classifying the linear spaces which arise in case (3) seems much more difficult. We give
some examples and discuss this further in Sect. 6.

2 Proof of Theorem 1.1

Let G be a soluble extremely primitive group. As noted in the proof of [11, Lemma 3.3], G
is a soluble 3/2-transitive group. (Recall that a transitive permutation group G on a set €2 is
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called 3/2-transitive if all orbits of G, on Q \ {w} have the same size, with this size being
greater than 1.) Such groups were classified by Passman. Before stating this classification,
we require the following definition. For an odd prime p and integer d > 1, let ¢(p?) be the
subgroup of AGL,(p?) containing all translations and whose point stabiliser consists of all
diagonal and antidiagonal matrices in GL, (p“) with determinant +1.

Theorem 2.1 ([14, 15]) If G is a soluble 3/2-transitive group, then one of the following
holds:

(1) G is a Frobenius group;

(2) G < ATL{(p?) for a prime p and d > 1;

(3) G =% (p?) for an odd prime p and d > 1;

(4) G is one of a collection of groups of degree 32,52, 72,112, 172 or 3*.

We now examine each of the cases of Theorem 2.1 and show that G is extremely primitive
if and only if it is as in Theorem 1.1. First, if G is as in Theorem 2.1 (1), then the proof of
[11, Lemma 3.3] implies that G is extremely primitive if and only if it is as in Theorem 1.1
with e = 1. We also use GAP [16] to confirm that no group in Theorem 2.1 (4) is extremely
primitive.

2.1 G=9(pY)

Let G = 9(p?) as in the preamble of Theorem 2.1. Let u = [0,0] and v = [1, 0]. By
definition, G, consists of all diagonal and antidiagonal matrices in GL3 ( pd) with determinant
41. This is a group of order 4(pd —1).Next, G,y = (((1) _01 )), s0 |Gyy| = 2.If G is extremely
primitive, then G, is maximal in G,,. However, |G, : G| = |vG“| = 2(pd — 1) and, since
pisodd, we have 4 | |G, : G,|.Therefore, by Sylow’s theorem, G, cannot be maximal in
G, a contradiction.

2.2 G < ATL;(p9)

We need the following preliminary result.

Proposition 2.2 Let p be a prime andd > 1, let H < TLi(p?) and let T = H N GL1(p?).
We have H =T x E with T = C;, E = C, and e divides d. Let V = Cf, be the natural

vector space for ULy (p?). The following are equivalent:
(1) T and H have the same orbits on V;

(2) the orbits of H on V \ {0} all have the same size;
(3) e = 1or p? — 1 divides t (p?/¢ — 1).
Proof Since GL|(p?) acts regularly on V \ {0}, we can identify this set with GL{ (p?). Let &
pd%l and note that T = («™) and the orbits
of T on V \ {0} are its cosets, so of the form o (&) for some i. In particular, the orbits of
T on V \ {0} all have the same size, so (1) = (2).

Write E = (f). Now E acts as field automorphisms on V and thus o/ = a?’

be a generator of GLl(pd) = de—1~ Letm =

. So
(o Himy S = qFim ey _ gip!e+jmptle
This calculation shows that f preserves o (o) if and only if

ip¢ =i (mod m).

@ Springer



3230 M. Lee, G. Verret

This always holds fori = 0, so f always preserves T. In particular, H always has an orbit
of size |T| on V \ {0}. On the other hand, ipd/e =i (mod m) holds for every i if and only
if p?/¢ =1 (mod m) if and only if m divides p9/¢ — 1.

Now, if all the orbits of H on V \ {0} all have the same size, then they must have size |T|
and m must divide p?/¢ — 1, so (2) = (3).

Finally, if e = 1, then H = T, and if m divides pd/ ¢ — 1, then by the above T and H have
the same orbits on V \ {0} and thus also on V, so (3) = (1). o

Remark 2.3 A version of Proposition 2.2 with the extra assumption that H is p-exceptional
appears as [8, Lemma 2.7].

We are now ready to classify the extremely primitive groups in this family.

