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Abstract

Recently, several interesting constructions of vectorial Boolean functions with the maximum
number of bent components (MNBC functions, for short) were proposed. However, many of
them have component functions from the completed Maiorana-McFarland class M*. More-
over, no examples of MNBC functions containing component functions provably outside
M* are known. In this paper, we classify all MNBC functions in six variables. Based on the
analysis of the obtained equivalence classes, we propose several infinite families of MNBC
functions with component functions outside the M* class. In particular, two of our new
constructions are solutions to the open problem [Bapi¢ et al (eds) Proceedings of the twelfth
international workshop on coding and cryptography, 2022, Item 1., p. 9].
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1 Introduction

LetIF; be the vector space of dimension n over F, = {0, 1}, which will be frequently endowed
with the structure of the finite field (IF22, 4, -). An element « € [ is said to be a primitive

element, if it is a generator of the multiplicative group IF5,. For m | n, the trace mapping
. . L1 ,im . .
Trpy: Fon — Fom is given by Trh(x) = Y, x*". The mapping Tr: Fon — F5 is

called the absolute trace. l

A mapping F: F5 — [} is called an (n, m)-function. Form = 1, afunction f: F5 — I,
is called a Boolean function in n variables. With B8,,, we will denote the set of all Boolean func-
tions in n variables. Any (n, m)-function F can be written as F(x) = (f1(x), ..., fm(x)),
where the Boolean functions f; on I} are called coordinate functions of F. The Walsh
transform Wy: Fon — 7 of a Boolean function f € B, at A € [Fan is defined by
Wrd) = er]an (—l)f(")JrTr?O‘x). A Boolean function f € B,, where n = 2k, is called
bent if [Wy(A)| = 21/2 for all A € Fon. Note that for n odd, such functions do not exist.
For a Boolean bent function f € B,, the Boolean function f € B, defined for any u € Fy»
by Wp(u) = 23 (=1)/® s also bent and is called the dual of f. The algebraic normal
form (ANF, for short) of a Boolean function f: F; — I, is a multivariate polynomial
in the ring Fa[x1, ..., x,1/(x1 + 7, ..., x, + x2), given by f(x) = > aers Ca (TT=y ),
wherex = (x1,...,x,),a = (ay, ..., a,) € F5. The algebraic degree of a Boolean function
f: I} — T2, denoted by deg( f), is the algebraic degree of its ANF as a multivariate polyno-
mial, that is, deg(f) = max,ep: {wt(a) : cq #0}, where wt(a) = [{i :a; 20,1 <i <n}|.
The algebraic normal form of a vectorial (n, m)-function F is defined coordinate-wise and
its algebraic degree is defined as deg(F) := max|<; <y, deg( f;). The first-order derivative of
an (n, m)-function F in directiona € F is an (n, m)-function D, F (x) := F(x+a) + F (x).
For a, b € F}, the mapping D, , F(x) == F(x+a+b)+ F(x +a)+ F(x +b) + F(x) is
called the second-order derivative of an (n, m)-function F'.

For (n, m)-functions, the bent property is introduced with the notion of component func-
tions Fj € B, defined by Fj(x) = Tr{"(AF(x)) for A € F},.. An (n, m)-function is called
(n, m)-bent (vectorial bent for m > 2), if for all A € F},,, its component functions F) are
Boolean bent. Vectorial (n, m)-bent functions exist only for m < n/2; this result is also
known as the Nyberg’s Bound [16]. The Maiorana-McFarland construction of (n, m)-bent
functions describes the functions of the form G (x, y) = L(x7(y)) + g(y) for x, y € Fyup2,
where 7 is a permutation on F,.2, L is a surjective linear (n/2, m)-function, and g is an
arbitrary (n/2, m)-function. With the Nyberg’s bound, one can interpret the bent property of
a vectorial function as follows. An (n, m)-function F' with m < n/2 is vectorial bent, if it
has the maximum number of bent components Fj, which is equal to 2" — 1. Due to the non-
existence of (n, m)-bent functions for m > n/2, the maximum number of bent components
of (n, m)-functions with m > n/2 is less than 2" — 1.

In2018, Pottetal. [22] addressed for the first time the question about the maximum number
of bent components for vectorial functions beyond the Nyberg’s bound. It was shown that an
(n, n)-function F can have at most 2" —2"~"/2 bent components and that this bound is sharp.
This result was generalized in [27] for (n, m)-functions, for which the maximum number of
bent components equals to 27 — 27~"/2,

Definition 1.1 Let n = 2k and m > k. An (n, m)-function F is called an (n, m)-MNBC
function, if it has the maximum number of bent components 2™ — om—k

On the set of (n, m)-functions we define the following equivalence relations preserving
the MNBC property [15, 22]. Two (n, m)-functions F and F’ are called EA-equivalent, if
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MNBC functions beyond the Nyberg's bound 533

there exist two affine permutations Ay : Fy — F7', A: [ — [} and an affine function
A3: ) — FJ st. Ajo F o Ay + A3 = F'; functions F and F’ are called CCZ-
equivalent, if there exists an affine permutation £ on 5 x FJ' s.t. £L(Gr) = Gp/, where
Gr = {(x, F(x)): x € Fa} is the graph of F. Note that CCZ-equivalence is a coarser
equivalence relation than EA-equivalence.

Since the introduction of MNBC functions, several constructions of these functions have
been proposed. Among them, are several constructions in the univariate representation [15,
22, 26], the trivial construction and the Maiorana-McFarland construction. The trivial con-
struction describes (n, m)-MNBC functions of the form x € F} + (b(x), 0), where b is
a vectorial (n, n/2)-bent function, while the Maiorana-McFarland construction describes
(n, m)-MNBC functions of the form (x, y) € Fouz X Fouz = (G(x,y), h(y)), where G
is a Maiorana-McFarland (n, n/2)-bent function and % is an arbitrary (n/2, m)-function. In
this article, we denote by M both classes of (n, m)-bent and (n, m)-MNBC functions, and
the set of (n, m)-functions EA-equivalent to the M class is called the completed Maiorana-
McFarland class and denoted by M*. We say that an (n, m)-function F (either bent or
MNBC) is outside the M¥ class if at least one bent component F; is outside M* . The fol-
lowing lemma, due to Dillon [8], is of crucial importance for the discussion on inclusion in
M

Lemma 1.2 [8, p. 102] A bent function f in n variables belongs to M¥ if and only if there
exists an (n/2)-dimensional vector subspace U of ¥ such that the second-order derivatives

Dypfx)=f)+ fx+a)+ fx+b)+ f(x+a+b)
vanish for any a, b € U.

The construction of (n, m)-MNBC functions outside the M* class is a difficult theoretical
problem. As presented in [1], several nontrivial constructions of (n, m)-MNBC functions
contain vectorial (n, n/2)-bent functions, and hence many Boolean bent components from
M* class. On the other hand, employing a trivial construction, it is also hard to construct
(n, m)-MNBC functions outside the M* class, since only few examples of (n, n/2)-bent
functions outside M* are known [3, 19, 21]. In this article, we construct several infinite
families of nontrivial MNBC functions outside the M* class using the extension approach,
considered recently in [14, 19] in the context of vectorial bent functions. The main idea of
our approach is to extend vectorial (n, n/2)-bent functions by non-bent coordinates in such
a way, that the remaining bent components fall into secondary constructions of Boolean
bent functions outside the M* class, what guarantees that the obtained (n, m)-functions are
MNBC and outside M*.

The rest of the article is organized in the following way. In Sect. 2, we consider in detail the
notion of a ¢-step extension MNBC function, which we use to distinguish inequivalent MNBC
functions, and, particularly, to classify all MNBC functions in six variables. Moreover, we
show that some of them are nontrivial and do not belong to the M class. In the sequel, we
present several theoretical constructions of such functions based on the analysis of several
large classes of Boolean bent functions, namely, PS,;,, Dy and C. In Sect. 3, we propose a
partial spread construction of 1-step extension MNBC functions based on PS,, vectorial
bent functions. In Sect. 4, by applying similar techniques, we provide constructions of 1-step
and 2-step extension MNBC functions outside M* based on the secondary constructions
of Boolean bent functions, namely, Dy, C and SC classes. In Sect.5, we combine several
techniques presented in Sect.4 for the construction of 1-step and 2-step extension MNBC
functions and provide a construction of ¢-step extension (n, n)-MNBC functions outside the
M class, where 3 <1 <n /6. With these results, we give a solution to the open problem [4,

@ Springer



534 A.Bapic et al.

Item 1., p. 9]. The paper is concluded in Sect. 6 and representatives of equivalence classes of
MNBC functions on ]Fg are given in Appendix 1.

