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Abstract
Technological developments play a crucial role in allowing governments and industries
to meet carbon emission targets, whilst maintaining cost effectiveness. Mathematical
modeling related to climate change has often included technology (including tech-
nology transfer between nations) as an effective policy instrument. However, such
models often incorporate technology as an exogenous variable, highlighting the need to
further interrogate the role of technology, its dynamics and limitations on reducing
international pollution levels to improve sustainability, energy reliability and subse-
quent policy initiatives. Hence, in this study, we consider technology as an endogenous
variable within a broader trans-boundary industrial pollution problem with random
interference factors to obtain a closed-loop (Markov perfect) Nash equilibrium.We then
articulate the Nash non-cooperative and cooperative equilibria via a stochastic linear
quadratic differential game paradigm and prove the stability of a cooperative game by
using Pareto optimal solution. We show that under such strategies to control carbon
pollution a cooperative game is more efficient than a non-cooperative game, empha-
sizing the importance of technology transfer and collaboration between nations, sub-
sequently serving as a mutual benefit for multi-lateral efforts to reduce global carbon
emissions. In doing so, our study highlights the role of government subsidy incentives
when collaborating with industry to encourage the integration of carbon-reducing
technologies, whilst simultaneously increasing each country’s net revenue. Hence, our
study provides a novel insight and framework for policymakers when encouraging
industry to use carbon capturing and storage technologies. We also emphasize that
efforts to coordinate emissions control should be pursued jointly to ensure mutual
benefit for government and industry alike.
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1 Introduction

Concerted international efforts are needed to control climate change caused by
greenhouse gas (GHG) emissions, whilst meeting the challenge to achieve these
objectives cost effectively. Technological developments play an important role in
combating the associated efficiency issues and unequal distribution of innovation in
green technology. The dilemma facing the world today, is how to reduce fossil fuel
associated (GHG) emissions, accepting that their demand will continue to exist in the
coming decades to maintain economic growth, employment and sustainability. In the
energy sector, many solutions have been proposed to completely replace fossil fuels
for electricity generation, such as massive deployment of renewable energy
generation and increased energy efficiency. There are many restrictions, however,
to achieve this result in the medium term, ranging from technological limitations in
the massive deployment of energy efficiency and renewable energies, to the political
economy of countries unlikely to reduce their oil and carboniferous production as
long as demand exists.

Carbon capture and storage (CCS) offers an alternative to mitigate CO2 emissions
from fossil fuel power plants whilst considering that both current and future energy
needs and subsequent operation of these plants will continue in the coming years.
CCS could mitigate up to 90% of fossil fuel associated carbon dioxide emissions in
electricity generation and industrial processes. Additionally, the use of CCS with
renewable biomass is one of the few carbon reduction technologies that can be used
in a “carbon-negative” mode. If biomass from fuel-wood crops were used, carbon
could be absorbed and simultaneously generate electricity. CCS, therefore, is a viable
alternative to solve the dilemma of reducing emissions while satisfying the growing
energy needs of the world.

One salient way to improve cost efficiency in GHG abatement is to transfer
existing technologies from the developed to developing world. Recognizing the
potential benefits brought about by technology transfer, the Conference of the Parties
(COP) in 2002 and 2003, called for unified efforts by developed countries to transfer
technology to developing countries. More recently, the COP initiated a technology
mechanism for the promotion and spread of climate-friendly technologies and
investing in new technologies that will lower emissions and support jobs and growth.
Hence, the technology investment and collaboration road map will play an important
part in the long-term strategy to reduce global emissions. The importance of
developing such CCS technology was reiterated in recent days by the Prime Minister
of Australia Morrison (2021), describing technology as a “game-changer” and critical
in decarbonizing the Australian and global economy, whilst being “ crucial in
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protecting and creating the jobs of today and positioning Australia for the jobs of the
future”.

Large scale mathematical modelling related to climate change has often included
technology transfer as an instrument in policy analysis, Weyant et al. (1996). More
specifically within the broader trans-boundary pollution control debate, game theory
models provide a useful tool in articulating when and why emissions reduction
negotiations between stakeholders can either fall through or be successful. However,
the success of such agreements are somewhat limited by the unilateral incentive for
each party to deviate from the terms of the agreement.

Trans-boundary industrial pollution is defined as the pollution that originates in
one country but is able to cause damage in another country’s environment by
crossing borders through pathways such as land, sea or air. Trans-boundary pollution
control models specifically examine how a government can both effectively deal with
external pollution within a country and between countries using technology. If
emission-output ratios are fixed, then the option is to stimulate investment in clean
technology to lower the emission output ratio. Such a framework allows the analysis
of elements of the environmental debate between optimists who favor growth in
order to have resources to invest in clean technology, and pessimists who favor
bringing down production and pollution by-products. The answer, of course, depends
on the elasticity of the emission-output ratio against the stock of clean technology. A
simple and general formulation to begin with is that pollution is a by-product of
production, which can be modelled by means of an emission-output ratio. Dasgupta
(1982) considered an intertemporal welfare index, which takes into account both the
benefits of production and damage caused by the stock of pollutants. Maximization
of this welfare index, subject to the accumulation dynamics of the pollutants, yields a
path of emission charges which internalizes the pollution externality. As a result, the
energy economy is highly exposed to these processes.

