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Abstract

If an F-linear set Ly in a projective space is defined by a vector subspace U which is linear
over a proper superfield of IF, then all of its points have weight at least 2. It is known that
the converse of this statement holds for linear sets of rank % in PG(1, qh) but for linear sets
of rank k < h the converse of this statement is in general no longer true. The first part of
this paper studies the relation between the weights of points and the size of a linear set, and
introduces the concept of the geometric field of linearity of a linear set. This notion will allow
us to show the main theorem, stating that for particular linear sets without points of weight
1, the converse of the above statement still holds as long as we take the geometric field of
linearity into account.
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1 Sets and their linearity
1.1 Linear sets

Linear sets in finite projective spaces are a generalization of subgeometries. They have
attracted a lot of attention in the last few years. Their applications include construction
of other mathematical objects like blocking sets [17], translation ovoids [15], KM-arcs [7]
and caps [2]. They have also proven useful in the study of semifields [12] and rank metric
codes [14, 19, 21, 24]. More details about linear sets can be found in [13, 18].
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More formally, let F» denote the finite field of order q", where ¢ is a prime power, and let
V be an r dimensional vector space over F ;. The vector space V' can also be seen as an rh
dimensional vector space over IF,. An F-linear set L of rank k in PG(V) = PG(r — 1, qh)
is the set of points defined by a k-dimensional IF,-subspace U of V in the following way:

L =Ly = {(u)yn | u e U\{0}}.

Here (u) ¢ denotes the point of PG(r — 1, qh) determined by the vector u (where u is seen as
avectorin V). If W is an Ith -vector subspace of dimension s of V, then (W) " denotes the
projective (s — 1)-dimensional subspace corresponding to U in PG(V'). To avoid confusion,
the subspace spanned by two subspaces, say Sy, S», of PG(r — 1, ¢") will be denoted by
span(Sy, $»2), and likewise, the vector subspace spanned by two vector spaces Vi, V2 will be
denoted by span(Vy, V3).

The Fy-weight of a point P = (up), in a linear set Ly is defined to be the vector space
dimension of the IF;-subspace Up of all the vectors determining P, i.e.

Up=1{0}U{u|ueU, (u)y = (up)g).

We will simply use the term weight of a point if the underlying field is clear. Note that we
need to specify the underlying vector space U in the definition of the rank of a linear set and
in the definition of the weight of a point in a linear set L;; this will become more clear later
in this paper.

The isomorphism between V = ]F;h and V = F;h induces a natural map ¢, called the

field reduction map, from PG(r — 1, ¢") toPG(rh — 1, ¢). The map ¢ takes points to (h —1)-
dimensional subspaces, and in general (n — 1)-dimensional subspaces in PG(r — 1, ¢") to
(nh — 1)-dimensional subspaces of PG(rh — 1, q). The images of points under ¢ form a
Desarguesian (h —1)-spread D of PG(rh — 1, ¢), and every subfield Fys of s gives rise to
a unique Desarguesian (s — 1)-spread partitioning the elements of D. Rank-k linear sets Ly
can be viewed geometrically as the pre-image under ¢ of sets of elements of D intersecting
a fixed (k — 1)-dimensional projective subspace (U), of PG(rh — 1, g). The F,-weight of
a point P, from this point of view, is one more than the dimension of ¢ (P) N (U)g. It is
well known (and it follows easily from the above point of view) that a Desarguesian spread
is normal: if M, N € D, then the subspace (M, N) is partitioned by elements of D.

The original point of view on linear sets was given by [15] using projections. Let ¥* =
PG(k—1, qh), ¥ = PG(k—1, g) be a canonical subgeometry of ¥*, and 2 = PG(r — 1, qh)
be an (r — 1)-dimensional subspace of X*. For a (k — r — 1)-dimensional subspace IT of
¥* disjoint from ¥ and 2, the projection map Zn.q : ¥ — Q is defined by Zn q(x) =
(x, IT) N Q. The image of ¥ under &1 q is the projection of ¥ from IT onto 2. It was proven
in [15,Theorems 1 and 2] that any linear set L of rank k in Q = PG(r — 1, qh) is either a
canonical subgeometry of €2 or equivalent to a projection of ¥ = PG(k — 1, g), a canonical
subgeometry of ¥* = PG(r — 1, qh), from IT to €2, where I is a (k — r — 1)-dimensional
subspace of £* disjoint from X and 2. From this point of view, the IF,-weight of a point
P is one more than the dimension of the pre-image of P under the projection map (see also
[21,Proposition 2.7]).

1.2 The geometric field of linearity of a linear set
In this paper, we will distinguish between sets being Fys-linear sets, and having geometric

field of linearity F;s. We will explain the reason for this distinction in detail but start with
the definitions as used in this paper.
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The geometric field of linearity of linear sets 781

Definition 1.1 AnF,-linear set Ly, defined by an IF -vector space U, is an Fys -linear set if U
is an [F ;s -vector space (i.e. if the set of vectors in U is also closed under taking IF;s-multiples.)

Definition 1.2 A strictly Fys-linear set is an Fgs -linear set that is not an i -linear set for any
i>s.

We also say (as defined in [5]) that the maximum field of linearity of a strictly [Fys-linear set
Ly is Fqs .
We introduce the following definitions in this paper:

Definition 1.3 An F,-linear set Ly has geometric field of linearity Fs if there exists an
IFys-linear set Ly with Ly = Ly .

Definition 1.4 An [F-linear set Ly has maximum geometric field of linearity F s if 5 is the
largest integer such that Ly has geometric field of linearity Fys.

It follows from the definitions that the order of the maximum geometric field of linearity is
atleast the order of the maximum field of linearity of that set. The following example describes
a strictly IF-linear set with a geometric field of linearity different from IF;, showing that the
notions of being Fs-linear and having geometric field of linearity IF;s do not always coincide.

Example 1.5 Consider the set S of points of the subline PG(1, q3) contained in PG(1, q6).
The set S equals Ly where U = {(a,b) | a,b € Fq3} and as such, we see that S = Ly is an
qu—linear set of rank 2 over Fqs and an [F;-linear set of rank 6.

Now consider any vector subspace V of U of dimension 5. Then Ly = Ly and Ly is an
IF,-linear set of rank 5.

Now V is not ]Fq[ -linear for any i > 1, and hence, Ly is a strictly F;-linear set. But it is
clear that Ly behaves as an an-linear set (as it is in fact simply a subline PG(1, q3)). And
indeed, according to our definition, Ly has geometric field of linearity F 3.

In many of the well-studied cases, there is no distinction between linear sets being Fs-
linear and having geometric field of linearity Fys. In particular, we will see in Proposition
1.10 that this is the case for linear sets of rank 4 in PG(1, qh). For simple linear sets, the
same holds true as seen in the following Remark.

Remark 1.6 A simple F-linear set Ly in PG(1, qh) (or an IF;-linear set of class 1 as intro-
duced in [5]) has the property that if Lyy = Ly, then U = AV for some A € ]F;h. Since U
is Fys-linear if and only if AU is Fs-linear, it immediately follows from the definition that
for simple IF-linear sets, the maximum field of linearity and the maximum geometric field
of linearity coincide.

The proof of Proposition 1.10 is essentially a corollary of the following theorem which
discusses the number of directions determined by a function over a finite field. Note that
the graph of a function f is defined as the subspace {(x, f(x)) | x € th} of (th)z ~
AG(2, g™).

Theorem 1.7 ([1,4]) Let f : Fyy — Fy, be a function, gy a power of the prime p. Let N be
the number of directions determined by f. Let r = p°® be maximal such that any line with a
direction determined by f that is incident with a point of the graph of f is incident with a
multiple of r points of the graph of f. Then one of the following holds:

1. r=1and%§N§qo+l;
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2. T, is a subfield of Fy, andqr—o +1<N< %;
3. r=qoand N = 1.

Moreover, if r > 2, then the graph of f is F,-linear.