2 Complete classification of MNBC functions in six variables

For vectorial Boolean functions with the maximum number of bent components below the
Nyberg’s bound, i.e., vectorial bent functions, CCZ- and EA-equivalence coincide [6, 9, 12].
Recently, it was proven that for a vectorial function (beyond the Nyberg’s bound), the MNBC
property is invariant under CCZ-equivalence [15]. In view of this recent result, it is reason-
able to conjecture, that CCZ-equivalence and EA-equivalence coincide for MNBC functions
beyond the Nyberg’s bound as well. Now we give an example of two EA-inequivalent, but
CCZ-equivalent MNBC functions in six variables.

Example 2.1 Let x € IF§ and y € IE“Z‘ be written as column-vectors. Consider the following
MNBC functions F: F§ — F} and F': F$ — F} given by algebraic normal forms:

X1X4 + X2X5 + X3X6
X1X5 + X1X6 + X2X4 + X2X5 + X3X4
X1X4 + X1X5 + X2X4 + X2X5 + X2X6 + X3X5
X1X2 + X1X5 + X1X6 + X2X4 + X2X5 + X3X4

F(x) =

X1X2X3 + X1X4 + X2X5 + X3X¢6
X1X2X4 + X1Xx3 + X1X5 + X2x3 + X4X6
X1X2X5 + X1X3 + X2X4 + X2X5 + X5X6
X1X2X3 + x1Xx2 + X1X4 + x2Xx5 + X3X6

F'(x) =

It is easy to see, that deg(F) = 2 and deg(F’) = 3, from what follows that F and F’ are
EA-inequivalent. However, as we show now, the functions F and F’ are CCZ-equivalent.
Consider the following affine permutation £ on I g X IF%, which is given by

T
X2

1+ x1 +x2
X1+ x5 + X¢
I+ x3+ x4
X2 4+ x3 + x5
L+x2+x3+ Y2+ y4 ’

X1+ x2+x3+x6+y1+¥3

I+ x3 4+ x4 +x5+x6+ 2

I4+x1+x2+xa+y3

X1+x2+x3+x6+y1+y2+y3+ya

L(x,y) =

for x € Fg and y € IF‘Q‘. With a computer algebra system, one can check that the sets
{£(x, F(x)): x € F$} and {(x, F'(x)): x € FS} are equal, thus £ (Gr) = G, and hence
F and F’ are CCZ-equivalent. With the mapping £, the functions F and F’ are related
in the following way. As described in [9, Sect. 7], the mapping £ can be represented as
L(x,y) = (Anx + Apy +a, Ayix + Apy + b), wherea = (0, 1,0, 1,0, DT e Fg, b=
(0,1,1,007 € F4, and the matrices A € FY'?, A1y € FSY, Ay € F5"%, Ay € B
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are given by

010000 0000
110000 0000 111001 1010
100011 0000 001111 0100

An=tloo01100|42= 00004 =|110100]"42=]0010
011010 0000 111001 1111
011000 0101

With the defined above vectors and matrices, it is possible to show that the equality
F'(Aj1x + AnF(x) +a) = Ayix + ApF(x) +b
holds for all x € FS.

Remark 2.2 With Example 2.1, we conclude that CCZ-equivalence is more general than
EA-equivalence for the class of MNBC functions.

Recently, the complete classification of vectorial bent functions in six variables [19, 21], as
well as of quadratic vectorial bent functions in eight variables [18] was obtained. With the
same approach, we classify all MNBC functions on g and check, which of them belong to
the M¥ class. First, we give the following definition.

Definition 2.3 Let F be an (n, m)-MNBC function, where n/2 + 1 < m < n. Let the linear
code Cr over F, be defined as the row space of the (n + m + 1) x 2"-matrix over [,
with columns (1, x, F (x));EIan . We call an (n, m)-MNBC function F a t-step extension if

dm(Cp) =1+n+n/2+1, where 1 <t <n/2.

Remark 2.4 1. Let F be a t-step extension (n, m)-MNBC function. The value 7 gives a mea-
sure of non-triviality of MNBC-functions. With Definition 2.3, an (n, m)-MNBC function is
trivial, if it is a O-step extension.

2. Note that if two MNBC functions F and F’ are t-step and t'-step extension with ¢ # ¢/,
then F and F’ are CCZ-inequivalent, since inequivalent linear codes Cr and Cps define
CCZ-inequivalent functions [9, Theorem 9].

3. Letl <t < n/2— 1. Given a ¢-step extension (n, m)-MNBC function F, it is easy to
obtain a (¢ — 1)-step extension (n, m)-MNBC function F’, by removing a suitable non-bent
component function of F. On the other hand, it seems to be a difficult problem to find a
function f € B, such that the function F”: x — (F(x), f(x))is a (¢ + 1)-step extension
(n, m + 1)-MNBC function.

In the following proposition, we summarize our computational results about the classifi-
cation of MNBC functions in six variables.

Proposition 2.5 On FS, there exist 40 CCZ-equivalence classes of MNBC functions. Among
them, there are:

1. 13 CCZ-equivalence classes of 0-step extension; these are the (6, 3)-bent functions in
[21, Table A2(c)].

2. 17 CCZ-equivalence classes of 1-step extension.

3. 7 CCZ-equivalence classes of 2-step extension.

4. 3 CCZ-equivalence classes of 3-step extension.

If an MNBC function F on ]Fg is a 2-step or a 3-step extension, then F € M*.
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Fig. 1 The structure of CCZ-equivalence classes of (6, m)-MNBC functions. If an equivalence class i is
extendable to an equivalence class j, we put a directed edge between them. The equivalence classes denoted
by gray are inside M* and by red are outside M (Color figure online)

Now we briefly discuss the main steps of the used approach. Since any (2, m)-MNBC function
F has 2"~"/2 non-bent components, which form an (m — n/2)-dimensional vector space
[22, 27], one can represent F in the form

F(x) = (b1(x), ..., bpj2(x), n1(x), ..., ip—ny2(x)),

where all b; are bent, all n; are non-bent and (ny, ..., n,—,/2) is a vector space of non-bent
functions of dimension m — n/2. Applying a non-degenerate linear transformation to the
output of F, we get

F'(x) = (b1(x), -« bupp (%), bajp1(X), s by (%)),

where b, /24 := b; +n;isbentfor 1 <i < m—n/2,since by [27, Theorem 3.1], all non-bent
components of F belong to (n1, ..., n,;—,/2). In this way, we may assume that all coordinate
functions of an MNBC function F are bent. Consequently, any (n, m)-MNBC function F
can be represented as F(x) = (F(x), f(x)), where F(x) is an (n, m — 1)-MNBC function
and f is a Boolean bent function on F5 (form = n/2 + 1 we let F be (n, n/2)-bent). In
this case, we say that F is extendable to F'. With this representation of MNBC functions, we
start with inequivalent vectorial (6, 3)-bent functions from [21] and extend them recursively
to (6, m)-MNBC functions by appending at each step a Boolean bent function without affine
terms exhaustively. The extension relation between the obtained CCZ-equivalence classes is
given in Fig. 1.

We check CCZ-equivalence of MNBC functions F and F’ via equivalence of linear codes
Cr and Cp (see [9, Theorem 9]) with the algebra system Magma [5]. With the implementation
[20, Algorithm 1] of Lemma 1.2 applied coordinate-wise to all EA-inequivalent MNBC
functions contained in a CCZ-equivalence class, we check whether a given CCZ-equivalence
class belongs to M*. Finally, we list representatives of the obtained CCZ-equivalence classes
in the Appendix.

Remark 2.6 1. Alternatively to [20, Algorithm 1], one can use a graph-theoretic approach in
order to check, whether a given bent function f on I} belongs to M*. Let G = (V, E) be
a graph with the vertex-set V = I3 and the edge-set £ = {{a,b} € V x V: Dy f = O}.
Then the existence of a vector space U C I with dim(U) = n/2 s.t. Dy, f = 0 for any
a, b € U is equivalent to the existence of a clique U of size 2"/? in G, whose elements form
a vector space of dimension n /2. For details on the implementation, we refer to [17].

2. On Fg, there are 17 CCZ-equivalence classes of 1-step extension MNBC functions, and
there are 23 EA-equivalence classes of 1-step extension MNBC functions. CCZ-equivalence
classes 14 and 21 contain 3 EA-equivalence classes (each), CCZ-equivalence classes 23 and
27 contain 2 EA-equivalence classes (each), and every other CCZ-equivalence class i with
14 <i < 30 contains exactly one EA-equivalence class.
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MNBC functions beyond the Nyberg's bound 537

Finally, we suggest to work on the following problem in order to shed more light on the
phenomenon observed in Example 2.1.