Game theory is the formal, mathematical methodology for analyzing decision
making processes in an interactive environment. Foundations of modern game theory
were laid by Von Neumann–Morgenstern (1944). Since then many researchers have
applied game theory to study trans-boundary industrial pollution, with more recent
studies incorporating the assumption that countries are primarily motivated to
maximize their net benefits from pollution control, as measured by its impact on the
environment and economy. Kaitala et al. (1992a, b) applied a cooperative and non-
cooperative game to analyze the benefits of bilateral cooperation between Finland
and the Soviet Union, subject to abatement cost. Under the fairly general utility and
damage cost function, Kaitala et al. (1992a, b) re-visited the same trans-boundary
pollution problem and concluded that efficient cooperation may entail financial
transfers from Finland to the Soviet Union, because it is cheaper to abate sulfur there.
Since then many researchers, Yeung (2007), Yeung and Petrosyan (2008), Long
(1992), Van der Plong and de Zeeue (1992), Dockner and Long (1993), Martin et al.
(1993), Zagonari (1998), Li (2013), Huang et al. (2016), Greening et al. (2000),
Sorrell and Dimitropoulos (2008), Jørgensen and Zaccour (2001), Benchekroun and
Chaudhuri (2014), Li and Mao (2019), El Ouardighi et al. (2020), Yeung et al.
(2019), Perera (2020, 2021), Yi et al. (2020) have applied the game theory paradigm
to study trans-boundary industrial pollution problems. Within such models, it is the
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government of each country that decides the pollution control strategy implemented
due to the fact that pollution can be controlled via the amount of pollutants emitted
by each country’s production processes. However, within many of these environ-
mental policy models, technology is incorporated as an exogenous variable, with
limited attention given to the role of endogenous technology, other technological
breakthroughs, potential government subsidies or collaborative innovations inte-
grated within low carbon technologies. In recent years, researchers have also
developed models to discuss the importance of lowering carbon emissions and its
potential impact on society by examining economic growth, international trade, and
associated health benefits. Researchers such as Khan et al. (2020) have examined the
development of such carbon lowering emission policies and their potential benefits to
the environment and ecological sustainability to economies under logistics opera-
tions. However, there remains a need for exploiting the role of technology, its
dynamics, and limitations on the reduction of international pollution levels within the
wider carbon emissions debate, by incorporating technology as an endogenous
variable when implementing new policies. In doing so, this provides a more realistic
and suitable measure of the effect and role of technology within a broader trans-
boundary carbon pollution problem.

In this analysis, we propose a trans-boundary emission control model under an
international emissions trading permit market, when the sum of pollution flow
emitted by two countries is limited by the number of issued permits. In each country,
the pollution industry is competitive and government subsidies serve to enhance the
innovation process in pollution abatement technology and analyze optimal strategies
under a Stochastic linear quadratic differential game (SDG) paradigm. Adopting such
cleaner technologies within a carbon trading market framework that considers trans-
boundary pollution emissions will encourage firm’s to undertake research and
development (R&D) measures to develop cleaner technologies and promote
international carbon permit trading rather than simply reducing production output.
In this study, we draw upon Yeung (2007) by considering a trans-boundary industrial
pollution with emission permit trading, when the dynamics of each country’s
endogenous technology is governed by a stochastic differential equation (SDE). We
assume that the output of each county’s domestic consumption good production is
proportional to the level of pollution emissions, with pollutant remittance from
production processes adding to existing pollution, common to both countries (stock
externality). As a result, consumers derive positive utility from consuming goods and
costs from current pollution stocks, consequently requiring countries to take
measures to decrease pollution levels. However, the level of pollution can be
controlled through the production process or undertaking necessary R&D measures
to improve the efficiency of CCS and technology.

Therefore, the aim of this paper is to analyze how investments, emission strategies
and net revenues of both countries influence the introduction of a cooperative
implementation mechanism in a dynamic context. The choice to incorporate
technology as an endogenous variable within our model presents numerous policy
implications, whilst making the following contributions to existing game theory/
energy economic literature:
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1. Governments can determine the appropriate level of subsidy required for the
development of pollution lowering technologies and advance collaborative
measures to meet global emissions reduction targets.

2. Policymakers should continue encouraging industry to utilize carbon capture and
storage technologies, whilst emphasizing that efforts to coordinate emissions
control should be pursued jointly because of its mutual benefit to government
and industry.

3. Governments should promote firm’s R&D measures to improve pollution
lowering technology.

As a result of our stochastic game theory analysis, we also contribute to the existing
literature:

1. A strategic interaction between endogenous stochastic carbon capture utilization
and storage technology within a trans-boundary industrial pollution problem with
random interference factors and emissions permits. These random interference
factors capture uncertain external environment factors and the internal limitations
of the decision maker.

2. Via the optimal control theory, we obtain a closed-loop (Markov perfect) Nash
equilibrium to obtain the optimal emission paths when each country’s discounted
stream of net revenue is maximized.

3. By articulating the Nash non-cooperative and cooperative games, we define the
two equilibria via a feedback control strategy. We show that under the feedback
strategies, the inefficiency of the non-cooperative equilibrium over the cooper-
ative equilibrium is increased.

4. We prove the stability of the cooperation via a pareto optional solution.
5. Additionally, a government subsidy incentive is proposed to examine the

collaboration required to integrate low carbon technologies and consequently
increase each country’s net revenue. As a result, the variance improvement
degree of the cooperative game equilibria dominate the non-copperative
equilibra.

In Sect. 2, the proposed model is outlined. In Sect. 3, by implementing a non-
cooperative game, we examine the feedback non-cooperative Nash equilibria,
optimal emission path and limit of expectation and variance. In Sect. 4 by
implementing a cooperative game, we examine the feedback cooperative Nash
equilibria and limit of expectation and variance under shared technology. In Sect. 5,
we simulate the results discussed in Sect. 4. Section 6 concludes the study. Appendix
1 and 2 contain proofs.