Remark 1.8 The previous theorem says that if r > 2, the point set of the graph of f is
[, -linear, which the authors show by proving that f is an [F,-linear map. It is clear that
{(x, f(x)) | x € Fyn} is indeed FF,-linear if and only if fis an [F,-linear map.

In Proposition 2.3 of [5], the following is shown, using Theorem 1.7:

Result 1.9 Let Ly be an F-linear set of PG(W, qh) = PG(1, qh) of rank h. The maximum
field of linearity of Ly is Fys where s = min{wy,,(P) : P € Ly}.

If the maximum field of linearity is ¥, then the rank of Ly as an ¥ ;-linear set is uniquely
defined, i.e. for each F;-subspace V of W, if Ly = Ly, then dim, (V) = h.

The proof of the following proposition goes along the same lines as the proof of
Result 1.9.

Proposition 1.10 Let Ly be an F-linear set of rank h in PG(1, qh). Then Ly is a strictly
Fys-linear set if and only if Ly has maximum geometric field of linearity Fys.

Proof Let Ly be an [F,-linear set of rank 4 in PG(1, qh), where U is strictly I s-linear.
Every IF,-linear set of rank / in PG(1, g") can be mapped by an element of PGL(1, ¢") to
a linear set not containing the point ((0, 1)) g and hence, be written as a set of points Ly
with U = {(x, f(x)) | x € Fq;,} for some IF-linear map f* which is strictly Fgs-linear.
Since U is strictly Fs-linear we have that every vector line through two vectors of U
contains a multiple of ¢* points of U but there is no i > s such that every vector line through
two vectors of U contains a multiple of ¢’ points of U. By Theorem 1.7 we have that the
number of directions determined by f, and hence, the number of points in Ly is contained

h

in [qh’s +1, ZS—:]]]. Assume that there exists an Ly = Ly such that V is Iﬁ‘qx/ -linear for
some s’ > s.

If the rank of V is &, then Ly = {{(x, g(x)))q/, | x € ]th} for some qu/-linear map g.

h

q"—1
pral
It follows that s = s’, a contradiction. If the rank of V is larger than &, then Ly is the entire

line PG(1, qh), a contradiction. Now assume that V' has rank smaller than 4. Since V is
IFqS/ -linear, the rank of V is a multiple of s/, so it follows that the rank of V is at most & — s’.

Similarly, by Theorem 1.7 the number of points in Ly is then contained in [¢"~* "1,

h—s' _ . . .
This means that Ly has at most < =T L points, and we know that the number of points in Ly

is contained in [qh_s +1, Zf:; ]. Since s’ > s, this is a contradiction. This argument shows
that if an IF,-linear set Ly of rank £ is strictly Fys-linear, its maximum field of linearity is
Fys.

Vice versa, suppose that Ly is an IF;-linear set of rank /2 with maximum field of linearity
[Fys, that s, such that there exists some Ly = Ly where V is Fs-linear. The above argument
shows thatif Ly has rank £, then U is indeed s -linear. So suppose that Ly has rank smaller
than &, then we know that the rank of V is at most 7 — s and the number of points in Ly,

h—s _ . P . .
and hence, in Ly is at most £ — ! Since U has rank h, this implies, as above, that U is
(at least) [Fys-linear. Since the maximum field of linearity of Ly is Fys it follows that U is
strictly Fys-linear. O
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The geometric field of linearity of linear sets 783

Remark 1.11 Care needs to be taken when using the terminology on the linearity of linear
sets as used by Sziklai in [22]: we believe that the maximum field of linearity as used by
the author should correspond to our definition of maximum geometric field of linearity. In
particular, the author conjectures in [22] that a linear set with rank # + 1 in PG(2, ph) with
“maximum field of linearity I o (between quotation marks) has at least (p¢)’ + (p€)'~! +1
points.

Now consider, similar to Example 1.5, the point set Ly in PG(2, g*) defined by the F2-
vector space U = {(a,b,c) | a,b,c € Iqu}. We see that Ly determines a Baer subplane
PG(2, qz) and has q4 + q2 + 1 points. Now Ly = Ly with V = {(a,b,c) |a € Fy,b,c €
[F,2} where Ly has rank 5 and has maximum field of linearity IFy. Since g 4>+ 1 < ¢t +
¢> +1 this example violates the lower bound predicted by the above conjecture. However, this
linear set has geometric field of linearity [F 72> and we believe this is what the author intended
when writing the “maximum field of linearity”. Elsewhere in the paper, the (geometric)
exponent of a point P (in a blocking set B in PG(2, p")) is defined as the maximum integer
e such that all lines through P meet the set B in 1 (mod p°) points. Furthermore, it is
shown that for a blocking set where all points have exponent e, F e is a subfield of F
and conjectured that the set B is an [ ye-linear set. Note that in our example above, every
line through a point P of Ly meets Ly in 1 (mod p?) points, again indicating that F P2
is the intended “maximum field of linearity”, rather than the field I, that follows from the
definition. We choose the terminology for geometric field of linearity for its similarity with
the distinction Sziklai makes between the algebraic and geometric exponent of a point set.

1.3 The minimum size of a linear set and points of weight at least two

We now link the field of linearity of a linear set with the weights of its points. The following
lemma is easy to see.

Lemma 1.12 Let Ly be an Fys-linear set, then all points have IF,-weight at least s.

Proof The weight of P = (up) 4" 18 the Fy-dimension of the space
Up={0}U{ulueU, () = (up)sn}

Since U is closed under Fys-multiplication, for any u € U, also fu € U where g € IFys,
and since (u)yn = (Bu)yn, we see that Up is at least s-dimensional. ]

The converse of Lemma 1.12 is not true as seen from the example below.

Example 1.13 Consider again Example 1.5. We see that § = Ly is an IF3-linear set of rank
2 over 3 and an F,-linear set of rank 6. Every point of Ly has weight 3, as predicted by
Lemma 1.12. Every point of Ly still has weight at least 2, but Ly is not an F»-linear, nor
IF,3-linear set (since V is a strictly Fy-linear vector space of dimension 5). However Ly has
geometric field of linearity qu. The main theorem of this paper will show that this behaviour
is not a coincidence.

The research of this paper was originally motivated by the link with the minimum size of
a linear set, which we will now introduce.
First note that the following lower bound immediately follows from Result 1.7.

Corollary 1.14 A strictly F-linear set of rank h in PG(1, q") has at least "' + 1 points.
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784 D. Jena and G. Van de Voorde

Recently, in [6,Theorem 3.7], the lower bound qh’l + 1 for linear sets of rank £ in
PG(1, qh) was generalised as follows:

Result 1.15 A linear set of rank k in PG(1, ") containing at least one point of weight one
has at least g*=' + 1 points.

Example 1.16 Consider again the linear set S from Example 1.5. We see that S is a set of
¢> + 1 points, but when considering S as Ly, then it is a linear set of rank 6 all its points
having weight at least 3. When considering S as Ly, where V = {(a,b) |a € F,, b € Fq3},
then Ly is a linear set of rank 4 with one point of weight 3 (namely ((0, 1)) ¢°) and q3 points
of weight one. We see that Ly indeed reaches the lower bound for linear sets of rank 4
containing at least one point of weight 1. This example also shows that we cannot simply
remove the hypothesis that there is a point of weight one in Result 1.15.

Even though every linear set Ly can be written as a linear set Ly containing at least one
point of weight 1 (by taking a subspace U of V of the correct dimension), the statement of
Result 1.15 makes clear why we are interested in linear sets without points of weight one.

We also see that for arank-k < £ linear set in PG(1, ¢") to have a size lower than g~ 41,
all the points in it must have weight at least 2. Up to our knowledge, the only constructions
of F;-linear sets with all points of weight at least 2 are obtained by considering linear sets
that have geometric field of linearity [Fys (as done in Example 1.5).

It follows from Result 1.9 that for linear sets of rank k = 4 in PG(1, ¢") this is the only
way to obtain sets with only points of weight at least 2.

But we have seen in Example 1.13 that we cannot hope that the converse of Lemma 1.12
holds true in general. We will show that the following weaker version holds for a particular
class of examples: if all their points have weight more than 1, then they have geometric field
of linearity [Fys for some s > 1.

