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Abstract

During the last five decades, many different secondary constructions of bent functions were
proposed in the literature. Nevertheless, apart from a few works, the question about the class
inclusion of bent functions generated using these methods is rarely addressed. Especially,
if such a “new” family belongs to the completed Maiorana—McFarland (MAM¥) class then
there is no proper contribution to the theory of bent functions. In this article, we provide
some fundamental results related to the inclusion in MM* and eventually we obtain many
infinite families of bent functions that are provably outside MA4¥. The fact that a bent
function f is in/outside MM? if and only if its dual is in/outside MM? is employed in
the so-called 4-decomposition of a bent function on 5, which was originally considered
by Canteaut and Charpin (IEEE Trans Inf Theory 49(8):2004-2019, 2003) in terms of the
second-order derivatives and later reformulated in (Hodzi¢ et al. in IEEE Trans Inf Theory
65(11):7554-7565, 2019) in terms of the duals of its restrictions to the cosets of an (n — 2)-
dimensional subspace V. For each of the three possible cases of this 4-decomposition of a
bent function (all four restrictions being bent, semi-bent, or 5-valued spectra functions), we
provide generic methods for designing bent functions provably outside MA¥. For instance,
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for the elementary case of defining a bent function i(x, y1, y2) = f(X) & y;y2 on F’2’+2
using a bent function f on F?, we show that / is outside MM if and only if f is outside
MM®*. This approach is then generalized to the case when two bent functions are used. More
precisely, the concatenation f1[| f1|f21|/(1 @ f>) also gives bent functions outside MM
if fi or f> is outside MM?¥. The cases when the four restrictions of a bent function are
semi-bent or 5-valued spectra functions are also considered and several design methods of
constructing infinite families of bent functions outside MM* are provided.

Keywords 4-Decomposition - Class inclusion - 5-Valued spectra functions - Bent
functions - Dual functions - Plateaued functions - Walsh support

Mathematics Subject Classification 94C10 - 06E30

1 Introduction

Bent functions were introduced by Rothaus [23], as a particular class of Boolean functions that
has many interesting connections to other combinatorial objects such as Hadamard matrices
and difference sets. Their applications in cryptography come in the first place from their
characterization as a class of Boolean functions achieving the highest nonlinearity possible
(thus being at the largest distance to the set of affine functions). A survey article [8] describes
the main properties and construction methods related to bent functions, whereas their detailed
study is given in the book of Mesnager [21]. On the other hand, for the applications of Boolean
functions in cryptography we refer to the textbooks of Carlet [7] and Cusick and Stanica [11].

Two known primary classes of bent functions are the Maiorana—McFarland (M M) class
and the Partial Spreads (PS) class, which were introduced in the 1970s in [19] and [12],
respectively. Since it is not a simple matter to construct elements of the PS class practically,
an explicit subclass of PS, denoted by PS,),, was specified by Dillon in [13]. It seems quite
unrealistic that other primary classes are yet to be discovered and therefore many secondary
constructions (using known bent functions to build possibly new ones) have been proposed
in the literature. A non-exhaustive list of various secondary constructions can be found in the
following works [4, 6,9, 16, 20, 24, 30]. However, the question regarding the class inclusion of
bent functions stemming from these secondary construction methods is commonly left open,
apart from a few works [1, 4, 18, 20, 26-28] where some explicit families of bent functions
provably outside the completed MM class are given. The main purpose of this article is to
address the class inclusion more properly and thus also to contribute to a classification of bent
functions. Nevertheless, the problem of finding efficient indicators for the inclusion/exclusion
in the completed PS class remains unanswered. This problem is equivalent to finding cliques
in a graph which is known to be NP-hard, see also [10, p. 43].

In this article, we employ a fundamental result (though not stated explicitly in the literature)
concerning the inclusion in the completed MM class (denoted MM**), which involves the
dual function of a given bent function. More precisely, it can be shown that a bent function f is
in/outside MM if and only if its bent dual is in/outside MA*. This result also implies that
given a single bent function outside MM (or alternatively its dual) one essentially derives
a whole equivalence class whose members are also outside MAM*. To verify these results
practically, we also propose a rather simple algorithm for determining the inclusion in MM,
The algorithm uses the graph-theoretic notion of a clique (complete subgraph) to implement
the second-order derivative criterion of Dillon [12], commonly used when determining the
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Explicit infinite families of bent functions

inclusion/exclusion in MAM*. Its performance is quite satisfactory, allowing us to test the
class inclusion for up to 12 variables efficiently. The above mentioned fact regarding a
bent function and its dual (with respect to the inclusion in MM¥) is then useful when the
so-called 4-decomposition of bent functions (say on ;) is considered, which regards the
decomposition into the cosets of an (n — 2)-dimensional subspace V of . It was originally
investigated by Canteaut and Charpin [3] in terms of the second-order derivatives of the
dual function, whereas the similar properties were recently stated using duals of the cosets
of V [14]. The main conclusion in [3] is that there are exactly three possible cases of this
4-decomposition of a bent function, namely, all four restrictions being bent, semi-bent, or 5-
valued spectra functions. For each of the cases, using the necessary and sufficient conditions
in [14] (see Theorem 2.2), we provide generic methods (at least one) for designing bent
functions provably outside MM¥. For instance, in the elementary case of defining a bent
function (X, y1, y2) = f(X)@y1y2 onF §+2 using any bent function f on I} (corresponding
to a bent 4-decomposition since &7 = f|| f||f]|(1 & f)), we show that & is outside MMmM*
if and only if f is outside MM¥. In this context, we also refer to [2] where four different
(specific) bent functions fi, ..., f4 were used for the same purpose. This approach is then
generalized to the case when two bent functions are used. More precisely, the concatenation
Fillf1llf211(1 @ f») also gives bent functions outside MM* if fi or f> is a bent function
outside MAM*. This also naturally leads to a recursive construction of bent functions outside
MM* on larger ambient spaces.

The cases when the four restrictions of a bent function are semi-bent or 5-valued spectra
functions are also considered and several design methods of designing infinite families of
bent functions outside MA* are proposed. We remark that the cardinality of bent functions
that are provably outside MM? is extremely large which is also emphasized for instance
in Remark 3.4, where a single dual bent function on IF% which is not in MM* gives rise
to the EA-equivalence class comprising &~ 27° bent functions on F%z that are not in MM
as well. This only concerns our design method of concatenating four suitable semi-bent
functions (using a dual which is not in MM, however our other constructions are similar
in this context. Most notably, it seems that the presence of linear structures in these semi-bent
functions (being restrictions of a bent function) is of no relevance for the class inclusion.
More precisely, the use of a dual bent function outside MAM*, whose relaxed linearity index
(see Definition 3.1) is of certain order, for their specification is sufficient for ensuring that
the resulting bent function is outside MM* as well. A similar conclusion is valid when a
sophisticated notion of duals of 5-valued spectra functions is employed for the same purpose,
see for instance Theorem 3.7. Again, having a bent dual outside MAM* ensures that the
concatenation of four suitably selected 5-valued spectra functions generates bent functions
that do not belong to MM (regardless of the presence of linear structures in these constituent
functions).

The rest of this paper is organized as follows. In Sect.2, we give some basic definitions
related to Boolean functions and discuss the concept of dual functions for some important
classes of Boolean functions.

The design of bent functions provably outside MM is addressed in Sect.3. More pre-
cisely, we provide construction methods for specifying suitable quadruples of bent, semi-bent
and 5-valued spectra functions so that the resulting bent functions are provably outside MM,
In Sect. 4, we consider the design of bent functions by selecting 5-valued spectra functions
in the generalized Maiorana-McFarland class. However, it remains an open problem whether
this approach can generate bent functions outside MM?*. Some concluding remarks are
given in Sect.5.
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2 Preliminaries

We denote the Galois field of order 2" by IFo» and the corresponding vector space by I3
which contains binary n-tuples X = (x1, ..., x,), where x; € F2. A mapping f : [} — I,
is called an n-variable Boolean function and we use B, to denote the set of all possible
Boolean mappings on 5. Any Boolean function f : I} — 5 can be represented using the
so-called algebraic normal form (ANF), so that

FOns e x) = @M(]‘[xi”f), o)
i=1

n
uelky

where x;, Ay € F2 and u = (u1, ..., u,) € Fj and we reserve the symbol “@D” to denote
the addition modulo two. Then, the algebraic degree of f, denoted by deg( f) or sometimes
simply d, is the maximal value of the Hamming weight of u such that A,, 7% 0. Throughout this
article we will use 0,, to denote the all-zero vector with n coordinates, that is (0,0, ...,0) €
;.

’ Another useful representation of f € By, is its evaluation on 5 (known as the truth table)
and defined as

Tr=(f,...,0,0), fO0,...,0,1),..., f(1,...,1,1)),
whose corresponding (£1)-sequence of f is given as
Xf — ((_1)f(0 ..... 0,0)7 (_1)f(0 ..... 0,])7 o (_1)f(] ..... 1.1)).

The Hamming distance dy between two arbitrary Boolean functions, say f,g € By, is
defined by

1
du(f,) ={xeFy: f(x) #gX)}=2""~ ~xs- xe

2
where xr - xo = erﬁ"g (=1)/ ™™ T general, the standard inner (dot) product of two
vectors X = (x1,...,x;)andy = (y1, ..., y,) in[F} isdefinedasx-y = x;y1 & - - - D X, yn.
The Walsh-Hadamard transform (WHT) of f € By, at any point @ € I} is defined as
Wi) =) (=D 0sex, @
xel

Given the Walsh spectrum of a function f € B,, its truth table can be recovered using the
inverse WHT given by

(=170 =27 % W @) (=D, 3)

n
welf)

A function f € By, for even n, is called bent if Wy(u) = 427 . We further note that for a
bent function f € B,, we have Wy (u) = (—1)f*(“)2% for a Boolean function f* € B,,. This
function f* is called the dual of f and is also a bent function.

The first-order derivative of f € B, ata € I}, denoted by D, f, is the Boolean function
defined by

Daf(x) = f(x®a) @ f(x), forall x € ).
In particular, f : F} — T is said to admit a linear structure y € F3* if D), f(x) =

fx®y)® f(x) =cforall x € F5, where ¢ € F,.
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Explicit infinite families of bent functions

The Maiorana—McFarland class MM is the set of n-variable (n is even) Boolean functions
of the form

fXy) =x-7(y) ®g(y), forallx,y € Fy/?, (4)

where 7 is a permutation on ]F;/ 2, and g is an arbitrary Boolean function on IE‘;/ ZIn general,
the completed class is obtained by applying the so-called extended affine (EA) equivalence
to all the functions in a given class. Since we are mainly interested in the class MM, its
completed version MM* is defined as,

MM* = {f(AxDb)@c-xPd: f e MM, A e GL(n,Fa),b,cecFi del,),

where G L (n, [F2) denotes the group of invertible matrices under composition. The following
lemma, originally due to Dillon [12] and later extended by Carlet [7, Proposition 54, pp.
167] to (easily) cover the other direction, is of crucial importance for the discussion on class
inclusion.