Theorem 2.4 Let p be a prime andd > 1, let H < TL{(p?) and let T = H NGL1(p?). We
have H =T x EwithT = C,, E = C, and e divides d. Let V = C?, be the natural vector
space for TL1(p?) and let G = V x H < ATL(1, p%). Then G is extremely primitive if and
only if the following conditions hold:

(1) t is a primitive prime divisor of p* — 1, and
(2) e=1orp?—1=1t(p¥e—1.

Moreover, all of the nontrivial orbits of H have size t.

Proof Note that GL (p?) is regular on V \ {0} so T is semiregular on V \ {0}. In particular,
it acts regularly on all of its nontrivial orbits and they each have size 7. A regular group is
primitive if and only if it is trivial or has prime order, so we can assume ¢ is 1 or prime. If
¢ is not a primitive prime divisor of p¢ — 1, then T < GL;(p?) for some proper subfield
F,» CF,i and C’; < V is H-invariant hence G is not primitive. We thus assume that ¢ is a

primitive prime divisor of p? — 1 and show that G is extremely primitive if and only if (2)
holds. Since ¢ is a primitive prime divisor of p¢ — 1, T acts irreducibly on V so V x T is
primitive, and so is G.

We claim that G is extremely primitive if and only if H has the same orbits as 7. Indeed,
apart from the trivial orbit of size 1, an orbit of H must have order at for some a. A stabiliser
of a point in such an orbit is a subgroup of order e/a of C,. This is maximal in H if and only
if a = 1. This proves our claim.

By Proposition 2.2, H and T have the same orbits if and only if e = 1 or p? — 1 divides
t( pd/ ¢ —1). Now, ¢ is a primitive prime divisor of pd — 1, soif e > 2, then ¢ does not divide

pdfl
pd/e—l

thus p?/¢ — 1 divides # hence p? — 1 = ¢t(p?/¢ — 1). O

p?/e — 1 which itself divides p? — 1. Since ¢ is prime, it follows that ¢ divides and

Remark 2.5 (1) Note that the condition p? —1 = r(p9/¢ —1) is quite restrictive. For example,
if d = 2, then it is only satisfied when p =2,e =2 and t = 3.

(2) Moreover, this condition, together with the fact that ¢ is prime, implies that e cannot be
composite. Indeed, if f is a divisor of e, then p?// — 1 is a multiple of p/¢ — 1 and a
divisor of p? — 1, but % is a prime.

(3) The converse of the previous remark does not hold. In other words, e being prime is
not sufficient to guarantee that p? — 1 =t(p9/¢ — 1). The smallest counterexample is
(p,d,t,e) =(5,2,3,2).
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3 Groups with property (x) and the linear space LS (G)

In this section, we define and prove some basic facts about £LS(G), the linear space that
appears in Theorem 1.2 (2).

Definition 3.1 We say that a permutation group G on €2 has Property (%) if, forallu, v, w € @
with u # w,

Guu = Gw - Guw = Gv~

Let G be a group with Property (x). For u,v € Q,let A,, = {w € Q | G, < Gy}
and let £LS(G) be the point-line incidence structure having €2 as set of points and having
{Auv | u,v € Q, u # v} as set of lines.

Proposition 3.2 If G < Sym(2) has Property (x), then LS(G) is a linear space with G <
Aut(LS(G)).

Proof Let u and v be distinct points. Clearly, we have u, v € A,,. We show thatif w € A,
and u # w, then Ay, = A,y . Since w € A,,, we have G, < Gy, and then G, < G, by
Property (x).Letx € Ayy,then G,y = G,NGyy < G,NGy = Gy < Gy sothatx € Ayy,.
This shows that A, € Ay . Similarly, fory € Ay, wehave G,y = GyNGyy < Gy < Gy
soy € Ayy, and A,y = Ay as claimed.