More precisely, we will show the following (see Theorem 3.12).

Main Theorem If L is an IF;-linear set of rank k, 4 < k < h, in PG(1, qh) with one point P
of weight w > 2 and all other points of the same weight k — w > 2 then L has geometric
field of linearity Fys withs | w, s > 1, s | hand s > k — w.

Note that we are not claiming that Fys is the maximum geometric field of linearity of the
set, see Remark 3.10.

2 Linear sets as projections
2.1 M-lines and their type

Recall that a rank-k linear set L in @ = PG(r — 1, ¢") can be viewed as a projection of
¥ = PG(k — 1, g), a canonical subgeometry of ¥* = PG(k — 1, qh), from a subspace
In=°PGk—-—r—1, qh) disjoint from ¥ and Q2. From now on, the notations L, X, ¥*, Q
and IT will refer to these unless stated otherwise.

Furthermore, when we consider a point P € PG(s, g) we will assume P = (v) g =
(A, A2y eeey )\.5+1))qh where A1, ..., Ay € [y, i.e. the vector v representing the point P
in the subgeometry ¥ must have all coordinates in [F,. In what follows, all points will be
considered as points in X* so we will drop the subscript . if there is no ambiguity.

The following definitions will be helpful in providing more structure to the linear sets that
we are going to explore.
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The geometric field of linearity of linear sets 785

Definition 2.1 A line £ of X is said to be a I[1-line if its extension in £ * intersects IT. A point
of IT lying on the extension of a I1-line is a point of rank 2.

Definition 2.2 (see also [8]) Let Q be a point of IT of rank 2 lying on the extension of a IT-line
£ containing two points P; = (vy) and P, = (v2), where Py, P, € ¥, then Q = (v] — av)
for some & € Fi \ F;. We say that Q has type Sq, where

aa + b
o=

catd |a,b,c,dqu,ad7ébc}.

We also say that the line ¢ is of type Sy .

It follows from [8,Lemma 2.2] that the above notion of type is well-defined: for a point O
b
of rank 2, if O = (vi —avy) = (V] —«'V}), then o’ = aoz:i_l—d for some a, b, c,d €
ca
F,, ad # be. Vice versa, if Q = (vi — a'v2) with o’ € Sy, then there exist v/, v} such that
0 = (V] —av)).
Note that the set Sy is simply the orbit of & under the natural action of PGL(2, ¢) on the
elements of F_i \ Fy. The following lemma then easily follows.

Lemma 2.3 If[F, () : Fyl = 2, then |Sq| = q> —q. If [Fy (@) : Fy] > 2, then |Sq| = ¢° —q.

Proof Leta € F» with [Fy (o) : Fg] =2 and let o' beinFy (o) \ F,. Note that, since F, («)
is 2-dimensional over Fy, |Fy (o) \ Fy| = g> —qgand o’ = aa + b, for some a # 0 € Iy,
b € F,. Hence, o' = ‘Clgj:g forc =0,d = 1. Since ad — bc # 0, a’ € S, the first statement
follows.

Secondly, let o € th with [Fy(a) : F,;] > 2. Since [PGL(2, q)| = q3 — ¢q, Sq has

at most ¢ — g elements. It is easy to see that if 9¢+h = @atb

ca+d — ca+d
abl |d'b . o . .
] , |: i|, then « satisfies a non-vanishing quadratic equation

for different elements of

cd cdd
with coefficients in F,, a contradiction. Hence, |Sy| = ¢ —q. O

PGL(2, g) defined by |:

Note that since the sets S, are orbits of elements in ]th \Fy, the different sets Sg partition
I, \ Fy. We also see that if o €Sy, thenia’ € S, forall A [ In what follows, we will
consider the elements of S, up to scalar multiples in FZ.

Definition 2.4 Consider the cosets of IF;‘ in the set S, and let S, denote this set of cosets:
So ={{pa’ | A €F}} |’ € Sy}

It follows from Lemma 2.3 that | Sy | = q if [Fy(a) : Fy] =2, and |Se| = q2 + g otherwise.

2.2 [-lines and points of weight at least 2

Recall that every I1-line in X extends to a line in £* containing precisely one point of rank
2 in IT. Vice versa, a rank-2 point lies on the extension of a unique Il-line: since IT-lines
are contained in the subgeometry X, we see that if (the extensions in X* of) two IT-lines
intersect, they do so in . We conclude that there is a bijection between the set of rank-2
points in IT and the set of I1-lines in X.

Furthermore, every Il-line £ gives rise to a unique point of weight at least 2 in the linear
set L: all the points of £ are projected from IT onto the same point, say P, of 2. We also say
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786 D. Jena and G. Van de Voorde

that £ corresponds to the point P. More generally, a point of weight w in the linear set that is
obtained from the projection of ¥ corresponds to a (w — 1)-dimensional subspace H of X;
all the lines in H are clearly I1-lines, but we will see that not all of them have the same type.

We conclude that there is a surjective mapping from the set of I1-lines to the set of points
in L of weight more than 1. For more details about relation between rank-2 points and points
of weight at least 2, see e.g. [21].

Finally,ifa’ € Sy, then o’ can be expressed as a rational function of &, so Fy(a) =T, (o).
This ensures that the statement of the following lemma is well-defined.

Lemma 2.5 Let P = (v) € X be a point lying on a I1-line £ of type Sy. If [Fy (@) : Fy] =2,
then € is the unique I1-line through P of type Sy. If [Fy () : Fy] > 2, then there are at most
q + 1 [-lines of type Sy through P. Moreover, if there are q + 1 [1-lines of type Sy through
P then for each y € Sy there is precisely one point (w,,) € X such that (v — yu,) € I

Proof We first show that every point different from P on a I1-line through P gives rise to
a unique element of Sy, that is, to a unique coset of IF:; in S,. Consider a point Q = (u),
Q # P,in X lying on a I1-line of type S, through P, then by definition there is some o € Sy
such R = (v — «ju) is a point of T1. Now o € Sy lies in a unique element of S. In order
to see that the map sending Q to the coset of «; is well-defined, note that the only vectors
u’ such that Q = (u’) = (u) are of the form u’ = Au for some A € Fy. The point R is the
unique point of IT on the line P Q. We see that R = (v — apu’), with ap = %a 1 and hence,
a1 and a5 indeed define the same element of S,.

We will now show that the above mapping takes different points on IT-lines of type Sy
through P to different elements of Sy. To this end, consider two different points, say (uy)
and (uz) in ¥ and suppose that R = (v — o'ug) and Ry = (v — Aa'uz) are points of
IT. If Ry = Ry, then it easily follows that (u;) = (u3), a contradiction since we started
with different points in X. If Ry # R, we see that the line R| R, intersects X in the point
(ug — Aup), again a contradiction since ¥ and IT are disjoint.

It follows that the number of points on I1-lines of type S, through P is at most | S, |. Since
every line through P contains ¢ points, different from P, it follows from Definition 2.4 that
the number of I1-lines is at most 1if [Fy () : Fy] = 2 and at most g + 1 if [Fy () : 5] > 2.

Now assume that there are precisely ¢ + 1 I1-lines with type contained in S, through P.
Let By, ..., /3‘ Sl be a set of representatives of each coset in S,. It follows from the above
reasoning and the pigeonhole principle that each of the points on I1-lines through P is of the
form (v — B;u) and moreover, all §; occur when describing these points. Now consider an
element y € S, and let B; be the coset representative of y, then y = A8; for some A € FZ.
The statement now follows from the observation that (v — yu') with u’ = %u is the same
point as (v — f;u). O

Lemma 2.6 Let H be a (w — 1)-dimensional subspace of ¥ corresponding to a point of
weight w > 3in Q = PG(r — 1, ¢"). If H contains at least g°~' + q¥ =2 + - - - + 1 I-lines
of type Sy, then the following hold:

(i) H contains precisely g”~' + q¥=2 + ... + 1 I1-lines of type Sy

(ii) [Fy(e) : Fyl =5 >2ands | w.