Openproblem 2.7 Find explicit constructions of (n, m)-MNBC functions for all n > 6 and
n/2+ 1 < m < n, which are EA-inequivalent, but CCZ-equivalent.

3 MNBC functions from the P S, class

In order to introduce a partial spread construction of MNBC functions, we first give a defi-
nition of a partial spread.

Definition 3.1 A partial spread of order s in [, with n = 2k is a set of 5 vector subspaces
Ui, ..., Us of I} of dimension k each, such that U; N U; = {0} for all i # j. The partial
spread of order s = 2¥ 4+ 1 in I3 with n = 2k is called a spread.

In the following, we denote by 1y : F} — I the indicator function of U C F7, i.e.,
1y(x) = 1if x € U, and O otherwise. Using the notion of a partial spread, Dillon [8]
introduced a partial spread construction of bent functions, which splits the following two
classes:

e The PST class is the set of Boolean bent functions of the form

PAES|

f= > 1y,
i=1

where the vector spaces Uy, ..., Uy-1, of F; form a partial spread in .
e The PS™ class is the set of Boolean bent functions of the form

2k—1

fE) =) 1y,
i=1

where the vector spaces Ul, ..., Uy-1 of [} form a partial spread in [} and U} :=
Ui\ {0}.

The Desarguesian partial spread class PS,, C PS™ is the set of Boolean bent functions f
onFy x Fyr of the form f: (x, y) € Fpx x Fox > h (x/y), where § = 0,forall x € Fy and
h: Fy — Iy is a balanced Boolean function with 4(0) = 0. Similarly to the Boolean case,
the Desarguesian partial spread class PS,, of (n, k)-bent functions with k = n/2 is defined
as the set of (n, k)-functions F on [Fpx x F,« of the form F: (x,y) € Fot x Fox = H (x/y),
where x/y = 0if y = 0 for x, y € Fy« and H is a permutation on Fy« s.t. H(0) = 0.

In the following theorem, we give the partial spread construction of MNBC functions.

Theorem 3.2 Letn = 2k andlet G be avectorial (n, k)-bent function fromthe PS,, class. Let
also U be a spread line of the form U = {(0, y): y € Fox}. Then the function F : For xFpx —
IF‘IE'H defined as

F(x,y) = (G(x,y), 1y(x,y) (1
isan (n, k + 1)-MNBC function.

Proof Since 1y € B, is the indicator of the vector space U of dimension k, we have wt(1y) =
2% and hence 1y is not bent. In this way, it is enough to show that for any PS,p Boolean
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bent function g on Fyx x F,«, which is a bent component of the function G, the function
g+ 1y on Fye x Fy is bent. For a, b € F,«, we compute the Walsh transform W1, (a, D)
of g + 1y ata, b € Fy, by considering the following two cases.

Case 1 Leta, b € Fy with b # 0. The Walsh transform of g 4 1y is given by

Wei1, (a,b) = Z (_1)g(x,}’)+llu(X,Y)+Trf(ax+b}')
x,y€F;
— Z (_1)g<0,y>+11u(0,.v>+rr{‘<by)
yeF,k

+ Z Z (_1)g(x,y)+]ly(x,y)+Tr{‘(ax+by) — Wg(a, b) = :|:2k,

erF;k yeFk

since 3 e, (—EOFLEONFTrBY — _ 5~ o ()T 4 = 0 (because b # 0), and
the function g is bent on Fpr x Fo.

Case 2 Leta, b € Fyx with b = 0. The Walsh transform of g + 1y is given by

yE]sz

Wei1,(a,0) = Z (_1)g(xy}')+llu(X-,y)+Tr{"(aX)

x.ye]sz
— Z (_])g(O,)‘)Jr]lU(O,)’) + Z Z (_1)g(x»)‘)Jr]lU(x,yHTrf(dx)
yeF,k erF;k yeF

=— 2K 4+ W,(a,0) — 2.

Since for PS,, bent function g on Fy x Fy the Walsh transform W, (a, 0) = +2* for any
a € Fy, we have that Wy 11, (a,0) = —2k. This completes the proof. O

Remark 3.3 1. 1Inthe same way, it is possible to show that for the spread line U = {(x,0): x €
Fo«} the (n, k 4 1)-function F of the form (1) is MNBC. 2. The bent component functions
of MNBC functions of the form (1) belong to the PS,, and PST classes. Addition of the
indicator of the spread line Fyx x {0} or the indicator of {0} x Fy to a PS,;, bent function
g on Fye x Fy gives a bent function in PS™ class, because the PS,, bent function g is
constant 0 on the mentioned spread lines. Similarly, one can use other spreads (not necessarily
Desarguesian) for the construction of MNBC functions.

3. Weng, Feng and Qiu [24] proved that almost every PS,,, bent function on I} is outside
M* . Since 2"/ — 1 component functions of MNBC functions of the form (1) belong to
PS,p, we have that almost every MNBC function of this form is outside M. Remarkably,
with this construction one can extend a vectorial bent function in PS,, N M* to an MNBC
function outside M¥, as the example of equivalence classes 11 and 19 in Fig. 1 shows; this
is the only such an example in six variables, since the only equivalence classes of (6, 3)-bent
functions inside PS,), are 11, 12 and 13 (see Fig. 1 and [21, Table IV.2.]).

4. Any PS,, vectorial bent function (x, y) € Fyx X Fox = H(x/y) inn = 2k = 6 variables
can be extended to at least two inequivalent 1-step extension MNBC functions from the PS,,,
class. With Magma [5], one can show that for any permutation H on F,«, MNBC functions
of the form

F: ()C, y) GFZk X sz = (H()C/y), ]lU(xv )7))’

2
F': (x,y) € For x For > (H(x/y), Ly (x, y)), @

where U = {(0, y): y € Fyx}and V = {(x, 0): x € Fox}, are CCZ-inequivalent.
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MNBC functions beyond the Nyberg's bound 539

Conjecture 1 n view of the last observation in Remark 3.3, we conjecture that MNBC func-
tions F and F’ defined by (2) are inequivalent for any permutation H on F«.

4 MNBC functions from secondary constructions of Boolean bent
functions

In this section, using secondary constructions of Boolean bent functions, we construct three
families of MNBC functions: two families of 1-step extension stemming from Dy and C
classes, and one family of 2-step extension stemming from the SC class, which is a superclass
of Dy and C.

4.1 MNBC functions stemming from the Dy class

In the following, we define 8o € By to be the indicator of 0 € Fy, i.e., §o = 1{o). With this
notation, Boolean functions f: Fyx x Fox — I, of the form

flx,y)= Tr{‘(xn(y)) +do(x) forx,y e Fyu, 3)

where 7 is a permutation on [F,«, are bent and the set of bent functions of the form (3) is
called the Dy class of Boolean bent functions [7]. Carlet [7] proved, that bent functions of
the form (3), where 7 is a quadratic permutation such that there is no affine hyperplane of
F,« on which 7 is affine, do not belong to the M* class. In a recent work [11], the authors
provided a complete characterization of Dy N M*, which we summarize in the following
theorem.

Theorem 4.1 [11, Theorems 5,7] Let k be an integer, k > 4. Let w be a permutation of Fy«
with one of the following two properties:

1. The algebraic degree of m satisfies deg(mw) > 3;
2. The permutation 7 is quadratic and there is no affine hyperplane of Fox on which m is

affine.

Then the function f: Fy x Fox — F2 defined by f(x,y) = Tr{‘(xrr(y)) + 8o(x) for
x,y € ok is a bent function in Dy outside M*. Moreover, the second condition is also a
necessary one for quadratic permutations.

With the use of bent functions from Dy \ M* class, we derive the following family of
MNBC functions.

Theorem 4.2 Letn = 2k > 8 andlety € Fon \Fok. Let w be a permutation on Fyr satisfying
one of conditions of Theorem 4.1. Then the (n, n)-function F defined by

F(x,y) = xm(y) + ydo(x) for x, y € Fy, “
is a I-step extension (n, n)-MNBC function outside the M* class.