2 Model

2.1 Definition of Model Parameters

For the completeness of this analysis see Table 1 for the description of the model
parameters.
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2.2 Basic Model

Time is measured continuously and extends from 0 to þ1. The state of the system at
time t is denoted by KðtÞ 2 R, PðtÞ 2 R:We indexed two neighboring countries such
that h ¼ i; j. Each country produces one domestic consumption good QhðtÞ with a set
of fixed endowment factors using a heterogeneous time-variant carbon capture
utilization and storage technology K(t). Consumers are homogeneous within each
country and heterogeneous across countries. Production of consumption goods QhðtÞ
subject to K(t) results in an amount of emissions, EhðtÞ. Assuming that the output of
each county’s domestic consumption good production is proportional to the level of
pollutant emissions, we define the emission-consumption trade-off function accord-
ing to Yeung (2007), Li (2014), Perera (2020) as:

QhðtÞ ¼ KðtÞ EhðtÞð Þ; ð1Þ
where the dynamics of each country’s carbon capture utilization and storage tech-
nology K(t) is governed by the differential equation (DE):

dKðtÞ ¼ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � nKðtÞ� �
dt þ qðKÞdkW ðtÞ

Kð0Þ ¼ K0 [ 0
ð2Þ

where n 2 0; 1ð � is the attenuation coefficient of technology and #hðtÞ[ 0 denotes
the effect of each country’s homogeneous technology towards EhðtÞ. WkðtÞ is a
standard Brownian motion and qðKÞ denotes a random interference factor on tech-
nology used by country’s i and j at time t. The total payoff for producing con-
sumption good QhðtÞ in country h less than any flow damages is defined as

ph KðtÞð Þ ¼ #hðtÞEhðtÞ þ ch þ khð ÞKðtÞ; ð3Þ

Table 1 Description of model parameters

QhðtÞ[ 0 Each country’s consumption good

EhðtÞ[ 0 Each country’s level of carbon emissions

KðtÞ[ 0 Each country’s CCS and technology

#hðtÞ[ 0 Effect of each country’s homogeneous CCS and technology

n 2 0; 1ð � Attenuation coefficient of CCS and technology

ch 2 0; 1ð � Innovation influence coefficient of CCS and technology

kh 2 0; 1ð � Government subsidy coefficient on CCS and technology

0\bh � 1 Cost coefficient parameters associated with technology improvements

q Kð Þ Random interference factor on CCUST used by country i and j, at time t

Ah [ 0 Constant representing technology influence level

Ehð0Þ[ 0 Initial emission permits of country h, allocated via thegrandfather principle

� hðtÞ Quantity of emission permits bought or sold at time t, for a price dðtÞ
hh Relative importance of environmental damage to each country on its revenue

dðtÞ Market permit price

0\m\1 Environment self-clearing capacity
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where ch 2 0; 1ð � is the innovation influence coefficient of technology and kh 2 0; 1ð �
is the government subsidy coefficient for improvements on carbon capture utilization
and storage technologies under collaborative innovation, see Perera (2020).

Remark 1 Subsidies play an important role in the renewable energy (RE) industry.
In an effort to reach the ambitious targets of the EUs Strategic Energy Technology
Plan (SET–Plan), EU member states have implemented support mechanisms of
various forms (e.g., price mechanisms, such as a carbon tax or permit trading
schemes) intended to encourage and accelerate the adoption of RE technologies.

Production of QhðtÞ results in a level of net surplus (consumer surplus plus profit),
less than any flow damages. We define production revenue of region h

Ph KðtÞð Þ ¼ #hðtÞEhðtÞ þ ch þ khð ÞKðtÞ � 1

2
bhE2

hðtÞ; ð4Þ

where 0\bh � 1 is the cost coefficient parameter associated with each country’s
EhðtÞ 2 0; #h½ �:

Let Ehð0Þ[ 0 be the initial emission permit of country h, which was allocated by
grandfather principle, � hðtÞ be the quantity of emission permits bought or sold at
time t for a price dðtÞ, which is determined by the permit market equilibrium
conditions. Then the quantity of emission permits bought or sold by country h (where
h ¼ i; j ) is

� hðtÞ ¼ EhðtÞ � Ehð0Þ; ð5Þ
for further details see Yeung (2007), Li (2014). The level of purchased or sold
emission permits in each country is reflected as an upper bound for the environmental
standards. On the other hand, it can be interpreted as a pollution tax (extra cost or
revenue). It is now widely agreed among economists and regulatory authorities that
tradable emission permits can be a cost-effective strategy for controlling environ-
mental pollutants.

Remark 2 Under an emission trading program the regulatory authority issues a
certain number of emission permits for each country, who subsequently can only
legally emit the level of emissions accounted for by the number of emission permits
it holds. Each country can then buy and sell these emission permits with one another
creating a market for emission permit tradings. Each country can also reallocate these
emission permits among different emission sources within itself.

Then country h0s industrial net revenue with emission permits trading at time t can
be express as:

Ph KðtÞð Þ ¼ #hðtÞEhðtÞ þ ch þ khð ÞKðtÞ � 1

2
bhE2

hðtÞ � dðtÞ EhðtÞ � Ehð0Þð Þ

¼ #h � dðtÞð ÞEhðtÞ � 1

2
bhE2

hðtÞ þ dðtÞEhð0Þ þ ch þ khð ÞKðtÞ:
ð6Þ

The amount of pollutants emitted for both countries at time t PðtÞf gt� 0 and is
driven by the following diffusion process
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dPðtÞ ¼ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � mPðtÞ� �
dt þ rðPÞdWpðtÞ; Pð0Þ ¼ P0; ð7Þ

where 0\m\1 denotes the environment self-clearing capacity, WpðtÞ is a standard
Brownian motion and r PðtÞð Þ a random interference factor on the pollution stock by
country i and j at time t . We define the emission pollution damage agonized by
country h at time t ChðtÞ such that

ChðtÞ ¼ 1þ hhð ÞPðtÞ; ð8Þ
where hh [ 0 denotes a relative loading factor capturing the damage parameter for
each country. Furthermore, each country’s regulatory authority can be interpreted as
the relative loading factor when setting pollution taxes or demand compensations.
These differences could be due to differences in environmental damages from the
flow of emissions and the stock of pollution or abatement costs, (List et al., 2001).
Then the problem of country h is as follows:

Jh PðtÞ;KðtÞð Þ ¼ max
EhðtÞ� 0

Z þ1

0
exp �rhtð Þ #hðtÞ � dðtÞð ÞEhðtÞ � 1

2
bhE2

hðtÞ
�

þdðtÞEhð0Þ þ ch þ khð ÞKðtÞ � 1þ hhð ÞPðtÞ�dt:

s:t
dPðtÞ ¼ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � mPðtÞ� �

dt þ rðPÞdWpðtÞ
Pð0Þ ¼ P0; PðtÞ� 0;

�

s:t
dKðtÞ ¼ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � nKðtÞ� �

dt þ rðKÞdWkðtÞ
Kð0Þ ¼ K0 [ 0;

�
ð9Þ

where rh is each country’s risk-free rates and Jh PðtÞ;KðtÞð Þ is the net revenue of
country h.