Proof (i) We count pairs (P, L) where P is a point of H and L is a I1-line of type S, through

P. Let a be the average number of I1-lines of type S, through a point of H and b be the
number of IT-lines of type S. Then

(g +1)b=alH|.
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The geometric field of linearity of linear sets 787

Now |H| = ¢¥ '+ ¢¥ 2+ ...+ 1 and by Lemma 2.5, a < g + 1, and hence, b <
g" "+ gV 4 - 4 1. It follows that if b > ¢¥~! 4+ ¢¥=2 4 ... + I, then indeed
b=qg" ' 44" 2 +...4+1and every point of H lies on exactly g + 1 IT-lines of type S,.

(i) Lemma 2.5 confirms that if every point of H lies on exactly ¢ + 1 I1-lines of type S,
we have that [F («) : F;] = s > 2, and moreover, that for any point P = (v) in H and any
B € Sy, there exists a unique point (ug) € H such that (v — Bug) € II.

Now let Q = (v;) be an arbitrary point in H. Then, since « € S, there exists a unique
point (v2) € H such that (vi — avy) € I1. Similarly, given (v2), there exists a unique point
(v3) € H such that (vp — av3) € II and so on. Thus, the point Q = (v;) gives rise in a
unique way to an ordered set of points (v2), (v3), ... such that (v; — av;41) in TT. We will
show that the points (v1), (v2), ... obtained in this way are precisely the qqs%ll points forming
an (s — 1)-dimensional subspace of H.

First note that the extension of H to X* intersects IT in a (w — 2)-dimensional subspace
H'’ of T1. As the points (v{ —avp), (v —av3), ... liein H’, there can be a maximum of w — 1
such points whose corresponding vectors are linearly independent over IF,;. Suppose that the
vectors Vi — vy, Vo — V3, ..., V;—1 —aV; are independent but that v; — av; 1 is dependent
of the previous vectors. This implies that the points (vi —avs), (Vo —av3), ..., (Vi(—1 —aV;)
span a (¢t — 2)-dimensional subspace of H’ containing the point (v, — aV,41).

We find that

Vi—avepp =&1(vi —avy) + -+ &1 (V1 —avy) ey

for some &1,...,&_1 € th. It follows that v,4 is an th-linear combination of
Vi, V2, ...,V but since these vectors have all have entries in F,, we have that v,y | =
Ay + A2vy + -+ + AV, for some Aq,..., A, € F,. Note that the vectors vy, ..., v,
are linearly independent: if they were dependent, the points (vy), ..., (v;) would be con-
tained in a subspace of dimension ¢ — 2 of H, which in turns yields that the points
VI —av2, V) — V3, ..., V,—] — aV, are contained in a (r — 3)-dimensional subspace of
H’, a contradiction.
From (1) we find that

—ak =&
—aly =& — a
—al3 =& —ab

—ar—] = &1 —ako
1-— 0{)\.[ = _(Xstfl.

Eliminating &1, ..., &_1 from the above system of equations yields that o must satisfy the
equation

a'r + at_lkg + - tar =1.
As Fy(a) = Fys is a subfield of F s, and as o satisfies a degree-¢ polynomial, we must have

s<t<wands |h.
We now show that s = 7. In order to do so, let the minimal polynomial of o € F 1 be

v+t oy g = 1. 2)
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Consider a point Q = (wp) of H, then we have seen before that there are unique points

(W2), ..., (ws) such that (w; — awp), (Wp — aw3), ..., (Wy_| — aW;) are points of H'.
Furthermore, the above argument shows that (wy), ..., (wy) span an (s — 1)-dimensional
subspace of H. Denote this (s — 1)-space by Hyp.

Note that

(W) — awa + a(Wa — aw3) + > (W3 — awa) + ...+ a* " 2(We_1 — awy))
=(w; — as_1Ws>
is a point of H'. Similarly, it easily follows that the points (wy —a* ™2
also lie in H'. This implies that the point

We), ooy (Wy —aWy)

(Ws —a(Viw] + 12w + -+ - + VW)
=((@'vi + o vy 4 )Wy — a(ViWl A+ Wa - W)
=(av (@ wy, — W) 4+ ava (@ 2wy — W) + -+ avg (@Wy — W)
is also contained in H’, where we have used (2) in the first equality. Since
(Wy — (W) +1Wa + -+ uwy)) € H'
and the point (w4 1) such that (wy — aws1) € I1 is unique, we obtain that
(We1) = (VW1 +v2W2 + - - 4 Vg Wy),

which is clearly contained in Hy.

Recall thatwy, wa, . .., w, form abasis for the s-dimensional I, -vector space determining
Hg. Hence, there is a unique F,-linear map ¢ which satisfies ¢(w;) = w;y fori =
1,...,s—1and ¢p(wg) = viw| + VW2 + - - - + vy W,. With respect to the basis wy, ..., wy,

this map is represented by the matrix

00---0v
10---0w
A—|01---0w

001

From the definition of ¢, we see that for 1 < i < s, (w; — ¢(W;)) is a point of I1. But
since ¢ is an IF,-linear map, we have that for a point w = 1wy + - - - + e wy, with u; € Iy,

(W—0d(W) = (Wi + -+ Wy — (UIW1 + -+ + UsWy))
= (W1 + -+ Wy — w1 (Wy) — - - — (P (Wy)))
= (ui1(wi —d(w1)) + ... + s (Wy — d(Wy)))

is a point of IT too. In other words, for each point (w) € Hyp, (¢ (w)) is the unique point w’
such that (w — aw’) in I1. Since ¢ (Hp) = Hp we are done. (In fact, A is the companion
matrix of the minimal polynomial for 1/« and the map ¢ generates a Singer cycle on the
points of Hp).

It is clear from the construction that if for two points Q, R € H, the spaces Hp and Hp
have a point in common, then Hp and Hp coincide. Moreover, since every point S determines
asubspace Hg, we find that H is partitioned by the (s — 1)-spaces Hp, P € H. The existence
of this (s — 1)-spread in the (w — 1)-space H shows that s | w. ]
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Remark 2.7 1t follows from the construction of Desarguesian spreads from Singer cycles that
the (s — 1)-spread of H, constructed in Lemma 2.6, is a Desarguesian spread (see e.g. [9,
23]). The fact that the spread is normal (which also implies Desarguesian if w > 2s) is
easy to see geometrically: the extension of two different (s — 1)-spread elements Hp and
Hg of H intersect IT in two disjoint (s — 2)-subspaces, say Hp and H ’Q As for any point
R e span(Hp, Hp) the space Hp, in IT is a subspace of span(Hp, H’Q), the spread element
Hp must be in span(Hp, Hp).

2.3 Constructing IN-lines

Lemma 2.6 tells us what happens when there are many I1-lines of the same type. The following
lemma provides a way to find such lines. The first part of this lemma was already proven for
linear sets in PG(1, ¢°) in [8].

Lemma 2.8 [f there are three disjoint I1-lines £1, €> and €3 in a 3-dimensional subspace H
of I, whose extensions in £* intersect 11 in collinear points, contained in a line M of TI,
then all the lines in the unique regulus R defined by L1, {2, €3 are I1-lines of the same type.

Moreover if there exists one more line € in H, disjoint from all the lines of R, whose
extension in £* is contained in M, then H is partitioned by T1-lines of the same type S, with
[Fy() : Fy] =2

Vice versa, if a 3-space H contains 3 disjoint I1-lines £1, £3, £3 of the same type S, whose
extensions in ©* are collinear, and [Fy(a) : F,| = 2, then the space H is partitioned by
[I-lines of type Sq.

Proof Let{y, ..., £, bethe g1 lines of the regulus R in H defined by £1, £, £3. Assume
that the extensions of £1, {5, £3, say 01, 0o, [3, are contained in some line M of I1. Let R’
be the qh + 1 lines of the regulus defined by 01, €3, 03 and let m1, ma, m3 be transversals
to R. We then see that mi;, my, m3 are transversals to R’ in ¥. Furthermore, M intersects
[1, [2, 6_3 s0 M is a transversal to R’ too. Since ¢;, 1 <i < g + 1 intersects m1, my, m3 we
have that E_l intersects my, mo, nm3, SO 6_, is an element of R’. Since M is a transversal to R/,
we conclude that all lines ¢; intersect the line M.