Proof First, we show that the function F has the maximum number of bent components and
is outside M*. Let A € %, be arbitrary. Then

Fi(x,y) = Trixa ()Tl () + 80(x)Trl (\y)
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is not bent if and only if Tr/ (1) = 0. This holds, if 1 F;k. Thus, there are (2" — 1) —
2k — 1) = 2" — 2K bent components. Since |{x € Fon : Tr{(yx) = 1}| = [{x € F :
Tri(yx) =0} = 271 there exist at least 2" — 28 — 271 = 2k(2k=1 _ 1) many 1 ¢ Fox
such that Tr{'(Ay) = 1. In this case, we have that F € Dp \ M*. Now we show that F is
a 1-step extension. Since G(x, y) := xm(y) is an (n, k)-function, we can write G(x, y) =
(g1(x,y), ..., 8k(x,y)), where g1, ..., gk: Fox X For — 2. Since y € Fon \ Fox, we can
construct the function F’ in the following form

F'(x,y) = (g1(x, ), .., gk(x, ¥), 80 (x)).

Thus, F’ is an MNBC (n, k + 1)-function, since the non-bent component functions of F’
are 0 and d8p. Furthermore, we note that the dimension of the linear code Cp is given by
dim(Cg/) = 1 + n + k + 1 which, by definition, means that F’ is a nontrivial MNBC
(n, k + 1)-function. Consequently, the MNBC (n, n)-function F is a 1-step extension. O

4.2 MNBC functions stemming from the C class

In this section, we present several infinite families of MNBC functions provably outside
the M* class based on the generic construction of MNBC functions introduced in [2]. This
construction is based on the property (Py), which was introduced in [23] and has several
applications in the construction of vectorial Boolean bent functions [26] and MNBC functions

(2].

Definition 4.3 Letn, 7 € Nwithnevenand r < n/2andlet g € B,. Then g is said to satisfy
property (Py) with the defining set U = {uy,...,u;} C Farifforall 1 <i < j < 7 the
equation g(x +u; +uj) + g(x +u;) + gx +u;) + g(x) = 0 holds for all x € Fn.

In [2], Bapi¢ and Pasalic generalized the results of [26] and provided the following generic
method for the construction of MNBC functions. Below we give a slightly reformulated
version of [2, Construction 2].

Construction 4.4 Letn = 2k and let U = {uy, ..., u.} be a set of t < k linearly indepen-
dent elements in I,. Let G: Fon — Ky« be any vectorial bent function whose dual bent
components G;., % € I3, satisfy the property (Py) with the defining set U. Let s | k and let
h: F5 — Fps be any (t, s)-function. Then for any y € Fon \ Fyx, the function F : Fon — Fon
defined as follows

F(x) = Gx) + yh(Tri(ux), ..., Tri(ux)), 5)
has the maximum number of bent components.

In [2], it was shown that several Maiorana-McFarland vectorial bent functions G : Fyx x
Fox — Ty satisfy the conditions of Construction 4.4. Now we show that for these vectorial
bent functions G : Fox x Fox — Fox one can specify a vectorial function h, such that MNBC
functions, obtained via Construction 4.4, are outside the M* class. The choice of the function
his strongly related with C and Dy classes of Boolean bent functions, which contain functions
provably outside M¥.

Recall that the C class of bent functions introduced by Carlet [7] is the set of Boolean
functions f: Fox x Fox — > of the form

Fo,y) =TriGa () + 1,00, (©6)
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where L is any vector subspace of Fox, 1,1 is the indicator function of the orthogonal
complement L+ = {x € Fy: Tr{C (xy) =0,Vy € L}, and r is any permutation on F,« such
that

(C) 7 Y(a + L) is aflat (affine subspace), for all a € Fyr.

The permutation v ~! and the subspace L are then said to satisfy the (C) property. For short,
we also write (;r ~!, L) has property (C). Recall that a Boolean function f € B, has a linear
structure if there exists an element a € I3, such that x — f(x +a) + f(x) is a constant
function. In [25], the following set of sufficient conditions for Boolean bent functions in
€\ M* class was proposed.

Theorem 4.5 [25, Theorem 1] Let n = 2k > 8 be an even integer and let f(x,y) =
Tr{c (xm(y)) + 1;1(x), where x,y € Fy, L is any vector subspace of For and 7 is a
permutation on Fox s.t. (=", L) has property (C). If dim(L) > 2 and for all A € F;k the
Sunction x € Fox — Trf (A (x)) has no nonzero linear structure, then f ¢ M¥.

Using Construction 4.4 and Theorem 4.5, we obtain the following family of MNBC
functions outside the M* class.

Theorem4.6 Let U = {uy,...,u;} be a set of t linearly independent elements in IF;,(,
where n = 2k > 8 and t | k. Let w be a permutation on Fyc and G(x,y) = xm(y), where
x,y € o, be an (n, k)-bent function whose dual bent components G,x, S F;k, satisfy the
property (Py) with the defining set U. Let h € By be defined by its ANF as follows

h(xy.....x0) = [ [ + D). @)

i=1

If (L)~ Y, (U)Y) satisfies the (C) property and the conditions of Theorem 4.5 for all ) € IF;,(,
then the (n, n)-function F constructed from G and h as

F(x,y) = G(x, y) + yh(Tr{(uix), ..., Trf (uex)), ®)
where y € Fon \ For, is a I-step extension (n, n)-MNBC function outside M,

Proof From Construction 4.4, it follows that the function F is an (n, n)-MNBC function.
The function h, defined in such a way, represents the indicator function of the subspace (U)*
of Foe. If Tri(Ay) = 1 for A € Fj, then Fi(x,y) = Tri(xAm(y)) + 1yy:(x). Since
(o)=L, (U)) satisfies the (C) property and the conditions of Theorem 4.5 for all € IF;,(,
it follows that Fy € C\M*. If Trk(Ly) = 0 then F; € M¥*, hence F is outside M*. Now
we show that F is a 1-step extension. Since G(x, y) := x7(y) is an (n, k)-function, we can
write G(x,y) = (g1(x,y), ..., 8(x,y)), where g;: Fox x Fox — Fp foralll <i < k.
Since y € Fan \ For, we can construct the function F’ (see Remark 2.4) in the following
form F'(x,y) = (g1(x,y), ..., & (x,y), gk+1(x, y)), where the function gz is defined
by gr+1(x,y) = h(Tr{‘(ulx), R Trf(utx)). Thus, F’ is an (n, k + 1)-MNBC function,
since the non-bent components of F” are 0 and gy ;. Finally, since Cr = Cgs, we have that
dim(Cr) = dim(Cp’) = 1 +n+k+ 1, consequently the (n, n)-MNBC function F is a 1-step
extension. O

Following the proof of [3, Proposition 3], we give the following family of 1-step extension
(n, n)-MNBC functions outside M* by specifying the permutation 7 to be a power mapping.
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Proposition 4.7 Let k > 4 and s be a positive divisor of k such that k/s is odd. Let U =
{1,,...,a" 'Y be a set of T linearly independent elements in %, a is a primitive element
inFps and t | k. Let G(x,y) = xm(y), where x,y € Fo, m(y) = y? is a permutation on
Fo« for a positive integer d such that wt(d) > 3 and d(2° + 1) = 1 (mod 2k —1). Then
(m~ Y, (U)), satisfies the (C) property and for any y ¢ F ok, the function

F(x,y) = xy! + yh(Trf ), Triax), ..., Tri@ ™ x)),
where h is defined by (1), is a 1-step extension (n, n)-MNBC function outside the M* class.

Proof By [2, Proposition 3], the dual bent components G, of G satisfy the property (Py)
with the defining set U given above for any A € F7,. Thus, from Construction 4.4, it follows

that the function F is an (n, n)-MNBC function. We will show that F is outside M¥. Let
S F;k be arbitrary. If Tr{‘ (Ay) = 0, we have that F; (x,y) = G,(x,y) € M. Suppose

that Tr{‘(ky) = 1, then F)(x,y) = Tr{‘()\xyd) + Jl(U)L(X). For any permutation 7 on
Fyr, let 0 (y) := An(y). Note that o; '(y) = 712~ 1y). Let m(y) = y¢, where d is
defined above. Then, a;l(y) = A_zx_ln_l(y), where 771 (y) = y25+1. We will show that
(o, ' (U)) satisfies the (C) property. Let a € [Fx be arbitrary. Then

o N a+ WUy =2 a+WUNTH =2 Na + (U))

isaflatas 7! (a + (U))is aflat by [13, Theorem 5.8]. Since wt(d) > 3, by [25, Proposition
5] it follows that Tr{‘ (Am) has no nonzero linear structures. Thus, by Theorem 4.5 it follows
that F;, is in C outside M*. Hence, F is outside M¥. Finally, from Theorem 4.6, we conclude
that F is a 1-step extension. O

4.3 MNBC functions stemming from the SC class

In [3, Sect. 3], the first two authors defined a new superclass of bent functions obtained from
the C and Dy class as follows. Let 7 be a permutation on F,« and let L C Fy« be a linear
subspace of P« such that (7 ~!, L) satisfies the (C) property. Then the class of bent functions
f: For x For — I, containing all functions of the form

FOy) =Tri@r() + a0l () +a1d(x), a; € Fy, ©))

is called SC and is a superclass of Dy and C.
As the following result shows, under certain conditions, the functions in SC are outside
the completed Maiorana-McFarland class M*.