Lemma 2.1 [12, p. 102] [7, Proposition 54, pp. 167] A bent function f inn variables belongs
to MM? if and only if there exists an 5-dimensional linear subspace V of I} such that the
second-order derivatives, defined by

DaDpf(x)=f(x) @ f(x®a)® f(xDb)® f(xDadb),

vanish for any a,b € V.

2.1 Plateaued functions and their duals

A function f € B, is called s-plateaued if its Walsh spectra only takes three values 0 and
+2"3 (the value 23" is called the amplitude), where s > 1 if nisodd and s > 2 if n is
even (s and n always have the same parity). In particular, a class of 1-plateaued functions for
n odd, or 2-plateaued for n even, corresponds to so-called semi-bent functions. The Walsh
support of f e By is defined as Sy = {w € [} : Wy(w) # 0} and for an s-plateaued
function its cardinality is #Sy = 2" [3, Proposition 4].

We define a dual function f* : Sy — F, of an s-plateaued function f € B, using
We(w) = 2%(—1)f*(“’), forw e Sy C Fg.Tospecifythedualfunctionas?* (F T — Ty,
we use the concept of lexicographic ordering. That is, a subset E = {ep, ..., €m—s_1} C
I} is ordered lexicographically if |e;| < |e;41| for any i e [0,2"™° — 2], where |e;| =
Z']’;(l) € n—1— j2j denotes the integer representation of e; € 5. Since S is not ordered in
general, we will always represent it as Sy = v ® E, where E is lexicographically ordered
for some fixed v € Sy and ey = 0,, thus E is a linear subspace of dimension n — s.

A direct correspondence between ;™ and Sy = {wo, . .., wpn—s_1} is achieved through
E, so that for the lexicographically ordered F, ™" = {Xo, X[, ..., Xpn—s_1} We have
Fox) = frvee) = f*@), (5)

wherex; e 7%, ¢, € E, i € [0,2"7° —1].

Remark 2.1 Throughout this article, from the design perspective, the dual of an s-plateaued
function f : I} — IF will be denoted by f* and is considered as a function on Sy (that
is f* : Sy — F»). However, as specified in (5), the notation 7* associates this dual to a
function defined on F; ™, that is ?* (Fy = T
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The main reason for ordering the elements in E lexicographically is Theorem 3.3 (that essen-
tially follows from Lemma 3.1 in [16]), given originally in [15] and recalled in Sect.3.3.1,
which from the design perspective gives the conditions on Sy so that the spectral values
defined through f* (or 7*) indeed specify a valid Walsh spectrum of a Boolean function.
Furthermore, it was noted in [17] that different orderings of S s, both with respect to the choice
of v so that Sy = v @ E as well as representing it differently so that Sy = v @ E’ (with
v # v and E # E'), essentially give affine equivalent duals ?* and 7*, see Section 5in [17]
for further details. Nevertheless, all these results use the assumption that item (i) in Lemma
3.1 1in [16] is satisfied. Namely, an m-dimensional linear subspace £ = {eqp, e, ..., em_1}
is “suitably” ordered to be used in Theorem 3.3 whenever for any fixedi € {0, ..., m — 1} it
holds that e; = ey @ e; i, forall 2 < j < 2! — 1. In the case of lexicographic ordering
this recursion is satisfied.

In this context, we recall one essential result on the properties of the dual plateaued
functions for different representations of Sy. We remark that an s-plateaued function on I}
is called trivial if its Walsh support is an affine subspace.

Theorem 2.1 [15] Let f,h : F5 — F» be two trivial s-plateaued functions whose Walsh
supports are related as S, = ¢ ® Sy M, for some matrix M € GL(n,F2) and ¢ € IF}.
Representing Sy =v® E = {w; = v® e : ¢ € E} for alexicographically ordered linear
space E = {eg, ..., em-s_1}, let the functions ?* andh" be defined as

Fro) = @) and B (x) =h*(z), (€[0,2"7 —1]),
where z; = ¢ ® oM € Sy. Then, f and h are EA-equivalent if and only if their duals

—k Tk — . .
f h 57" — T, are EA-equivalent bent functions.

2.2 Specifying 5-valued spectra functions through duals

We first recall certain notations, introduced in [14] and also used in [17], useful in handling
a 5-valued spectra Boolean function which has two different non-zero absolute values.

Let the WHT spectrum of a function f : F; — I, contain the values 0, £cy, +c2
(c1 # c2), where c1, c» € N. Some of the results in [14] are stated in a more general context,
but since the 4-decomposition of bent functions is our main objective we only consider the
cases ¢; = 22 and ¢, = 20*t2/2 gbove. Fori = 1,2, by S[f” C [ we denote the set

ng] ={u e} : [Ws()| = ¢;}, and we can define the functions f[’l.‘] : S?] — [, such that
the following equality holds:

0, ue stust?
@) {c,--(—l)f[i](“),uesy], i e{l,2} ©
Fori =1,2,letv; € F5 and E; = {e(()i), ey e;)i_]} Cc I} (e(()i) = 0,) be lexicographi-
cally ordered subsets of cardinality 2%/ such that S_Ef] = {wg ) ey w;)! _1} =v; ®E;, where

wj.i) =V, ® ej-i), for j e [0,2% — 1]. Clearly, the lexicographically ordered set E; imposes

an ordering on ng] with respect to the equality a)y) =v; ® e;i). Using the representation of
SEf] =v; @ E; and the fact that the cardinality of S Ef] is a power of two, the function 7&], as

a mapping from IF;" to [, is defined as
Fin®) = fivi 6995-’”) = f[?](wi‘i))’ jelfo.24 -1, (7
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Explicit infinite families of bent functions

where F ;" = {Xp, ..., Xy, _,} is ordered lexicographically.

A more specific method for designing 5-valued spectra functions on F; (thus Wy (u) €
{0, £21/2, :I:2#}), originally considered in [14], will be used in Sect.3.4 for specifying
suitable quadruples of such functions whose concatenation will give bent functions outside
MM*,

2.3 Decomposition of bent functions

In [3], Canteaut and Charpin considered the decomposition of bent functions on F5, n > 4
is even, with respect to affine subspaces a @ V, for some k-dimensional linear subspace
V C Fj. In general, this decomposition of f € B, can be viewed as a collection of o=k
Boolean functions denoted by fagv and defined on IFIE — [, using

faov (X)) = fapv@® Vi), i€[0,25—1], (8

for lexicographically ordered V = {vp, ..., vo«_;} and IFS = {Xo, ..., Xok_1}. This identifi-
cation between V and IE"E and thus the definition of fagyv : IF’E — [, strongly depends on
the ordering of V in a similar sense as mentioned in Sect. 2.

Since in this article we are mainly interested in the design methods of bent functions on
IF using a concatenation of four functions on Fg_z, we will consider V to be an (n — 2)-
dimensional subspace of ;. Hence, the functions f, ..., f4 € B,_2 can be defined on the
fourcosets0,®V,adV,bdV, (adb)®V respectively, for an arbitrary linear subspace V of
dimension n — 2 so that Q = (a,b) and Q ® V =} (with Q NV = {0,,}). We will denote
such a decomposition as | = (f1, f2, f3, fa)v, where | € B, and f; € B,_>. However,
specifying V = I}~ x (0, 0) we have the canonical decomposition which we simply denote
as f = (f1, f2, f3, fa). Following the terminology in [3], this decomposition is said to be a
bent 4-decomposition when all f; (i € [1, 4]), are bent; a semi-bent 4-decomposition when
all f; (i € [1,4]) are semi-bent; a 5-valued 4-decomposition when all f; (i € [1,4]) are
5-valued spectra functions so that Wy, € {0, +2n=2)/2 :|:2"/2}.

The 4-decomposition was fully described in [3] in terms of the second-order derivatives
(with respect to a and b) of the dual {* of a bent function f. Alternatively, the approach that
will be used in this article, this decomposition can be specified in terms of Walsh supports and
duals of its restrictions f7, ..., fa [14]. Note that functions f; are considered as functions in
(n — 2)-variables in terms of Eq. (8) (that is when dim(V) =k =n — 2).

Theorem 2.2 [14] Let | € B, be a bent function, for evenn > 4. Leta, b € F5\{0,} (a # b)
and V a linear subspace of F5 with dim(V) = n — 2 so that (a, b) ® V = 5. If we denote
by (f1, ..., fa) the 4-decomposition of | with respect to V, then (f1, ..., fa) is:

(i) A bent 4-decomposition if and only if it holds that [ @ f5 @ f5 @ ff = 1.
(ii) A semi-bent 4-decomposition if and only if functions f; (i € [1,4]) are pairwise disjoint
spectra semi-bent functions.
(iii) A five-valued 4-decomposition if and only if the following statements hold:

(a) The sets S%] ={# e Fg_z W) = 2%} (i € [1,4]) are pairwise disjoint;
(b) Al STV = (9 € FA72 W, (0)] = 2°T) are equal (i € [1,4]), and for [, -
S — F, it holds that f5 \ @ £5,, @ fi53 ® fyys = 1.

' Two semi-bent functions f1and f7 on Fgfz, for even n, are said to be disjoint spectra functions if W ) =
0= Wg @) = +2"/2and vice versa.
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In the rest of this article, we consider the canonical 4-decomposition so that a =
0,0,...,0,1),b =(0,0,...,1,0) € F; and consequently V = Fg% x {(0, 0)} in The-
orem 2.2. Then, the function f is the concatenation of f; € B,_» which we denote by | =
f1ll f211 f31] fa. Using the convention that f(x, 0, 0) = f1(x), f(x,0, 1) = fo(x), f(x,1,0) =
f3) and f(x, 1, 1) = f4(x), the ANF of f = f1| fal| f3]| fa is given by

FX, ¥1, y2) = f1iX) @ y1(f1 © [3)X) @ y2(f1 D [2)X) D y132(f1 D 2D 3D fa)(X).
©)

3 Decomposing bent functions: design methods

From the design perspective, Theorem 2.2 allows us to specify (possibly new) bent functions
by specifying suitable quadruples of bent, semi-bent, or 5-valued spectra functions. We
develop these ideas below more precisely in the rest of this section, but before this we
propose an efficient algorithm for testing the inclusion in MM?*. Throughout this article,
due to the fact that all bent functions up to six variables are contained in MMH* we will
consider the design of bent functions on IE*"Z’ where n > 8 is even.

3.1 An algorithm for determining whether f ¢ MA*

We first describe an algorithmic approach to determine whether a bent function is outside
MM®*. The algorithm is based on Lemma 2.1 and some graph-theoretical concepts.
Let f € B, be a bent function. Set I' = (V, E) to be a graph with edge set

E ={{a,b} :a,b e F}*; D,Dy f =0},

and vertex set V. C F}* consisting of all distinct vertices appearing in the edge set E. For
simplicity, we do not add 0 to V as DoDy f = 0 for all b € ;. With this approach, we
reduce the size of the vertex set V as DyDp f # 0, for some a,b € IF;* In practice, for
functions outside the completed Maiorana-McFarland class, the size of the vertex set becomes
relatively small and for instance in dimension n = 8 we could verify that typical values for
|V| are 0 and 6. We also remark that we consider the graph I" to be simple as there are no
loops (Da Dy f = 0 holds for all a € F7); and it is not directed since Dy Dy, f = Dy Dy f for
any a, b € I}.

