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Abstract

The extended coset leader weight enumerator of the generalized Reed—Solomon [g + 1, g —
3, 5]4 code is computed. In this computation methods in finite geometry, combinatorics and
algebraic geometry are used. For this we need the classification of the points, lines and
planes in the projective three space under projectivities that leave the twisted cubic invariant.
A line in three space determines a rational function of degree at most three and vice versa.
Furthermore, the double point scheme of a rational function is studied. The pencil of a true
passant of the twisted cubic, not in an osculation plane gives a curve of genus one as double
point scheme. With the Hasse—Weil bound on [F,-rational points we show that there is a
3-plane containing the passant.

Keywords Extended coset leader weight enumerator - Generalized Reed—Solomon code -
Twisted cubic - Classification of lines in three space over finite fields
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1 Introduction

In general the computation of the weight enumerator of a code is hard and even harder so
for the coset leader weight enumerator. Generalized Reed—Solomon codes are MDS, so their
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weight enumerators are known and its formulas depend only on the size of the finite field,
the length and the dimension of the code. The coset leader weight enumerator of an MDS
code depends on the geometry of the associated projective system of the dual code. The
coset leader weight enumerator of the IF,-ary generalized Reed—Solomon codes of length
q + 1 of codimension four is considered, so its associated projective systems are normal
rational curves. Moreover the coset leader weight enumerators of the extensions of these
codes over Fm are determined. In case of the [¢ + 1, ¢ — 2, 4], code where the associated
projective system consists of the g + 1 points of an irreducible plane conic, the answer [17]
depends on whether the characteristic is odd or even. If the associated projective system of
the [¢ + 1, g — 3, 5], code consists of the g + 1 points of a twisted cubic, the answer is the
main result of this paper and depends on ¢ modulo 6.

Our result depends on the classifications of the points, lines and planes in P under
projectivities that leave the twisted cubic invariant. The classification of points and planes
was done in [3, 13] and they gave a partition of lines in classes which is not a complete
classification. The knowledge of the point-plane incidence matrix is applied to multiple
covering codes by [1]. But for our purpose we need to know whether a given line is contained
in a 3-plane.

The main result of this paper is a refined partition and the plane-line incidence. Recent
papers [4, 5, 10] compute the number of times a line of a given class is contained in a plane
of a given class, except for the class Og (true passants not in an osculation plane). In [10] a
conjecture is given about the number of classes of lines in a complete classification.

We showed that the class Og is subdivided further in classes that depend on a modulus,
a continuous invariant that is the cross-ratio of an associated 4-tuple of points. It is left as a
conjecture whether this gives a complete classification of the classes in Og.

In our approach, we use the relation between rational functions and codimension two
subspaces. Furthermore, the double point scheme &, of a rational function ¢ is studied in
general. If the rational function ¢ is a separable simple morphism of degree d, then & is an
absolutely irreducible curve of genus (d — 1)%. In particular the pencil of planes containing
a given line, that is a true passant, not in an osculating plane defines a rational function and
its double point scheme is a curve of genus 1. With the Hasse—Weil bound it is shown that
there is a 3-plane containing a given true passant in case g > 23.

2 The coset leader weight enumerator

The extended coset leader weight enumerator of a code is considered and it is just our
aim to determine this enumerator of the code associated to the twisted cubic. Let C be
an Fg-linear code of length n. Let r € Fp. The weight of the coset r + C is defined by
wt(r + C) = min{wt(r 4+ ¢) : ¢ € C}. A coset leader is a choice of an element r € ]FZ of
minimal weight in its coset, that is wt(r) = wt(r 4+ C). Let «; be the number of cosets of C
of weight i. The coset leader weight enumerator is the polynomial with coefficients «;.

A coset leader decoder gives as output r — e, where r is the received word and e is a
chosen coset leader of the coset of r. So r — e is a nearest codeword to r, but sometimes it
is not the only one. The probability of decoding correctly by the coset leader decoder on a
g-ary symmetric channel with cross-over probability p is computed by means of the coset
leader weight enumerator, see [19, Prop. 1.4.32].

Let C be an Fy-linear code with parameters [n, k, d], that is of length n, dimension k
and minimum distance d. Then C ® Fym is the Fym-linear code generated by C and it is
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called the extension code of C over Fym. The weight enumerator of such an extension code
has coefficients that are polynomials in ¢”, see [16, 18]. Similarly the extended coset leader
weight enumerator of C has coefficients «; (T') that are polynomials in 7" such that «; (¢™) is
the number of cosets of C ® Fyn that are of weight i, see [12, 17]. Now «; (¢™) is divisible
by g™ —1forallm,i > 1, since the coset weight of r + C and of Ar + C ® IF;m with respect
to C ® Fym have the same size for all nonzero A € Fyn. So also «;(T') is divisible by T' — 1
for alli > 1. Define

a;(T)

al-(T) = T _ 1.

Then a;(T) = (”)(T 1)1 I for all 1 <i<(d-1)/2and Z —0 Ol,(T) — Tk go
Zl *1 al(T) Zn k— 1

2.1 Codes versus projective systems
Let IF; be the field with g elements, where ¢ = p" for some prime p. The projective space

of dimension r is denoted by P". Let IF be a field. An F-rational point of P is an equivalence
class of "1\ {0} under the equivalence relation x = y if and only if x = Ay for some nonzero

A € F. The equivalence class of x = (xp, x1, ..., x,) isdenoted by (x¢ : x1 : ... : x;-). Dually
a hyperplane in P" given by the equation agX| + a1 X1 + --- + a, X, = 0 is denoted by
[ap : a1 : ... : ar]. Let X be a subvariety of P". Then the set of F-rational points of X is

denoted by X (IF) and by X'(¢) in case F = IF,.

A subspace of P (¢™) is an intersection of hyperplanes, and it will be called [F;-rational
if it extends a corresponding subspace in P" (g).

Let H be a parity check matrix of C, that is an (n — k) x n matrix such that ¢ € C if
and only if HeT = 0. Hence, a codeword of weight w corresponds one-to-one to a linear
combination of w columns of a given parity check matrix adding up to zero. The syndrome
s (with respect to H) of a received word r € IFZ is the column vector of length n — k defined
by s = Hr”. This gives a one-to-one correspondence between cosets and syndromes. The
coset of a word of minimal weight corresponds one-to-one to a minimal way to write the
syndrome of that word as a linear combination of the columns of a given parity check matrix.

From now on we assume that the minimum distance of the code is at least 3, so H
has no zero column and no two columns are dependent. So its columns can be viewed as
homogeneous coordinates of n distinct points in projective space of dimension n — k — 1.

More generally, let H be a [ x n matrix of rank / with elements from F,. We view the
columns of H as a projective system [19, §8.3.2], thatis a set P of n points in projective space
P"(g), with r = [ — 1 that do not lie in a hyperplane, in particular we assume that the columns
are non-zero, and no pair is dependent. We now want to determine «; = «;(¢) which is the
number of vectors in IF; that are a linear combination of some set of i columns of H, but not
less. More generally, we want to determine «; (¢”*) which is the number of vectors in F,, with
the same property over Fym fori =0, ..., [. We think projectively, so fori =1,...,r +1
we want to determine a; (¢™) the number of points in P (IF,» ) that lie in a projective subspace
of dimension i — 1 that intersects P in exactly i points, and not for smaller i.

3 The normal rational curve

The normal rational curve of degree r is the curve C, in P with parametric representation

(7 - x™ Yy s oo xyh oy (e 1 y) e P, see [13, §21.1]. This map gives an
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isomorphism of P! with C, and the point (x : 1) (and (1 : 0)) on P! is identified with
(x3:x%:x:1) (and (1:0:0:0))onC and both are denoted by P(x) (and P(c0)) where
the context makes it clear what is meant.

Combinatorially, the most important property of C, is that no r 4 1 points are in a hyper-
plane. In the following, we will take » = 3 so we have the curve C3 in P3. This curve is
also called the twisted cubic. In this dimension, the set C,(¢g) is maximal with respect to the
property that no 4 points are coplanar (for g > 3).

3.1 The twisted cubic C3

The definitions of this section can be found [13].

The conjugate of x € F_q is defined by x = x9.

A chord is the line joining two points of C3. We distinguish real chords, joining two
different points of C3, tangents, where the two points coincide, and imaginary chords, where
the two points are conjugate points of the extension of C3 to P?(¢2).

Anosculating plane is a plane that intersects the twisted cubic in one point with multiplicity
three. An axis is the line of intersection of two osculating planes. A real axis is the intersection
of two different osculating planes, an imaginary axis is the intersection of two osculating
planes at conjugate points of C3 in P3(¢?). If p = 3, then there is exactly one axis, the
intersection of all osculating planes and it is called the axis of 05.

The tangent at the point P (x) = (x3 : x% : x : 1) istheline (x>, x2, x, 1), 3x2, 2x, 1, 0)),
and at the point P(oco) = (1 :0:0 : 0) we have ((1, 0, 0, 0), (0,0, 1, 0)).

A passant or external line is a line disjoint from C3(g), it is called true if it is not an
imaginary chord.

A unisecant is a line intersecting C3(g) in 1 point, it is called true if it is not a tangent.

A bisecant or simply secant is a line intersecting C3(g) in 2 points (this is the same as a
real chord).