Now consider the points £; N\m| = P;, £; Nmy = Q; and ;"M =S;,i=1,..., q+1.

Let P = (uy), Q1 = (v1), P = (m2), Q> = (v3). Note that uy, up, vy, v, are linearly
independent over I ». Without loss of generality (since PGL(4, ¢) acts transitively on the
frames of H), we may assume that the point (u; + up + vy + v3) is a point of £3. It then
follows that the points P;,i =3, ..., g + 1 are of the form (u; + X;uy) and Q; of the form
(vi + A;v2) where A; € IE‘;. We have that §§ = (u; — avy) for some o € th \ F, and
S> = (up —a’vo) for some o’ € IF,n \ IFy. Expressing that ¢; intersects m 1, mo and M yields
that there are &1, &, ¢ € th such that

E1(u; —avy) + &(u — a'vy) = uy + Ajwp — Y (Vi + A;v2).

Since uy, uy, uz, uy are linearly independent over th, it follows that &1 = 1, & = A;,
Y¥; = a and o' = «. It follows that ¥; = @’ = «. So all lines ¢; are of the same type Sy .

Now assume that there is an additional line £ in &, not contained in R, whose extension £
contains a point of M ; it follows from the first part that € is a I1-line of type S, . Thus there exist
points (u) and (v) in £ withu = Aju;+Avi+A3u2+AaV2, V = g+ @ vy + 13t + (a vy
such that (u — av) € M i.e.

u—oav=_E§u —avy)+&u —av). 3
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Solving (3) by equating the coefficients of uy, uy, vi and v,, we get

1o + (o — ra — i =0 4)
and

e + (g = A3)e — hg = 0. ®)

Asa ¢ Fy, a satisfies a degree-2 equation given by (4) or (5). Thus [[F, () : Fy] = 2.
Now let the minimal polynomial of o over I, be

ao® +ba —1=0. (6)

As the Eqgs. (4), (5) and (6) are multiples of each other, we must have ©; = aiy, uo =
bAiy + A1, u3 = arg and g = brg + A3.

We now see that a point (u’) with w’ = vju; + vov] + v3up + v4vo in H lies on a line of
type Sy: consider the point (v') with v/ = avou; + (bvy + v1)v] + avauy + (bvg + v3)vy,
then

(W —av') =(vi —avi) + (1 - ba)v| — aauy)
+ v3(up — avy) + v4((1 — ba)vy — acuy))
=(vi(ur — avy) + va(aa’v) — acuy)
+ 13002 — av2) + va(aa’vs — aouy))
=((vi —aavy)(m; —avy) + (13 —acvs)(uy —avy)) € M.

Hence every point in H is contained in a I1-line of type S,. By Lemma 2.5 every point can
lie on at most one I1-line of type Sy . Therefore H must be partitioned by I1-lines of type Sy .

Vice versa, suppose now that the 3-space H contains 3 disjoint I1-lines £, £, £3 of the
same type S, with [Fy () : Fy] = 2 such that their extension meets IT in M. It follows
from the first part of the proof that we can take points (uj), (vi) on £; and (uy), (vz) on
£> such that the line M contains the points §; = (u; — av) and $2 = (u; — avy). Writing
the minimal polynomial for « as aa® 4+ ba — 1 = 0, we find again (as above) that for
any point (u’) with u’ = vju; + vpv] + v3up + v4vy we have that the point (v') with
vV = avouy + (bvy + v1)vy + avsun + (bvg + v3) vy satisfies (0’ — av’) € M. And hence,
the space H is indeed partitioned by I1-lines of type S . O

3 Linear sets on a line with all points of weight at least two
3.1 Finding a subfield

We now turn our attention towards linear sets contained in a line, i.e. Q = PG(1, qh) when
the linear set L of rank k,4 < k < h, in 2 has one point of weight k — 2 and all others of
weight 2. In Lemma 3.1 and Theorem 3.3 we prove the existence of a proper subfield of I
and later, we will prove that L has this field as geometric field of linearity.

Lemma 3.1 If L is a rank-4 linear set in PG(1, g"), h > 4, with all points of weight 2, then
K, contains the subfield F > (i.e. h is even).

Proof Arank-4linearsetL in 2 = PG(1, ¢”) canbe viewed as aprojectionof ¥ = PG(3, ¢q),
a canonical subgeometry of ¥* = PG(3, q”), from IT = PG(1, qh) onto €2, where IT and
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Q are in £* with IT disjoint from ¥ and . In this case all the ¢> + 1 weight-2 points in L
correspond to different I1-lines of rank 2 each meeting the line IT in a point. Using Lemma
2.8 we see that all I1-lines are of type Sy with [[F,; («) : Fy] = 2. m]

Remark 3.2 1t will follow from our more general approach that the linear sets considered
in Lemma 3.1 have geometric field of linearity F > (see Main Theorem). In this particular
case however, it is not too hard to see that the set L is in fact F2-linear and isomorphic to
PG(1, ¢%). A different way to deduce this fact is to use a characterization of sublines (e.g.
given in [20,Theorem 1.5]): a set of qz + 1 points in PG(1, qh) is a subline PG(1, qz) if and
only if it is closed under taking IF,-sublines determined by any three points of the set.

Theorem 3.3 If L is a linear set of rank k, 5 < k < h, in PG(1, g") with one point of weight
k — 2 and all other points of weight 2 then th must contain a proper subfield Fys with
slk—25>1.

Proof Recall that L can be viewed as a projection of ¥ = PG(k — 1, ¢), a canonical sub-
geometry of ¥* = PG(k — 1, ¢"), from IT = PG(k — 3, ¢") onto 2 = PG(1, ¢"), where
IT and Q2 are subspaces of £*, with IT disjoint from X and 2. We have seen that each of
the weight-2 points determines a unique I1-line and the weight-(k — 2) point corresponds
to a (k — 3)-dimensional subspace H of X. Denote the set of [1-lines corresponding to the
weight-2 points by S. Note that the [T-lines in S partition the set of points in ¥ \ H. Also
note that the extension of H to £* intersects IT in a hyperplane H' of I1.

Let ¢; and ¢ be different lines from S and let J = span(£1, £3) be the 3-dimensional
subspace of X spanned by ¢; and ¢;. Since ¢ and ¢ are Il-lines, the extension J =
span(€y, £2) of J in * contains the points £; N T and ¢» N IT. If dim(J N IT) > 1, then all
the points in J would be projected onto a single point in €2, a contradiction since £; and £
correspond to different points of L. We conclude that J NTlis aline M. Since dim(X) > 5,
dim(J) =3 and span(J, H) = ¥, J N H is aline £. The lines ¢, ¢, and ¢ define a unique
regulus R in J. Note that ¢ is contained in the (k — 3)-space H, and hence, its extension {
meets the (k — 4)-space H' in a point which then necessarily lies on M.

By Lemma 2.8 all the II-lines in R are of the same type, say S,. Repeating the same
argument for any pair £1, £/, of lines in S, we see that all the IT-lines in S are of type S,.

Now fix a [1-line ¢ € S of type S,. Consider the set of lines 7 = {span({,¢ YN H | {' €
S\ {£}}. First suppose that each of the spaces span(¢, £'), ¢ € S\ {¢}, contains at most g — 1
lines of S\ {¢}, then 7 is a set of at least g3 + g*=* + ... + 1 different I1-lines of type S
in H. By Lemma 2.6 ]th must have a subfield Fys with s > 2,5 | k — 2 and we are done.