Now, suppose that u, v € A,y for some a # b and u # v. We show that Ay, = Ayy.
This is clear if {u, v} = {a, b} so we assume this is not the case. Without loss of generality,
we may assume that u # a # v. By the previous paragraph, we have Ay, = Agp = Agy-
So v € A,y and hence, by the previous paragraph, A,, = A,y and hence A,y = Ayy. This
shows that £S(G) is a linear space. The fact that G < Aut(LS(G)) is obvious from the
definition. ]

Recall that a flag in a linear space is a pair (u, £) such that u is a point, £ is a line and
uel.

Definition 3.3 Let S be a linear space and G < Aut(S). We say that (S, G) is transverse if,
for every flag (u, £) of S and every orbit A of G, we have [ N A| < 1.

Proposition 3.4 Let S be a linear space and G < Aut(S). If G has Property (x) and (S, G)
is transverse, then S is a refinement of LS(G).

Proof Write S = (P, L£),letf € Landletu, v € ¢, withu # v.Recall that A, = {w € Q |
Guy < Gy} is the unique line of £LS(G) containing u and v. We must show that £ C Ay,.
Suppose, by contradiction, that w € £ but w ¢ A,,. Since w ¢ A,,, w is not fixed by G,
so [wGw| > 2. On the other hand, G, fixes u and v and thus the unique line of S containing
them, namely £. This implies that w%v C ¢ and thus |wG" N £] > 2, contradicting the
hypothesis that (S, G) is transverse. O

We end this section by showing exhibiting a nice family of groups with Property (x). This
will be useful in later sections.

Lemma 3.5 Let p be a prime andd > 1, let H < TL1(p?) and let V = C‘Z, be the natural
vector space for TL1(p?). Let G be transitive on V with point stabiliser H. If the equivalent
conditions from Proposition 2.2 are satisfied, then G has Property ().

Proof Letu, v, wbepoints suchthatu # wand G,, < G,. Weneedtoshow that G, < G,.
This is clear if # = v, so we may assume that u # v. We can also assume without loss of
generality that # = 0 and thus H = G,. We then have H, < H, and v,w € V \ {0}. It
follows by Proposition 2.2 (2) that |H,| = |H,,| hence H,, = H, < G,, as required. ]
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4 Proof of Theorem 1.2

We start with a few preliminary results. Recall that the rank of a transitive permutation group
is the number of orbits of a point stabiliser.

Theorem 4.1 ([9, Theorem 1.1]) Let S be a regular linear space. If G < Aut(S) is extremely
primitive on P, then rank(G) > 3 with equality only if S is the affine space AG,,(3) and
G < ATL{(3™).

Proposition 4.2 ([9, Lemma 2.6]) Let S be a linear space, let G < Aut(S) be extremely
primitive and let (u, £) be a flag of S. If A is an orbit of G, then |[£ N A] € {0, 1, |Al}.

Our starting point is the following theorem.

Theorem 4.3 ([9, Corollary 1.4]) Let S be a nontrivial regular linear space. If G < Aut(S)
is extremely primitive, then one of the following holds:

(1) G is primitive of affine type;
(2) G is an almost simple exceptional group of Lie type;
(3) G =PSL, (22”) with point stabiliser D2(22” +1y where 22" + 1isa Fermat prime.

For the rest of this section, we will assume the hypothesis of Theorem 4.3. We will then
deal with each case in the conclusion in turn and classify the linear spaces S = (P, £) that
arise. First, we introduce some basic terminology and results which will often be useful.
Write v = |P| and b = |L]|. Since S is regular, all its lines have the same size, which we will
denote by k. It can be shown (see [7, Lemma 2.1], for example) that there is also a constant
number of lines r meeting each point and the following holds:

LS e A
k—1 k(k—1)
Moreover, it follows by Fisher’s inequality that b > v and therefore r > k.

First, let G be as in Theorem 4.3 (2), that is, an extremely primitive almost simple excep-
tional group of Lie type, and let H be its point stabiliser. By [4, Theorem 1], (G, H) is one of
(G2(4), Jp) or (G2(4).2,J,.2). In each case, the corresponding permutation group has rank
3 and it then follows by Theorem 4.1 that no regular linear space arises in this case.