Theorem 4.8 [3, Theorem 5] Let w be a permutation on Fyx and let L C Fox be a linear
subspace of P« such that (r~', L) satisfies the (C) property and the conditions of Theorem
4.5. Then the function f: Fox x For — 2 defined by

@, y) =Tri@mn(y) + 1,0 (x0) + 8o(x) (10)

is a bent function in SC outside M¥.

With the notation of Proposition 4.7, we construct the following family of MNBC func-
tions.

Theorem 4.9 Let x,y € For. The function F: For x For — Fon defined by
Fr,y) = xy" + yih(Tr{ (), Tri(ex), ..., Tri@ ') + pdo), (1)
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where t < k, is a 2-step extension (n,n)-MNBC function outside M for all y1, vy €
Fon \ Fox.

Proof First, we show that F has the maximum number of bent components and is outside
M*. Let A € %, be arbitrary. Then

Fi(x,y) = Tri(xa)Trl (W) + h(Trf(x), Tri(ax), ..., Tri@ =) Tri ()
+ 80(x)Tr{ (Ay2)

is not bent if and only if Tr;/(A) = 0. This holds, if A € ]F;k. Thus, there are
(2" — 1) — (2K — 1) = 2" — 2% bent components. Since |[{x € Fon : Tr](y;x) = 1}| =
[{x € Fon : Tri(yix) = 0} = 271 there exist at least 2" — 2% — 2n—1 = 2k(2k=1 _ 1)
many A ¢ Fyc such that Tri(Ay;) = 1, fori = 1,2. When Tr{‘(kyl) = Tr{‘(kyz) =1,
the component is in SC outside M¥, if Tr{‘ Ay =1, Tr{‘ (Ay2) = 0, the component is in
C outside M*, and if Trf(xyl) =0, Tr{‘(kyz) = 1, the component is in Dy outside M
Now we show that F is a 2-step extension. Since G(x, y) := xm(y) is an (n, k)-function,
we can write G(x,y) = (g1(x,y),..., gk(x,y)), where g1, ..., 8k: Fox x Fpx — F».
Since yi,y2 € Fan \ Fy, we can construct the function F’ in the following form
F'(x.y) = (16, y). ... k(. ). h(X), 80(x). X = (Trf@)..... Tr(@'~"x)). Thus,
F’ is an MNBC (n, k + 2)-function, since the non-bent component functions of F” are 0, g
and h. Note that if r = k, then o = h. Thus, we assume that r < k. Furthermore, we note
that the dimension of the linear code Cp is given by dim(Cr/) = 1 + n 4+ k + 2 which,
by definition, means that F’ is a nontrivial MNBC (n, k + 2)-function. Consequently, the
MNBC (n, n)-function F is a 2-step extension. ]

Example 4.10 Let n = 12 and the multiplicative group of F512 be given by F3, = («), where
12_,

the primitive element « satisfies «'> + o’ + a® + o> + o +a+1=0.Let A = az 3
If we choose L = (1, 1) and 7r(y) = y33, then (!, L) satisfies the (C) property (see [25,
Example 1]) and wt(38) = 3, that is, 7 admits no linear structures. Using a computer algebra
system, one can check that the following (12, 12)-MNBC functions

Fi(x,y) =xy>8 + 3T (x) + D(Trd(ux) + 1) and
Fa(x, y) =xy* + a3 (Trd(x) + D(Tri () + 1) + 8o (x)

are 1-step and 2-step extension, respectively. That is, the dimensions of the linear codes Cr,
and C,, areequalto 1 +n+n/2+1=20and 1 +n +n/2 4+ 2 = 21, respectively.
5 A family of t-step extension MNBC functions

In [3], the authors presented the following secondary construction of vectorial bent functions
outside M*, which can be used to construct nontrivial (n, n)-MNBC functions outside M*.

Theorem 5.1 Let n = 2k > 8 and t > 3 be a positive divisor of k such that k/t is odd. Let
w(y) = yd be a permutation on For such that d(2' + 1) = 1 (mod 2k — 1) and wt(d) > 3.
Let a be a primitive element of Fy:. Then the (n, n)-function F defined by

F(x,y) =xy' + H(x), x,y € Fy
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with
t—1
He) = (Trf) +1) (Z vial (Tri@ix) + 1)) + uo(x),
i=1

where y;, i & For, vi # v (i # J), is at-step extension (n, n)-function outside M¥,

Proof Similarly as in the proof of Theorems 4.2 and 4.9, we note that F has 2" — 1) — k-
1) = 2" — 2% bent components, some of which are outside M.

Let Tr{“()\) = 1. When Tr{‘(kyiai) = 1foratleastonei € {1,...,r—1}and Trf(ku) =
0, the component is in C outside M* (as shown in [3, Proposition 2]). If Tr{‘()»y,-oci )y =1
for at leastone i € {1,...,¢ — 1} and Tr{‘(lu) = 1, the component is in SC outside M
(as shown in [3, Corollary 3]). Lastly, if Tr{‘(kyiai) =O0foralli € {1,...,t — 1} and
Tr{‘ (A) = 1, the component is in Dy outside M¥. For the remaining cases, it is easy to see
that the components are in M*. Now we show that F is an ¢-step extension.

Since G(x, y) := xm(y) is an (n, k)-function, we can write

Gx,y)=(g1(x,y), ..., 8, y)),

where g;i: Fox x Fox — TFp, fori = 1,...,k. For w,y1,...,v1—1 € Fo \ Fox and
la,...,a'"! € Fy, we have that {u, yic, ..., y—1a' "'} is a linearly independent set
over [F> (since « is a primitive element of [Fy/). Furthermore, because y;, u ¢ F,x we have
that y;a', u ¢ For fori =1, ..., ¢t — 1, and thus the set

(Lo, .., o ye . yma ™)

is linearly independent over [F», where  is a primitive element of Fy« satisfying

w@=D/@'=1) — . Let us show that the functions he =380, hi =1 giyt,i=1,...,0—1,
are linearly independent. Let us consider their linear combination A1hy + ...+ —1h—1 +
Arh;. Suppose that for some i € {1, ..., ¢} we have &; = 1.

If A, = 1, then
-1
o=y ajhj=) hj,
j=1 jed
where J = {j : 1 < j <t—1,1; = 1}. We have that

]l<1,0t,...,o¢k*|)L =4y = Zh]
jeJ

= (Tr{((x) +1) Tr{{ Zafx + Z)\J.

Jjel jeJ
— ]1<1’Zjej al)ts if Zjej rj=1
B Ly e it + [, otherwise

)

where [ (x) = Tr{‘ (x) + 1. It is easy to note that the left- and right-hand side cannot be equal,
no matter what the choice of A; € I, is.

Hence, without loss of generality, we may assume that A, = 0. Suppose that for some
ief{l,...,t — 1} wehave A; = 1. Then

t—1
hi = Z Ajhj = Zh,,

i#j=1 jel
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where J ={j:1<j<t—1, j#irj=1}Let&§ =)
that

jes o/ . Tt is easy to compute

Lt =hi = (Tr{ () + D(TrfEx) +e). e =Y 2.
jelJ

If ¢ = 1, it follows that (1, &) = (1, ), which implies that £ € (I, a'). This is not
possible because £ is a linear combination of {a, . . . o “\{e'}andoisa primitive element
of Fy:. If ¢ = 0, we have that

1= h; (0) = (Trf(0) + )(TriE0) =0,

which is not true. Thus, we must have that A; = O for all i = 1, ..., t. In other words,
hi, ..., h; are linearly independent over [F,. Furthermore, we have that the functions
g1l»---, 8 N1, ..., h; are also linearly independent. Hence we can construct the function F’

in the following form

F/(.X, )’) = (gl(x’ y)v"'ﬂgk(xv y)vhl(x)a -~"ht(x))-

Thus, F'is an (n, k + t)-MNBC function, since the non-bent component functions of F’ are
Oand v - (hy,..., hy) forv € IF’Z*. Furthermore, as the coordinates g1, ..., gk, i1, ..., ht
are linearly independent, we note that the dimension of the linear code Cgs is given by
dim(Cp) = 1+ n + k + t which, by definition, means that F’ is a nontrivial (n, k + ¢)-
MNBC function. Consequently, the (n, n)-MNBC function F is an ¢-step extension. O

Example 5.2 Let k = 9 and t+ = 3. Suppose that « is a primitive element of [F,3. Since
284 - (2* +1) mod 2° — 1 = 1, let m(y) = y*®* be a permutation on Fpe. Let 1, y», y3 be
distinct elements in F,1s \ Fp. Then

F(x,y) = xy* + (Tr] () + D(r1a(Tr (@x) + 1)
+ 1 (Tr] (@%x) + 1)) + p380(x)
is a 3-step (18, 18)-MNBC function outside M.