Ani-plane,i =0, 1,2, 3, is a plane containing i points of C3(gq).

A subspace of P3(¢™) (so a point, line or plane) will be called rational if it extends a
corresponding subspace in P3(g).

A regulus in P?(q) is the collection of rational lines that are rransversals of three given
skew lines, that is the collection of lines that intersect three given lines that are mutually
disjoint. The regulus of three skew lines consists of g + 1 skew lines. The complementary
regulus of the regulus of three skew lines 1, [, /3, is the regulus of any three lines /1, I}, [}
in the regulus of /1, I, I3.

3.2 The problem

We consider the coset leader weight enumerator for the extended Reed—Solomon [¢ + 1, ¢ —
3, 5] code with 4 x (g + 1) parity check matrix H whose columns are the vectors (1, , 12, 13)
together with (0, 0, 0, 1). The projective system of H is the twisted cubic, that is normal
rational curve of degree 3 in P?(q).

So, what we want is an answer to the following questions, first for P3(g) itself, but also
for P3(¢g™):

ai: How many points belong to the curve C3(g)?

ay: How many points, not already counted under aj, are on a line containing two points
of C3(¢)?

@ Springer



The extended coset leader weight enumerator of a twisted cubic code 2227

az: Now the interesting part starts, how many points are there on a 3-plane, that is a plane
containing three points of C3(q), not already counted under a; or az?

The first two questions turn out to be trivial and for the third we introduce the following
definition.

Definition 3.1 Let /1, be the number of rational lines of IP3(g) that lie in one or more 3-planes
and are not real chords.

Theorem 3.2 The extended coset leader weight enumerator of the extended Reed—Solomon
[g +1,q — 3, 5] code is given by

ai(T) =g+ 1 and ay(T) = ("T)(T - D),
and a3(T) is equal to
2a@+ D2+ (TN [T+ T+1- @+ 9+ DT —g+ D]+ pq - (T —q),
and
ay(T) =T + T> + T + 1 — ay(T) — ax(T) — a3(T).

Proof The number of points of the curve C3(¢) isqg+1.Soa; = g+1andalsoa; (¢™) = g+1,
since in our problem Cz(g) is restricted to 3 (9).-Hence a\(T) =q + 1.

There are (";rl) secants, each one of them contributes ¢ — 1 points (for m: g™ — 1), since
two secants don’t intersect in a point outside C3(g), for that would imply four coplanar points
on C3(¢)- So ax(g™) = (3 (g™ — 1) for all m. Hence ax(T) = (/3" )(T — 1).

These two cases also follow from the general result that a; (T) = (’l.’)(T — ! for all
1<i<(d—-1)/2foran [n,k,d] code, since in thiscasen = ¢ + 1 andd = 5.

Now we consider the computation of a3. In P3(¢) the answer is easy: the rest, so %q (g+1)>.
Indeed a point that does not lie on the curve or on a secant or on a 3-plane can be used to
extend the arc, but it is well known that the arc is maximal (for ¢ > 3).

Outside IP?(¢) we argue as follows: If a point is on more than one 3-plane, then it must be
on a line of P3(¢), so forgetting about these points for the moment, this means that each of
the (qgl) different 3-planes contributes g>" +¢” +1—(¢g> +q+ 1) —(g* +q+ 1) (" —q)
points that are certainly in this 3-plane only.

The remaining points are outside P3(¢) on a line of P3(¢), which is not a real chord and
that is contained in a 3-plane.

We give the formula for a3(¢™) in terms of the parameter 1, .

La@+ D+ (T [¢7 + 9" + 1= (> +q + D(@" — g+ D]+ 114(¢" — @).
Hence, a3(T) is equal to
fa(g+ 1+ (qgl) [T2+T+1-(¢*>+q+ DT —qg+ D]+ py(T —q).

The first term counts the points P in P3 (g), not on C3(q) that are either on a tangent of a
rational point of C3(g) or on an imaginary chord of C3(g).

The second term is the number of points outside P3 (¢), in a rational plane, but not on a
rational line.

The third term is the number of points outside P3 (g), on a rational line that is contained
in a 3-plane and is not a real chord.

Finally a1(T) + ax(T) + a3(T) + as(T) = T3 + T?2 + T + 1. Hence, a4(T) can be
expressed in the known terms a1 (T), a(T) and a3(T):

as(T)=T>+T>+T +1—a(T) —ax(T) — az(T) o
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The rest of this article is devoted to the determination of the value of g, that turns out
to depend on the value of ¢ mod 6 and will be given in Sect. 8.2. In order to do that we will
give the relation between rational functions and codimension two subpaces of the projective
space in Proposition 6.5. Furthermore, we classify several types of lines in Theorem 8.1.

4 The classification of planes and points in P3

Almost everything in this section can be found in [3] and [13, Chap. 21].
The group G, = PGL(2, ¢) of nonsingular 2 x 2 matrices (i Z) with ad — bc # 0,

modulo nonzero multiples of the identity. So G, has order (q2 — 1)(q2 —q)/(g—1 =

2
q(q” = 1).

The group G, acts via ¢(x : y) = (ax + by : cx +dy) on P!, also denoted by ¢(x) =
(ax + b)/(cx + d) and it acts sharply 3-transitively on [F; U {oo}. If ¢ € G2, that is with
coefficients in F > we define the conjugate of ¢ by ¢(x) = (ax + b)/(¢x +d). Furthermore,
G acts on C3(q) and this gives the following map on column vectors:

(x3, X2, x, 1) —~ ((ax + b)3, (ax + b)z(cx +d), (ax + b)(cx + d)2, (ex + d)3).
This mapping has matrix

a’ 3ab 3ab? b3
a?c  a?d +2abc  b*c +2abd b*d
ac®  bc* +2acd  ad* +2bced  bd* |’

bt 3c¢2d 3cd? 43

hence its action extends to a linear collineation of P3(¢). For g > 5, G is the full group of
projectivities in IP3(q) fixing C3(g) by [13, Lemma 21.1.3]. In [13, p. 233] the action is on
row vectors on the left, whereas in this paper the action is on column vectors on the right,
since we consider the projective system of the code with the column vectors of the parity
check matrix as its points.

Proposition 4.1 Under G there are five orbits N; of planes with n; = |N;| :
N1 : Osculating planes of 03(q), ny = q + 1.
N3 : Planes with exactly two points of C3(q), no = q(q + 1).
N3 : Planes with three points of C3(q), n3 = %q(q2 —1).
N4 : Planes with exactly one point of C3(q), not osculating, ng = %q(q2 —1).
N5 : Planes with no points of C3(q), ns = %q(q2 — 1.

Proof See Corollary 4 of Chapter 21 in [13]. O

Remark 4.2 There is another way to look at this which is the approach in [10]: For the plane
[1:c:b:a]consider the cubic f(x) =x3 +cex>+bx4+a=(x—a)x —B)(x —y).

Ni:If @« = B = y we have an osculating plane, where « = oo corresponds to the plane
[0:0:0:1],0r X3 =0.

Np:If @ = B # y, we have a plane with two points. The case « = 8 = oo, ¥y = 0
corresponds to the plane [0 : 0 : 1 : 0] or X, = 0.

N3. If @, B, y are different elements from F, we get a plane with three points, for o = oo,
B=0,y=1weget[0:1:—1:0],0r X1 = X».
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Ny Ifa € Fy, B =y ¢ Fy. If @ = oo then we have tye plane [0 :_1 : —t : n] for some
irreducible polynomial X?—tX+n=0,witht =B+ B andn = BB.
Ns. Finally if f is irreducible we have a plane without points of C3(q).

At each point P(x) = (x3:x%: x : 1) of C3 we have an osculating plane w(x) = [1 :
—3x:3x2: —x3]and 7w (c0) =[0:0:0: 1] parameterizing the osculating developable 05.
If ¢ # 0 mod 3, so if p # 3 then there is an associated null-polarity

(ao Lap s ap :a3) <> [—113 : 3(12 : —3(11 : ao]
interchanging C3 and 03, and their corresponding chords and axes.

Proposition 4.3 Under G there are five orbits M; of points with m; = |M;] :

(i) If p # 3, then
My : Points on C3(q), m; = q + 1.
My : Points off C3(q), on a tangent, my = q(q + 1).
M3 : Points on three osculating planes, m3 = éq(q2 —1).
My : Points off C3(q), on exactly one osculating plane, m4 = %q(q2 - 1.
Ms : Points on no osculating plane, ms = %q(q2 —1).
(ii) If p = 3, then
M : Points on C3(q), m; = q + 1.
My : Points on all osculating planes, my = q + 1.
M3 : Points off C3(q), on a tangent, on one osculating plane, m3 = q2 — 1.
My : Points off C3(q), on a real chord, ms = %q(q2 — 1.
Ms : Points on an imaginary chord, ms = %q(q2 —1).

Proof See Corollary 5 of Chapter 21 in [13]. O

Remark 4.4 1f p # 3, then M is also the set of points on exactly two osculating planes, and
M3 U Ms is the set of points not in C3(g) on a real (or imaginary) chord, and My is the set
of points not in C3(g) on an imaginary (or real) chordif g =1 mod 3 (org = —1 mod 3
respectively) by the corollary of [13, Lemma 21.1.11].

If p = 3, then M3 U M3 is the set of points not in C3(¢) on a tangent.