Next, let G be as in Theorem 4.3 (3). Write g = 22" 1. By [5, Proposition 5.3], the
nontrivial subdegrees of G are all g. Since the point stabilisers are isomorphic to Dy, it
follows that, given two distinct points # and v, |G,,| = 2. In particular, if u # w and
Guy < Gy, then G, = Gy, since both groups have order 2. This shows that G satisfies
Property (x). Now, let (u, ) be a flag of S and A be an orbit of G, that meets £. By
Proposition 4.2, [ N A| € {1,q}. If |£ N A] = ¢, then k > g + 1 but we also have
v=|PSLy(¢g — 1) : Dyy | = (¢ — 1)(¢ — 2)/2, contradicting the fact that v > k(k — 1) + 1.
It follows that (S, G) is transverse and we can apply Proposition 3.4 to conclude that S is a
refinement of LS(G), as in Theorem 1.2 (1).

It remains to deal with the case when G is as in Theorem 4.3 (1), that is, an extremely
primitive group of affine type. These groups were previously classified in [2, Theorem 1]
but this classification relied on the incorrect [11, Theorem 1.2]. Here is then an updated
classification of these groups in light of Theorem 1.1.

Theorem 4.4 Let p be a prime and d > 1, let H < GL4(p), let V be the natural vector
space for GLy(p) andlet G =V x H. If G is extremely primitive, then one of the following
holds:
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(1) G isasinTheorem 1.1;

(2) p=2and H =PSL;4(2) withd > 3, or H = Sp;(2) withd > 4;

(3) p=2and (d, H) = (4, Altg), (4, Alty), (6, PSU3(3)) or (6, PSU3(3).2),
4) p=2and(d, H) is one of the following:

(10, My2) (10, M22) (10,M22.2) (11, M23)
(11, Mas) (22,Co3)  (24,Cop)  (2m, Altoysr)
Q2m, Sym,,, 1) (21, Altar42) (21, Symy ) (21, 25(2))
(21,05(2) (8, PSL2(17)) (8, Spg(2))

where m > 2 and [l > 3.

In the rest of this section, we go through the cases in Theorem 4.4 and, for each case,
classify regular linear spaces admitting such groups of automorphisms.

4.1 Groups arising in Theorem 4.4 (2) or (3).

The groups in Theorem 4.4 (2) are 2-transitive by [10, Lemma 2.10.5], while those in The-
orem 4.4 (3) are found to be 2-transitive by direct computation. It follows by Theorem 4.1
that no regular linear space arises in this case.

4.2 Groups arising in Theorem 4.4 (4).

Adopt the notation of Theorem 4.4 (4). Let u be a point such that H = G,,.

We first deal with the infinite families of groups. If H = Q;El (2) or O;l (2), then G has
rank 3 by [10, Lemma 2.10.5] and by Theorem 4.1 no regular linear space arises in this
case. Now suppose that (d, H) is one of (2m, Altyy 1), 2m, Symy,, ), (21, Alty;42) or
(21, Symy, ,,), and for conciseness, let n = 2m + 1 or 2/ + 2 as appropriate. In these cases,
H = G, is an alternating or symmetric group acting on the fully deleted permutation module
U. That is, the subspace Vj of V,,(2) spanned by vectors whose entries sum to 0 if n is odd,
or the quotient of Vj by the subspace spanned by the all-ones vector if  is even; H acts by
permuting the coordinates of elements of Vp, with the corresponding induced action on U.
The orbits of H on Vj are indexed by the weight of the vectors in it, which must be even,
so H has |n/2] + 1 orbits on V. When n is even, the orbits of weight x and n — x in Vj
get identified in U, so H has |n/4] + 1 orbits on U when 7 is even. Note that the smallest
nontrivial orbit has size (g) so, since n > 5, it follows that the size of nontrivial orbits is
larger than the number of orbits. Let x be the number of orbits of H on U and let A be a
nontrivial orbit of H on U. We have just shown that |A| > x. It follows that

k(k—1) <v—1<x|A] <A (1)

Let £ be aline meeting # and A. By Proposition4.2, [{NA|isequalto 1 or |[A[. If [{NA| = |A],
then k > |A| 4 1, contradicting (1). We may thus assume that [¢ N A| = 1. This implies that
the orbit of £ under H has length |A|. Since S is nontrivial, there must be another nontrivial
orbit A; of H meeting £. Repeating the argument above, we find that the orbit of £ under
H has length |A1[, so |A] = |A1]. One can apply this to A, the smallest nontrivial orbit. As
mentioned earlier, it has size (g) and one can check that it is the only orbit of that size, which
contradicts [A]| = |Aq].