So suppose that there is a line ¢’ € S\ {¢} such that span(¢, £) contains more than g — 1
lines of S\ {¢}. Then by Lemma 2.8 we will have [F,(«) : F,;] = 2, and hence, qu isa
subfield of F». We also find that span(¢, Y\ (H Nspan(£, £')) is partitioned by lines of S.
Furthermore, again invoking Lemma 2.8, since [IF, (@) : F;] = 2, we find that each 3-space
spanned by ¢ and a line £” of S \ {£} is partitioned into g? + 1 TI-lines of type S, one of
which is £ and one of which is the intersection of span (¢, £"") with H. Hence, we find that
g% — 1 needs to divide g =2 — 1, which in turn implies that 2 | k — 2. O

Remark 3.4 1f s = 2 in Theorem 3.3 and ¢ is of type Sy, then [[F, (@) : F;] = 2 and all the
I1-lines in 7 are of type Sy. By Lemma 2.5, every point in A lies in at most one II-line
of type Sy, and it is easy follows that each of the points in H lies on exactly one IT-line of
type Sy. The line spread determined by I1-lines of type S, of H is a normal spread. This
follows easily from the construction: for m1, my € 7, ¢ € S, the subspace span (€, my, ms)
is partitioned by elements of SU 7.
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3.2 (Re)constructing linear sets

In the following construction we use the projection point of view to construct an [F-linear set
which will later prove to be the unique way of describing linear sets satisfying the hypotheses
used in Lemma 3.1 and Theorem 3.3. We show that these linear sets have geometric field of
linearity Fys.

We use the standard vectors {e; | i = 1,...,k}, wheree; = (0,...,0,1,0,...,0)
is a vector of length k with 1 in the iy, position and O elsewhere, as the basis of V, the
k-dimensional vector space over F, defining ¥ = PG(V) = PG(k — 1, q). We use the
same set of vectors as the basis of V', a k-dimensional vector space over F,n defining

¥* = PG(V’) = PG(k — 1, ¢"), thus ¥ is a canonical subgeometry of =*.

Construction 3.5 Let ©* = PG(k — l,qh) = Spanqh((e]),..., (ex)),4 < k < h. Let
Y be the canonical subgeometry embedded in X*, given by all points (u),», where u €

q
spang(ey, ..., e;).Supposethatk = rs+2ands | h.Partition the ordered set {ey, ..., e} =
{er,...,er5, €54+1,€542} into r 4+ 1 parts, » of which have size s > 2 and are called
Ay, ..., Ay, and are given by the ordered sets

A ={ei—1)s+1,---. st ={ei1,.... €}

and the last part is of size 2 given by the set

B = {er511, €542}

Consider o € th \IFF, generating a degree-s extension of I, (i.e. [y () : Fy] = 5). With
each A;,i =1, ..., r, we associate the (s — 2)-dimensional subspace IT; of ¥* given by

[1; = span({e;1 — ae;2), (€2 — € 3),..., (€ s—1 — ae;)).
Let IT = PG(k — 3, qh) be the subspace
I := span(ITy, Ip, ..., I1,, (el,s - ,3132,&)7 <e2,s - /32e3,s>» o (e — Broier ),
(ers+l - (xers+2))
with B1,...,B—1 € th \Fys such that IT is a (k — 3)-space disjoint from ¥ and €.
Finally, let @ = PG(1, ¢") be the subspace
Q::span((er,s)7 (€r542)).

The projection of ¥ from IT onto €2 in Construction 3.5 is an F,-linear set, and we will
show now that it has geometric field of linearity Fs.

Lemma 3.6 The linear set L obtained from Construction 3.5 has geometric field of linearity
Fys
P

Proof By the construction any point (A, ..., M gh = (A1 1y oo oy Ar sy Apstt, Ars42)) g
in X is projected onto the point ((0, ..., 0, x1, 0, Xz))qh in  where
Xt =B1Br- . B @ A+ P+ A)
+ BB Bro1(@ Ao @ TP Ao 4 Agy)
+...
+ B T A @ TP A Atg)
F @ A+ A2 Ars)
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and

X2 = Ars+2 + 0hrgt1.

Thus the linear set L consists of all points (x1e, s + x2€.54+2) o with

(X1, x2) = B1B2 ... Br—1f1(@) + B2B3 ... Br—1 fa(a) + - - + fr (@), Apsy2 + Ahpst1),

where f;(a) is an arbitrary polynomial with degree at most s — 1 and coefficients in IF, and
Ars+1, Ars+2 € Fy. Recall that any element of Fys can be represented as a polynomial in o
with coefficients in IF;, and degree at most s — 1 and vice versa, each such polynomial defines
an elements of Fys. It follows that

(X1, x2) = (/31/32 e ,Br—l)/l + ﬂ2,33 .- ~/3r—ly2 + ot Ve Arst2 +a)‘-rs+l)

where y;, 1 < i < r,is an arbitrary element of [F;s and 4,541, Ars42 € ;. Now consider
the set of points M of the form (xje, s + x}€rs42) ¢ where

X1, x3) = BiBa - Br—1vi +B2B3 - Br—1v2 + -+ Ve, Vet 1),

where y; € Fys, 1 <i <r + 1. Since the set of vectors of the form (Xi, Xﬁ) is closed under
addition and Fs-multiplication, the set M is an [Fys-linear set of Fys-rank r + 1 (and an
[F-linear set of rank s + ). Note that, as an s -linear set, M contains points of F;s-weight
1, and hence, M is not an F_; -linear set for any i > 1. It is clear that every point in L also
belongs to M, so L € M. Moreover, if P is a point of M, then either P = (e, ) " which
also belongs to L, or P = (152 - - - /3r—1)/{ +B2B3- .. ,Br—lyz/ +eeet Vr/)er,s + 1ers+2>qh,
where yi/ = ¥i/vr+1, wWhich then clearly belongs to L too. We conclude that L = M, and
since M is an I s-linear set, L has geometric field of linearity Fs. O

Remark 3.7 The linear set L in Lemma 3.6 contains ¢’* + 1 points: one corresponds to
(er.s) and the other ¢”® correspond to the different choices of the polynomials fi, ..., f;
(or equivalently, the choice of elements y1, ..., y;). The F,-weight of the point (e, ) is
Is = k — 2 and every point other point in L is of weight 2. We have shown that L = M,
where M is an IFys-linear set, forming an [-club: it has (¢*)" points of Fys-weight 1 and 1
point of Fys-weight /. We also see thatif / = 1 and r = 1, then L is a set of ¢° + 1 points
(with s = k — 2) which is the set of points of an [Fs-subline of PG(1, qh).

Remark 3.8 Recall from the introduction that every IF,-linear set can be described as the set
of spread elements of the Desarguesian spread D in PG(2h — 1, ¢) intersecting some fixed
subspace. On the one hand, the F,-linear set L of Construction 3.5 can be seen as those
elements of D meeting a fixed (k — 1)-space m, where there is one element, say op, of D
meeting 7 in a (k — 3)-space w and the other elements of D meet 7 in a line or are disjoint
from 7. On the other hand, we have shown in Lemma 3.6 that L can be seen as the set of
elements of the Desarguesian spread D which meet a fixed (k + s — 3)-space 7/, where 7’
contains 7 and such that op N7t = op N7’. Hence, there is one element, op meeting 77’ in a
(k—3)-space and all other elements of D either meet 7’ in an (s — 1)-dimensional space or are
disjoint from 7z’. The set of (s — 1)-dimensional subspaces of ' obtained as the intersections
of elements of D with 7/ are contained in the unique Desarguesian (s — 1)-subspread of D
(see also [23]).
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3.3 The proof of the main theorem

The following proposition forms the base case for our main theorem.

Proposition 3.9 If L is a rank-4 I ;-linear set in PG(1, g™, h = 4, with all points of weight
2, then L is an F p-linear set = PG(1, g?). If L is a linear set of rank k,5 < k < h, in
PG(1, g") with one point of weight k — 2 and all other points of weight 2 then L must have
geometric field of linearity Fys with s | k — 2, s > 1, and s | h.

Proof We prove the statement by showing that any linear set satisfying the conditions of
Lemma 3.1 or Theorem 3.3 admits a choice of basis vectors so that it can be obtained from
Construction 3.5.