Additionally, we specify the bounds for the value of # in Theorem 5.1, thus determining
a measure of non-triviality of the constructed MNBC-functions.

Remark 5.3 Letn = 2k and k/t be odd, i.e., k = mt, m odd. Note that m > 1 as form = 1
we obtain that d(2' +1) mod (2 —1) = 1 holds ford = 2'~! and wt(d) = 1 which implies
that the function is in M*. Hence, without loss of generality, we may assume that m > 3,
thent = ﬁ < %, i.e., we have that 3 <t < n/6. Furthermore, since 7 is a positive divisor of
k and k/ ged(k, t) = k/t is odd it follows that gcd (2" + 1, 2k — 1) = 1. From [10, Theorem
4.1.-(i)], there exists a unique solution of the linear congruence d(2' + 1) = 1 (mod 2k ).

Finally, we give a precise expression of d for = 3, and hence, show that Example 5.2 is
a particular instance of an explicit infinite family of MNBC functions.

Proposition 5.4 Let k = 3m, where m = 3 + 21 for some | € Ny. Let also

I+1
d=2k14 Z (2k—6i+1 4 k=60 4 2k—6i—l) )

i=1

Then we have that wt(d) > 3 and d(23 + 1) = 1 (mod 2% — 1).
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Proof The fact that wt(d) > 3 follows from the definition of d. Denote by 6 the number
(23 + 1)d — 1 and compute it in the following way:

0 = 2/<+2 + 2/(—1
I+1
+ Z (zk—6i+4 4 Qk=6i+3 | ok=6i+2 4 ok—Gi+1 4 ok—6i | 2k—6i—1) _1

i=1
— k42 k=l (2k—2 k=3 4 ok—4 | k=5 | ok=6 2k—7)
+ (2"‘8 4 k=9 k=10 k=1l pk—12 2"‘13) +...
+ <2k—61—2 + 2k—61—3 + 2k—61—4 + 2k—6l—5 + 2k—61—6 + 2k—61—7)

1241 -2-1—1
=224k 1 —4=220F- D+ -1 =02"-D*+1),

because k — 61 = 9 and 28 — 1 = Y521 27 Since (2% — 1)|6, the result follows. o

6 Conclusion and open problems

In this paper, we classified all MNBC functions in six variables and proposed several con-
structions of MNBC functions outside the M* class. In addition to the questions raised in
Sects. 2 and 3, we would like to mention the following open problems.

1. Inn = 6 variables, all (n/2 — 1)-step and n/2-step extension MNBC functions belong to
the M* class. In view of this observation, it is interesting to ask whether (n/2 — 1)-step
and n/2-step extension MNBC functions outside M* can in general exist for n > 6.

2. To the best of our knowledge, for a ¢-step extension (n, n)-MNBC function outside the
M* class, the largest known value of ¢ is equal to 1,/6 and achieved by the construction in
Theorem 5.1. In view of this result, we suggest to find constructions of z-step extension
(n, n)-MNBC functions outside the M* class with 7 > n/6.
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Appendix: CCZ-inequivalent MNBC functions in six variables

Below we list representatives of CCZ-equivalence classes of MNBC functions in n = 6
variables as polynomials f;: 6 — 56, where ]F;6 = (a) witha® +a*+a*>+a+1=0.
Note that the representatives f; of CCZ-equivalence classes 1 < i < 13 are univariate
representations of the mappings z € Fg — (Fi3(z), 0), where Fi3 is a vectorial (6, 3)-
bent function in [21, Table A2(c)] and O is the null-vector. For convenience, we sort the

representatives of the first 13 CCZ-equivalence classes as in Fig. 1.
0-step extensions:

f3~ a8x48 + a57x40 + a13x36 + a20x34 +a3x33 + a60x32 +a47x24 + a10x2() + a45x18_,’_
a%x17 43516 4 10,12 4 ;2,10 4 (48,9 | (47,8 | /50,6 4 ;55,5 1 ;18,4 4 ;47,34
a®x

f6~ a35x56 4 a21x52 +a10x50 +a55x49 4 a41x48 4 a3x44 4 a18x42 +a50x41 +a22x40+
a9x38 +a20x37 +a16x36 +a34x35 +a48x34 +a62x33 +a12x32 +a26x28 +aS9x26
dallx24 4 g51x22 4 51321 4 440,20 4 ;46,19 | (32,18 | 26,17 | ;50,16 4 62,14
+a32x13 +a7x12 +al2xll +a43x10+a30x9 +a16x8 +a62x7 _,’_a2x6 +a34x5 +a42x3
—1—6123x2 —|—a3x

f7- a58x56 +a38x52 +a27x50 +a59x49 +058x48 +a28x44 +a16x42 +al7x41 +036x40+
aBx38 4 g B3 4 51,36 4 25,35 4 52,34 4 37,33 4 ;21,32 4 ;10,28 4 (26 | 57,25
+a16x24+a40x22+a4x21+a14x20+a38x19+a53x18+a45x17+a36x16+a15x14+a46x13
+a29x12 +024x11 +a39x10+a37x9+a39x8 +a50x7 +a22x6 +a6x5 +a46x4+a36x3
+al(’x2 “+x

fis. a52x56 4 42,52 4 22,50 4 428,49 4 01,48 | 4,44 5842 L 5741 4 13,40
+a26x38+a6x37+a53x36+a20x35+a51x34+a12x33 +a37x32+a53x28 +a61x26+a53
X254 g50x 24 4 429,22 4 425,21 4 414,20 4 42,19 4 22,18 4 24,17 4 39,16 4
a¥8x14 430,13 L 41012 L 17 10y 41,10 4 16,9 4 59,8 4 23,7 | 8,6 4 53,5
+alx* + a®x3 4+ a2 + a*x

f2~ a34x48 4 a58x40 +a28x36 4 a39x34 4 a14x33 +a36x32 4 a25x24 4 a24x20 +a5x18
+a13x17 +a17x16 +a35x12 +aS4x10+a14x9+a26x8 +a6x6 +a6x5 +a57x4 +a60x3
+a%0%2 4 18y

f12~ a48x56 + a9x52 +a41x50 + 1125)649 + a37x48 +a38x44 + a58x42 4 a61x41 +a5x40
—|—a5x38+a32x37+a58x36—|—a38x35+a6x34+a13x33+a61x32+a32x28+a23x26+a12x25
432522 4 25521 4 415,20 4 /58,19 4 34 18 4 (817 4 32,16 4 35,14 4 22,13 | /60
12 gVl 03510 4 46259 4 45458 o 0334T 4 03456 4 03455 4 a%TxA 4 23

f4~ a19x56 4 a3x52 4 a40x50 _|_a36x49 +a55x48 4 a43x44 +a44x42 +a4x41 +a32x40
4a10x38 4 15,37 4 425,36 4 ;71354 45,344 11,33 21,32 4 (42,08 4 /34,06 ;21,25
a2 5422 4 23520 55520 4 6519 4 39 18 4 (60,17 4 ;54,16 4 ;22,14 4 18
x13+a11x12+a28x11+a48x10+a24x9+056x8+a12x7+a48x6+a34x5 +a12x4
+a62x3 +020x2 +a27x

fi. a%2x 48 L 23540 4 421,36 4 (27,33 | 022032 4 57,24 4 7,20 4 ;26,18 | 30,17
+a30x16+a13x12+a29x10+a35x9+a45x8+a7x6+a14x5+a23x4+ax3+a25x2+a19x