Hence, for all g we have that every point not in C3(g) is on a unique line that is a tangent,
a real chord or an imaginary chord.

Remark 4.5 We will give a partition of the lines in P* in Sect. 8.

5 Algebraic curves
For the theory of algebraic curves we will refer to the textbooks [11, 14, 21]. By an (algebraic)
curve we mean an algebraic variety over a field ' of dimension one, so it is absolutely

irreducible. Most of the time we assume that the curve is nonsingular, unless stated otherwise.
The genus of the curve X is denoted by g(X).

5.1 Divisors on a curve

Let X' be a curve over . A place of a curve X’ over the finite field I, is an orbit under the
Frobenius of the points of X'(F,m) of some finite extension Fym of ;. The degree of the
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place P is the number of points in its orbit and is denoted by deg(P). Alternatively a place
can be defined as a discrete valuation of the function field F,(X).

The number of points of the projective line that are defined over I, is equal to g + 1, and
a place of degree d corresponds one-to-one to a monic irreducible polynomial in F,[X] of
degree d. In particular %(q2 — q) is the number of places of degree 2.

A divisor on a curve X is a formal sum of places P with integer coefficients such that only
finitely many coefficients are nonzero. The degree of the divisor D = ), mp P is defined
by deg(D) = ) pmp deg(P). A divisor is called effective in case all its coefficients are
nonnegative. A divisor ) p mp is called simple if mp = 0 or mp = 1 for all places P.

5.2 Ramified covers

For the following we refer to [11, 14, 21].

Definition 5.1 Consider a morphism ¢ : X — Y of the nonsingular absolutely irreducible
curves X and Y over the field IF. Then [F(X), the function field of X’ is a finite field extension
of F()), the function field of ), via ¢. The degree of this extension is also called the degree
of ¢ and will be denoted by deg(¢p).

The set of rational functions of F(X") that are defined at a place P is denoted by Op and
is local ring, that is a ring with a unique maximal ideal M p. Moreover this maximal ideal is
a principal ideal and a generator of M p is called a local parameter at the place P. Let x be a
local parameter at the place P of X. Then x is a generator of M p. Let y be a local parameter
at the place Q = ¢(P) of Y. Then the local ring of ) at Q is via ¢ a subring of Op. In this
way we consider y as an element of Op and y = cx® where c is an invertible element of Op
and e is a non-negative integer that is called the ramification index of ¢ at the place P and
is denoted by ep (¢) or by ep. The morphism ¢ is said to ramify at P and P a ramification
placeof p ifep > 1.

Remark 5.2 A geometric way to consider ramificationis by considering I'y, = {(P, ¢(P))|P €
X}in X x Y, the graph of ¢ : X — Y. Now I, is a curve on the surface X' x Y. The ram-
ification index of ¢ at the place P is equal to the intersection multiplicity of I', with the
“horizontal’ line {(P’, ¢(P))|P' € X} at (P, ¢(P)).

Proposition 5.3 If P is a place of X and ¢(P) = Q, then Q is a place of Y and deg(Q)
divides deg(P) and deg(P)/ deg(Q) is called the relative degree and denoted by deg(P, Q).
If Q is a place of Y, then

deg(p) = Y epdeg(P, Q).
p(P)=0
In particular, the fibre =1 (Q) consist of at most deg(p) places.
Proof See [21, Theorem III.1.11]. O

Remark 5.4 1f deg(¢) < 3, then ¢ is injective on the set of ramification places by Proposition
5.3.

Definition 5.5 Let ¢ : X — )Y be a separable morphism between two curves. The ramifica-
tion at P is called rame if the characteristic does not divide ep, otherwise it is called wild.
The morphism ramifies at finitely many places. The ramification divisor of ¢ is defined by

R, =) (ep— 1)P.

P
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Definition 5.6 Consider a morphism ¢ : X — Y. Let x be a local parameter at the place P
of X. Let y be a local parameter at the place Q = ¢(P) of ). Then y = cx® where c is an
invertible element of Op and e is the ramification index of ¢ at the place P. Let y’ be the
derivative of y with respect to the derivation of x. The different exponent of ¢ at the place P
is the smallest d such that y’ € M@l, and is denoted by dp (¢) or by dp. The different divisor
of ¢ is defined by

D, =" dp deg(P).
P

Remark 5.7 By the Leibniz rule we have

Y =¢'x¢ +ecxt!.
Hence,dp > ep — 1,and dp = ep — 1 if and only if the ramification at P is tame, that is if
characteristic of IF does not divide ep. If the ramification is wild then dp + 1 is not divisible
by the characteristic.

Theorem 5.8 (Riemann—Hurwitz genus formula) Let ¢ : X — ) be a separable morphism
between curves that is not constant. Then

2g(X) — 2 = deg(¢)(2g(Y) — 2) + deg(Dy).
Proof See [11, Corollary 2.4], [14, Theorem 7.27] and [21, Theorem II1.4.12]. O

If the degree of the morphism ¢ is 1, then the morphism is an isomorphism and there is
no ramification.

6 Rational functions on the projective line

In this section we show that there is a one-to-one correspondence between L-equivalence
classes of non-constant rational functions on P! over F of degree d and codimension 2
subspaces of P? (IF). Propositions on the possible ramification behaviour and the Riemann—
Hurwitz genus formula give us the R L-classification of rational functions of degree 2.

6.1 Equivalence of rational functions

Definition 6.1 A rational function ¢ : P! --» P! over [Fy of degree d. is givenby ¢(x : y) =
(f(x,y) : g(x,y)) where f(x,y) and g(x, y) are homogeneous polynomials of degree d.
Let h(x,y) = ged((f(x, y), g(x,y)). The divisor defined by A (x, y) = 0 is called the base
divisor ¢ and is denoted by B,. More precisely, let A(x, y) = []; nim " where the 7; are
mutually distinct irreducible polynomials and the m; are positive integers. Let P; be the
place of P! that corresponds to ;. The divisor ) _; m; P; is called the base divisor of ¢ and

is denoted by B,,.

Definition 6.2 Let ¢, ¢ : P! — P! be two rational functions defined over F. They are called
right (R) equivalent if there is an automorphism o € PGL(2, F) such that ¥ = ¢ o «, and
left (L) equivalent if there is an automorphism 8 € PGL(2, F) such that y = f o ¢.

Furthermore, ¢ and v are called right-left (RL) equivalent if there automorphisms o €
PGL(2,F)and 8 € PGL(2,F) such that v = 8 o ¢ o a. If moreover f = a~!, then ¢, ¥
are called conjugate.
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Remark 6.3 Let ¢ : P! -5 P! be given by ¢o(x : y) = (f(x,y) : g(x,y)).

(1) Leth(x, y) = ged((f(x, y), g(x, y)). Then ¢ is a well-defined map outside the zero zet
of h(x,y). Let f(x,y) = f(x,y)/h(x,y), g(x,y) = g(x, y)/h(x,y) and ¢(x : y) =
(f(x,y) : 8(x, y)). Then @ is a well-defined function on P!, and ¢ and & define the same
function outside the zero zet of h(x, y). We call ¢ is the associated morphism of ¢.

We will a make distinction between the notions of a rational function P! --» P! and a
morphism P! — P!,

(2) Let f(x,y) = Z(;:O fjxd’jyj and g(x, y) = Z?:o gjxd*jyj. The 2 x (d + 1) matrix
with first row ( fo, f1,..., f4) and second row (go, g1, - .-, g&¢) has rank s < 2, then
s < d and the image of ¢ is contained in a subspace of P! of dimension s — 1, that
is either P! or a point when ¢ is constant. Therefore, we assume from now on that the
image of ¢ is not constant. Hence, d > 2.

(3) Under the L-equivalence of the action of PGL(2,F), the projectivities of P!, we may
assume that the 2 x (d 4+ 1) matrix is in row reduced echelon form. (4) The corresponding
rational function on the affine line is also denoted by ¢ and is given by ¢ (x) = f(x)/g(x),
where f(x) and g(x) are univariate polynomials d = max{deg(f(x)), deg(g(x))}. By
(3) we may assume that d = deg(f(x)) > deg(g(x)),and f(x) and g(x) are monic, and
foe = 0 where e = deg(g(x)).

Remark 6.4 Let ¢ : P! — P! be a separable morphism. Then deg(Dy) = 2d — 2 by the
Riemann—Hurwitz genus formula 5.8.

(1) If d = deg(f(x)) > deg(g(x)), then ¢(Ps) = Ps and the ramification exponent of
Py = (1:0) is equal to d — deg(g(x)).

(2) Let P = (xo : 1) with x¢ in some extension of F,; and ¢(x9) = 0. Then ¢(x) =
(x — x0)¢P ¥ (x) for some rational function v (x) such that ¥ (xg) # 0. So ¢'(x) =
ep(x — x0)¢? 1y (x) + (x — x0)¢? ¥’ (x). Hence, ¢ ramifies at P, thatis ep > 1 if and
only if ¢’ (xg) = 0.

6.2 Rational functions versus codimension two subspaces

Proposition 6.5 Let F be a field with algebraic closure F. Then there is a one-to-one corre-
spondence between L-equivalence classes of non-constant rational functions on P! over F
of degree d and codimension 2 subspaces of P (F). Furthermore,, the rational function is a
morphism if and only if the codimension subspace does not intersect Cyq ().

