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In this paper, we associate a weight function with a set of points satisfying the conditions of the cylinder conjecture. Then we derive properties of this weight function using the Rédei polynomial of the point set. Using additional assumptions on the number of non-determined directions, together with an exhaustive computer search for weight functions satisfying particular properties, we prove a relaxed version of the cylinder conjecture for \(p \le 13\). This result also slightly refines a result of Sziklai on point sets in \(\mathrm {AG}(3,p)\).
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Appendix: Computer search for the weaker cylinder conjecture
Appendix: Computer search for the weaker cylinder conjecture
This Appendix gives the main ideas of the computer search for polynomials \(w(X,Y) \in \mathbb {F}_p[X,Y]\) satisfying Properties 1. Recall that the third property is equivalent to the total degree of w being at most \(p-3\).
Define a zero line to be a line in \(\mathbb {F}_p^2\) such that \(w(x,y) = 0\) for all points (x, y) on that line. The zero lines correspond exactly to the linear factors of w(X, Y). So, there can be at most \(p-3\) zero lines and there is certainly a parallel class of lines without a zero line.
Now we choose coordinates such that there is no zero line with equation of the form \(Y = c\) and such that w(X, Y) has a factor \(X(X-Y)\) (instead of XY earlier). For a fixed y, we know that \(\sum _{x \in \mathbb {F}_p} \mathrm {lift}(w(x,y))\) is \(0 \bmod p\) but non-zero. So it must be at least p. Since \(\sum _{y \in \mathbb {F}_p}\sum _{x \in \mathbb {F}_p} \mathrm {lift}(w(x,y)) = p^2\), we must have \(\sum _{x \in \mathbb {F}_p} \mathrm {lift}(w(x,y)) = p\) for every fixed y.
The idea of the algorithm is to cut w into 1-dimensional strips and then glue these together. As a first (and easy) step, for every fixed value of \(y \in \mathbb {F}_p\setminus \{0\}\) we determine all possibilities for the polynomial \(w_y(X) := w(X,y) \in \mathbb {F}_p[X]\). Here, the conditions are:
	
                      1.
                      
                        \(w_y(0) = 0\) and \(w_y(y) = 0\);

                      
                    
	
                      2.
                      
                        \(\sum _{x \in \mathbb {F}_p} \mathrm {lift}(w_y(x)) = p\);

                      
                    
	
                      3.
                      
                        \(w_y(X)\) is a polynomial of degree \(\le p-3\).

                      
                    

Once this is done for \(y = 1\), one can easily deduce the possibilities for the other \(y \ne 0\). For a fixed y, the number of polynomials is rather small: there are only 43 such polynomials for \(p = 7\); there are 6863 polynomials for \(p = 11\) and 87, 995 for \(p = 13\).
Now we must “glue” together these 1-dimensional strips of w to a function on \(\mathbb {F}_p^2\). When we do this, we get extra conditions coming from the fact that the total degree of w must be \(\le p-3\). For example, the coefficient of \(X^{p-3}\) of the univariate \(w_y(X)\) must equal the coefficient of \(X^{p-3}\) of the bivariate w(X, Y). Therefore, we have a gluing condition saying that the coefficient of \(X^{p-3}\) in \(w_1(X)\) and \(w_2(X)\) must be the same. In general, the number of conditions for adding a strip is equal to the number of strips that we already have. So, if the number of 1-dimensional strips is N, one expects about \(N^k/p^{\left( {\begin{array}{c}k\\ 2\end{array}}\right) }\) possibilities for k glued strips.
This gluing is done using a backtracking algorithm. In the implementation we used hash tables to speed up checking the allowed strips that could be added to a given list of strips. We stop when we have glued \(p-2\) strips. At that point, the whole function w(X, Y) is determined.
This way, we find some almost solutions which satisfy Properties 1 except that the sum of the lifts may be larger than \(p^2\). For \(p = 7\) and \(p = 11\), the smallest possible value for \(\sum _{x,y \in \mathbb {F}_p}\mathrm {lift}(w(x,y))\) is \(p^2 + p\) and for \(p = 13\) it is \(p^2 + 2p\).
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