From Lemma 2.1, we know that we need to find an (n/2)-dimensional linear subspace
V of Fy» on which the second-order derivatives of f vanish. From the graph-theoretical
perspective, this problem corresponds to finding a clique A (complete subgraph) of size
2"/2 — 1 in the graph I' and additionally checking whether V(A) U {0} forms a linear
subspace in ;. Finding a clique in a graph is known to be an NP-complete problem and,

specifically, the time complexity of this search would be of size (’)(2"2"/2). However, in
practice, this number is much smaller because the number of vertices (namely |V|) of the
graph I is almost negligible compared to 2". The full Sage implementation has been added
to the appendix. It might be of interest to optimize further the performance of this algorithm
so that larger input sizes can be efficiently tested.

We have considered 100 bent functions in dimension 8 and the average time needed to
check whether one function is outside MAM* was approximately 17 seconds. For n = 10,
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the average time for checking the property of being in or outside MM was 30 minutes.
On the other hand, when n = 12, the time complexity is approximately 22 h on average. For
the purpose of this article, the proposed algorithm is sufficiently efficient and is superior to a
straightforward approach of checking all n/2-dimensional subspaces and verifying the van-
ishing property of the second-order derivatives. Most importantly, all the examples provided
in this article (in certain cases the ANFs are also given) can be efficiently checked using the
Sage algorithm given in the appendix. We also note the following interesting observation.

Remark 3.1 We remark that the dual of a bent function f € MM, given by f(x,y) =
x - w(y) ® h(y) for x,y € Iﬁ‘g/z, where 7 is a permutation on IF'ZI/Z and h is arbitrary, is
apparently in MM (see for instance [7] for the specification of f*). The same is true when
f € MM* is considered since the class inclusion is invariant under the EA transform.

3.2 Defining suitable bent 4-decompositions

Recently, a quadruple of distinct bent functions, satistying that f* @ f3 @ f5 @ f) =1,
was identified in [2]. It was additionally shown that their concatenation fi|| f2|| f3l| fa is
provably outside the MM¥ class. More precisely, the authors considered a quadruple of
bent functions (not all of them being in MM*) that belong to the C and D class of Carlet [4]
and their suitable “modifications” for this purpose. Nevertheless, the following results show
that the same method can generate new bent functions outside MAM* when a single bent
function (alternatively a pair of bent functions considered in Theorem 3.2) outside MM* is
used.

Theorem 3.1 Let n be even and f be a bent function in n variables. Set h(X, yi, y») =
f(X) @ yr1ys for yi € Fa, so that h = f||fl|fII(1 & f) € Byyz is also bent. Then, f is
outside MM®* if and only if h is outside MM?¥.

Proof 1t is well-known that & = f||f||f|]|(1 & f) € B,io is bent if f is bent, since
h(x, y1, y2) = f(X) @ y1y2 is the direct sum of two bent functions [12, 23]. Notice that ‘ f
is outside MM* if and only if & is outside MM®” is equivalent to * f is in MM if and
only if £ is in MM*’.

Suppose first that / is outside MAM¥, thus we want to show that f is outside MM¥.
Assume on the contrary that f is in MM, thus there exists (at least) one linear subspace
vV C Fj with dim(V) = n/2 such that Dy Dy f = 0, for any a’,b" € V. Let E =
V x {(0,0), (0, 1)} which is a subspace of Fgﬂ of dimension n/2 + 1. We then have that

D ay,a) Dty by ,byh = 0,

forany a’, b’ € V and (a1, az), (b1, ba) € {(0,0), (0, 1)}, thus the second-order derivatives
of & vanish on E. Hence, & is in MM which contradicts our assumption that % is outside
MM*.

Now, we show that f is outside MM¥ implies that & is outside MAM¥. Assuming f ¢
MM?*, then for any subspace V C I3 with dim(V) = n/2, we can always find two vectors
a’, b’ such that Dy Dy f # 0. Let E C 3 x F3 be any subspace with dim(E) = n/2 + 1.
There are two cases to be considered.

a. If dim(E£ N [} x {(0,0)})) > n/2, then we can find two vectors (a’,0,0), (b',0,0) and
consequently

D@ .0,00Dw 0.0t = Da Dy f # 0.
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b. If dim(E N (Fj x {(0,0)})) < n/2, then we must have E N ({0,} x F3) = {0,} x F3
since dim(E) = n/2 + 1 (using that dim(E N (F5 x F%)) = n/2 + 1). Here, there are
three cases to be considered.

(a) If Dy Dy f = 0 for any two vectors (a’, 0,0), (b’,0,0) € E N (F} x {(0,0)}), then
we can specify (a1, az) = (1, 0), (b1, by) = (1, 1) so that
Daya2) Dy 1) (1y2) = 1.
Thus,

D ay,a2) D by by = Da Dy f @ Diayaz) Doy by (y1y2) = 1 # 0.
(b) If Dy Dy f = 1 for any two nonzero vectors (a’, 02), (b, 02) € E N (I x {02}),
then we select (a1, a2) = (1,0), (b1, b2) = (0,0) so that
Daya) Doy by y1y2 = 0.
Thus,

D@ a1,a0) Dy p1,b2) = Da Dy f @ Day,a2) Doy,6,) (1y2) = 1 # 0.

(¢) If Dy Dy f # const. for two nonzero vectors (a’, 02), (b’, 02) € E N (F} x {02}),
then

D(a’,al,az)D(b’,bl,bz)h = Dy Dy f # const.
This concludes the proof. O

Corollary 1 Let n and m be even positive integers and h be a bent function in BB,. Then, the
function fX, Y1, V2, ..., Ym) = h(X) ® V(Y2 ® 34 D - - D Ym—1Ym is outside MM* if
and only if h is outside MM?¥,

Now, we investigate another non-trivial selection of bent quadruples (different from f =
Sl AL @ f1), which satisfies the necessary and sufficient condition f|* @ f5' @ f5 @
fi = 1. It turns out that the basic concatenation method of using just two bent functions,
where at least one of them is outside MM*, also generates bent functions outside MM,

Theorem3.2 Let n = 2m be even and fi, f» € B, be two bent functions. Set f =
Sl fill f211(f2 @ 1), which by (9) gives
f&Ey1L,y2) =A®y) i) & y1 f2(%) & yi1y2, x € F), y1, 32 € Fa. (10)
If fi or f> is outside MM, then f € B,12 is bent and outside MM,
Proof Since f;" & f{"® f; ® (f2® 1)* =1, then f is bent.

For convenience, we denote a = (a’, a2, a3), b = (b’, by, b3) € F} x Fy x F». Let V be
an arbitrary (m 4+ 1)-dimensional subspace of ]Fg”. From Lemma 2.1, it is sufficient to show
that for an arbitrary (m + 1)-dimensional subspace V of IF’;"'2 one can always find two vectors
a,b € V such that D 4y.45) Dy y.05) f (X, ¥1. y2) # O for some (x, y1, y2) € ]Fg”. We

have

D' ay,a3) Dty by, b3y f (X, Y1, ¥2) = (1 @ y1) Dy Dyy f1(X) @ y1 Dy Dy f2(X)
®ar Dy (f1 ® f2) xPa) ®baDy (f1® f2) (xDD)
@arbs D azb;.

an

There are two cases to be considered.
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a. Assuming that dim (V N (F5 x {(0,0)})) > m implies the existence of two vectors a =
(@', a2,a3),b= (b, by, b3) € Vsuchthata' # b, a; = a3 = by = by = 0, for which
Dy Dy f> # 0 if we suppose that f> is outside MM,

From (11), for y; = 1, we obtain

D(a’,ag,a;)D(b’,bz,bg)f(x7 la y2) = Da’Db’fZ(X) 7_é 0.

Thus, we have found a, b € V such that D, Dy, f(x, 1, y2) # 0, which also implies that

Dy Dy f (X, 1, y2) # 0.

Now, assume that f; ¢ MM, Similarly, there will exist two vectors a =
@”,a2,a3),b = (b”,by,b3) € V suchthata” # b”,ap = a3 = by = b3 = 0, for
which Dy Dy f1 £ 0. Setting y; = 0 in (11), we obtain

Da' ay.a3) Dt by.b3) f (X, 0, ¥2) = Dy Dyy f1(x) #£ 0,
and again we conclude that Dy Dy, f (X, y1, y2) # O.
b. When dim (V N (F5 x {(0,0)})) < m, we have V N ({0,} x F3) = {0,}xF3 since
dim (V N (F% x F3)) = m+1.Furthermore, we can find two vectorsa = (a’, a2, a3), b =

(b, by, b3) € Vsuchthata’ =0,,b' =0,,a, =1,bp =0,and a3 = 0, b3 = 1. From
(11), we have

D,.1,00D,.0,1) f (X, y1, y2) = 1 #0. (12)

Thus, there is no (m + 1)-dimensional linear subspace of ]Fg'+2 on which the second-order
derivatives of f vanish, i.e., f is outside MM, ]

Example 3.1 Let f1, f>» € Bg be defined by fi(x,y) = x-yand fo(x,y) = x-m2(y) ® do(X),
respectively, where 7y = (0, 1,2, 3,4,5,8,10,6,12,7,15,13,11,9, 14) is a permutation
of IF‘Z‘ in integer form and x, y € IE“Z‘. Here, §p(x) = ]_[?=1 (1 @ x;) is the indicator of {04}. We
note that f| € MM* and e Do\ MM*, where Dy is the class of bent functions introduced
by Carlet [4] whose members are of the same form as f> above. Let {1 = (f1, f1, f2, 2@ 1)
and f» = (f2, f2, f1, f1 ® 1) be defined via (10). Using the algorithm in Sect. 3.1, we have
confirmed that {1, fo € Bjg are both bent functions outside MM,

An iterative design of bent functions outside MM* follows easily from Theorem 3.2.

Corollary 2 Let fi, f> € B, be two bent functions such that fi or f» is outside MM®¥. Set
1= (A, A . LO D and 1Y) = (fo. fo. fi. fi ® 1). Fork > 2 we define

k k—1 k—1 k—1 k—1
= e
and
k k—1) c(k—=1) o(k—1) (k—1
B =@ A A e .
Then, fik) and fgk) are bent functions in n + 2k variables outside MM,
3.3 Semi-bent case of 4-decomposition
The construction of disjoint spectra semi-bent functions was treated in several articles, see

[15] and references therein. In terms of the spectral design method in [15], constructing
quadruples of semi-bent functions (f1, f2, f3, fa) onIF; (with n even), whose Walsh spectral

values belong to {0, 2" }, with pairwise disjoint spectra ( so that f; and f; are disjoint
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spectra functions for 1 < i # j < 4) can be easily achieved by specifying suitable Walsh
supports. It has already been observed in [16, 29] that trivial plateaued functions, having
an affine subspace as their Walsh support, essentially correspond to partially bent functions
introduced by Carlet in [5] which admit linear structures. Nevertheless, the selection of these
Walsh supports as affine subspaces or subsets will be shown to be irrelevant for the class
inclusion of the resulting bent functions, which will be entirely governed by the bent duals.