Proof The proof for morphisms and F = Cis givenin [7, p. 106] and generalizes for arbitrary
fields as follows.

Leto(x : y) = (f(x,y) : glx,y) _be‘a non-constant rational functipn_ on P! over IF of
degree d with f(x,y) = Z?:o fix4=7yJ and g(x, y) = Z?:O gjx? Iyl with fj, g; € F
for all j. Let £, be the subspace of P4 (F) defined by the homogeneous linear equations
Z?:o fiX; =0and Z?:O gjX;j = 0. The rational map ¢ is not constant. So f(x, y) and
g(x, y) are not a constant multiple of each other. Hence, L, is a codimension 2 subspace of
P4 (F).

If f(x,y) and g(x, y) have a non-constant factor 4(x, y) in common, then £, intersects
Cq () at the zero set of h(x, y).

Conversely, let £ be a codimension 2 subspace of P? (F) by the equations Z?:o fiX;j=0
and Zj{:o gjX;j =0.Define f(x,y) = Z?:O fixdyd=J and g(x, y) = Z?:O gjxlyd=i.
Then f(x, y) and g(x, y)are not a constant multiple of each other, since £ has codimension
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2. S0 ¢ defined by ¢, (x 1 y) = (f(x,y) : g(x,y)) is a non-constant rational functions on
P! over IF of degree d.

If £ intersects Cd(IF‘) at P(xo : yo), then f(xp,y0) = 0 and g(xo, yo) = 0. Hence,
f(x,y) = (x0y — yox)c(x, y) and g(x,y) = (xoy — yox)d(x,y) for some homogeneous
polynomials c(x, y) and d (x, y) of degree d — 1. Therefore, f(x, y) and g(x, y) have a factor
in common.

If ¢ is L-equivalent with ¢, then there are a, b, c,d € F such that ad — bc # 0 and
Yx,y) = (af(x,y) +bg(x, y))/(cf(x,y) +dg(x,y)). Hence, Ly = L.

Conversely, another pair of homogeneous linear equations defining £ will give i, arational
function on P! over I of degree d that is L-equivalent with . O

Remark 6.6 The number of intersection points of £, with Cy (Il_?), counted with multiplicities,
that is the degree of the base divisor of ¢ is equal to deg(¢) —deg(¢p), where ¢ is the associated
morphism of ¢.

Remark 6.7 Let p(x) = f(x)/g(x)) be a non -constant rational function of degree d with
fx) = Z _o fix?4 T and g(x) = Zd 08X~/ and fj, g; € Fforall j. Thenx € ¢~ (u)
if and only if P (x) is in the hypersurface Hy , with equation Z j=0( fi—ugj)xj =0.More
precisely the ramification exponent of e, (¢) is equal to the intersection multiplicity of that
hypersurface with C,.

In particular places in the support of R, correspond one-to-one to those places where Hy, ,,
is tangent to C, for some u. The hypersurfaces Hy, , contain L, for all u and they form the
so called pencil of hyperplanes of L.

Remark 6.8 Every morphism ¢ : P! — P! of degree d has a different divisor D,, that is an
effective divisor of degree 2d — 2. Let Cy = 3 (2d 2) be the d-th Catalan number. If I is
an algebraically closed field and D an effective divisor of 2d — 2 mutually distinct points,
then there are C; morphisms on P! of degree d with the given D as different divisor [9].
In particular, there are 2 morphisms on P! of degree 3 with the given effective divisor D of
degree 4 as different divisor.

6.3 A partition of morphisms on P! of degree 2

Proposition 6.9 Let ¢ : P! — P! be a morphism of degree 2 over Fy.
Then one of the following cases hold:
(1) g is odd and ¢ is separable and tame and D, = R, and
(1.a) there are two F-rational points Py and P, such that R, = P| + P,
(1.b) there is a place Q of degree 2 such that R, = Q,
(2) gqiseven and
(2.a) ¢ is purely inseparable,
(2.b) ¢ is separable and R, = P and Dy, = 2P for a F-rational point P.

Proof 1f the morphism is not separable, then the characteristic divides the degree of ¢. Hence,
the characteristic is 2 and the map is purely inseparable. If the morphism is separable, then
deg(Dy) = 2 by Remark 6.4. Furthermore, the ramification index is 2 at every place where
¢ ramifies by Proposition 5.3.
(1) If the characteristic is odd, then the ramification index is 2 at the ramification places,
which is not divisible by the characteristic. Hence, D, = R, and has degree 2. So either
(1.a) there are two I, -rational points Pj and P, such that R, = P + P,, or
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(1.b) there is a place Q of degree 2 such that R, = Q.

(2) If the characteristic is even, then either

(2.a) ¢ is purely inseparable,

(2.b) or ¢ is separable and ramifies at a place P. Then ep = 2 by Proposition 5.3 and
the ramification is wild and 2 = ep < dp < deg D, = 2. So P is an F-rational point and
Ry =Pand D, =2P O

Remark 6.10 Without proof we mention that all the cases given in Proposition 6.9 do appear
and are R L-equivalent to one of the following normal forms:

(1.a) ¢(x) = x? and Ry, = P(0) + P(oo) with P(0) = ¢(P(0)) and PP(c0) =
@(P(00)).

(1.b) p(x) = 2 + d)/x where d a chosen non-square in F, and R, = Q with Q the
place of degree 2 corresponding to the irreducible polynomial X2 — d.

(2.a) p(x) = x? where ¢ is purely inseparable.

(2.b) p(x) = x?/(x + 1) where ¢ is separable and Ry = P(0) and D, = 2P(0).

Definition 6.11 Let ¢ : P! — P! be a morphism. Denote by Di, j.k the number of places Q
of P! of degree i that have j places of degree k in ¢~ (Q).

Remark 6.12 If p; ; i is not zero, then i divides k and j < deg(¢) by Proposition 5.3.

Proposition 6.13 Let ¢ : P' — P! be a separable morphism of degree 2 over Fy. Then
corresponding to those given in Proposition 6.9 the following holds:

(L.a) prig =2 piog = priz = 3(@— 1.

(Lb) p1i1 =0, piog = pii2= 3@+ D.

Qa)piii=q+1 pri2= 34> —q).

@2.b) pri1=1 piai=pii2=5q.

Proof The cases correspond to those given in Proposition 6.9.

(1.a). We have that R, = Py + P». So p1,1,1 = 2. Every rational point P of P!is mapped
to a rational point of P!, and ¢~!(Q) has at most 2 rational points for every rational point
Q of Y, since deg(¢) = 2. So p1,1,1 +2p1,2,1 = q + 1. For every rational point Q of ) we
have that ¢ ~'(Q) consists either of one ramification point or two rational points or one place
of degree 2. Hence, 2 + p12,1 + p1.1.2 = g + 1. Combining these two equations gives the
result.

The other cases are treated similarly. O

7 The double point scheme of a morphism

In this section we consider the double point scheme of a morphism. This scheme is an
absolutely irreducible nonsingular curve of genus (d — 2)2 if the morphism is a simple
separable rational function of degree d. In particular the curve has genus 1 if the rational
function has degree 3. So we can apply the Hasse—Weil bound on the number of rational
points. This allows us to conclude that there is a triple (x, y, z) of mutually distinct IF,-
rational points of P! such that ¢(x) = ¢(y) = ¢(z) for the rational function ¢ if g > 23.
That again will show in Proposition 8.4 that there is a rational plane that intersects the twisted
cubic in three mutually distinct I -rational points if the plane contains a line of class Og (a
true passant not in an osculating plane).
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Letg : P! - P! be anon-constant rational function of degree d withp(x) = f(x)/g(x).
Suppose there exist x, y € F such that x # y and ¢(x) = ¢(y). Then %‘f(” = 0. So
(fx)gy) — f(»g(x))/(x —y) =0.

Definition 7.1 Let ¢ : P! -5 P! be a rational function of degree d with ¢(x) = f(x)/g(x).
The double point polynomial A, of ¢ is defined by

f)g(y) — f(y)gx)
xX—y )

A(p(x7 y) =

Remark 7.2 Leth(x) = ged(f(x), g(x)) and f(x) = f(x)/h(x) and g(x) = g(x)/h(x).
Then ¢(x) = f (x)/g(x) is a morphism, that is f (x) and g(x)) are relatively prime. Further-
more, Ay(x, y) = h(xX)h(y)A@(x, y).

Remark 7.3 The double point polynomial of ¢ is a symmetric bivariate polynomial of bidegree
atmost (d — 1, d — 1). The bihomogenization of the double point polynomial of ¢ is defined
by
i d—1—
Ay (x0, X1, Y0, Y1) = Z a,,xg‘ . ’xlyo ]ylj,
0<i,j<d-1

where Ap(x, y) = 30 i<a1 aijx'y/.
Then Ay (xo, X1, yo, ¥1) is a symmetric bivariate, bihomogeneous polynomial of bidegree
d—-1,d-1).

Definition 7.4 Let &, be the subscheme of P! x P! defined by the ideal generated by
o(x0, X1, Yo, y1)- It is called the double point scheme of ¢. See [6, Definition V-41].