It remains to consider the sporadic cases. We give the argument for (d, H) = (10, M12)
here; the others are similar. In this case, v = 210, Recall that k must be an integer such that
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3<k<wv,k—1dividesv — 1and k(k — 1) divides v(v — 1). We find that k is one of 4, 12
or 32, and the corresponding values for r are 341, 93 and 33. Let £ be a line through u. If A
is a nontrivial orbit of H meeting ¢, then by Proposition 4.2, |£ N A| is equal to 1 or |A|. By
direct computation, we find that H has orbit lengths 1, 66, 66,396, 495. If [£ N A| = |A],
then k > 1+ |A| > 67, a contradiction. It follows that [¢ N A| = 1 and the orbit of £ under
H has length |A|. Repeating this argument for other lines through u, we conclude that r is a
linear combination of the nontrivial orbit lengths of H, which is a contradiction.

4.3 Groups arising in Theorem 4.4 (1).

It remains to deal with the groups arising in Theorem 4.4 (1). Let G, p,d, t, e be as in Theorem
1.1. By Lemma 3.5, G has Property (x) and it follows by Proposition 3.2 that £LS(G) is a
linear space.

If e = 1, then Theorem 1.2 (3) holds. We thus assume that ¢ > 2. Our next goal is to
show that (S, G) is transverse. Let (u, £) be a flag of S and A be a nontrivial orbit of G,,. By
Theorem 2.4, |A| = t. By Proposition 4.2, |£ N A] is equal to one of 0, 1 or ¢. In view of a
contradiction, we can assume that |[¢£ N A| = ¢. This implies that k > ¢t 4 1 and, by Fisher’s
inequality, » > ¢ + 1. Since e > 2, we have

d 2 d 2
d _ _ 2 (P11 =1\ ap 2
pl—l=v—1=r(k—1)>1 _<W) Z(W) _(,, +1) ,
which is a contradiction. This concludes the proof that (S, G) is transverse. We can now
apply Proposition 3.4 to conclude that S is a refinement of £LS(G), as in Theorem 1.2 (2).

5 Refinements of line-transitive spaces

In this section, we give a construction for refinements of line-transitive linear spaces such
that the line-transitive group also acts on the refined space. We also show that all such refined
spaces arise in this way.

Given a line ¢ of a linear space S = (P, L), we write P(¢£) for the set of points of S
incident with £. (In most of this paper, we simply identify £ with P(£), but we avoid this in
this section to reduce possible confusion.) Given G < Sym(£2), we write G¢ and Gy for
the subgroup of G preserving P (£) setwise and pointwise, respectively. We also write Gﬁ for
the permutation group induced by G, on P({).

Construction 5.1 The input of the construction is the following:

(1) A linear space S = (P, L) with G < Aut(S) such that G is transitive on L, and a line
tel.
(2) A linear space T = (P(£), T L) such that Gﬁ < Aut(T).

The output of the construction is an incidence structure R = R(P, L, G, £, T L). The set of
points of R is P while the set of linesof Ris {t8 |t € TL, g € G}.

Proposition 5.2 Using the notation of Construction 5.1, the output R of the construction is
a linear space which is a refinement of S and with G < Aut(R).