f5~ a13x56 4 a56x52 +a28x50 4 a39x49 4 a53x48 +a25x44 4 a24x42 4 a34x41 +a27x40
+a49x38+a57x37+a16x36+a42x35+a17x34+a30x33+a32x32+a8x28+a61x26+a33x25
Fatx2 14522 4 55,20 4 430,20 4 2419 32408 4 129,17 | 126,16 4 37 14
+a43x13 +a56x12 +a14x11 +a56x10+a30x9 +a6x8 +a53x7 +a6x6 +a21x5 +a34x4
+a6x3 +a48x2+a11x
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f9~ a56x56 + a4x52 + a42x50 + a49x49 + a22x48 + a55x44 + a60x42 + a3x41 + a20x40
+a55x38+a61x37+¢19x36+a57x35+a39x34+a11x33+a31x32+a7x28+a52x26+a51x24
+a56x22+a9x21 +a24x20+a41x19+a36x18+a35x17+a56x16+a22x14+a8x13+a15
x12 +a37x11 +a60x10 +a18x9 —|—a29x8 +a52x7 +a13x6 —I—a12x5 +028x4 +aZ6
x3 +a53x2 +a59x

f8~ a16x52 4 a9x50 4 a33x49 4 a57x48 4 a35x44 4 a27x42 4 a32x41 4 a9x40 4 a48x38
+a57x37+a42x36+a61x35+a33x34+a28x33+a35x32+a53x28+a40x26+a56x25+a57
x24+a11x22+a10x21+025x20+a18x19+a30x18+a44x17+a17x16+a17x14+025x13
+al6x12+a22xll+a26x10+a41x9+a41x8+a24x7+a12x6+a36x5+ax4+a53x3+
a4x2+a3x

f11~ a55x56 +a39x50 +a8x49 +a14x48 +a]4x44 _’_027)642 +a52x41 +a18x40 +a55x38
+a46x37+a53x36—I—aS6x35+x34—I—a17)633+a35x32+a42x28+a39x26—|—a50x25+a45x24
+ax22+a10x21+a2x20+a62x19+a22x18+a34x17+a11x16+a24x14+a3x13+a22x12
+a45x11+a31xlo—l—a16x9—|—a21x8+a44x7+a40x6+a48x5+a18x4+a46x3+a33x2+a3x

flO- 6155x56 +a39x50 +a8x49 +a57x48 +a]4x44 +a27x42 +a52x4l +a42x40 —|-6155x38
+a46x37+a32x36+a56x35 +a24x34+a11x33 +a8x32+a42x28+a39x26+a50x25 +a48
x24+ax22+alox21+a12x20+a62x19+a36x18+a19x17+a16xl6+a24x14+a3x13+a2‘)
x12+a45x11+a24x10+a51x9+a49x8 +a44x7+a57x6+a13x5+a42x4 +a52x3+
al4x2+a47x

1-step extensions

fl4- a62x48 +a17x40 +a29x36 _,’_a26x34+a26x33 +a48x32+a49x24+a8x20 +a13 x18 4
a20x17 4 27516 4 (31,12 4 (41,10 4 (9.9 | (42,8 4 16,6 | 8.5 L /25,4 4 ;23,3
+ally? 4 462y

fis. 2350 4 g32x52 4 18,50 | 446,49 4 52,48 54,44 4 45,42 | 56,41 4 7,40
+a46x38 +a32x37 +a6x36+a44x35 +a41x34+a50x33 +a21x32+a34x28 +a49x26+
a%0x25 4 4244 460,22 4 15,21 4 34,20 4 446,19 4 47 18 L (4 17 4 7,16 4 450, 14 4
aTxB3 4 5512 4 g5 1 17510 4 12,9 4 (17,8 4 16046 4 ;205 1 (7,4 4 23,3 4
a®x? +a34x

fl6- a52x56 4 a43x52 4 a34x50 4 a28x49 4 a31x48 4 a60x44 4 058x42 4 6154)(41 4 a46x40
+a55x38 _,’_a9x37 +015x36 +020x35 +a42x34+a54x33 +a38x32 +aS3x28 +a40x26+
a29x25 4 Y28 4 02,22 4 ;25,21 4 417,20 4 48,19 126 18 4 113,17 4 ;3,16 4 48,14
+a59x13 +a44x12+a8x11 +a21x10+a32x9+a43x8+a23x7+a20x6+a38x5 +a49x4
+a32x3 +a27x2 +a6x

fi7. aZ7 x50 4 q27552 4 g17,50 4 ;23,49 4 31,48 | 44,44 | 2,42 4 53,41 4 129,40
Fa®Bx38 4 23537 4 24536 4 426,35 | 43,34 4 17,33 4 8,32 4 4,28 L 20,26
+a2x25 +a30x24+a7x22+a49x21+a39x20 +a26x19+a24x18+a62x17+a37x16+
a49x]4 +a53x13 +a37x12+a37x11 +a28x10+a2x9 _,’_a51x8 +a53x7 +a45x6+a18x5
+a38x4+a34x3 +a52x2+a15x

fis. a20x56 4 g4x52 1 g41x50 4 037,49 4 8,48 | 44 44 L (45,42 4 5,41 12,40
+a11x38+a16x37+a61x36+08x35+a34x34+a37x33+a35x32 +a43x28+a35x26+a22x25
FaPx 2 455X 22 4 24521 430520 4 7019 4 052,18 4 25,17 4 122,16 4 23 14 4 19
13 g26512 4 429511 4 426,10 4 ;26,9 4 18,8 o 13,7 4 52,6 4 ;7,5 4 51,4
+a%%3 +a37x2% + aBx

f19.a15x56+a25x52+a33x49+a14x48+a61x44+a18x42+a14x41+a2x40 +a39x38+
6127)637 +a55x36 +a53x35 +a62x34 +a17x33 +6122x32 +6120x28 +a9x26+a2x25
Fa®S 2 3224 26,21 4 419,20 4 (43,19 4 (14,18 4 59,17 4 (24,16 45,14 4 46
xl3+a22x12+a62x“ +a49x10+a47x9+a6x8 _,’_a27x7+a40x6+a16x5 +a22x4
+a46x3 +a58x2 +a32x
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Fo. a20x56 4 g4x52 4 g41x50 4 37549 4 446,48 | 44 44 | 45,40 4 5041 146,40
+a11x38+al6x37+a57x36+08x35+ax34+allx33+a48x32 +a43x28+a35x26+a22x25
+a16x24+a55x22+a24x21+a44x20+a7x19 +a14x18+a34x17+a6x16+a23x14+a19x13
+ax]2+a29x11+a10x10 +a31x9+019x8+a13x7 +a49x6+a33x5+a41x4+a23x3+
a%x2 + g3y

f21- a42x48 +a47x40 +a30x36 +058x34 +a27x33 +a55x32 +a57x24+a32x20 +a22x18
+a58x17 +a5x16 +a13x12 +a59x10+a60x9+a22x8 +a7x6 +a59x5 +a48x4 +ax3+
ax? —I—a23x

fzz.a20x56+a4x52+a41x50+x48 T+ a®xM g8 4 g9 AL 31,40 4 11,38 4 43
x37+a6x36+a17x35 +a55x34+a2x33+a58x32+a43x28 +a35x26+a31x25+a17x24+
a5 x22 4 g 1521 4 45,20 4 ;52,19 4 (4T 18 L (10,17 4 32,16 4 23 14 4 13 4 1912
4?14 20,10 4 12,94 (56,84 (49,7 4 (31,64 (24,5 44 4 37,3, 13,24 ;3