Remark 7.5 A permutation rational function is arational morphism ¢ : P! — P! defined over
[, such that the map on the [, -rational points is a permutation. Clearly ¢ is a permutation
rational function if and only if £, has no points IF,-rational points outside the diagonal.
Similarly, a polynomial f(x) € F4[x] is called permutation polynomial if f induces a
permutation on IF,. In [15] the polynomial F(x, y) = [f(x +y)g(x) — f(x)g(x +y)]/yis
defined for a rational function ¢(x) = f(x)/g(y). Now Ay(x,y) = F(x,y — x).

Lemma 7.6 Let ¢(x) = f(x)/g(x) be a rational function. Then

(1) Ap(x,x) = f'(x)g(x) — f(x)g'(x),
(2) (x,x) € &) if and only if ¢ ramifies at x.

Proof (1) Proved similarly as in Calculus.
(2) Ap(x,x) = f/(x)g(x) — f(x)g'(x) is the numerator of the derivative ¢’(x).
Therefore, (x, x) € &, (F) if and only if Ay (x, x) = 0if and only if ¢’(x) = 0 if and
only if ¢ ramifies at x.
O

Definition 7.7 The ramification at P is called simple if ep = 2. The morphism ¢ is called
simple if all its ramification places are simple and if ¢ ramifies at distinct places P; and Ps,
then ¢(Py) and ¢(P;) are distinct.

Definition 7.8 Let 7 : £, — P! be the projection on the first factor and 75 : Ep — P! the
projection on the second factor.
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Proposition 7.9 Let ¢ : P! — P! be a separable simple morphism. Then &, is reduced and
nonsingular.

Proof &, is contained in P! x P! and is defined by one equation. So it has no embedded
components. Hence, if it nonsingular, then it is reduced. Therefore, it is sufficient to show
that &, is nonsingular. Let P = (a, b) € &,(F).

Let L =m ! (@) and M = 7, ! (b). If one of the intersection multiplicities 1 (P; L, £y)
or [(P; M, &) is 1, then &, is nonsingular at P. Furthermore, ep (1) = I(P; L, &y) and
ep(my) = I(P; M, &) holds for the ramification exponents as in 6.7.

(1) If a = b, then ¢ ramifies at a by Proposition 7.6 with exponent 2, since ¢ is simple.
S0 ¢(x) = (x — @)’ f(x)/g(x) and f(0) # 0 # g(0). Hence, Agy(a,y) = —(y —
a)?f(y)g0)/(a —y) = (y —a)f(y)g(a) and its multiplicity at y = a is 1, since
f(a) # 0 # g(a). Therefore, I((a,a); L, Ey) = e,qa)(w1) = 1 and &, is nonsingular
at (a, a).

(2) Ifa # band ¢ does notramify ata and alsonotatb, then ¢ (x) = (x—a)(x—b) f(x)/g(x)
and f(a) # 0 # g(a) and f(b) # 0 # g(b). Hence, Ay(a,y) = —(y —a)(y —
b)f(y)gla)/(a —y) = (y — b)f(y)g(a) and its multiplicity at y = b is 1, since
f(b) # 0 # g(a). Therefore, I((a, b); L, E,) = ep(my) = 1 and &, is nonsingular at
(a, b).

(3) If a # b and ¢ ramifies at a or b, then not at both, since ¢ is simple. We may assume
by symmetry of Ay, (x, y) in x and y that ¢ ramifies at @ and not at b. So ¢(x) = (x —
a)*(x —b) f(x)/g(x) and f(a) # 0 # g(a) and f(b) # 0 # g(b). Hence, Ay(a, y) =
—(y—a)*(y —b) f(g@)/(a—y) = (y —a)y — b) f(y)g(a) and its multiplicity at
y =bisl,sincea # band f(b) # 0 # g(a). Therefore, I ((a, b); L, Ey) = ep(m) =1
and &, is nonsingular at (a, b).

Therefore, £, is nonsingular. O

Proposition 7.10 Let ¢ : P! — P! be a separable simple morphism of degree d > 2. Then
&, is an absolutely irreducible nonsingular curve of genus (d — 2)2.

Proof Let ¢ : P! — P! be a separable map of degree d > 2 with simple ramification. Then
&, is reduced and nonsingular by Proposition 7.9 and of bidegree (d — 1,d — 1).

Suppose &, is reducible over the algebraic closure. Then it is the union of X’ and ), say
of bidegrees (a1, a2) and (d — 1 — a1, d — 1 — ap), respectively such that (ay, az) # (0, 0)
and (aj, az) # (d — 1,d — 1). Without loss of generality we may assume that X and )
have no component in common. So deg(X - )Y) = a;(d — 1 —az) +a(d — 1 —a;) >0
according to the Theorem of Bézout for the product of projective spaces [20, Chapter 1V,
§2.1] as mentioned in Sect. 5.1. Hence, X and ) have a point in common over the algebraic
closure. So &, is singular at that point, which is a contradiction. Therefore, &, absolutely
irreducible, that is irreducible over the algebraic closure.

A non-singular curve in P! x P! of bidegree (m, n) has genus (m — 1)(n — 1). This is
shown by the adjunction formula for a curve on a surface, see [11, Chapter V, Example 1.5.2].
Hence, &, has genus (d — 2)2. ]
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Corollary 7.11 Let ¢ : P! — P! be a separable simple morphism of degree 3. Then Eyisan
absolutely irreducible nonsingular curve of genus 1.

Proof This is a special case of Proposition 7.10. See also [2]. O

Remark 7.12 Let ¢ : P! — P! be a separable simple morphism of degree 3. Then &y is an
absolutely irreducible nonsingular curve of genus 1. Any [, -rational point of £, outside the
diagonal gives a pair (x, y) such that x # y and ¢(x) = ¢(y) and (x, x) and (y, y) notin &,.
Hence, there is a third point z, distinct from x and y such that (x, z) € &. ¢(x) = @(y) =
¢(z). The number of I, -rational points of £, on the diagonal is at most deg(D,) = 4 by by
Lemma 7.6. For every (x, x) € &, there exists a y such that (x, y), (y, x) € &. So we have
to exclude for every at most 12 points from &, (F,). The Hasse—Weil bound [21, §5.2] gives
I€sl = g + 1 —2./q. Therefor, if ¢ > 23, then |£y| > 12 and there is a triple (x, y, z) of
mutually distinct I -rational points of P! such that o(x) = ¢(y) = ¢(2).

8 Lines in P3

We start by repeating the observation of Remark 4.4.

Two chords do not intersect in a point outside C3(g), as a consequence, every point (not
in C3(q)) is contained in a unique chord.

If p # 3 then we also have the dual statement: Two axes can only be coplanar in an
osculating plane, every non-osculating plane contains exactly one axis.

Let us determine the chord through (x3 : x2 : x : 1) and (y? : y2 : y : 1). There are three
cases: x =y € IF; U {oo} and we have a tangent, or x # y in [F;, and we have a real chord,
ory =x € F,» \ Fg and we have an imaginary chord.

Letn = xyand¢ = x+y (‘Norm’ and ‘Trace’ in the imaginary case). An easy computation
shows that the chord is

c(x,y) = {((—nt,—n,0,1), (t2 —n,t,1,0))) if x,y # oo

(00, y) = ((1,0,0,0), (0, y>, y, 1)) if y # o0
c(o00, 0) = {((1,0,0,0), (0, 1,0, 0))

The chord c(x, y) is a tangent, a real chord, or an imaginary chord if the polynomial X2 —
tX + n is a square, reducible but not a square, or irreducible, respectively. In other words, if
2 —4nis0,a square, or a non-square, respectively if ¢ is odd; and r = 0, trp (n/tz) =0, or
tro(n/t?) = 1, respectively if g is even.

We know that every point not in C3(g) is on a unique chord. In particular:

(1:0:0:0) belongs to C3(q);

(w:1:0:0) belongs to c(co, 00);

(w:v:1:0)belongs to c(x, y), where x + y =vand xy = v — w;

(w:v:u:1)belongstoc(x,y), where x +y = (uv — w)/(u2 —v) and

xy = (uw — v2)/(v — u?) if v # u?; and belongs to c(co, u) if v = u?.

Next, we determine the axis that is the intersection of the osculating planes [1 : —3x :
3x% : —x3]and [1 : =3y : 3y : —y3]. Again there are three cases: x = y and we have
a tangent, or x # y € F; and we have a real axis, or y = x € F 2 \ F; and we have an
imaginary axis. Similarly to the previous computation, it is easy to check that
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a(x,y) =((—3nt,n — 12, 0,3),3n,t,1,0)) if x,y# o0
a(oo, y) :((—3y2,0, 1,0), 3y, 1,0,0)) if y # oo
a(oo, 00) =((1, 0,0, 0), (0, 1,0, 0))

8.1 A partition of lines in P3

From [13] we follow the description of the different kinds of lines and refine the classification.
The terminology is slightly different, it is explained in the beginning of the proof.

Theorem 8.1 Let P, = (a : 1) fora € Fy and Poo = (1 : 0). Let Qg be the place of degree
2 given by the irreducible polynomial x*> — d, where d € IF;; is a non-square. Choose a fixed

irreducible polynomial x* + x + n, that is with discriminant 1 — 4n being a non-square
in case q is odd, and tr(n) = 1 if q is even. Let Q be the place of degree 2 given by the
irreducible polynomial x* + x + n.