3 Solution to a Non-cooperative Game

In game theory, a non-cooperative game is one in which players make decisions
independently and any cooperation must be self-enforcing. Hence, regions h0s and
optimization problem can be written as follows:

Ji PðtÞ;KðtÞð Þ ¼ max
EiðtÞ� 0

Z þ1

0
exp �ritð Þ #iðtÞ � dðtÞð ÞEiðtÞ � 1

2
biE2

i ðtÞ
�

þdðtÞEið0Þ þ ci þ kið ÞKðtÞ � 1þ hið ÞPðtÞ�dt:
ð10Þ
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s:t
dPðtÞ¼ #iðtÞEiðtÞþ#jðtÞEjðtÞ�mPðtÞ� �

dtþrðPðtÞÞdWpðtÞ
Pð0Þ¼P0; PðtÞ�0;

�

s:t
dKðtÞ¼ #iðtÞEiðtÞþ#jðtÞEjðtÞ�nKðtÞ� �

dtþqðKÞdkW ðtÞ
Kð0Þ¼K0[0:

�

Jj PðtÞ;KðtÞð Þ¼ max
EjðtÞ�0

Z þ1

0
exp �rjt
� �

#jðtÞ�dðtÞ� �
EjðtÞ�1

2
bjE2

j ðtÞ
�

þdðtÞEjð0Þþ cjþkj
� �

KðtÞ� 1þhj
� �

PðtÞ�dt:
s:t

dPðtÞ¼ #iðtÞEiðtÞþ#jðtÞEjðtÞ�mPðtÞ� �
dtþrðPðtÞÞdW ðtÞ

Pð0Þ¼P0; PðtÞ�0;

�

s:t
dKðtÞ¼ #iðtÞþ#jðtÞEjðtÞ�nKðtÞ� �

dtþqðKÞdkW ðtÞ
Kð0Þ¼K0[0:

�
ð11Þ

The models illustrated by Eqs. (10) and (11) are the optimal control problems with pure
state variable constraints. The control variable of the model is the emission level EhðtÞ
and the state variables are the pollution stock level P(t) and technology K(t). Our
objective is to find the optimal path of EhðtÞ such that Jh EhðtÞð Þ is maximized h¼ i;j:

We define the value functions in regions i and j as ViðP;KÞ and VjðP;KÞ;
respectively. Then the HJB equations for the maximization problem faced at time t are:

riVi P;Kð Þ ¼ max
EiðtÞ

#iðtÞ � dðtÞð ÞEiðtÞ � 1

2
biE2

i ðtÞ þ dðtÞEið0Þ þ ci þ kið ÞKðtÞ
��

� 1þ hið ÞPðtÞ�dt þ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � mPðtÞ� � oViðP;KÞ
oP

þ 1

2
r2ðPðtÞÞ o

2ViðP;KÞ
oP2

þ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � nKðtÞ� � oViðP;KÞ
oK

þ 1

2
q2 KðtÞð Þ o

2Vi P;Kð Þ
oK2

þ2r ðPðtÞð Þq KðtÞð Þ oV
2
i ðP;KÞ
oKoP

�
;

ð12Þ

rjVj P;Kð Þ ¼ max
EjðtÞ

#jðtÞ � dðtÞ� �
EjðtÞ � 1

2
b jE2

j ðtÞ þ dðtÞEjð0Þ þ cj þ kj
� �

KðtÞ
��

� 1þ hj
� �

PðtÞ�dt þ #jEjðtÞ þ #iEiðtÞ � mPðtÞ� � oVjðP;KÞ
oP

þ 1

2
r2ðPðtÞÞ o

2VjðP;KÞ
oP2

þ #jðtÞEjðtÞ þ #iðtÞEiðtÞ � nKðtÞ� � oVjðP;KÞ
oK

þ 1

2
q2 KðtÞð Þ o

2Vj P;Kð Þ
oK2

þ 2r ðPðtÞð Þq KðtÞð Þ oV
2
j ðP;KÞ
oKoP

)
:

ð13Þ
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Next we propose a specific discussion on deriving a continuously differentiable
solution to HJB Eqs. (10) and (11).

Theorem 1 Assume that continuously differentiable solutions to HJB Eqs. (10) and
(11) are obtained by

ViðP;KÞ ¼ c1iP
2 þ c2iP þ c3iK

2 þ c4iK þ c5iPK þ c6i;

VjðP;KÞ ¼ c1jP
2 þ c2jP þ c3jK

2 þ c4jK þ c5jPK þ c6j;

when both countries participate in a non-cooperative game. The optimal Nash

equilibrium emission strategies E�
iN ;E

�
jN

	 

are expressed as:

E�
iN P;Kð Þ ¼ #i

bi
c2i þ c4i þ 1� d

#i

� �� �
þ 2c1i þ c5ið ÞP þ c5i þ 2c3ið ÞK

� 
;

E�
jN P;Kð Þ ¼ #j

b j c2j þ c4j þ 1� d
#j

� �� �
þ 2c1j þ c5j
� �

P þ c5j þ 2c3j
� �

K

� 
;

and the market clearing non-cooperative Nash equilibrium price for an emission
permit is:

d�N P;Kð Þ ¼ 1

b j � bi
� � b j#i c2i þ c4i þ 1ð Þ � bi#j c2j þ c4j þ 1

� ��
þ b j#i 2c1i þ c5ið Þ � bi#j 2c1j þ c5j

� �� �
P

þ b j#i c5i þ 2c3ið Þ � bi#j c5j þ 2c3j
� �� �

K
�
:

Proof Via the first-order condition to Eqs. (12) and (13), we identify the optimal
emission levels ðE�

i ;E
�
j Þ as:

E�
i ðtÞ ¼ #iðtÞ

bi
1� dðtÞ

#iðtÞ
� �

þ oViðP;KÞ
oP

þ oViðP;KÞ
oK

� �
;

E�
j ðtÞ ¼ #jðtÞ

b j 1� dðtÞ
#jðtÞ

� �
þ oVjðP;KÞ

oP
þ oVjðP;KÞ

oK

� �
:

8>>><
>>>:

Substituting these E�
i ðtÞ;E�

j ðtÞ
	 


values and assuming Eqs. (14) and (15) are solu-

tions to Eqs. (12) and (13), respectively

ViN ðP;KÞ ¼ c1iP
2 þ c2iP þ c3iK

2 þ c4iK þ c5iKP þ c6i; ð14Þ

VjN ðP;KÞ ¼ c1jP
2 þ c2jP þ c3jK

2 þ c4jK þ c5jKP þ c6j; ð15Þ
we obtain
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ri c1iP
2þc2iPþc3iK

2þc4iKþc5iKPþc6i
� �¼ #i�dð ÞEi�1

2
biE2

i

þdEið0Þþ ciþkið ÞK� 1þhið ÞP
þ #iEiþ#jEj�mP
� �

2c1iPþc2iþc5iK½ �
þ #iEiþ#jEj�nK
� �

2c3iKþc4iþc5iP½ �
þc1ir

2ðPÞ;
ð16Þ

rj c1jP
2þc2jPþc3jK

2þc4jKþc5jKPþc6j
� �¼ #j�d

� �
Ej�1

2
bjE2

j

þdEjð0Þþ cjþkj
� �

K� 1þhj
� �

P

þ #jEjþ#iEi�mP
� �

2c1jPþc2jþc5jK
� �

þ #jEjðtÞþ#iEi�nK
� �

c3jKþc4jþc5jP
� �

þc1jr
2ðPÞ;

ð17Þ
we obtain

E�
iN P;Kð Þ ¼ #i

bi
c2i þ c4i þ 1� d

#i

� �
þ 2c1i þ c5ið ÞP þ c5i þ 2c3ið ÞK

� 
; ð18Þ

E�
jN P;Kð Þ ¼ #j

b j c2j þ c
4j
þ 1� d

#i

� �
þ 2c1j þ c5j
� �

P þ c5j þ 2c3j
� �

K

� 
; ð19Þ

where c1i; c2i; c3i; c4i; c5i; c6i c1j; c2j; c3j; c4j; c5j and c6j are undetermined parameters
and given in Appendix 1.

Finally, by setting E�
iN ðtÞ ¼ E�

jN ðtÞ and simplifying, we obtain d. This completes

the proof. □

Lemma 1 Both countries value functions are inversely proportional to the pollutant

stock, and carbon lowering technology, that is oVhN
oP \0; oVhN

oK \0; h ¼ i; j and
proportional to the initial emission permit.

Proof From Eqs. (14) and (15), we have
oViN ðP;KÞ

oP
¼ 2c1iP þ c2i þ c5iK\0;

oViN ðP;KÞ
oK

¼ 2c3iK þ c4i þ c5iP\0;

and
oViN ðP;KÞ
oEið0Þ ¼ dðtÞ[ 0;

oVjN ðP;KÞ
oP

¼ 2c1jP þ c2j þ c5jK\0;
oVjN ðP;KÞ

oK
¼ 2c3jK þ c4j þ c5jP\0;

and
oViN ðP;KÞ
oEjð0Þ ¼ dðtÞ[ 0;

due to c1i; c1j; c2i; c2j; c3i; c3j; c4i; c4j; c5i; c5j: □
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Proposition 1 When #i

bi
#i � dð Þ[ dEið0Þ, country i will purchase emissions permits

and #i

bi
#i � dð Þ\dEið0Þ will sell emission permits. Similarly, country j

#j

b j #j � d
� �

[ dEjð0Þ will purchase emissions permits and #j

b j #j � d
� �

\dEjð0Þ will

sell emission permits.

Proof Inserting the optimal values given by Eqs. (18) and (19) into Eq. (6), and
simplifying, we obtain the results.

Proposition 2 Optimal emission purchasing prices d, that maximizes country h0s
industrial net revenue at time t is given for country h :

d ¼ #i � biEið0Þ;
d ¼ #j � b jEjð0Þ:

Proof Using the above Proposition, setting
oPiN E�

i ðtÞð Þ
od ¼ 0 and

oPjN E�
j ðtÞð Þ

od ¼ 0, we
obtain the results. □

Remark 3 Furthermore, country h0s industrial net revenue functions with emission

permits are convex functions such that
o2PiN E�

i ðtÞð Þ
od2

¼ 1
bi
[ 0, and

o2PjN E�
i ðtÞð Þ

od2
¼ 1

b j [ 0. Lemma 1 and Proposition 1 shows that the initial allocation

of emission permits affect the revenue of the country. If country h obtains larger
number of initial emission permits then its revenue increases monotonically with
increasing permit prices.

On the other hand, if country h obtains a small number of initial emission permits
then its revenue decreases monotonically with increasing permit prices. Both
country’s react for the worst-case scenario by adopting an emission strategy E�

iN and
E�
jN given under Theorem 1.