. a2l x50 4 q16,52 4 ;31,50 4 ;23,49 4 162,48 | 10,44 | 3,42 | (49,41 4 23,40
+a44x38 +a40x37+a32x36 +a23x35 +a56x34 +a23x33 +a22x32 +a12x28+a41x26+
a45x25+a6x24+a38x22+a20x21+a58x20 +a32x19+a46x18+a8x17+a45x16+a39x14
+a60x13 +a29x12+a48x11 +x10+a39x9+a62x8+ax7+a28x6+a50x5 +a49x4
+a°0x3 + a®3x2 + a%%x

f24- a30x56 +a53x52 +a53x50 +a11x49 +a48x48 +a13x44 +a18x42 +a26x41 +a55x40
+a43x38+a8x37+a52x36+a5]x35+a18x34 +a29x33+a62x32+a15x28+a58x26+a24
x25 430524 4 45522 4 426,21 | ;24,20 4 (12,19 4 (48,18 | 15,17 4 150,16 4 ;5,14
+a24x13+a46x12 +a47x“+a24x10+a56x9+a18x8+a50x7+a22x5+a35x4+c155x3
+a47x2 +a51x

f25- a9x56 +a55x52 +a42x50 +a6x49 +a24x48 _,’_a56x44 _,’_018)642 +a28x41 +a8x40
4al 38 9537 4 195360 4 42535 4 (28,34 4 133,33 | 23,32 4,28 1 1426 4 ;21,25
+a2x24+a55x22+a26x21+a13x20 +a39x19+a21x18+a35x17+x16+a2x14+ax13+a18
x12+a18x11+a33x10 +a55x9+a15x8+a33x7+a58x6+a52x5+a24x4+x3+a8x2+a57x

f26- a9x56 +055x52 +a42x50 +a6x49 +a62x48 +a56x44 +a18x42 +a28x41 +a30x40
+allx38 4 g9x37 4 q13 536 4 g42,35 4 15,34 | 44,33 4 413,32 4 4,28 4 026 4 ;21,25
+a34x24+a55x22+a26x21+a11x20+a39x19 +a43x17+033x16+a2x14+ax13+023x12
+a18x11+a38x10+a49x9 +a58x8+a33x7+a50x6+a]8x5+a28x4+a5x3+a19x2+a5x

for. a3 x50 4 g15552 4 436,50 | 61,49 4 (0,48 | 20,44 4 44,42 | 61,41 4 10,40
41038 L g 1137 4 52,36 4 11,35 (14,34 123,33 4 /16,32 428 4 ;50,26 ;58,25
+a44x24+a13x22+a11x21+a52x20+a48x19 +a48x18+a38x17 +036x16+a41x14
+a50x13 +a43x12+a46x11 +a4x10 +a56x9 +a42x8 +a57x7 +a61x6 +a19x5 +a3x4
+a®x3 + a22x2 4 ¢34y

Pos. a33x56 4 435,52 4 g43550 4 ;8,49 | 449,48 | 32,44 | 27,42 4 23 41 4 56,40
+a26x38+a28x37+a15x36+a56x35+a26x34+a31x33+a60x32 +a42x28+a13x26+a44
x25 455524 g 14522 4 410,21 4 60,20 4 25,19 | ;26,18 | ;20,17 | ;54,16 4 ;24,14
4al0x13 4 50,12 4 (32,11 4 ;29,10 4 32,9 4 /3,8 4 (44,7 | ;34,6 4 ;26,5 ;7,4
+a?2 3 + a*x? + a*'x

f29- a55x56 +a35x52 +a43x50 +a8x49 +a56x48 +a32x44 +a27x42 +a23x41 +a14x40
+a26x38+a28x37+a40x36+a56x35+a19x34+a53x33+a3x32 +a42x28+a13x26+a44
x25 4 a9x28 4 14522 4 g10,21 4 441,20 4 25,19 | ;55,18 | 12717 4 2416 4 24,14
+a10x13 +a5x12+a32x11+a4x10 +a29x9+a50x8+a44x7 +a49x6+a61x5 +a31x4
—|—a16x3 +a36x2+a61x

f30- 055x56 + a35x52 + a43x50 + a8x49 +a35x48 + a32x44 +a27x42 + a23x41 +a6x40
426538 1 28,37 4 446,36 4 ;56,35 4 460,34 4 57,33 4 ;54,32 42,28 113,26 44
x25+05x24+a14x22+a10x21+a46x20+a25x19+a15x18+058x17+a44x16+a24x14
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4al0x13 4 24512 4 (32, 11 4 42,10 4 9,9 4 ;56,8 1 4407 4 (716 4 4435 4 g1954 4
a3 +a29x2 +a*x

2-step extensions:

f31- 021x56 + a5x52 +a42x50 + a38x49 +024x48 + a45x44 +a46x42 + a6x41 +a24x40
+a12x38+a17x37+a10x36+a9x35+a3x34+a19x33 +a35x32+a44x28+a36x26+a23
x25 +a55x24+a56x22+a25x21+a17x20+a8x19 +1158x18 +a2x17 +a42x16+a24x14
+a20x13+a37x12+a30x11_,’_a5x9+a57x8+a14x7+a53x6+a31x5 +a53x4+a62x3+
052x2+a19x

f32~ ax48 + a29x36 + a57x34 + a12x33 + a12x32 + a6x24 +a27x20 + a40x18 +a23x17
+a55x16+a2x12+09x10+a34x9+a49x8+a24x6+a39x5+a41x4+a42x3+a21x2+a30x

f33- a14x56 _,’_a9x52 +a24x50 +a62x49 +al]x48 _,’_a3x44 +a59x42 +a15x41 +a11x40
+a37x38+a34x37+a36x36+010x35+a18x34+012x33+a61x32+a5x28+a34x26+az7
x25+a56x24+a31x22+a18x21+a3x20+a10x19+a25x18+a48x17+a52x16+a32x14
+a3x13 +a44x12+a15x11+a13x10+a8x9 +a46x8 +a43x7 +08x6+a6x5 +a8x4+
a53x3 +a52x2 +a35x

f34- al4x56 + a9x52 +024x50 + a62x49 + a61x48 + a3x44 +a59x42 + a15x41 +a57x40
+a37x38 +a34x37 +a36x36 +a10x35 +a35x34 +a14x33 +a23x32 +a5x28 +a34x26
+a27x25+a17x24+a31x22+a18x21+ax20+a10x19+a25x18+ax17+a13x16+a32x14+
613 x13 +a14x12 +a15x11 +a29x10+a8x9 +a61x8 +a43x7 +al2x6 +a30x5 +023x4
+a39x3 +a4x2+a32x

f35- a28x52 + a54x50 + a57x49 +a53x48 + al4x44 + 1140)642 4 a43x4l +¢12x40 +a40x38
+a28x37+a61x36+a25x35+a29x34—|—a31x33+a51x32+a40x28+a3x26+a6x25+a51x24
+a29x22+050x21+a39x20+a49x19+a3x18+a11x17+a32x16+a58x14+08x13+a49
x12+a21x11+a16x10+a61x9+a11x8+a4x7+a4x6+a33x5 +a46x4+a38x2+a55x

f36.a51x56+x52+a25x50+a52x49+a27x48+a45x44+a30x42+a“x41+a9x40 +a46x38+
612)637 + a10x36 + a50x35 + a50x34 + a5x33 + a26x32 + a8x28 + a15x26 +a54x25
+a23x24+a45x22+a27x21+a5x20+05]x19+a41x]8+a33x17+a8x16+09x14+051x13
+a54x12+a53x11 +x10+a42x9+a16x8 +a19x7+a41x6+a47x5 +x4+a50x3+
a13x2 +a11x

f37- a51x56 +x52 + a25x50 + a52x49 + a43x48 + a45x44 + a30x42 + a11x41 + a46x38
+a2x37+a30x36+a50x35+a30x34+a2x33+a48x32+08x28+a15x26+a54x25+a19x24
+a45x22+a27x21+a43x20+a51xl9+a47x18+a62x17+a13x16+a9x14+a51x13+a24x12
+a53x11+a42x10+a37x9+a46x8+al9x7+a49x6+057x5+a29x4+a4x3+a36x2+a24x

3-step extensions:

f38- a22x56 + a6x52 + a43x50 + a39x49 + a35x48 + a46x44 +a47x42 + a7x41 +a36x4o
+a13x38+a18x37+a46x36+a10x35+a21x34+a46x33+a3x32+a45x28+a37x26+a24
x25 +a51x24+a57x22+a26x21+a22x20+a9x19 +a9x18 +a52x17 +a12x16+a25x14
—|—a21x13+a52x‘2+a31x”+a49x]0+a49x9+a10x8+a15x7+a50x6+a34x5+a”x4
+a50x3 +x2+a25x

Fro. 15540 +a46x36 +a34x34 +a31x33 +a54x32 +a16x24 +a49x20 +a9x18 +a9x17
+ax16+a51x12—i—a14x10+a49x9—|—a55x8+a13x6—|—a61x5+a33x4+a39x3+a59x2—|—a26x

f40- az3x56 +a15x52 +a12x50 +a55x49 +a45x48 +a61x44 +a9x42 +a20x41 +a57x40
+a3x38+a3x37 +a6x36 +a37x35 +a40x34 +a61x33 +x32+a20x28 +a54x26 +a9x25
+a15x24+a52x22+a41x21+a48x20+a56x19+a52x18+al3xl7+a15x16+a17x14+
a22 x13 +a20x12 +a59x11 4 a56x10 +a6x9 4 ax8 +a52x7 —l—a59x6 +a46x5 4 a36
x* +a4x3 +a4x2 —|—a49x
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