The set of lines of P3(q) are partitioned in the table below. The parameters u, v and d
in the table are fixed and chosen such that u, 3v and d are non-squares. Some classes only
occur for characteristic 2 or 3 and are indicated by O; (2) and O;(3), respectively, and (’);
is not defined in characteristic 3. All classes except Og form orbits under the action of G .

For every orbit a representative line L, the corresponding rational function ¢ =
f(x)/g(x), the base divisor By, of ¢, and the ramification divisor Rg and different divi-
sor Dg of the associated morphism ¢ are given. The two vectors generating the line L are
given in the first and second row of the corresponding class. The f(x) and R are given in
the first row, and g(x) and Dg in the second row.

The unisecant, osculating and plane are abbreviated by unisec., oscul. and pl., respectively.

lClass HName [ Size [ L [ px) = f(x)/gx) [ B, [ Rj; Dg [
O1  |[[Real chords|[3¢* + 3q|  (1,0,0,0) x2 Py + Poo 0
0,0,0,1) X 0
0] Real axes %qz + %q (0,1,0,0) x> 0 2Py + 2Py
0,0,1,0) 1 2Py + 2Py
0, Tangents qg+1 0,0, 1,0) x> 2P, 0
(0,0,0, 1) x? 0
O3 Imaginary %qz — %q (n,—n,0,1) |x3+@®m—Dx —nx (@) 0
chords (1—-n,—1,1,0) XZ4+x+n 0
0, Imaginary %qz - %q (Bn,n—1,0,3) x> —3nx —n 0 20
axes (3n,—1,1,0) xz—l—x—f—%(l—n) 20
Oy True unisec. q2 +q 0,1,0,0) x° Py Py + P
in oscul. pl. 0,0,0, 1) Py + P
O, (2)||True unisec.| q +1 0,1,0,0) x3 Py Purely
in oscul. pl. 0,0,0,1) X inseparable
O; @)||True unisec.| q*> —1 0,1,1,0) x> Py Py
in oscul. pl. 0,0,0,1) x24+x 2Py
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[Class |[Name Size | L lo(x) = f(x)/gx)[B,]  R;: Dy |
Oy Unisec. not %q3 — %q (—d,0,1,0) X3 +dx Py (0F]
in oscul. pl. (0,0,0,1) x2 Qu
o7 Unisec. not |3q° — 3q|(—1,0,1,0) x4 x Py| P+ P_i
in oscul. pl. 0,0,0,1) x? P+ P_;
Os(2) ||Unisec. not q3 —q | (1,0,1,0) X +x Py Py
in oscul. pl. (0,0,0,1) x2 2P
(’);_ Passants in %q3 — %q 0,0,1,0) X3 0 O3y + 2P
oscul. pl. 0,v,0,1) x2—v O3y + 2P
Og"' Passants in %q3 — %q 0,0,1,0) x3 0[P +P_1+2P
oscul. pl. 0,4,0,1) x?—1 P+ P_1+2P)
05(2) ||Passants in ¢>—q |(0,0,1,0) X3 0 P +2Py
oscul. pl. 0,1,0,1) X241 2P + 2P
O¢ Passants not| g% — ¢° 0 Simple
inoscul. pl. | —g*> +¢q
O7(3) ||Axis 0f03 1 0,1,0,0) x3 0 Purely
0,0,1,0) 1 inseparable
Og,(3)||Passants | 1g> — 3| (0,1,0,0) X3 —ux 0 2Py
meeting axis (u,0,1,0) 1 4Py
O§1(3) Passants %qz — % 0,1,0,0) x> —x 0 2Py
meeting axis (1,0,1,0) 1 4Py
Og2(3)||Passants ¢ —q | (1,1,0,0) X — X2 0 Py+ 2Py
meeting axis 0,0,1,0) 1 Py+ 3P

Proof Everything is shown in Lemma 21.1.4 of [13], except the subdivisions of Oy, Os, (9;
and Og, and the statements about the rational functions. We use the term true unisecant for
non-tangent lines that intersect C3(g) in exactly one point. Similarly, for external lines we
also use the term passant, and such a line is called a true passant if it is not a chord.

Every representative line £ of an orbit is given by two vectors, that is by a 2 x 4 matrix
L of rank 2. Let H be the 2 x 4 matrix in row reduced echelon form such that LHT = 0.
Then the rows of H give the coefficients of equations of the line £, and the rational function
¢ by Proposition 6.5.

O1: real chords form a single orbit. A representative of a line in this orbit is given by
L = c(0,00) = ((1,0,0,0), (0,0,0, 1)). So H has rows (0, 1,0, 0), (0, 0, 1, 0). Hence,
o(x) = x%/x, $(x) = x, and @ has base divisor P(0) + Puo, and R; = Dg = 0.

O real axes form a single orbit (p # 3). So it suffices to consider a particular line
L = a(0,00) = ((0,1,0,0), (0,0, 1,0)). So H has rows (1, 0,0, 0), (0, 0,0, 1). Hence,
@(x) = ¢(x) = x>, and R, = Dy, = 2P(0) + 2 Pw.

O3: imaginary chords form a single orbit with representative £ = c(£,8) =
((n, —n,0,1), (1 —n,—1,1,0)), where S,é are the zeros of X? + X + n. So H has rows
(1,0,n — 1, —n), (0,1, 1,n). Hence, p(x) = (x> + (n — Dx — nx)/(x> + x + n) and
@(x) = x — 1, and ¢ has base divisor O, and Rz = Dg = 0. B

4. imaginary axes form a single orbit (p # 3) with representative £ = a(§,§) =
(3n,n—1,0,3), 3n,—1,1,0)).So H hasrows (1, 0, —3n, —n), (0, 1, 1, %(1—n)).Hence,
p(x) = ¢(x) = (x> = 3nx —n)/(x* + x + (1 —n)) and R, = D, = 20Q.

O,, O4 and Os: unisecants. )
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It is sufficient to look at the unisecants through P(0) = (0: 0: 0 : 1) So, we may apply
elements from the stabilizer of P = P(0) in G4, thatis G, p. This subgroup consists of the
matrices

ad 0 0 0

2 2

ac a 0 0
Mac = ac® 2ac a 0

A 3¢t 3¢ 1

There are three cases: Oy unisecants that are tangent, O4 unisecants in an osculating plane,
and Os unisecants not in an osculating plane. This is the partition in [13, Lemma 21.1.4], we
are going to refine this.

The first case is that the line ((0, 0, 0, 1), (0, 0, 1, 0)) is mapped to itself. This gives:

O3 tangents with representative £ = ((0, 0, 0, 1), (0, 0, 1, 0)). These lines form a single
orbit (of size ¢ +1). So H hasrows (1, 0, 0, 0), (0, 1, 0, 0). Hence, ¢(x) = x3/x2, o(x) = x,
and ¢ has base divisor 2P (0), and Rg = Dg = 0.

A second type of line is £ = ((0, 0,0, 1), (0, 1, u, 0)), u # oco. This line in the osculating
plane [1: 0 : 0 : 0], is mapped to ((0, 0,0, 1), (0, 1, (u + 2¢)/a, 1) by using M, ..

Consider first the case that ¢ is odd. Choosing ¢ = —u /2 gives:

Ojy: true unisecants in an osculating plane with £ = ((0, 0, 0, 1), (0, 1, 0, 0)) and this also
shows that they form a single orbit of size ¢(¢ + 1). So H has rows (1, 0, 0, 0), (0,0, 1, 0).
Hence, ¢p(x) = x3/x, ox) = x2,and @ has base divisor P(0),and Ry, = Dy, = P(0) + Pw.

We continue with the case that g is even. Now ((0, 0,0, 1), (0, 1, u/a, 0)) is the image
of £ under the map M, .. If u = 0 we find the same as in the case ¢ odd. If u # 0 we get
L =1{0,0,0,1), (0,1, 1,0)). This gives two orbits:

0, (2): with representative £ = ((0, 0, 0, 1), (0, 1, 0, 0)). This orbit has size g + 1. So H
has rows (1, 0, 0, 0), (0, 0, 1, 0). Hence, ¢(x) = x3/x has base divisor P(0), and ¢(x) = x2
is purely inseparable.

(9;{(2): with representative £ = ((0, 0, 0, 1), (0, 1, 1, 0)); of size > — 1. So H has rows
(1,0,0,0), (0, 1, 1,0). Hence, ¢(x) = x3/(x% + x), $(x) = x2/(x + 1), and ¢ has base
divisor P(0), and Rz = P(0), Dg = 2P (0).

The third type of line is ((0, 0, 0, 1), (1, u, v, 0)), corresponding essentially to:

Os: unisecants not in an osculating plane.

This line is mapped by M, . to ((0,0,0, 1), (1, (u + ¢)/a, (c® + 2cu + v)/az, 0)) (by
making the last coordinate 0) and we now take ¢ = —u and obtain ((0, 0,0, 1), (1,0, (v —
u?)/a?, 0)). This gives the following two cases:

If v = 4?2, then £ is the secant through P (0) and P(00), so we have already seen these
lines.