Proof Tt is clear from the construction that G < Aut(R). We first show that R is a linear
space. Let u, v € P, u # v. There exists £,, € L such that u, v € £,,. Since G is transitive
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on £, there exists ¢ € G such that £5, = £, so u8,v¢ € P(£). Since T is a linear space,
there is t € 7 L such that u8, v8 € t so 2" is a line of R containing u and v. Now, let ¢/
be a line of R containing u8 and v¢. By definition, there exists # € G such that (¢’ )h eTL,
so us" v&h € P(¢). Since ¢ is the unique line of £ containing u8 and v8, we have o=y,
hence h € Gy and ht € Gﬁ < Aut(T). It follows that h* preserves 7L and thus ¢/ € TL.
Since T is a linear space, it follows that there is a unique line of R containing u8 and v$
(namely ¢’), and the same holds for u and v. We have shown that u, v are on a unique line in
R so R is a linear space.

We now show that R is a refinement of S. Let £’ be a line of R. By definition, there exist
t € TL and g € G such that £ = ¢8. By definition, t € £ hence ' = 18 C £8 € L, as
required. O

Proposition 5.3 Ler S = (P, £), G and £ be as in Construction 5.1 (1). If R is a refinement
of S with G < Aut(R), then there exists a linear space T = (P(£), T L) with Gt < Aui(T)
such that R = R(P, L, G, L, TL).

Proof Write R = (P,RL) and let TL = (¢ €¢ RL | ¢/ C £}. We first show that T =
(P(€), T L) is alinear space. Let # and v be distinct elements of P (£). These points must be
contained in a unique line of S, which must necessarily be £. Moreover, they must also be
contained in a unique line of R, say ¢/ € RL. Since R is arefinementof S,¢' C £sol' € TL.
If ¢” is a line in 7 £ containing u and v, then by definition ¢” € RL and £ = £” since R is
a linear space. This shows that T is a linear space. By definition, Gﬁ < Sym(P(£)). Since
G < Aut(R), it follows that G} < Aut(T).

It remains to show that R = (P, RL) = R(P, L, G, £, T L). These have the same set of
points so it remains to show that RL = {t8 |t € TL,g € G}. Letr € TL and g € G. By
definition, r € RL but G < Aut(R), sot8 € RL. This shows that {t8 |t € TL, g € G} C
RL. For the other direction, let t € RL. Since R is a refinement of S, there exists £’ € £
such that + € ¢’ and, since G is transitive on £, there exists g such that (£)8 = £. Now,
18 C (¢)8 = £ and t8 € RL so by definition 18 € T L, as required. O

In light of Propositions 3.4 and 5.3, it will be important to be able to determine G,
especially in the case of £LS(G). This is the content of our next two results, which will be
useful in Sect. 6. (For H < G, we denote the normaliser of H in G by Ng(H).)

Lemma5.4 LetG < Sym(Q2)andu,v € Q. Ifl = {w € Q| Gyy < Gy}, then the following
statements hold:

(1) Grg = Guy;
(2) G¢ =Ng(Gup);
(3) GE = NG (Guv)/Guv-

Proof 1t follows from the definition of ¢ that u, v € € and Gg] = G, establishing (1). If
g € Ng(Gyy) and w € ¢, then G, < Gy which implies G, = (G,)8 < GS = Gy,
so wé € L. This shows Ng(G,y) < Gy. In the other direction, if g € Gy, then (G))8 =
Gioe = G s0 g € Ng(Gyp) = Ng(Gyy). This completes the proof of (2). Finally, by the
first isomorphism theorem, Gﬁ = G¢/Ge and (3) follows. O

Recall that a permutation group is semiregular if all its point stabilisers are trivial and
regular if it is also transitive.

Lemma 5.5 Let S be a linear space with G < Aut(S) and let (u, £) be a flag of S. If (S, G)
is transverse, then G, N Gy = G¢) and in particular G‘é is semiregular.
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Proof Clearly G;; < G, N G, so we must show that G, N G, fixes every point of £. It
clearly fixes u, so let v be another point of £. Let A = v Since (S, G) is transverse, we
have £ N A = {v}, but £ N A is preserved by G,, N Gy so v is fixed. The second statement
follows from the first simply by unpacking the definitions involved. O

6 Questions and examples

Our proof of cases (1) and (2) of Theorem 1.2 both involved showing that G has Property (%),
that (S, G) is transverse and then applying Proposition 3.4. The first part of this approach
still works in case (3), as we showed in Sect.4.3 that G has Property (x) even in this case,
but there are at least two other issues. First, in case (3), the stabiliser of two distinct points is
trivial, so LS (G) is the trivial linear space with a single line. Knowing that § is a refinement
of £LS(G) when (S, G) is transverse therefore gives no information. The second problem is
that, unlike in cases (1) and (2), (S, G) need not be transverse, as the following examples
show.