If a linear set satisfies the conditions of Theorem 3.1 then similarly to Lemma 2.8 we
can take ¥ = (span(uy, v, Uz, v2)), such that [T = span({(u; — avy), (uz — avz)). Now
mapping the basis vectors uy, vi, Uy, v to e, e;, €3, e4 respectively we immediately see that
L is obtained from Construction 3.5 with k = 4, p = 1, s = 2. Thus by Lemma 3.6 this
set has geometric field of linearity F 2, and since it can be written as an F . -linear set with
g% + 1 points, we find that it is indeed an [F,2-subline.

If a linear set satisfies the conditions of Theorem 3.3 then we have ¥ = span(H, £),
where £ is a [1-line corresponding to a point of weight 2, so there exist vectors wi_1 and wy
and an element o € ]th \F, such that £ = span({wy_1), (wx)) and (w;_; —awy) € II. Let
[Fy(@) : Fy] = s.If s > 2 then it follows from Remark 2.7 and Lemma 2.6, that H can be
partitioned by (s — 1)-dimensional subspaces which form a Desarguesian spread and that we

can write H = span(H\, ..., H,) where H; = span((w; 1), (W;2), ..., (W;s)) such that
(Wi,1 —aw;2), (Wi —aw;3), ..., (Wis—1 —aW;y) €Il

By possibly relabeling the vectors w; 1, w; 2, W; s whose corresponding points span each
H;, we can make sure that the set of r vectors w; s, j = 1, ..., r are linearly independent.
The line joining (w; s) and (W1 ), i = 1,...,r — 1 1is a II line, say of type f; such
that (w; y — Biw;41,5) € IL. It follows that H N IT equals span(I1y, o, ..., I, (Wi s —
Biwas), (Wa s — BaWwas), ..o, (Wr—1,5 — Br—1 Wy 5)). It follows that

T =span(I1y, Iy, ..., T, (Wi s — BiWas), (Wo s — BoW3s), ...,
(Wr—1,s = Br—1Wr5), (€541 — €542)).

Now mapping the basis vectors wy 1, ..., Wy s, Wi—1, Wi to ey, ..., e we see that IT and
% are as in Construction 3.5. Finally, we know that €2 can be taken arbitrarily but disjoint
from I, so we may take 2 to be Q:=span((e, s), (€,542)). Note that the points (e, ;) and
(ers+2) lie in subspaces that are projected onto different points which means that €2 is indeed
disjoint from IT.

By Lemma 3.6 this set has geometric field of linearity Fys.

If s = 2 in Theorem 3.3, then by Remark 3.4, H is partitioned by IT-lines of type
Sy into a Desarguesian spread. Thus we can write H = span({y,...,¥¢,), with ¢; =
span({w; 1), (w; 2)) and (w; | —aw; 2) € I1. Arguing as above, the linear set is obtained by
Construction 3.5.

By Lemma 3.6 this set has geometric field of linearity F . O

Remark 3.10 1t remains to indicate why we do not draw the conclusion that our set has
maximum geometric field of linearity Fys. First note that the parameter s we find in the proof
is determined by the type S, of the lines corresponding to the points of weight 2 in Ly, .
When we take a subline L = PG(1, qk_z) in PG(1, qh), then the maximum geometric
field of linearity is clearly F «—. We can write this set as Lyy where U is an Fg-vector space
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of rank 2k — 4 which is an F «—2-linear vector space. Then . = (U) is a (2k — 5)-dimension
projective subspace of PG(2h — 1, g), partitioned by (k — 3)-spaces, each corresponding to
a point of Ly . This forms a Desarguesian (k — 3)-spread, say D’, of u. Let H be one of
the (k — 3)-dimensional spread elements of D’. Now for every proper divisor s of k — 2, we
find a unique (s — 1)-subspread of D’ (see e.g. [9, 23]), and the T1-lines of type S, where
[[Fy () : Fy] = s through a point of H are entirely contained in an element of this (s — 1)-
subspread D’. Vice versa, every line contained in a spread element of D’ is a I1-line of type
Sg where [F,(B) : Fy] =s.

This means that if we take a subspace V of U spanned by H and a line contained in one
of the induced elements of the (s — 1)-subspread in w, we will obtain that Lyy = Ly where
Ly satisfies the hypothesis of our theorem. But we will draw the conclusion that Ly has
geometric field of linearity Fys, whereas the maximum field of linearity is F «—. If we start
however from a subspace V' determined by H and any line in a spread element of D’ which
is not contained in any of the induced subspreads, then the corresponding field element «
generates I «—2 and our theorem will lead to the conclusion that L, has geometric field of
linearity F 2.

Finally note that if Is = k — 2 | h, an [F4s-linear set of size ¢*=% + 1 does not necessarily
have maximum geometric field of linearity F 2. If a linear set of size ¢*2 41 has maximum
geometric field of linearity F -2, then it is necessarily a subline PG(1, ¢*=?); but not all
[Fs-linear sets of size q" +1are F«—2-sublines. The easiest case to see this is for Fy-linear
sets of size q2 + 1in PG(1, q4): some of those are PG(1, qz)-sublines while others are not
(see also [11,page 9]).

Corollary 3.11 Let Ly be an F-linear (k — 2)-club of rank k — 1 in PG(1, g™, that is, Ly
has one point of weight k — 2 and all others of weight 1. If Ly = Ly for some V such that
U is a proper subspace of 'V, then Ly has maximum field of linearity Fys for some s > 1.

Proof We switch to the representation of linear sets in terms of Desarguesian spreads. Let ¢» be
the field reduction map ¢ : PG(1, qh) — PG(2h — 1, g) and let D denote the (h — 1)-spread
determined by ¢.

Then Ly corresponds to the set of elements of D meeting the (k — 2)-dimensional pro-
jective subspace m = (U) in at least a point. There is one element, say S, of D intersecting
7 in a (k — 3)-dimensional subspace while g¥~2 other elements of D intersect 7 in a point.
Our hypothesis is that there is a projective subspace u = (V) containing m intersecting
exactly the same elements of D which intersect 7. Let v = (W) be a subspace of projective
dimension k — 1 suchthat U < W < V. Since Ly = Ly this implies that Ly = Ly = Ly.
If S would intersect v in a subspace of dimension k — 2, then Ly would have size qk’l +1,
a contradiction since Ly has size g* =2 + 1. Hence, S meets v in 77 N S, which is a subspace
of dimension k — 3. Since Ly has size ¢¥=2 + 1, it follows that every element of D inter-
secting 1, necessarily intersects v in a line: the projective dimension of the intersection of
a spread element with the (k — 1)-dimensional space v cannot exceed 1 since S meets v in

a subspace of dimension k — 3, and ¢*~%(g + 1) + qkq_jl_l is the number of points in the
(k — 1)-dimensional projective subspace v. Hence, we have that Ly = Lw, where Ly is
a linear set of rank k containing one point of weight k — 2 and all others of weight 2; the
conclusion now follows from Proposition 3.9. O
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We are now ready to prove the main theorem.

Theorem 3.12 If L is a linear set of rank k, 4 < k < h, in PG(1, ¢") with one point P of
weight k — w > 2 and all other points of the same weight w > 2 then L has geometric field
of linearity Fys withs |k —w, s > 1, s | h, and s > w.

Proof We again switch to the representation of linear sets in terms of Desarguesian spreads,
where ¢ denotes the field reduction map.

Let L = Ly be the linear set defined by the (k — 1)-dimensional projective subspace
o = (U) of PG(2h — 1, q) and let P be the point of weight k — w. Then ¢(P) No = op,
where op is a (k — w — 1)-dimensional subspace of PG(2h — 1, ¢). Let Q # P be a point
of Ly, then ¢(Q) No = o is (w — 1)-dimensional since Q has weight w. Now consider
a (k — w + 1)-dimensional subspace o’ of o containing op (Which exists since w > 2),
then ¢’ = (V) with V < U. This implies that Ly € Ly. Let R # P be a point of Ly,
then og = ¢(R) No is a (w — 1)-dimensional subspace disjoint from op. Since o’ is a
(k — w + 1)-dimensional subspace containing op, it follows that ¢ (R) meets ¢’ in a line,
say ¢g, and hence, Ly € Ly. We conclude that Ly = Ly and that all points, different from
P, have weight 2 in Ly .