Ifv # u?,letw = (u> —v)/a®> # 0andd = w~". Choosing different a’s does not change
the quadratic character of d, hence we get £ = ((0, 0, 0, 1), (—d, 0, 1, 0)) with d # 0 being
a square or a non-square if g is odd, and one case if ¢ is even. Consider the two cases if g is
odd:

Os: d is a non-square, with representative £ = ((0,0, 0, 1), (—=d, 0, 1, 0)). This orbit
has size (g% —1). So H has rows (1,0, d,0), (0, 1,0, 0). Hence, ¢(x) = (x> + dx)/x2,
¢x) = x2+ d)/x, and ¢ has base divisor P(0), and R; = Dg = Qg.
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(’);r: d is a non-zero square, we can take d = 1 with representative £ = ((0, 0,0, 1), (—1,
0,1, 0)). This orbit has size 5g(g* — 1), t0o. So p(x) = (x> + x)/x2, §(x) = (x> + 1) /x,
and ¢ has base divisor P(0), and Rz = Dg = P(1) + P(—1).

Os(2):if g iseven every non-zero element is a square and we take d = 1 withrepresentative
L = ((0,0,0,1),(1,0,1,0)). This orbit has size q(q2 —1). So ¢p(x) = 3 + x)/xz,
@(x) = (x + 1)/x, and ¢ has base divisor P(0), and R; = P(1) and Dg = 2P(1).

Og: passants in an osculating plane, p # 3.

We take our favourite osculating plane x = [1:0:0: 0] atthe point P =(0:0:0: 1).
The stabilizer group G, p of P under Gy is as before and has size g(g — 1). In this plane we
take our favourite external line: £, = ((0, 0, 1, 0), (0, v, 0, 1)) € x. It is easy to check that
the stabilizer of £, under G, p is generated by diag(1, —1, 1, —1), and £, and L 2,, are in
the same orbit. So the orbit of £, under G, p has size (g — 1) if g is even and %q(q -1
if ¢ is odd. Now H has rows (1,0, 0,0), (0, 1, 0, —v). Hence, p(x) = ¢(x) = x> /(x? — v),
and ¢'(x) = x2(x? — 3v)/(x2 — )% If ¢ is odd, then £, and £, such that 3u is a non-zero
square and 3v is a non-square are in two different orbits and together they are all external
lines in 7.

(’)g_: with 3v a non-square with representative £ = ((0, 0, 1, 0), (0, v, 0, 1), ). This orbit
has size 1q(¢% — 1), and R, = Dy, = 2P(0) + Q3.

(’);r: with 3v a non-zero square, we take v = % with representative £ = ((0, %, 0, 1), (0,
0.1,0)). This orbit has size $¢(g> — 1), and ¢(x) = $(x) = x*/(x> — }) and R, = D, =
2P(0)+ P(1)+ P(—1).

O%(2):if g is even every non-zero element is a square and we take v = 1 with representative
L =((0,1,0, 1), (0,0, 1, 0)). This orbit has size g (¢> — 1), and ¢ (x) = ¢(x) = x3/(x+1)?,
and Rz =2P(0) + P(1) and Dy = 2P (0) +2P (D).

Og = O: true passants not in an osculating plane.

Let ¢ be a rational function in this class. Then ¢ is a morphism, since the corresponding
line is a passant so it does not intersect C3. The ramification exponents ep (¢) for all places
P are at most 2, since the passant is not in an osculating plane by Remark 6.7. Hence, R, is
simple. Moreover ¢ does not ramify at two distinct points in a fibre ¢~ (Q) for all places Q
by Proposition 5.3. Hence, ¢ is a simple morphism.

The morphism ¢ : P! — P! of degree 3 gives an extension L of degree 3 of K = F (x),
the field of rational functions in one variable, and there exists a unique intermediate field S,
K € S C L,suchthat §/K is separable and L /S is purely inseparable, see [21, Appendix 8].
If the extension degrees of K € S C L are s and [, respectively then s/ = 3 the degree of the
extension L /K. So either S = L and ¢ is separable, or K = S and L/K is purely inseparable
and p = 3,50 p(x) = x3 after a R L-transformation which is case O7(3). Therefore, @pisa
separable simple morphism.

07(3): the axis of 03, p = 3 with £L = ((0, 1,0,0), (0,0,1,0)). So H has rows
(1,0,0,0), (0,0,0, 1). Hence, ¢(x) = ¢(x) = x> and ¢ is purely inseparable.

O3(3): passants meeting the axis, p = 3.

Every plane containing the axis is an osculating plane. So every line meeting the axis is
in an osculating plane. We may take as osculating plane w(co) = [0 : 0 : 0 : 1], that is given
by X3 = 0. Let £ be a passant contained in 7 (co0) meeting the axis given by Xg = X3 =0
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atthe point P = (0 : u : v : 0). All ¢ in G leave the axis invariant. If ¢ € G leaves 7 (c0)
invariant, then it fixes also P(00). So ¢(x) = ax + b, thatis withc = 0and d = 1, and ¢
leaves c(0co, 00), that is the tangent line of 7 (0c0) given by X, = X3 = 0 invariant. Hence,
¢ leaves the intersection of the axis and c(0o, 00) invariant. So it leaves P = (0:1:0:0)
invariant. Indeed (0 : u : v :0) = (0:au —bv : v :0).So ¢(P;) = P1,and forall v # 0
there exists a ¢ witha = l and b = u/v suchthatp(0O:u:v:0) =P, =(0:0:1:0).
Therefore, we may assume that the passant meets the axis in Py or P,. This gives two cases:

Passants in 77 (00) through Pj are givenby £, = (((0, 1,0, 0), («, 0, 1, 0), ) withu # 0.
The transformation ¢(x) = ax with a = 1/u maps Ly, to £ ,2, which gives two orbits,
since ¢ is odd:

03.1(3)7: u a non-square with representative £ = ((0, 1, 0, 0), (, 0, 1, 0), ). This orbit
has size %(q 4+ 1)(¢g — 1). So H has rows (1, 0, —u, 0), (0, 0,0, 1). Hence, ¢(x) = ¢(x) =
x* —ux and R, = 2P(00), D, = 4P (0).

0g1(3)": u a non-zero square, we can take u = 1 with representative £ =
((0,1,0,0), (1,0, 1,0), ). This orbit has size %(q + g —1).

Passants in 7w (00) through P are given by £ ,((0, 0, 1, 0), (v, 1, 0, 0)) with v # 0. The
transformation ¢ (x) = ax maps L5, to L3 4, Which gives one orbit:

0g.2(3): withrepresentative £ = ((0, 0, 1, 0), (1, 1, 0, 0)). This orbit has size (¢ + 1)(q2—
q). So H has rows (1, —1, —0,0), (0, 0,0, 1). Hence, ¢(x) = ¢(x) = x> —x* and R, =
P(0) +2P(c0), Dy = P(0) 4 3P (c0). O

Remark 8.2 |Os| = q(q — 1)(¢%> —1) and |Gyl = q(g —1)(g + 1). Hence, Og is subdivided
in at least ¢ — 1 orbits. Without proof we state thatif p # 2 and p # 3, then O is subdivided
in 5 subclasses with different divisors Py + P, + P3 + P4, P1+ P>+ Q, Q1+ O2, P+ R
and S, where the P; and P are places of degree 1, the Q; and Q are places of degree 2, and R
and S are places of degree 3 and 4, respectively. Moreover we conjecture that the cross-ratio
of the 4 points over ]F_q of the different divisor determines the orbit.

Remark 8.3 The partition of classes in Theorem 8.1 is a refinement of the one given in [3, 13].
In characteristic 2 the classs @4 is subdivided in @4(2)T and ©4(2)~, in odd characteristic
Os is subdivided in (’)gr and Oy, and (’)g is subdivided in (’)’5+ and Og_, and in characteristic
3 the class Oy is subdivided in Og 1(3)T, @5.1(3)~ and Og»(3).

All classes of Theorem 8.1, except Og form orbits under the action of G, and they are
also obtained in [5, Theorem 3.1] and cited also in [4, Theorem 2.3]. Our classification is in
agreement with the results of [5].

8.2 The determination of 1,

In the table of the following proposition (¢ > 23) rows indicate the classes of lines and
column headers indicate ¢ mod 6.

Proposition 8.4 Let g > 23. Then the entries in the following table indicate whether a case
contributes to g by a plus sign, and by a minus sign otherwise.
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Class Size[16)26) [3E)[4(6)[56)
O %42 +aa - |- - |-~
(@ 29°+3q| + | — + | -
0, KA e e e
O3 =gl = |~ |~ ||~
0; i - gq - |+ - |+
O4 *+q| + + +

07 (2) q+1 - -

05 q* —1 + +
Os C—q|+ |+ |+ |+ ]+
0% @ —q| + | + + | +
Os "= —q*+q| + |+ |+ |+ |+

01(3) I -

05,03) 240 =3 -
05,0 3403 +
03203) 7’ —q +

Proof The partition of Proposition 8.1 is used. Here the different cases are considered by
increasing degree of ¢.

(1) If deg(¢) = 1, then the base divisor has degree 2 and L is a chord or a tangent: Oy,
O, or O3.

O1: Real chords are in 3-planes, but do not contribute to w, since the points on these
lines contribute already to a;(T) or ax(T).

O = (95: A plane that contains a tangent line at P of C3(q), intersects C3 in the divisor
2P + P’ where P’ is another point of C3(q). Hence, tangent lines are not contained in a
3-plane.

O3: A plane that contains an imaginary chord at Q, intersects C3 in the divisor Q + P
where P is a point of C3(¢g) and Q a place of degree 2. Hence, imaginary chords are not
contained in a 3-plane.