3.3.1 Known results on the design methods of plateaued Boolean functions

Before proving the main results of this section, we will give a brief overview of some
known useful results obtained in [ 15] regarding the construction and properties of s-plateaued
Boolean functions. For simplicity, we adopt these results for semi-bent functions, thus s = 2,
and employ only the parts relevant for our purposes.

Theorem 3.3 [15, Theorem 3.3 (with s = 2)] Let Sy = v® EM = {wy, ..., wm—2_} C
I, for some v € ), M e GL(n,IFy) and lexicographically ordered subset E =
{eo,e1,...,em2_1} C I}, where n is even. For afunction g : IF”_Z — Ty such that
wr(g) = 2" 3 4 271 or wi(g) = 2"3 e (havmg bent weight), let the Walsh
spectrum of f onIF} be defined (by identifying x; € F" and w; € Sy through e; € E using
(5)) as

W) = {0:”2( 1806, l{o;u;f— voeMe sy, (13)
Then:
(1) f is an 2-plateaued (semi-bent) function if and only if g is at bent distance to
D= {¢u: IF372 — Iy
Xpa = (DY (=D L (=D 2) w; € Sy, ue FLY, (14)

where for a subset B C B, afunction g is said to be at bent distance to B if forall f € B
it holds that dy (f, g) = on=1 4 on/2-1
(i) If E C Iy is a linear subspace, then f is semi-bent if and only if g is a bent function on
-2
Remark 3.2 Since |Ss| = 2"=2 and the absolute value of the Walsh coefficients in Theo-
rem 3.3 is 2% Parseval’s identity Zuew Wy(u)? = 22" is clearly satisfied. For ease of
notation, we will consider f € B,1+2 and use a dual bent function g € B,, which essentially
corresponds to the dual function f discussed in Sect.2.1 and specified in (5). The Walsh
support Sy C IF"+2 with |S¢| = 2", can be specified as a binary matrix of size 2" x (n 4 2)
of the form Sy = (¢ @Fy;M) 21Ty 2 Ty,, M € GL(n, IF2) and ¢ € ;. Here, the part c @ F; M
is an affine permutation of I} and corresponds to the first n columns of S¢; whereas the last
two columns 7}, 2 T, of Sy are binary truth tables of 11, uo € B,.

To construct nontrivial semi-bent functions (whose Walsh supports are subsets), one can
employ bent functions in the MM class defined by

gXY) =x- Yy 1(y); x,yeF/? (15)

where v is an arbitrary permutation on IE‘Z/ Zandt € By, is arbitrary. We give below a slightly
modified version of Theorem 4.2 in [15], since we are interested in semi-bent functions in
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even dimensions. Therefore, we define the Walsh support as Sy = (¢ ® EM) T, 2 T, rather
than Sy = (¢ @ EM) T}, as originally in [15]. Notice that the use of a nonlinear function
w : F) — IF ensures that Sy is not an affine/linear subspace.

Theorem 3.4 [15, Theorem 4.2] Let g(x, y) = X - ¥(y), X, y € F3'*, be a bent function, n is
even. For an arbitrary matrix M € GL(n,Fp) andvectorc € F5, let Sy = (c@ EM 0T, 2T,
where E = I} is ordered lexicographically and ju € B,. We have:

(1) Let Ey, Ey be subspaces of IFZ/Z such that y(Ey) = Ef‘ and define pu(x,y) =
o, (X)@E, (y), where ¢, denotes the characteristic function of E;. Then, f : IF;+2 —
F, whose Walsh spectrum is specified by means of (13) in Theorem 3.3 (with dimension
n + 2 instead of n), is a semi-bent function.

(i) Let L be a subspace of 5 and define u(X,y) = ¢r(X). Ify=Y(v + LY) is an affine
subspace for all v € FJ, then f : IFZ+2 — 2, whose Walsh spectrum is specified by
means of (13) in Theorem 3.3 (with dimension n+-2 instead of n), is a semi-bent function.

3.3.2 Bent functions outside M A* using semi-bent functions with suitable duals

By employing the above results, the authors in [15] also proposed a construction method
of disjoint spectra plateaued functions, see Theorem 4.4 in [15], and additionally showed
that these functions can be efficiently utilized for the construction of bent functions. For the
particular case of specifying four semi-bent functions on IFZH, by using a bent dual g € 5,
it is convenient to express IF;JFZ = V @ Q where for simplicity V = F; x {(0,0)} and
0=0,x IE‘% Notice that the choice of V leads to the canonical concatenation/decomposition
given by (9). The main idea is then to specify disjoint Walsh supports of semi-bent functions
fi onthe cosets of V in IE"2’+2. The reason for selecting S ¢ (¢ ®F5 M) T}, 1 Ty, in Theorem 3.5
as a non-affine subspace is to demonstrate a somewhat harder design rationale that employs
Theorem 3.3(i), which requires that the set ® 7 is at bent distance to the bent dual g. Again,
the use of a suitable bent dual g € B, (taken outside MM¥) is decisive when the design of
bent functions outside MM? is considered.
We note the following notion of the so-called relaxed linearity index introduced in [22].

Definition 3.1 [22] A vector subspace U C [} is called a relaxed M.M-subspace of a
Boolean function f € By, if for all a, b € U the second-order derivatives Dy Dy, f are either
constant zero or constant one functions, that is, Dy Dy, f = 0 or Dy Dy, f = 1. We denote by
RMS,(f) the collection of all r-dimensional relaxed M. M-subspaces of a Boolean function
f and by RMS(f) the collection

RMS(f) = RMS,(f).

r=1
For a Boolean function f € B3, its relaxed linearity index r-ind( f) is defined by

r—ind(f) := max dim(U).
UeRMS(f)

Theorem 3.5 Let g ¢ MM¥ be a bent function in n variables, n even, with r-ind(g) <
n/2 — 2. For an arbitrary matrix M € GL(n, F,) and vector ¢ € 5, let Sy = (¢ @ F3M) 2
Ty 2 Ty, C ]Fg"'z, where t1,t» € B, such that g(X,y) @ vit1(X,y) ® vata(X,y) is bent for

any vy, v2 € Iy, where X,y € IF;/Z. Let Q = {0,} x F% = {qo0, 901, q10, q11} and set
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SHp=qa® Sy, forqa € Qanda € F% Then, the functions fa € B4, constructed using
Theorem 3.3 with Sy, and g, are semi-bent functions on Fg” with pairwise disjoint spectra.
Moreover, the function § € B, 14, whose canonical restrictions are ﬂ]F’z’”x{a} = fa, Where

a € 5 (thus § = fooll forll foll f11), is a bent function outside MM,

Proof Let ¢ € F} and M € GL(n,[F,) be arbitrary. Let Sy = (¢ @ FoM) 1 T;; 2 Ty,
where t1, 1 € BB,. The columns of ¢ @) M correspond to affine functions in n variables, say

I1,...,1l, € A,. Thus, by assumption on g, the function gbv-(l1, ..., [,, t1, t2) is bent for any
V€ F’2’+2.Hence,gis atbentdistanceto @y = {¢y € B, : Ty, = (V-wo, ..., V-won_1), w; €
S¢,veE FZJFZ}.Let St =qa® Sy, forqa € Q. By Theorem 3.3(i), the functions f, € B;42,
whose Walsh spectral values at v € IFS+2 are defined by:
n44 v,
v 277 (CD8%YD Ly = (e @ (xi,yi) - M, 11 (X0, Yi), (X, ¥i) @ qa € S,
Wfa (V) - ’
0, v ¢Sy

(16)

are 2-plateaued (semi-bent) functions, for a € IF% Furthermore, we have Ug,c0(qa @ Sy) =
F’2’+2 and the function f = fool| fo1ll fioll fi1 € Bu+4 is bent by Theorem 2.2(ii), since the
restrictions f, are pairwise disjoint spectra semi-bent functions.

It remains to show that § is outside MM*. For convenience, we write u = (e, B.y,w) €
IE‘;/ 2% IE‘;/ IxF % X IF% Then, the Walsh-Hadamard transform of f atu € ]F;Jr4 evaluates to:

Wi(u) = Z (—1)f &y Z2WOEy.2.W)-u
(x.y.zw)e(Fy )2 x (F3)?

— Z Z (=) vy DOXY.2) (@.f.y)OW-0

weF3 (x,y,z)e(Fy*)? xF

=) (-pve 3 (— 1) xy.DBX.y.2)-(@.B.7)

wel} %y, 2)e(Fh/*)2 xTF2
=Y (=DVOWy (@ B.y) = (%)
welF}

As Ugeo(q @ Sy) = IF;"’Z andq® Sy Nq &Sy =0 forq # q, we have that (e, 8, y)
is in exactly one support S, for some w € IE‘% We note that (e, B) = ¢ @ (e, B/) - M for

some (o', B') € IF;/Z x [E"z’/2 andy = (t1(’, B'), 12(e’, B')) @ a, for some a, € F3, whose
choice depends on the value of y. Hence,
@ B.7)=(c@d@.f) M@ p)n@. ),
Thus, we have that
(%) = 2" . (= 1)ty 0Bs@.B)

= 2" (- )1 (@P&O-M).1((@. HBO-M 1) @y)-0dg (@ HBO-M ")

which implies that the dual §* € B, 414 of { is defined by

Xy, 2z,w) = (XY ®c)- M, n(x,y)@c)- M) @2)
Wog((x,y)®c)- M),
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forx,y e IF;/ % and z,welF % Without loss of generality, let us consider the function

h(X! Y.z W) = f*((X, Y.z, W) . M, ©® (cv 02s 02))
= (X, y).0xy)&z) WX,y
= g(xv Y) @ Z-W @ (tl (X! y)v t2(xv Y)) * W,

’r_ M |0y
M _(JW 14>-

We note that h and f* are EA-equivalent functions and thus belong to the same completed
class of bent functions.

Let us now consider the second-order derivative of fj. Suppose that V is some
(n 4+ 4)/2-dimensional subspace of F;H = IF”/Z X F;/z X IFZ X Fz and let ¢ =
@D, 0@ o¢® ¢®) g = BV, gD O, ﬁ<4>) € V. where a(l) a(2> B, gD ¢
le/z, G @, ,3(3), ,3(4) € IF% For easier notation, we will denote with a1, = (Ol(l), a(z))
and B2 = (B, BP). The second-order derivative of § evaluates to

where

Dy Dgh(X,y, 2, W) = Dg,, Dp,8(X,y) ©W - (Do, Dy 11 (X, ¥), Dy Dpyy12(X, Y))
@a(4) . (Dﬂlztl((x, y) @ «12), D/S’IZIZ((X’ y) @ a12))

®BWY - (D11 ((X,¥) ® B12), Dapy12((X,y) ® B12))
ea® . O @ o® . g@. an

First, we note that there are no bent functions outside MM forn < 6, i.e., we must have
n > 8. Hence, the smallest possible dimension we can consider is 8 + 4 = 12 for which the
vanishing subspace V has dimension 6. Since dim(V) = n/2 + 2, we have

dim({(x,y, 2, 02) € F3/* x T3> x F}: (x,y,2, W) € V}) > n/2.