Example 6.1 Let £ = {0, 1, 3,9} C Z;3. This is a perfect difference set so its translates form
the lines of a linear space S with point-set Z3. By definition, Z13 < Aut(S). Let o be the
permutation of Z;3 corresponding to “multiplication by 3”. Note that £* = ¢ which implies
that « € Aut(S) hence G = Z13 x () < Aut(S). It is easy to see that G is extremely
primitive on Zj3. Letu = 0 and A = {1, 3, 9}. Note that G,, = () and that A is an orbit of
G, with [£ N A] =350 (S, G) is not transverse. (Note that here v = 13 and k = 4 so S is in
fact the unique projective plane of order 3 and its automorphism group is much bigger than
G.)

Note that, in Example 6.1, G is line-transitive (by construction). We were not able to find
any other such example and wonder if any exist. More precisely:

Question 6.2 Let S be a nontrivial linear space with G < Aut(S) such that G that is extremely
primitive on points, transitive on lines and such that (S, G) is not transverse. Does it follow
that S is the projective plane of order 3?

As mentioned at the start of this section, in cases (1) and (2) of Theorem 1.2 (S, G) is
transverse so an example for Question 6.2 must arise from case (3), that is CZ xC, =G <
AGL(1, p?) fort a primitive prime divisor of p? — 1. We have checked using GAP that there
is no other example with fewer than 1000 points. On the other hand, there seems to be plenty
of examples which are not line-transitive:

Example 6.3 Let G be PrimitiveGroup (25, 1) in GAP. This group is generated by the
following two permutations:

(2,19, 6)(3,25, 11)(4, 7, 16)(5, 13, 21)(8, 24, 9)(10, 15, 14)(12, 17, 20)(18, 23, 22) and
(1,2,3,5,4)(6,7,8,10,9)(11, 12, 13, 15, 14)(16, 17, 18, 20, 19)(21, 22, 23, 25, 24).

One can check that G is extremely primitive and Cg xC3 =G < AGL1(52). Now, let
0 ={1,2,6,19}, &, = {1,3,11,25}), £ = €6 U ¢§ and S = ({1,...,25}, £). One can
check that S is a linear space with (v, k, r, b) = (25, 4, 8, 50). By construction, G < Aut(S)
and it turns out that G has two orbits on lines, with representatives £1 and ¢;. Note that
A; = ¢; \ {1} is an orbit of G| with |A; N ¢;| = 3 and again (S, G) is not transverse. As
a final remark, we note that Aut(S) actually is isomorphic to PrimitiveGroup (25, 3)
and this group is not extremely primitive, nor transitive on lines.
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Examples 6.1 and 6.3 show that the classification of linear spaces arising from Theorem 1.2
(3) is more complicated than in cases (1) and (2). This is not that surprising, since in case
(3) G is very “small” (its point stabiliser has prime order) so the restriction G < Aut(S) is
much weaker.

We now describe £LS(G) from Theorem 1.2 (1) and (2) in more detail.

Example 6.4 Letg = 22" 4+ 1 be a Fermat prime and G = PSL,(¢g — 1) with point stabiliser
Dy, as in Theorem 1.2 (1). As observed in Sect. 4, the two-point stabilisers in G have order
2; hence we may identify each line £ of £LS(G) with the involution g, that fixes any two
points on it. By identifying points of £LS(G) with their point stabilisers, we see that LS(G)
is the Witt-Bose-Shrikhande space W(q — 1) [1, §2.6] with parameters

(q—1D(q—2) qg—1
(U,b,k,r): 7551(51_2),7»51 .
2 2
By Lemma 5.4, G; = Ng((g¢)), which is elementary abelian of order ¢ — 1, while
Gﬁ = Ng((ge))/(ge), an elementary abelian group of order %, which is semiregular

by Lemma 5.5. Since % = k, it follows that Gﬁ is in fact regular. By the orbit-stabiliser

theorem, the orbit of £ under G has size |G|/|G¢| = q(qg — 2) = b, so G is transitive on
lines.