Now, let country i be the leader. Then the equilibrium strategy of the leader
satisfies the following HJB equation subject to Eq. (9) as:

ri c1iP
2þc2iPþc3iK

2þc4iKþc5iPKþc6i
� �¼ #i�dð ÞEi�1

2
biE2

i

þdEið0Þþ ciþkið ÞK� 1þhið ÞP
þ #iEiþ#jEj�mP
� �

2c1iPþc2iþc5iK½ �
þ #iEiþ#jEj�nK
� �

2c3iKþc4iþc5iP½ �
þc3iq

2ðKÞþc1ir
2ðPÞþ2rðPÞqðKÞc5i:

ð20Þ

The maximization of the right-hand side of Eq. (20) yields the same result as the
maximization of the right-hand side of Eq. (16). This coincide occurs because the
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reaction functions (18) and (19) are independent of the control variable of the other
player (country). Obviously, this result doesn’t depend on the symmetry assumption.

Lemma 2 In our continuous-time differential game paradigm the Stackelberg
equilibrium will not coincide with the non-cooperative Nash equilibrium. This occurs
as the reaction functions (18) and (19) are dependent of the control variable of the
other player. Since in this setting both equilibrium coincide, the first mover
advantage will disappear.

Theorem 2 The limit of expectation E P�
CðtÞ

� �
and variance E P�

CðtÞ
� �

in a non-
cooperative game feedback equilibrium satisfy

E P�
N ðtÞ:t�0

� �¼ B1þB2ð Þ
vN

þexp �vN tð Þ P0� B1þB2ð Þ
vN

� �
; lim
t!1E P�

N ðtÞ
� �¼ B1þB̂2

� �
vN

;

D P�
N ðtÞ:t�0

� �¼r2ðPÞ
2v2N

B1þB2ð Þ�2 B1þB2�vNP0ð Þexp �vN tð Þ½ ;

þ2 B1þB2�2vNP0ð Þexp �2vN tð Þ�

lim
t!1D P�

N ðtÞ
� �¼r2 B1þB̂2

� �
2v2N

:

Furthermore, P�
N ðtÞ:t�0

� �
has a stationary distribution of NN

B1þB̂2ð Þ
vN

;
r2 B1þB̂2ð Þ

2v2N

� �
and the expected value and variance of the worst-case pollution levels are decreasing
in d.

Proof At optimality the dynamics of the worst-case pollution process P�
N can be

given by the following (SDE):

dP�
N ¼ #2

i

bi
c2i þ c4i þ 1� d

#i

� �� �
þ #2

j

b j c2j þ c4j þ 1� d
#j

� �� �"

þ #2
i

bi
c5i þ 2c3ið Þ þ #2

j

b j c5j þ 2c3j
� � !

K�
N

� m� #2
i

bi
2c1i þ c5ið Þ þ #2

j

b j 2c1j þ c5j
� � ! !

P�
N

#
dt

þ rðPÞdW ðtÞ:
Then the expected value E P�

N ðtÞ : t � 0
� �

of the above SDE can be defined as:
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E dP�
N

� � ¼ #2
i

bi
c2i þ c4i þ 1� d

#i

� �� �
þ #2

j

b j c2j þ c4j þ 1� d
#j

� �� �"

þ #2
i

bi
c5i þ 2c3ið Þ þ #2

j

b j c5j þ 2c3j
� � !

E K�
N

� �

� m� #2
i

bi
2c1i þ c5ið Þ þ #2

j

b j 2c1j þ c5j
� � ! !

E P�
N

� �#
dt

þ rðPÞdW ðtÞ:

ð21Þ

The limit of expectations on technology E K�
N ðtÞ : t� 0

� �
using Eq. (2), we obtain

E dK�
N ðtÞ

� � ¼ #2
i

bi
c2i þ c4i þ 1� d

#i

� �� �
þ #2

j

b j c2j þ c4j þ 1� d
#j

� �� �"

þ #2
i

bi
c5i þ 2c3ið Þ þ #2

j

b j c5j þ 2c3j
� �� n

 !
E K�

N

� �

þ #2
i

bi
2c1i þ c5ið Þ þ #2

j

b j 2c1j þ c5j
� � ! !

E P�
N

� �#
:

Since, c5i\0,c3i\0 and Kð0Þ ¼ K0, E K�
N ðtÞ : t � 0

� �
will imply that

E K�
N ðtÞ

� � ¼ A1

uN
þ exp �uN tð Þ K0 � A1

uN
� A2

uN
E P�

N

� �� �
;

and lim
t!1E K�

N ðtÞ
� � ¼ A1

uN
; where

A1 ¼ #2
i

bi
c2i þ c4i þ 1� d

#i

� �� �
þ #2

j

b j c2j þ c4j þ 1� d
#j

� �� �
;

A2 ¼ #2
i

bi
2c1i þ c5ið Þ þ #2

j

b j 2c1j þ c5j
� � !

:

uN ¼ � n� #2
i

bi
c5i þ 2c3ið Þ � #2

j

b j c5j þ 2c3j
� � !

:

We rewrite Eq. (21) as a non-homogeneous linear differential equation:

dEðP�
N ðtÞÞ ¼ B1 þ B2ð ÞE P�

N

� �� vNE P�
N

� �� �
dt

PN ð0Þ ¼ PN ð0Þ;

�
ð22Þ

where
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B1 ¼ #2
i

bi
c2i þ c4i þ 1� d

#i

� �� �
þ #2

j

b j c2j þ c4j þ 1� d
#j

� �� �
;

B2 ¼ #2
i

bi
c5i þ 2c3ið Þ þ #2

j

b j c5j þ 2c3j
� � !

A1

uN
þ exp �uN tð Þ K0 � A1

nN

� �� �
;

vN ¼ m� #2
i

bi
2c1i þ c5ið Þ þ #2

j

b j 2c1j þ c5j
� � !