Hence, without loss of generality, we can take o = (a(l),a(z),a(3),0, 0) and B =
(ﬁ(l), ﬁ(z), ﬂ(3), 0,0) for some distinct nonzero w12, f12. From (17), for w = 0, and
a® = ,3(4) = (0, 0), we have that

Do Dgh(x,y, 2, W) o, = Doy, Dp,e(x,y) @ a® . g3,
=0y

Furthermore, since dim({(x,y) € IF"/ 2 "/ 2

ind(g) < n/2 — 2 we have that

:(X,y,zZ,w) € V}) > n/2 —2and r-

DO!Dﬂb(X’ Y.z, w)|w=02 7& 0.

Thus h ¢ MM*, which implies that * ¢ MM*. By Remark 3.1, it means that f is
outside MM*. O

Remark 3.3 The condition that r-ind(g) < n/2—2 is quite strict and can be relaxed in certain
cases. For instance, taking that 1; = t, = 0 in Theorem 3.5, the function h(Xx, y, z, w) =
gx,y) Dz -wob (t1(X,y), 2(X,y)) - w becomes h(x,y,z, w) = g(x,y) & z - w, which by
Corollary 1 is outside MM¥ if and only if g is outside MM?¥. This also indicates that the
choice of a non-affine Walsh support is not decisive for the class inclusion since the support
Sy in Theorem 3.5 is affine when 1; =, = 0.
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Since g € B, is supposed to be a bent function outside MM?* (with additional restriction
that r-ind(g) < n/2 — 2), we can employ the class Dy of Carlet [4] or certain families of
bent functions in C and D that are provably outside MAM¥ [18, 26, 28]. Alternatively g can
be taken from the recent classes SC and CD [1, 2], which are specified in Corollary 3 below.
Notice that the subspaces L, Ey, E> used to define g in Corollary 3 below, satisfy certain
conditions with respect to the permutation , see [4, 26, 28]. However, there exist efficient
design methods for specifying bent functions in the above classes that are provably outside
MM [1, 2, 18, 26, 28]. On the other hand, for #{, t, € B, we use certain indicators that
preserve the bentness of g(x,y) @ vt (X, y) ® vat2(X, y). The results are summarised in the

following corollary, where we denote 8o (x) = ]_['.‘/ 2 (x; ® 1) which is the indicator function

i=1

of {0y/2} x IF‘;/ 2. Notice again that taking ¢; = t, = 0 in Corollary 3, it is sufficient to take
any bent function g outside MAM?,

Corollary 3 With the same notation as in Theorem 3.5, if a bent function g € B, satisfies
r-ind(g) <n/2 —2andty, ty € B, are defined by:

(i) g(x.y) =x-7(y) ®6o(X) € Do \ MM*, 11(x.y) = (x.y) = 6o(x). x.y € 3%,

() gx,y)=x-w(y)d1,.(x) €C\ MMt 1 correspond to 1; 1 (X) or 8p(X), X,y €
7y,

(i) gx,y) =x-7(y) D 1,.(x) ® fp(x) € SC\ MM*, 1,1 correspond to 1; 1 (X) or
8o(x). x.y € By, or

(iv) g, y) = x-7(y) ®10(x) & 1g, X)1E,(y) € CD\ MM*, 11(x,y) = n(x,y) =

1., x,y e Iy,

then § € By, 14 is a bent function outside MM,

In the following example, we take g € Dy \ MM? in 8 variables (satisfying the condition
r-ind(g) < 8/2 — 2 = 2) to construct a bent function in 12 variables outside MM by
means of Theorem 3.5. The result was also confirmed using our algorithm in Sect. 3.1.

Example 3.2 Let g(x,y) = x - (y) D §o(X), X,y € F4, be a bent function in Dy (outside
MM, where 7 = 0,1,11,13,9,14,6,7, 12,5, 8, 3, 15, 2, 4, 10) is a permutation ofIF‘z‘
represented in integer form. Using Sage, it was confirmed that r-ind(g) = 1. Letc € IE*‘% and
M € GL(8,F,) be arbitrary, say,

00010011
11111101
01110101
11011111
00100111
11000001
01000011
11011100

¢=(0,0,1,0,1,1,1,1), M=

Let Sy = (c® ]Fg ~M) 2 Tsy 2 T,y C IF%O, where Tj, is the truth table of the function 8¢ (x)
viewed as a function on IF‘%. That is, 8p(x,y) = 8o(x) € Bg. Then, f; € Bjo defined via Sy,
and g, using Theorem 3.3, are pairwise disjoint spectra functions, where Sy, = Sy @ qa and
qa € Q = {0g} x 3 for a € F3. In other words, f = (fo0, for. fi0. fi1) € Biz is a bent
function and can be viewed as a concatenation of four semi-bent functions. Furthermore,
using our algorithm in Sect. 3.1, we have confirmed that f lies outside MAM¥. The ANF of f
is given by (24) in the appendix.
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The following remarks are important with respect to the cardinality of bent functions outside
MM* or the presence of linear structures of the constituent semi-bent functions.

Remark 3.4 Notice that the number of possibilities of selecting for Sy (which is a binary
matrix of size 2" x (n + 2)) is quite large. We have 2" possible choices for ¢ € F; and
HZ=0(2” — 2%y choices for M € GL(n, IF,). Thus, for fixed Boolean functions #1, t; € By,

we 17181\2@ 2" [Tip@" — 2%) choices for § 7. For example, for n = 8 this number equals
~ 2=,

Remark 3.5 The existence of linear structures in the semi-bent functions f;, used in Theo-
rem 3.5 to specify f, is of no importance when determining whether § ¢ MAM*. We have
confirmed this, using our algorithm from Sect. 3.1, by verifying that the resulting bent func-
tions are always outside MM provided that the bent function g used to define the dual of
fi (by means of (16)) is outside MM¥. It is completely irrelevant whether these semi-bent
functions possess linear structures (having affine supports S,) or not. This is also evident
from Remark 3.3 since taking #| = t, = 0 the Walsh supports of the restrictions f; are affine.

3.4 Four bent decomposition in terms of 5-valued spectra functions

To specify 5-valued spectra Boolean functions, the authors in [14] provided a sufficient and
necessary condition that the Walsh spectra of f; (corresponding to two different amplitudes)
must satisfy, see Sect.2.2. The notion of totally disjoint spectra functions was also introduced
in [14], which can be regarded as a sufficient condition so that the Walsh spectrum specified
by (6) is a valid spectrum of a Boolean function.

Definition 3.2 [14, Definition 4.1] For two disjoint sets S'/1, $1 c 71, with #5114 #s' =

2M 4 2% < 2" we say that the dual functions K S;” — > and f5; S;z] — F, (in

terms of (6)) are fotally disjoint spectra functions if it holds that
Xi(wXz(w) =0 and [X;(w)|+ |X2(w)| >0,
for all u € 3, where X; () = Y, _qin (=)@ fori =1,2.
!
Remark 3.6 Note that the second condition implies the nonexistence of a vector u € F; for

which Xj(u) = X>(u) = 0. Without this condition, the notion of totally disjoint spectra
coincides with non-overlap disjoint spectra functions in [25].

Furthermore, a generic method of specifying totally disjoint spectra functions was also given
in [14].

Construction 1 [14] Let n, m and k be even withn = m + k. Let h € B,iand g € By be two
bent functions. Let H be any subspace of 75 of co-dimension 1, and let H = F5'\ H. Let also
E| = Fé x H and E> = {0} x H. The Walsh spectrum of f € By, with (&, B) € ]Fg x F7,
can be constructed as follows:
(=D$@SNB 22 (, B) € E)
Wi, B) = | (=DMB) . 272 (@, B) € E> (18)
0, otherwise.

Then, Wy is a valid spectrum of a Boolean function f € B,. Let now

fi(e, B) = g(e) ®h(B), (e, B) € Ey

@ Springer



E. Pasalic et al.

fa(ee, B) = h(B), (a,B) € Er.

Then, f1: E1 — Fyand f> : E; — [y are totally disjoint spectra functions.

Remark 3.7 Notice that the sets £} and E5 in Construction 1 can be defined similarly using
any element v € ]Fg instead of O, so that E» = {v} x H and E| = F’; x H remains the
same. Then, E| and E are clearly disjoint.

Now, we need to specify a quadruple of 5-valued spectra functions in B, — by means of
Construction 1, which additionally satisfies the condition given by item (iii) of Theorem 2.2.
More precisely:

(a) The sets s[” (9 e P32 [Wp(9)| =23} (i €[1,4]) are pairwise disjoint;
(b) All 55?] # e F272: |Wj,(#)| = 2"7 } are equal (i € [1,4]), and for fos 553]
F, 1tholdsthatf2] 1 © 52 ® 3@ M4 =1
Whenk = 2, Construction 1 can generate suitable quadruples of 5-valued spectra functions

(which are individually totally disjoint spectra functions) as shown below. Notice that the
subspaces S%] will correspond to Eé’) and S%_] to E Y) in Theorem 3.6.

Theorem 3.6 Letn = m + 2 be even so that m is also even. Let h € B, andé € By = B be
two bent functions. Let H be any subspace of F5' of co-dimension 1, and let H = F5'\H. Let

also E() = IF2 x H and ES) = (DY x H, fori =1,...,4, where ¢®) e ]F% are ordered
lexzcographlcally sothate®W) # ¢ forl1 <i #j <4. We specify the spectra of f; € By as
follows:

(—1)s@®hB)&d n/2 (o B) EY)
Wi (e, B) = { (~DHB . 2"5+42, (. B) € EY’ (19)

0, otherwise,

where d = 1 if i = 4, otherwise d = 0. Then, the function f € B,y given as the
concatenation f = f1|| f21| f3ll fa is a bent function.