Example 6.5 Let p be a prime, d > 2, ¢ be a primitive prime divisor of pd — land e be a
prime dividing d such that = (p¢ —1)/(p?/¢ —1).Let G < AT'L;(p?) with point stabiliser
H=C,xC, <TL; (pd), as in Theorem 1.2 (2). A two-point stabiliser in G is conjugate to
the group C, which acts as field automorphisms on FF .« and hence fixes the subfield of order

p?/¢, so £LS8(G) has parameters
b k,r) = (p?, p*=e1, pe,1).

By Lemma 5.4, Gy = Ng(C,) = C;l,/e x C,, while Gf = Ng(Cp)/Ce = Ci/e. Since
k = pd/ ¢, we again obtain that Gﬁ is regular. Finally, the orbit of ¢ under G has size

|G|/|G¢| = pite/(p?/¢e) = b, so G is transitive on lines.

Note that in both previous examples, G is transitive on lines of £LS(G) so by Proposi-
tion 5.3, all the refinements of £LS(G) admitting G as a group of automorphisms arise via
Construction 5.1. We now present two final examples, which give nontrivial such refinements
and thus are also examples for Theorem 1.2.

Example 6.6 Let(p,d,e,t) = (7,5,5,2801),let G beasin Example 6.5 andlet S = LS(G).
If¢isaline of S,then |£| = 7 and Gﬁ = Cyisregular. If weset T = (P(£), 7 L) to be the Fano
plane, then we have C; < Aut(7'). By Proposition 5.2, the output R of Construction 5.1 is a
linear space on 7° points with lines of size 3 which is a refinement of S and with G < Aut(R).
Since C7 is transitive on 7 £, it follows that G is transitive on the lines of R.

Example 6.7 Let ¢ be the Fermat prime 65537 = 2! 4 1, let G be as in Example 6.4 and let
S = LS(G). If ¢ is aline of S, then [¢| = 2'° and G} = CJ is regular. Let H < TL;(2"%)
such that |H N GL; (215)| = 1057 and H = Cjp57 X C3. Let V = Cés be the natural vector
space for TL;(2!%) and let A = V x H < ATL;(2'%). Note that Proposition 2.2 (3) is
satisfied (with (p, d, e, t) = (2, 15, 3, 1057)), hence Lemma 3.5 implies that A has Property
(%) and by Proposition 3.2, T := LS(A) is a linear space such that C%S ZEV <A<Aw(T).
By Proposition 5.2, the output R of Construction 5.1 is a linear space which is a refinement
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of S and with G < Aut(R). By similar calculations as in Example 6.5 we deduce that each
line contains k := p?/¢ = 32 points and thus R has parameters

(v, k,r)y = 2P @21% = 1), 32, g1).

Since (S, G) is transverse, so is (R, G). In particular, if («, m) isaflagof Randu # v € ¢,
then |m%«| = |v9| = |G,|/|Gu| = 2g/2 = q. It follows that G, has r/q = t = 1057
orbits on lines meeting u. Note that |G| is smaller than the number of lines of R, so G is not
transitive on lines of R.

Example 6.7 answers a question posed implicitly in [9] about the existence of regular
linear spaces that admit an extremely primitive automorphism group with classical socle,
other than the Witt-Bose-Shrikhande spaces. In [9, Lemma 3.2], Guan and Zhou show that in
that case G is as in Example 6.4, that g is at least 65537 (the largest known Fermat prime) and
that G, has at least 73 orbits on lines meeting u, but are unable to determine if any examples
actually arise. Example 6.7 gives one such example and our approach using refinements can
be used to construct more.
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