(2) If deg(p) = 2, then the base divisor is a place P; of degree 1 and £ is a unisecant: Oy
or Os.

Oy (2): In this case ¢ is purely separable and @~ !(x) consists of one point, for all x.
Hence, there are no 3-planes containing L.

In all other subcases of O4 or Qs the morphism ¢ is separable by Propositions 8.1 and
6.9. Hence, there is an [F;-rational point x on P! such that ¢! (x) consists of two F, 4-Tational
points P»(x) and P3(x) which are distinct from P; by Proposition 6.13. So apart from Pj,
that is in all planes containing £, there is a 3-plane that contains Py, P>(x) and P3(x).

(3) If deg(¢) = 3, then ¢ = @) has no base points and L is an axis or a passant. These
are the remaining cases of Proposition 8.1.

(’)’1: real axes with representative rational function ¢(x) = x3 and corresponding line L.
So Ay(x,y) = x2 +xy+ y2

If g = 1 mod 3, then the double point scheme &, contains (x, wx) and (x, w?x) with
w3 = 1 and w # 1. Hence, there is a 3-plane containing £ and the three points P (x), P (wx)
and P (wx) if x # 0and x # oo. So we get a contribution to u, . Furthermore, & is reducible
over [F, containing two components of bidegree (1, 1) that intersect in (0, 0) and (o0, 00). If
g = —1 mod 3, then £, has no F,-rational points except (0, 0) and (0o, 00) and there is no
contribution to 4. £ is irreducible over Fg, but reducible over F > with two components
that are conjugate and intersect in (0, 0) and (oo, 00).
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O} Imaginary axes, p # 3, with representative rational function ¢(x) = (x3 = 3nx —
n)/ (x> 4+ x + %(1 — n)) and corresponding line £. where x> 4 x + n is irreducible, that is
the discriminant 1 — 4n is a non-square if ¢ is odd, and tr(n) = 1 if g is even. Then

Ap(x,y) = x2y2 +xy(x +y) + 11 =) (2 +xy +y?) + 3xy +n(x +y) +n’.

Let & and & be the roots of x2 4+ x + n. Consider the line £ and the point P(x) on C3(q).
Under the null-polarity £ and P(x) are mapped to £ and P’(x), respectively, where £’
is an imaginary chord of 03. So £’ intersects 03 in the conjugate points P’(£¢) and P’ (€).
There exists a fractional transformation ¢ € G pry that is with coefficients in ]qu such that
(&) =&, ¢(&) = £ and p(x) = 0. Then $(x) = 0, @(&) is the conjugate of ¢(£) which is
£, and similarly (&) = &. So ¢ = ¢, since G2 acts sharply 3-transitive on P! (qz). Hence,
¢ € G, and we assume without loss of generality that x = 0.

Now A,(0,y) = %(1 — n)y? + ny + n?. This quadratic polynomial has discriminant
—3(1 — 4n)n?/9. If q is odd there are two distinct solutions if —3 is a non-square, since
1 — 4n is a non-square. So there is 3-plane containing £ if ¢ = 2 mod 3, and there is no
such 3-planeifg = 1 mod 3.If g is even, the quadratic equation becomes y>+y+n+1 = 0,
and we find a 3-plane for some y if the trace of ac/b*is 0, wherea = 1,b = landc = n+1.
So tr(n + 1) = 0. Hence, tr(1) = 1, since tr(n) = 1. This again is the case if and only if
g =2 mod 3.

(’)g: Passants in an osculating plane, p # 3, with representative rational function =
x3/(x? — v) and corresponding line £. Then

Ag(x, y) = x2y* —v(x® +xy + y?).

We first consider the case that g is odd. The discriminant of A, (x, y) as polynomial in y
is vx%(4x? — 3v). This discriminant is a square if and only if 4vx> — 3v?> — u?> = Ohas a
[F,-rational solution (x, u). The projective curve with equation 4vx? - 30?2z —u?> = 0in
the variables x, u and z with parameter v defines a nonsingular conic with g + 1 IF,-rational
points, with at most 2 points where z = 0, at most 2 points for which # = 0, at most 2 points
leading to a solution x = y. So for g > 6 there is an x € I, such that the discriminant is
a non-zero square giving two solutions of A, (x, y) = 0 in y which are distinct from x. So
there is a 3-plane that contain the line L.

O%(2): is the subclass of OF with ¢ even. In this case v is a square and we can take v = 1.
We want tr(ac/b?) = 0 witha = x> + 1, b = x and ¢ = x2, so tr(x> + 1) = 0. Now the
map x — x2 + 1 is a bijection, so it has trace 0 for %q values of x. So we get a contribution
to 114 and the number of 3-planes containing £ is 1 + %q.

Hence, in all subcases of Og we get a contribution to ji .

O = Og: true passants not in an osculating plane. Let £ be a line in this class. The
corresponding rational function ¢ is separable and simple by Proposition 8.1. Hence, &, is
a curve of genus 1 by Corollary 7.11. Furthermore, for ¢ > 23 there exist three mutually
distinct elements x, y, z in P! (g) such that ¢(x) = ¢(y) = ¢(z) by Remark 7.12. Hence,
P(x), P(y) and P(z) determine a 3-plane containing L.

07(3): The axis of 03, p = 3. The pencil of planes containing the axis consists of all
osculating planes. Hence, the axis does not lie on a 3-plane.

0g(3): Passants meeting the axis, p = 3. This class has three orbits:

03.1(3): The representative rational function is ¢(x) = x3 — ux with corresponding line
L.Then Ay(x,y) = x2+xy+y>—uand Ap(x,y) = 3x2 —u = —u # 0, since p = 3.
The discriminant of A, (x, y) as polynomial in y is x2 —4(x? —u) =u.
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0g.1(3)7: This is the subcase with u a non-square. Hence, Ay, (x, y) = 0 has no solutions
in y for all x. The point x = oo corresponds with a plane tangent to C3 at P (00), which is
not a 3-plane. Hence, there are no 3-planes containing L.

0g.1(3)": This is the subcase with u = 1 a non-zero square. Then the discriminant is 1.
Hence, there are two solutions y = x & 1 which are distinct from x. Therefore, there are
3-planes containing L.

03.2(3): The representative rational function is ¢(x) = x° — x2 with corresponding
line £. Then Ay(x,y) = x2 +xy+y>—x —yand Ap(x,x) = 3x% — 2x = x, since
p = 3. 850, if Ay(x,x) = 0, then x = 0. The discriminant of Az (x, y) as polynomial in
yis (x — D2 —4(x2 —x) = 1 — x must be a non-zero-square. If ¢ > 3, then there is a
x € IFy \ {0, 1} such that 1 — x is a non-zero square, and A, (x, y) = 0 has two solutions in
y not equal to x. Hence, there is a 3-plane containing L. O

3

Remark 8.5 Theorem 8.4 was enough to solve our problem, that is to know wether a line of
a given class is contained in a 3-plane or not. In [4, Theorem 3.3] a more detailed result is
given:

(a) For all classes of lines, including Og, the exact number is computed of lines of a given
class that are contained in a plane of a given class.

(b) For all classes of lines, apart from Og, the exact number is computed of planes of a given
class through a line of a given class.

(c) For the lines of Og, the average number is computed of planes of a given class through
a line of Og.
So in fact for all cases, apart from Og we could have referred to [4, Theorem 3.3] instead.

Remark 8.6 The permutation rational functions of degree 3 are classified in [8]. There are 6
of them and they confirm the findings in the table of Proposition 8.4: 05 forg = 1 mod 6,
O] forg =2 mod 6, 07(3) and Og.1(3)~ for g = 3 mod 6, O for g = 4 mod 6, and
O} forg =5 mod 6.

We summarize our findings in the following.

Theorem 8.7 If g > 23, then

4+ 1%+ g ifg=1 mod6
q4+q3+%q2—%q—1 ifg=2 mod 6
ng=1a*+a+342 -1 ifg=3 mod 6
q4+q3+%q2—%q—1 ifg=4 mod6
q4+q3+%q2—%q ifg=5 mod6

Proof This follows from Proposition 8.4 by adding up the sizes of the corresponding entries
in the second column if there is a plus sign in the corresponding row and column of i mod 6.
[}

9 Conclusion
The extended coset leader weight enumerator of the generalized Reed—Solomon [¢ + 1, g —

3, 5], code is computed for g > 23. For this we need to refine the known classification [3, 13]
of the points, lines and planes in the projective three space under the action of projectivities

@ Springer



2246 A. Blokhuis et al.

that leave the twisted cubic invariant. The given classification is complete except for the class
Oe of true passants not in an osculating plane. The refined classification and the line-plane
incidence, apart from Qg are also obtained in [4, 5, 10].

The relation between codimension 2 subspaces of P" and rational functions of degree at
most 7 is given.

Furthermore, the double point scheme &, of a rational function g is studied in general. If
the rational function ¢ is a separable simple morphism of degree d, then &, is an absolutely
irreducible curve of genus (d — 1)2. In particular, the pencil of a true passant of the twisted
cubic, not in an osculating plane gives a curve of genus 1 as double point scheme.

In order to compute the (extended) list weight enumerator [17] of this code is beyond the
scope of this article, since one needed to know the distribution of the numbers of F,-rational
points of the double point schemes of all the passants not in an osculating plane.
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