Proof The functions f; € B,, specified by (19), are clearly 5-valued spectra functions.
We need to verify that their spectra corresponds to Boolean functions. By Construction 1,
corresponding to the definition of E il) and Eél) using ¢ = (0, 0), this is true for f;. Due
to the definition of E {i) and Eg) and Remark 3.7, the same is true for any f; which are
all Boolean 5-valued spectra functions. For instance, using c@ = (0, 1) to define f>, the
condition that £ fl) =F §2) is clearly true and furthermore (0, 0) x HN 0, 1) x H = (), that
is B0 0 EQ) — g,

Now, the condition for a valid 4-decomposition into 5-valued spectra functions is given
by (iii) in Theorem 2.2. The supports Eéi) are clearly disjoint by their definition, whereas
E l(i) are defined on the same subspace of I/} The last condition that the bent duals defined on
E l(i) satisfy f15)1 @ S50 ® f12.3 ® f{3).4 = 1 follows from the specification of the spectra

on EY), using the fact that d = 1 only when i = 4. O
Remark 3.8 Since d = 1 when i = 4, the complement of the dual is used for the fourth
constituent function f4. This ensures that the bent duals satisfy /5, ;@ /5, 2@ /53D /1214

1. Nevertheless, this is not the only choice and the bent duals can be specified in other ways
(through the complement operation) as long as their sum equals 1.
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The following examples illustrate the details of this construction and the possibility of getting
bent functions outside MAM*. Notice that the dual / used to specify f is not necessarily in
MM

Example 3.3 Letn = 8andleth € Bg, g € B> be defined by h(xp, ..., x5) = xox] Dxox3 D
x4x5 € MM and g(xg, x1) = xox1. Let H = ((1,0,0,0,0,0))* C FS be a subspace
of codimension 1. Using the mathematical software Sage, we constructed the functions
fD e Bgfori =1,...,4defined by (19) and their ANF’s are given as follows:

S1(xo, ..., x7) = xox1X3 B X0X1 D X2X3 D X4X5 B X6X7,

J2(xo, ..., x7) = xox1Xx3 B x0X1 D X0x3 D x2x3 B X4X5 B X6X7,

Sf3(xo, ..., x7) = x0x1x3 @ x0x1 D X1x3 D x2X3 B X4X5 D X6X7,

Ja(xo, ..., x7) = x0x1x3 D x0x1 D x0x3 D X1x3 B x2x3 D x3 D x4%5 D x6x7 D 1

Then, the function f € By given as the concatenation f = fi|| f2|| f3|| f4 is a cubic bent
function defined by

f(x0,...,X9) = x1x2x3 @ x1x2 @ x1x3X8 D X2X3X9 D x2x3 D X3x8%9 B X4x5 B X6X7 D XgX9.
Using our algorithm in Sect. 3.1, we could verify that f € MM¥*.

On the other hand, the following two examples illustrate that selecting the dual / to be
outside MM¥, the resulting bent functions (constructed using Theorem 3.6) are outside
MM*.

Example 3.4 Let h € Bg defined by h(x,y) = Trf(xy7) + 80(x), x,y € [F4, be a bent
function in the class Dy \ MM?* [4, 28], and let g € B, be defined by g(xp, x1) = xpx7.
Let us define H = {(1,0,0,0,0,0,0,0)* c Fg to be a subspace of codimension 1. Using
Sage we constructed the functions f; € Bjg fori = 1,...,4 defined by (19). Then, the
function f € By, given as f = fil| f2|| f3]] fa is a bent function of algebraic degree 5. This
time the function f, whose ANF is given by (22) in the appendix, is outside MM¥,

Example3.5 Letn = 10 and h € Bg, g € B, be bent functions, where g(xg, X1) = XoX|.
The function & € Bg, whose ANF is given by (21) in Appendix, lies in PS* and is outside
MM, Using Sage, we constructed the functions f; € Bjo fori = 1,...,4 defined by
(19). Then, the function f € By, given as f = f1||f21| f3| f4 is a bent function of algebraic
degree 5. Again, it could be confirmed that f is outside MM? (its ANF is given by (23) in
the appendix).

The above examples indicate that the conclusions (related to the dual) given in Sect.3.2
seem to be applicable in this case as well. More precisely, the class belongingness of f in
Theorem 3.6 is strongly related to the choice of the dual bent functions.

Theorem 3.7 Let f € B, be constructed by means of Theorem 3.6, thus f = fi|| 2| 31| fa
where f; € By. If the dual bent function h € B,_» in Theorem 3.6 is outside MM, then f
is outside MM*.

Proof By Remark 3.1, f is outside MM if and only if its dual f* is outside MAM*. Hence,

it is enough to show that f* is outside MM¥. The “duals” of the restrictions f; are actually
+2

given by (19). By the definition of f*, we have that (- W = 277 Wy (u) for any
ue ]Fg“, since f € B,2. For convenience, we write u = (., 8, ¥) € F% x 5 x F% with
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n = m+2 as used in Theorem 3.6. We notice that in general, using thatx = (X', X,,41, Xp42) €
I} x F x [F2, we have

Wi, By) = Y (=1)/™+x
xeF% x[F3
— Z (_l)f(x/,0,0)+(ot,ﬂ)<x/+ Z (_l)f(x/,0,1)+(a,[3)~x’+yz
xel} x(0,0) xelf) x(0,1)

+ Z (_l)f(x’,l,O)Jr(oc,B)x’er]
xel} x(1,0)
+ Z (_1)f(X/,1.1)+(a,ﬂ)'X/+J/1+V2
xeFl x(1,1)
=Wy (a,B) + (=D"Wy, (e, B)
+(=D" Wi, B) + (=D W (e, B). (20)
Hence, for any fixed y € ]F% we can compute the value of Wy (e, B, ) by using the Walsh
spectra of the constituent functions f;.

We first notice that Wy, (e, B) = (=B . 2%” when (&, ) € Eéi), and furthermore
by construction the sets Eéi) are mutually disjoint for i = 1, ..., 4. Hence, if for instance
(. B) € ESV then W, (o, B) = (—1)"B).2"7+2 and W, (@, B) = O for2 < i < 4, which
implies that Wy (e, B,y) = (=DMB .25+ when (a, B) € Eél). The other cases when
(o, B) € Eg) fori # 1 are similar.

Now, considering the case (&, ) € E(i), we first notice that £, := Eil) A
E 54) (by construction), where E| = IF% x H as in Theorem 3.6. In addition, Wy, (a, B) =

(= 1)8@®hB)+d . on/2 where d = 1 when i = 4 only. This also implies that W, (a, ) =
Wy, (a, B) = Wg(ae, B) = =Wy, (a, B) when (a, B) € Ej. Therefore, using (20), we have

Wy(ee, 8,0,0) = Wp(a, B) + Wp (e, B) + Wey (e, B) — W (a, B) =2Wy (a, B)
Wea, B,0,1) = W (o, B) — Wp (e, B) + Wy (e, B) + Wy, (a, B) =2Wy, (a, B)
We(e, B, 1,0) = Wy (a, B) + Wy, (, B) — Wg (e, B) + Wy (e, B) =2Wp (o, B)
Wi, B, 1,1) = Wy (a, B) — Wy, (e, B) — Wp (e, B) — Wy (e, B) = —2Wy, (a, B).

Hence, Wr(a, B, y1, 12) = 2 - 2M/2(=1)8@®hB&ny2 when (a, B) € Ej, where g(a) ®
h(B) @ y1y» falls into the framework of Theorem 3.1 and additionally Remark 3.1 applies.
Notice that the case (a, B) ¢ E; and at the same time having Wy, (a, B) = 0 is already
covered above since then (e, ) € Eé" ) for some Jj # i. This is a consequence of the fact
that E1 U (U ES") = 2.

To summarize, the dual f* is equal to g(e) @ h(B) & y1y2 when f* is restricted to
the subspace («, B,y) € E1 X ]F% and to i(B) when f* is restricted to the complement
of E; x F% Notice that g is a 2-variable quadratic bent function, thus g(aq, a2) = 3.
Therefore, using the assumption that 7 ¢ MM, Remark 3.1 and Corollary 1 imply that
f* ¢ MM* and hence f ¢ MM*. O

Remark 3.9 The condition on the dual bent function & € B,_5 to be outside MM is strictly
sufficient and not necessary. There exist bent functions { '} in eight variables, represented as
f = fill 21311 f+ where f; are 5-valued spectra functions, that are outside MM¥. Since
in this case the dual bent function / is defined on I ‘2‘ it apparently belongs to MM.
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4 5-valued spectra functions from the generalized MM class

Another method of specifying 5-valued spectra functions, also given in [14], uses the gener-
alized Maiorana-McFarland class (GMM) of Boolean functions. For convenience and ease
of notation, we use the variable set xo, ..., x,_1 instead of x1, ..., x, for functions on I;.

Theorem 4.1 [14] Let Eg C FS with 1 < s < |n/2]. Let Ey = Eq x F'), where Eg = F3\Ey
and 0 <t < |n/2]. Let ¢g be an injective mapping from Eq to 5™, and ¢ be an injective
mapping from E; to F;f‘yft. Let X = (x0,...,Xs—1) € Fy and X j) = (xi, ..., xj) €
Fé_l-H. Let f € B, be defined as follows:

FX) = {d)o(X(o,s—l)) X (s.n—1)5 if Xo,s-1) € Eo
' O1(X0,541—1)) - Xs+t,0-1)> if X©s+1-1) € E1.
Let
To = {¢o(n) | n € Eo},
and

Ty ={¢1(0) | 0 € E}.
Then, we have

(@) Wy(w) € {0, 2775, £2" 7} ift # 0and Ty C Fy x Ty, where Ty = Fy *~'\T};
(b) Wr(w) € {0, £2"5, £2"5T ) ift =0, Ty N Ty # D and Ty # T.

Example 4.1 Let n = 8,5 = 3 and t+ = 1. Now, we employ Theorem 4.1 to construct
5-valued spectra functions £V, ..., f® that satisfy Theorem 2.2. The resulting function
f= f(1)||f(2)||f(3)||f(4) € Byo is then bent. Let F, = {V(()r), e Vé’;)_l} denote the lexico-
graphically ordered r-dimensional vector space over [ .

Furthermore, we note that all sets defined below are also lexicographically ordered.
We define Eg = {eéo), efo), eg)) }, where e}o) = Vl@ S IE‘% for i = 0,1,2 (hence
el = (0,0,0),e” = (0,0, 1),e” = (0, 1,0)),

and E; = Eg x Fy = {e(()l), eil), o eél)} C F3, where Eg = F3\Eg. Let ¢ : Ey — F§
be defined by

My _ @
¢)1(e[ )_V[ ’

fori =0,...,9Let T} = {$1(0) : 0 € E1} and T = F3 \ Ty, where clearly |T{| = 6. Let
F=F,xTi ={yg,....7 1} CFa xF} =T andletqb(()’) : Eg — T3 be defined by

), (0 0
¢(()])(e§ ) = Yig3js e’ € Ey,

1

forj=1,...,4.
If TO(") = {qb(()‘/)(n) 1y € Ep}, then TO(‘/) C Fy x Ty (as required in Theorem 4.1-(a)), for
j=1,....4 Nowlet X = (x0,...,x7) € FS and X( j) = (x,...,x;) € F, 7! For

j=1,2,3,4, f) € By is defined as follows:

¢(()'/)(X(0,2)) “Xe7 +810). if Xo2) € Eo

FPx) = N
01(X0,3) - X@,7) +81(), if X3 € Ey,
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where §1(j) = 1 for j = 1 and 0 otherwise. Let S{j) ={xe Fg : |Wf<,->(x)| = 2%} and
S;j) ={xe IF% : |Wf(j)(X)| =24 Using Sage we could verify that all Sf]) are pairwise
disjoint and all Séj ) are equal. Furthermore, by the construction, ff;] | DD f[%;]’ 4= 1L

Hence, by Theorem 2.2, the function f = fW || f@||fO|| f& e By of algebraic degree
5 is bent, and its ANF is defined by:

f(x0, ..., X9) = X0X1X2X3X4 D X0X|X2X3X9 B X0X1X2X4x8 D X0X1X2X4 B X0X1X2X6
PBxox1x3x4 B x0x1X3X9 P X0X1X4X8 D X0X1X4 D X0X1X6 D X0X1X7
PBxoxax4 B x0x2X5x8 D X0Xx2X5 P X0X2X6 D X0X4 B X0X5X8 D X1X2X5 P X1X2X6X8 P X1X5
Dxi1xexs D x1x6 D X2X3X4 D X2X3X9 B X2X4X8 B X2X5X8 D X2X6X8
Dx2x7 D Xx3x9 D X4x8 P X5x8 D X5 B X6X3 B X7 D X3X9 D X3 B x9 P 1.