This implies that Ly is an IF;-linear set of rank k — w + 2 with one point of weight k — w
and all other points of weight 2. Hence by Proposition 3.9 we see that Ly, and hence also
Ly, has geometric field of linearity Fys with s | kK — w.

The only thing left to prove is that Ly has geometric field of linearity Fqs/ forsome s’ > w.
In the proof of Proposition 3.9, we have deduced that Ly = Ly, where W is IF;s-linear, has
F,-dimension k — w + s and (W) is spanned by op and an (s — 1)-dimensional subspace ©
of ¢ (R) containing the line £g. Recall that o is (w — 1)-dimensional. Hence, if t contains
oRr,thens —1 > w — 1 and we are done.

So suppose that there is a point of og, say S, not contained in . Consider a line m through
S and a point, say T, of £r.Note that span(op,T) is a (k — w)-dimensional projective
subspace (U’) with U’ < U such that Ly = Ly, in fact, Ly is a (k — w)-club of rank
k—w+1.

Let V' be a (k—w+2)-dimensional vector subspace such that (V') = span(op, m). Since
V' < U, by the same reasoning as above for Ly and Ly, we again obtain that Ly = Ly,
and that Ly has one point of weight k — w and all others of weight 2. It follows that Ly~
has geometric field of linearity IF‘qS/ for some s’ | k — w. Furthermore, again as before, m
is contained in an (s’ — 1)-dimensional subspace t’ of ¢ (R) such that there exists an Fqs/-
linear subspace W’ of F,-dimension k — w + s with (W’) = span(op, v’). It follows that
Ly = Ly.

The (s — 1)-space t through T is an element of the unique Desarguesian (s — 1)-subspread
of D while the (s” — 1)-space ' through T is an element of the unique Desarguesian (s’ — 1)-
subspread of D. Since t # 7/, we have that s # s’, and furthermore, span(t, t’) is contained
in an element of the unique Desarguesian (¢ — 1)-spread of D where t = lcm(s, s'). Let t”
be this (¢ — 1)-space and consider the subspace X = span(op, t”). Since op = ¢(P) N (W)
and W is Fs-linear, we see that the subspace op is partitioned by (s — 1)-dimensional
subspaces of the (s — 1)-subspread and similarly, by elements of the (s’ — 1)-subspread. This
implies that op is partitioned by elements of the (+ — 1)-subspread too, and it follows from
the construction of (X) that X is [F-linear. This implies that (X) meets every element of D
in (at least) a (t — 1)-space, and since (X) is (k — w + t — 1)-dimensional and contains the
(k —w — 1)-space op, Ly contains precisely g~ + 1 points. Since X contains U’, we have
that L;;» € Ly, and as both have the same size, L7 = Ly. We conclude that Ly = Ly
has geometric field of linearity F:.
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If # < w, then there is a point R” of op, not contained in span(t, t’) and we can repeat
the reasoning above to find that R’ lies in an element of the Desarguesian (s” — 1)-subspread
t” with s” # t, Ly can be written as Ly, where X' is ]Fql/—linear with ¢’ = lem(t, s7).
Eventually, we will find that all points of o p are contained in an element " of a Desarguesian
(t” — 1)-spread and that Lyy = Lx» where X" is IFq,u -linear. Since op is contained in t”,
we find that so t” — 1 > w — 1 and we are done. O

4 Conclusion

In this paper we have shown that if a rank-k I, -linear set on a line PG(1, qh), k < h, has
one point of weight k — w and all others of weight w, then L has geometric field of linearity
Fys for some 1 < 5,5 | k — w, s > w. As indicated in Remark 3.7, these linear sets can
be viewed as IFs -linear clubs or [Fs-sublines, which are in some sense the ‘easiest’ types of
linear sets.

Main open problem The larger question of whether the same conclusion can be obtained
for all linear sets without points of weight one, remains unsolved. Although we believe that
this should indeed be the case, the methods developed in this paper are insufficient to tackle
this question.

The case that we have studied in this paper has the advantage that the field of linearity we
are looking for (say IFs) necessarily has s dividing k — w, where k — w is the weight of the
unique point, different from all the ones of weight w appearing in the set. In general, if we
take an [Fs -linear set Ly, where U has rank s and consider a subspace V of U of dimension
at least /s — s + 2, all points of Ly will have weight at least 2. However, there is no longer
an obvious way to deduce the value of s from the weights of the points in Ly .

A geometric point of view using subspreads Geometrically speaking, the belief we
expressed above is equivalent to the following: whenever a subspace 1 meets all elements of
a Desarguesian spread D in either O points or in at least a line, the partition of x induced by
the elements of D consists of parts, each of which are contained in some fixed Desarguesian
subspread of D (induced by a subfield). We have shown in this paper that the above statement
indeed holds true if the partition consists of one (k — w — 1)-space and all other parts are
(w — 1)-spaces.

The rank of the linear set We have given examples of linear sets whose rank is not uniquely
defined, in the sense that such a linear set can be written as Ly and Ly with U, V subspaces
of different dimensions. If Ly = Ly withk = dim(U) < [ = dim(V), then all points of Ly

will have weight at least 2: if not, then Ly has a point of weight 1 and hence, |Ly | > ¢/~ +1

by Result 1.15. But since |Ly| < Zk%ll < ¢'=' + 1 this cannot happen. As indicated above,

we believe that the fact that Ly has only points of weight at least 2 should imply that Ly has
maximum geometric field of linearity ;s for some s > 1.

A polynomial point of view Considerable effort has been done in recent years to investigate
linear sets from a (linearised) polynomial point of view — every rank-4 linear set in PG(1, g")
can be described through such a polynomial as a set determined by the points ((x, f(x))),
where x ranges in F . For a recent result linking linearised polynomials with the weights of
the point sets they define, see [3].

As indicated in the introduction (see Results 1.9), for linear sets of rank % in PG(1, qh),
it is not only known that if they contain only points of weight at least 2, the linear set have
geometric field of linearity Fys. They are, in fact, already [Fys-linear themselves. While it
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is possible to describe a linear set of rank k < h as a set ((x, f(x))) where x ranges in
a subspace of F», it seems that the fact that x does not range in the entire field makes a
polynomial approach (much) more complicated.

In [10], the authors study the direction problem for point sets of size less than ¢ and
prove a statement which resembles Theorem 1.7. However, we have seen that we cannot
hope to extend the result of Proposition 1.9 to all linear sets. This is in part indicated by
the fact that in the more general theorem of [10], the authors have to take into account two
different parameters, s and ¢. These parameters will essentially correspond to the algebraic
and geometric field of linearity of the point sets if we look at the directions determined by
an [y -linear map defined on a subspace of F .

Linear sets with complementary weights Recently (after the current paper was submitted),
the paper [16] appeared in which the authors study a general form for linear sets with com-
plementary weights: those are linear sets of rank s + ¢ containing a point of weight s and
a point of weight 7. The linear sets discussed in our current paper belong to this category.
Their most explicit, polynomial based, general form of linear sets is for the case h = s + ¢
in PG(1, ¢"), which is precisely the case for which we know our conjecture is true. It is
however conceivable that the methods of that paper allow us to say something about linear
sets with complementary weights of rank < h, all whose points have weight more than one.
In particular, in [16,Theorem 4.1], the authors give equivalent conditions for a linear set
with complementary weights to have two points with weight more than one and all others
of weight one; the conditions depend on the (algebraic) behaviour of two IF,-subspaces S
and T of IF» spanning the subspace underlying the linear set. It may be possible to derive a
similar algebraic condition on S and 7 such that the linear set defined by the span of S and
T has only points of weight more than one. If our conjecture is correct, the conditions on §
and 7" would have to be boil down to the existence of some s > 1 and FFs-linear subspaces
S', T of Fn such that S € §"and T C T".
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