Nevertheless, using our algorithm in Sect.3.1 implemented in Sage, we could confirm
that f € MM*.

As a generalization of the previous example, we give the following result.

Remark 4.1 We assume that all sets defined in Theorem 4.2 are ordered lexicographically,
and with IF’E = {V(()k), vgk), o g,i) l} (for suitable k) we will denote the elements of the
lexicographically ordered k- dlmensmnal vector space over .

Theorem4.2 Letn = 2m > 8, s = m — 1, and Ey = {v(m_l), .. (m l)}C Fy~ !
where T < 2° — 1 and 4t < 2"+ Define E; = Eg x Fp = {e(l) R Al)}C F5', where
A=2-2" 1 — ¢ty —land Eg = ]Fm 1\Eo. Let ¢1 : Ey — F7' be an injective mapping
defined by

My _ ) (D)
di1(e; ) =v; "', e €k,

fori =0,1,..., whose image set is denoted by T\ = {¢1(0) : 0 € E}. Now, denoting
T =TFs x (FI\T) = {¥0, V1r-- > Var_1}h let ¢ Eg > T CFIH for j =1,....4,
be injective mappings defined by

0 0)
95" @") = Vise(jn. € € Eo.

i .
LetX = (X0, ..., xp—1) € Fjand X j) = (xi,...,xj) € Fé i Forj =1,...,4,
fY) e B, is defined as follows:

D) = ¢ X0m-2) - Xn—t—1) +81(j)s if Xom—2) € Eo
A1(X©.m-1)) - Xmn—1y +81(j), if Xo.m-1) € E1,

where §1(j) = 1 for j = 1 and 0 otherwise. Then, the function f € B,42 given as the
concatenation f = f|| f || fO|| D is a bent function.

Proof Firstly, we note that ng)(x) e {0, £2™, :l:2m+1} by Theorem 4.1, for j = 1,...,4
(withs =m — 1 and t = 1). It remains to show that these functions satisfy the conditions of
Theorem 2.2 iii).

Let S“(,) = (x € F} ¢ Wy ()] = 2"+ and ST, =

j =1,...,4. The cardinality of I" can be computed as

{x e F} : |Wf<,-)(x)| = 2" for

IT| =2 [F¥\Ti| =2Q" — |Eq]) =2- Q" —22" ' — )y =2+ —om+l 4 4r — 4¢,

@ Springer



Explicit infinite families of bent functions

Because |I'| = 4t < 2"*! and |¢>(()j)(E0)| = 1, it is easy to see that ¢(()j) splits I into 4
disjoint subsets, that is, I' = U‘}:l ¢éj)(E0) and cp(()j)(Eo) N ¢(()’ )(Eg) = @ for j # j/.

[
I
is the same for all f () it follows that all sets S

]j) are pairwise disjoint for j = 1,...,4. As the function ¢
[2]
)
duals defined on S?(]j) satisfy fi5, 1 @ f512 ® f(5).3 D f51.4 = L. follows from the fact that
81(j) = 1 only for j = 1. This follows from the fact that [W(x)| = 2" is determined by
the value of ¢1(X0,m—1)) - X(m,n—1) (cf. proof of [14, Theorem V.6]) and consequently the
values of f[Z]’ ; are the same except for j = 1, where we additionally add the constant 1.
Thus, the conditions given in item iii) of Theorem 2.2 are satisfied and f =
FD DU £O) @ e B,y is a bent function. o

Consequently, the sets S

are equal. The condition that the bent

Remark 4.2 The above statement also holds if E is a collection of arbitrary t elements in
IE";_I. However, (partial) computer simulations indicate that this approach only generates
bent functions inside the MM class, regardless of the choice of Ej.

Open Problem 1 Prove or disprove that the bent functions constructed using Theorem 4.2
always belong to MM* regardiess of the choice of Ey.

5 Conclusions

This article significantly provides several infinite families of bent functions provably outside
the completed Maiorana-McFarland class. In the context of enumeration of bent functions,
it would be of interest to investigate whether the obtained families, that belong to different
cases of 4-decomposition, are fully/partially non-intersecting. Another important question
that remains unanswered, due to the lack of indicators for the partial spread class, is whether
these families intersect with the PS class.
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Appendix

Sage implementation of Lemma 2.1

def is_in_MM(f,n):
s=[1];
for a in [1..24n-1]:
for b in [a+1..24An-1]:
if set(ttab(f.derivative(a).
derivative(b)))=={0}:
s.append([a,b]);
G=Graph O ;
G.add_edges(s);
cl=list(sage.graphs.cliquer.all_cliques
(G,2*(n/2)-1,2A(n/2)-1));
V=VectorSpace(GF(2),n);
Vli=sorted(V);
b1=[V.subspace([V1[0]]+[V1[i] for i in s])
for s in cl];
for K in bl:
if len(K)==2~(n/2):
return True;
return False;

ANF representations of certain bent functions

XpX1X2X4 @ XoX1X2X6 D XoX1X3X4 D X0X1X3X5 D X0X1X3X7
Drox1x4x5 D X0x1X4X7 D X0X1X4 D X0X1X5%7 D X0X1X6X7
Dxox2x3x6 B X0X2X3X7 D X0X2X4X5 D X0X2X5X6 D X0X2X5X7 D X0X2X5
Dxox2x6x7 D xX0x3x4X6 D X0X3X4X7 D X0X3x4 D X0X3X5X7 D X0X3X6X7
Dxopx3xe D x0x3x7 D X0X4X5X6 D X0X4X5 D X0X4X6 D X0X5X6X7
Dxoxsxe D xpx5x7 B X0X7 D X1X2X3x5 D X1 X2X3X6
Dx1x2x4x5 D x1X2x4X6 D xX1X2X4 P X1X2X5X6 D X1X2X5
Bx1x2x6x7 B X1X2X7 D X1X3X4X7 D X1X3X5X6 D X1X3X5
Dx1x3x6 D x1X3x7 D X1X4X6X7 D X1X4X7 B X1Xq
Dx1x5x6 D X1X5x7 D X1X6 B X2X3X4X5 B X2X3X4X7
Dx2x3x4 D x2x3x5x6 D X2X3X5X7 D X2x3x5 D X2X4X5X6
Droxqx5x7 D X2x4X5 D X2X4X7 D X2X4 D X2X6X7
Dx2x7 B X3x4X5X7 B X3x4X6x7 D X3X5%6 D X3x5 D X3x6%7 D X3X6 2D
X0X1X3X4Xx5 D x0x1X3x4 P x0x1X3X5 D X0X1X3 D X0X1X4X5 D X0X1X4
Dxox1x5 D x0X1xX6X7X9 D X0X1X6X7 D X0X1X6X8 D XoX1X6X9
DxX1X7X8X9 B X0X1X7X8 D X0X1X8X9 B X0x1X8 B X0X1X9 B X0x3x4x5x10

Dxox3x4x10 B x0x3x5x10 D x0x3x10 B x0x4x5x10 D x9x4x10
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Bx0x5x10 D x0x6x7x9x10 D x0x6x7x10 B x0x6x8X10 B x0x6x9x10
Dxox7x3x9x10 D x0x7x3x10 D x0x8X9x10 D x0x8x10 B X0x9X10
Dxox10 D x1x3x4x5x11 D x1x3x4x11 D x1x3x5x671 D x1x3%11
Bx1x4x5x11 B x1x4x11 B x1x5%11 B x1x6X7X9x11 DB X1x6x7X71 1
Dxi1xexgx1l @ x1xex9x11 B x1x7x3x9x11 B x1x7x8X11 D X1x8X9x7 1
Dxixgx;l D x1x9x11 B x1x11 D x2x3x4x5 D X2X3X4

Dxax3x5 D x2X3 @ X2x4x5 D X2X4 D X2X5

Bxoxex7x9 B X2X6X7 B X2X6X8 D X2X6X9 B X2X7X8X9

@Bxax7x8 B X2X8X9 D x2x8 B X2X9 D X2

Da3xgxs5x10x11 B x3x4x5 D x3x4x10x11 D x3x4 D x3x5%10x71 1
DBx3x5 D x3xX6x7X9 D X3X6X8 D X3X6X9 B X3X7X9

Dx3x7 D x3x8x9 D x3x10x11 D x3 B x4x5x10x1 1 D x4x5
Dxaxex7x3 D X4x6X8X9 D X4X6X9 D X4X6 D X4x7x8

Dx4x7x9 B x4X7 D X4X8X9 D x4x8 D x4x10x1 1

Dxg D xsxex7x8 B X5X6X7 D X5X6X8 D X5X6X9

®xs5x7 © x5x8 B x5x10x11 B x5 B x6x7x9x10x1 1

Dxex7x10x11 D x6x8x10x11 D x6x9x10x11 D x7x8x9x10x7 1

Dx7xgx10x11 B xgx9x10x11 D xgx10x11 B x9x10x11 B 1 (22)
X0X1X2X5 D X0X1X2X6 D X0X1X3X6 D X0X]1X3X7 D X0X1X3X8X9 D X0X]X3X8X10

Dxox1x3x9x11 D X0xX1X3X10X11 D X0X1X4%6 D X0X1X4X7 D X0X1X4X8X9 D X0X]X4X8X10
Dxox1x4x9x11 D X0x1xX4x10X11 D X0X1X4 D X0xX1X5X6 D X0X1X6X7

Dxox1x6X8X9 B X0X1X6X8X10 D X0X1X6X9X11 D X0X1X6X10X11 D X0X1X6

Dxox2x3x5 B X0X2X4X7 D X0X2X4X8X9 D X0X2X4X8X10 D X0X2X4X9X1]
Dxox2x4x10x11 D x0x2X5X6 D X0Xx2X5 D Xpx2X6 D X0X2X7

Bxox2x3x9 B x0x2x8x10 D X0X2X9X11 D X0X2X10X11 D X0X3X4X5

Dxox3x4x7 D X0X3X4X8X9 D XX3X4X8X10 D X0X3X4X9X1] D X0X3X4X10X11

Bxox3x4 B X0X3X5x7 D X0X3X5X8X9 B X0X3X5X8X10 D X0X3X5X9X11

@Bxox3x5x10X11 D X0x3X6X7 D X0X3X6X8X9 D X0X3X6X8X10 D X0X3X6X9X11
Bxox3x6X10X11 D X0X4x5X7 B X0X4X5X8X9 B X0X4X5X8X10 D X0X4X5X9X1] D X0X4X5X10X1]
Dxoxax6x7 B X0X4X6X3X9 D X0X4X6X3X10 D X0X4X6X9X11 D X0X4X6X10X11

Dxoxs4x6 D x0x4x7 G X0X4X8X9 B X0X4x8X10 D X0X4X9X1]

Dxoxa4x10x11 D xX0x5x7 B X0X5X8X9 D XoxX5x8X10 D X0X5X9X1]

Dxoxs5x10X11 D X0X5 B X0X6X7 D X0X6X8X9 D X0X6X8X10

Dxoxex9x11 D xpx6X10X11 D X0X7 D X0X8X9 D X0X8X10

Dxoxgxir @ xox10X11 D X1x2x3%4 D X1 X2X3x7 D

X1X2X3X8X9 @ X1X2X3X8X10 D X1X2X3X9X1] D X1X2X3X10X11 D X1X2X4X5 D X1X2X4X6
Bx1x2x4 B X1X2X5%6 B X1X2X5%7 B X1X2X5X8X9 D X1 X2X5X8X10

DBx1x2x5x9x11 D x1xX2x5x10X11 D X1X2X%5 B xX1X2x7 D X1 X2X8X9

Dx1x2x8x10 D x1xX2X9x11 D X1X2X10X11 D X1X3X4X5 D X1X3X4X6

Dx1x3x4X7 D X1X3X4X8X9 D X1 X3X4X8X10 D X1X3X4X9X1] D X1X3X4X10X11

Dx1x3x5 B X1x3x6x7 D X1 X3X6X8X9 D X1X3X6X8X10 D X1X3X6X9X]]
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Dx1x3x6Xx10x11 D X1X3X6 D X1X3X7 D X1X3x8X9 D X1 X3X8X]0

Dx1x3x9x11 D X1x3x10X11 D X1X4X5X6 D X1 X4X5%7 D X1 X4X5X8X9

Dx1Xx4x5x8X10 D X1X4X5x9x1] D X1X4X5X10X11 D x1X5%6 B X1X6 D x1x7 D

X1x8X9 D x1Xx8X10 D X1x9X1] D X1X10X11 D X2X3X4X5 D X2X3X4X6 D X2X3X5X6

DBx2x3x6x7 B X2X3x6X8X9 D X2X3X6X8X10 D X¥2X3X6X9X11 D X2X3X6X10X11

Dx2x3x6 @ X2x3X7 D X2X3x8X9 D X2X3x8X10 D X2X3X9X11

Dxox3x10X11 B X2X4X5%6 D X2X4X6X7 D X2X4X6X8X9 B X2X4X6X8X10

Droxgxex9x11 D X2X4X6X10X11 D X2X4X6 D X2X4 D X2X5X6X7

Bxax5x6x8X9 B X2x5x6X8X10 D X2X5x6X9X11 D X2X5X6X10X11 D X2X5X7

@xox5x8x9 B x2X5x8X10 D X2X5x9X11 D X2X5x10X11 B X2x7 B X2X8X9

Dxaxgx10 B X2x9X11 D X2X10X11 D X¥3X4x5X7 D X3X4X5X8X9

Dx3x4x5x8x10 D X3x4x5x9x11 D X3X4X5X10X11 D ¥3X4x6 D X3X5X6X7

Bx3x5x6X8X9 B X3x5x6X8X10 D X3X5X6X9X11 D X3X5X6X10X11 D X3X5X6

@x3x5 D x3x6x7 B X3x6X8X9 D X3X6X8X10 D X3X6X9

X11 D X3x6X10X11 D X3X6 B XgX9 B X[0X1] (23)
f(x0, -+ -, X11) = X0X1X2X3X8 D X0X]X2X3X9 D X0X]X2X4X8

Dxox1x2x4x9 D xpx1X2X5X8 B X0X]X2X5X9

Dxox1x2x5 B X0X1X2X6X8 B XX X2X6X9 B XX X2X6 D XX X2X7X8 D X0X|X2X7X9

Bxox1x2x7 B x0X1X2x8 B X0X1X2X9 D X0X1X2 D X0X1X3X6X8

Bxox1x3x6X9 B X0x1x3X6 B X0X1X3X8 B X0X1X3X9 B X0X1X4X5

Dxox1x4x6x8 B xX0XxX1X4X6X9 D X0X1X4X6 B X0X1X4X7 B X0X1X4X8

Bxox1x4x9 B x0X1x4 D X0X1X5X6X8 D X0X1X5X6X9 B X0X1X5X6

Drox1x5x8 D X0X1X5X9 D X0X1X6X7X8 D X0X1X6X7X9 D X0X1X6X7

Dxox1x6x8 D x0x1x6X9 D x0X1X6 D X0X1X7X8 D X0X1X7X9 D X0X1X7

Dxox1x8 D x0X1X9 D X0X2X3X4X8 D X0X2X3X4X9 D X0X2X3X5

DBxox2x3x6x8 B Xpx2X3X6X9 B X0X2X3X6 B XoX2X3X7 D X0X2X3X8

Dxox2x3x9 B x0X2x3 @ X0X2X4X5X8 D X0X2X4X5X9 B X0X2X4X7X8

Dxox2x4x7x9 B x0x2X4Xx8 B X0Xx2X4X9 P X0X2X4 D X0X2X5X6X8

Bxox2x5x6X9 B X0xX2x5x6 B X0X2X5%7 B X0X2X5X8 D X0X2X5X9

Dxox2x6x7x8 D XpxX2X6X7X9 B X0X2X6X7 D XoX2X6Xg D X0X2X6X9

@xox2x6 @ x0x2X7X8 B X0X2X7X9 B X0X2X8 D X0X2X9

Dxox2 D xpx3x4X6X8 B X0X3X4X6X9 D X0X3X4X6 D X0X3X4X7

Dxox3x4x3 D x0x3x4x9 B X0X3X6X8 B X0X3X6X9 D X0X3X7

Bxox3xg B X0X3X9 D X0x3 B X0X4X5X6X8 B X0X4X5X6X9

Dxox4x5x6 D X0X4X5X8 D X0X4X5X9 D X0X4X6X7X8 D X0X4X6X7X9

Droxaxex7 @ X0xax6X38 D X0X4X6X9 D X0X4X7X8 D X0X4X7X9

Dxoxax7 D X0X4X8 D X0X4X9 D X0X4 D X0X5X6X8

Dxoxs5x6x9 D x0x5x8 D xX0x5%X9 D X0X5 D X0X6X7XS

Dxoxex7Xx9 B X0X6X8 D X0X6X9 D XoX6 B X0X7X8

Bxox7x9 @ X0X7 D X0X8 D X0X9 B X1X2X3X4

Dx1x2x3x5x8 D X1X2X3x5X9 D X1 X2X3X5 D X1 X2X3X6X8 D X1 X2X3X6X9
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Dx1x2x3x6 D X1x2x3x8 D X1 X2X3X9 D X1 X2X4X5x8 D X X2X4X5X9
Dx1x2x4x6x8 D X1X2X4X6X9 D X1X2X4X6 D X1X2X4X7 D X1X2X4X8
Dx1x2x4Xx9 B X1X2X5%6 D X1X2X5X7X8 D X1 X2X5X7X9 D X[ X2X5X7
Bx1x2x5x8 D x1X2x5X9 D X1 X2X5 B X1X2X6X7X8 D X1 X2X6X7X9

Dx1x2x6x3 D X1x2X6X9 D X1X2X6 D X1 X2X7X8 D X1X2X7X9

Dx1x2x7 D x1x2x8 D X1X2X9 D X1X2 D X1X3X4X5

Dx1x3x4x6 B X1X3X4X7 D X1X3X5X6X8 D X1 X3X5X6X9 D X1 X3X5X6
DBx1x3x5x8 D X1X3x5%9 D X1X3x6X8 D X1X3X6X9 D X1X3x7 D X1X3X8
Bx1x3x9 B X1X4X5x6X8 B X1X4X5X6X9 B X1X4X5%6 B X1X4X5x8 B X1X4X5%9
Dx1xgx6x3 D X1x4X6X9 B X1X4Xx7 D X1x4X8 D X1X4X9

Dx1x5x6X7X8 D X1 X5X6X7X9 D X1X5X6X7 D X1 X5X6X8 D X1 X5X6X9
Dx1x5x7x8 B X1x5x7x9 D X1x5x8 D X1X5X9 D x1x5

Dx1x6x7x8 D X1X6X7X9 D X1X6X7 D X1X6X8 D X1X6X9

Dx1x6 D x1x7xX8 D X1x7X9 D X1X8 D X1X9

Drox3X4Xx5x8 D X2X3X4X5X9 D X2X3X4X6Xg D X2X3X4X6X9 D X2X3X4X6 D X2X3X4X3
Bx2x3x4x9 B X2X3X5x6X8 B X2X3X5X6X9 D X2X3x5X6 B X2X3X5Xx7
Dxax3x5x8 B X2X3X5x9 B X2X3X5 D X2X3X6X7 D X2X3X6X8

Dxox3x6x9 B X2X3x6 D X2X3X8 D X2X3X9 B X2X3 D X2X4X5X6X8
DBx2x4x5x6x9 B X2X4X5x7X8 D X2X4X5X7X9 D X2X4X5%7 D X2X4X5X8
Dx2x4x5x9 D X2x4x5 D X2X4X6X7X8 D X2X4X6X7X9 D X2X4X6X7

Dxoxax6x3 B X2X4X6X9 B X2X4X7X8 D X2X4X7X9 D X2X4X8

DBx2x4x9 B x2X5x6X7X8 D X2X5X6X7X9 D X2X5X6x7 D X2X5X6X8 D X2X5X6X9
DBx2x5x6 D x2x5x7x8 D X2X5X7X9 D X2X5%7 D X2X5X8

Dx2x5x9 B X2x5 B X2x6X7X8 B X2X6X7X9 D X2X6 X8

Dxaxexg D x2X7x8 D X2x7X9 D X2X8 D X2Xx9

Bx2 @ x3x4x5x6x8 D X3X4X5X6X9 D X3X4X5x8 D X3X4X5X9

BX3X4X5 D X3X4X6X7 B X3X4X6X8 D X3X4X6X9 D X3X4X6

Dx3x4x8 B x3x4X9 D x3X5x6X8 D X3X5X6X9 B X3X5X7

Bx3xs5x8 D x3x5%9 D X3X6X8 D X3X6X9 D X3x7

Dr3xg D x3X9 D X4X5X6X7X8 D X4X5X6X7X9 D X4X5X6X8

Dxaxsxexg D xax5x7x8 B X4X5X7X9 D X4X5x8 D X4X5X9

Dxaxs O xqx6x7x8 D X4X6X7X9 D X4X6X7 D X4X6X8

Drax6Xx9 D x4x6 D X4Xx7x8 D X4X7X9 D X4X3

Dxaxg O x4 O x5x6X7X8 B X5X6X7X9 D X5%6X7 D X5X6X8

Dxs5x6x9 D X5X7X8 D X5X7X9 D X5%7 D X5X38

DBxs5x9 O x5 @ x6X7X8 D X6X7X9 B X6X7

Dxexs D xx9 D X6 D x7x8 D x7x9 D X3X11 D X8 D X9x10 D X9 D 1 (24)
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