� exp �uN tð Þ A2

uN

 !
:

Applying Itø’s formula to Eq. (21), we derive the expectation value E P�
N

� �2
dðP�

N ðtÞÞ2 ¼ 2 B1 þ B2ð Þ þ r2ðPÞð ÞP�
N � 2vNE P�

N

� �2h i
dt þ 2P�

NrðPÞdW ðtÞ
PN ð0Þð Þ2¼ PN ð0Þð Þ2:

8<
:

Therefore E P�
N

� �
and E P�

N

� �2
satisfy the following set of non-homogeneous linear

differential equations:

dEðP�
N ðtÞÞ ¼ B1 þ B2ð ÞE P�

N

� �� vNE P�
N

� �� �
dt

PN ð0Þ ¼ PN ð0Þ;

�

dEðP�
N ðtÞÞ2 ¼ 2 B1 þ B2ð Þ þ r2ðPÞð ÞE P�

N

� �� 2vNE P�
N

� �2h i
dt

PN ð0Þð Þ2¼ PN ð0Þð Þ2:

8<
:

Solving the above non-homogeneous liner differential equations leads to

E P�
N ðtÞ : t� 0

� � ¼ B1 þ B2ð Þ
vN

þ exp �vN tð Þ P0 � B1 þ B2ð Þ
vN

� �
;

and lim
t!1E P�

N ðtÞ
� � ¼ B1þB̂2ð Þ

vN
;where

B̂2 ¼ #2
i

bi
c5i þ 2c3ið Þ þ #2

j

b j c5j þ 2c3j
� � !

A1

uN

� �
:

Finally we obtain the variance as

D P�
N ðtÞ : t� 0

� � ¼ r2ðPÞ
2v2N

B1 þ B2ð Þ � 2 B1 þ B2 � vNP0ð Þ exp �vN tð Þ½

þ2 B1 þ B2 � 2vNP0ð Þ exp �2vN tð Þ�;

and lim
t!1D P�

N ðtÞ
� � ¼ r2ðPÞ B1þB̂2ð Þ

2v2N
: □
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4 Solution to a Cooperative Game

In this section we claim that at any time both countries satisfy individual rationality
and group rationality in-order to implement a cooperate pollution control strategy.
Cooperation will cease if any country deviates at any time within the game horizon.
Let us assume that the discount rate for both countries are the same r ¼ ri ¼ rj. To
secure group optimality, the participating countries would seek to maximize their
joint expected payoff by solving the following stochastic control problem.

J P;Kð Þ ¼ max
EiðtÞ� 0;EjðtÞ� 0

Z þ1

0
exp �rtð Þ #iðtÞ � dðtÞð ÞEiðtÞ þ #jðtÞ � dðtÞ� �

EjðtÞ
��

� 1

2
biE2

i ðtÞ þ b jE2
j ðtÞ

	 

þ dðtÞ Eið0Þ þ Ejð0Þ

� �þ ci þ cj þ ki þ kj
� �

KðtÞ
� 1þ ðhi þ hjÞ
� �

PðtÞ�dt
þ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � mPðtÞ� � oVCðP;KÞ

oP
þ 1

2
r2ðPðtÞÞ o

2VCðP;KÞ
oP2

þ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � nKðtÞ� � oVCðP;KÞ
oK

þ q2ðKðtÞÞ o
2VCðP;KÞ
oK2

þ 4rðPðtÞÞqðKðtÞÞ o
2VC P;Kð Þ
oPoK

�
;

s:t
dPðtÞ ¼ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � mPðtÞ� �

dt þ rðPðtÞÞdW ðtÞ
Pð0Þ ¼ P0; PðtÞ� 0;

�

s:t
dKðtÞ ¼ #iðtÞEiðtÞ þ #jðtÞEjðtÞ � nKðtÞ� �

dt þ qðKðtÞÞdWkðtÞ
Kð0Þ ¼ K0 [ 0:

�
ð23Þ

Theorem 3 Assume that a continuously differentiable solution to HJB Eq. (23) is
obtained by

VCðP;KÞ ¼ /1P
2 þ /2P þ /3K

2 þ /4K þ /5PK þ /6: ð24Þ
If both countries participate in a cooperative game, the optimal Nash equilibrium

emission strategies E�
iCN ðtÞ;E�

jCN ðtÞ
	 


are expressed as:

E�
iCN P;Kð Þ ¼ #i

bi
1� d

#i

� �
þ /2 þ /4

� �
þ 2/1 þ /5ð ÞP þ 2/3 þ /5ð ÞK

� 
;

E�
jCN P;Kð Þ ¼ #j

b j 1� d
#j

� �
þ /2 þ /4

� �
þ 2/1 þ /5ð ÞP þ 2/3 þ /5ð ÞK

� 
;

and the market clearing cooperative Nash equilibrium price for emission permit is:
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d�CN P;Kð Þ ¼ 1

bi#j � bi#i

� � b j#i � bi#j

� �
/4 þ b j#i � bi#j

� �
/2

�
þ b j#2

i � bi#2
j

	 

þ b j#i � bi#j

� �
/5 þ 2b j#i � 2bi#j

� �
/1

� �
P

þ b j#i � bi#j

� �
/5 þ 2b j#i � 2bi#j

� �
/3

� �
K
�
:

Proof Via the first-order conditions, we identify the optimal emission levels
ðE�

i ðtÞ;E�
j ðtÞÞ associated with Eq. (23) as:

E�
i ðtÞ ¼ #i

bi
#iðtÞ � dðtÞð Þ þ oViðP;KÞ

oP
þ #i

oViðP;KÞ
oK

� �
;

E�
j ðtÞ ¼ #j

b j #jðtÞ � dðtÞ� �þ oVjðP;KÞ
oP

þ #j
oVjðP;KÞ

oK

� �
:

8>>><
>>>:

Inserting optimal values back into Eq. (23) and assuming Eq. (24) is a solution to
Eq. (23), we obtain

r /1P
2 þ /2P þ /3K

2 þ /4K þ /5PK þ /6

� �
¼ #i � dð ÞEi þ #j � d

� �
Ej � 1

2
biE2

i þ b jE2
j

	 
�
þ d Eið0Þ þ Ejð0Þ
� �þ ci þ cj þ ki þ kj

� �
K

� 1þ hi þ hj
� �

P
�þ #iEi þ #jEj � mP

� �
� 2/1P þ /2 þ /5Kð Þ½ �
þ /1r

2ðPÞ þ #iEi þ #jðtÞEj � nK
� �

� 2/3K þ /4 þ /5Pð Þ
þ 2q2ðKÞ/3 þ 4rðPÞqðKÞ/5:

ð25Þ

Via the first order conditions of Eq. (25), we also obtain

E�
iCN P;Kð Þ ¼ #i

bi
1� d

#i

� �
þ /2 þ /4

� �
þ 2/1 þ /5ð ÞP þ 2/3 þ /5ð ÞK

� 
:

ð26Þ

E�
jCN P;Kð Þ ¼ #j

b j 1� d
#j

� �
þ /2 þ /4

� �
þ 2/1 þ /5ð ÞP þ 2/3 þ /5ð ÞK

� 
:

ð27Þ
where /1;/2;/3;/4; /5 and /6 are undetermined parameters and given in
Appendix 2.

Finally, by setting E�
CN ðtÞ ¼ E�

CN ðtÞ and simplifying we obtain d. This completes
the proof. □
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Lemma 3 The difference between both country’s optimal emission under a
cooperative game strategy is equal to the difference between each country’s utility
parameter such that

E�
iCN � E�

jCN ¼ #i

bi
1� d

#i

� �
� #j

b j 1� d
#j

� �
:

Theorem 4 The limit of expectation E P�
CðtÞ

� �
and variance D P�

CðtÞ
� �

, in a
cooperative game feedback equilibrium satisfies

E P�
CðtÞ:t�0

� �¼ ~B1þ ~B2

� �
vC

þexp �vCtð Þ P0�
~B1þ ~B2

� �
vC

 !
; lim
t!1E P�

CðtÞ
� �¼ ~B1þ �B2

� �
vC

;

D P�
CðtÞ:t�0

� �¼r2ðPÞ
2v2C

~B1þ ~B2

� ��2 ~B1þ ~B2�vCP0

� �
exp �vCtð Þ�

;

þ2 ~B1þ ~B2�2vCP0

� �
exp �2vCtð Þ�;

lim
t!1D P�

CðtÞ
� �¼r2 ~B1þ �B2

� �
2v2C

;

where

~A1¼#2
i

bi
1� d

#i

� �
þ/2þ/4

� �
þ#2

j

b j 1� d
#j

� �
þ/2þ/4

� �
;

~A2¼ #2
i

bi
2/1þ/5ð Þþ#2

j

bj 2/1þ/5ð Þ
 !

;

uC ¼� n�#2
i

bi
2/3þ/5ð Þ�#2

j

b j 2/3þ/5ð Þ
 !

;

~B1¼#2
i

bi
1� d

#i

� �
þ/2þ/4

� �
þ#2

j

b j 1� d
#j

� �
þ/2þ/4

� �
;

~B2¼ #2
i

bi
/5þ2/3ð Þþ#2

j

bj /5þ2/3ð Þ
 !

~A1

uC
þexp �uctð Þ K0�

~A1

uC

� �� �
;

vC ¼ m� #2
i

bi
1� d

#i

� �
þ/2þ/4

� �
þ#2

j

b j 1� d
#j

� �
þ/2þ/4

� � !
�exp �uCtð Þ

~A2

uC

 !
:

�B2¼ #2
i

bi
/5þ2/3ð Þþ#2

j

bj /5þ2/3ð Þ
 !

~A1

uC

� �
:

Furthermore, P�
N ðtÞ : t�0

� �
has a stationary distribution of NC

~B1þ �B2ð Þ
vC

;
r2 ~B1þ �B2ð Þ

2v2C

� �
and the expected value and variance of the worst-case pollution levels are decreasing
in d.
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Proof Applying the analysis of Theorem 2 to Eq. (25), and using the optimal values
given in Eqs. (26) and (27) this can be shown. □

Lemma 4 The variance improvement degree of the cooperative game is different to
the results of the non-cooperative game.

4.1 Individually Rational and Time-Consistent Imputation and Payment
Distribution Mechanism

The dynamic stability of solutions to any cooperative differential game involved the
property that, as the game proceeds along an optimal trajectory, players are guided by
the same optimality principle at each instant of time, and hence do not possess
incentives to deviate from the previously adopted optimal behavior throughout the
game. Hence, the optimality condition is an agreement required to allocate each
country’s cooperative payoffs and individual rationality must be maintained during the
game’s horizon t0;1Þ½ , alongwith the cooperative trajectory. Furthermore, there can be
many Pareto optimal solutions with different payoffs for each player. That is why the
Pareto optimal solution (PO-solution) is also a cooperative solution, because choosing
such a solution requires coordinated player’ behavior and contains the property of
group rationality. Pollution dynamics under a cooperative arrangement is defined as:

dP�
C ¼ #2

i

bi
1� d

#i

� �
þ /2 þ /4

� �
þ #2

j

b j 1� d
#j

� �
þ /2 þ /4

� �"

þ #2
i

bi
2/3 þ /5ð Þ þ #2

j

b j 2/3 þ /5ð Þ
 !

K�
C

� m� #2
i

bi
2/1 þ /5ð Þ � #2

j

b j 2/1 þ /5ð Þ
 !

P�
C

#
dt

þ rðPÞdW ðtÞ;

ð28Þ

and Eq. (28) can be rewritten as:

dP�
C ¼ d1C d2C þ d3CK

�
C � P�

C

� �
dt þ rdW ðtÞ; ð29Þ

where

d1C ¼ � m� #2
i

bi
2/1 þ /5ð Þ � #2

j

b j 2/1 þ /5ð Þ
" #

;

d2C ¼ 1

d1C

#2
i

bi
1� d

#i

� �
þ /2 þ /4

� �
þ #2

j

b j 1� d
#j

� �
þ /2 þ /4

� �" #
;

d3C ¼ 1

d1C

#2
i

bi
2/3 þ /5ð Þ þ #2

j

b j 2/3 þ /5ð Þ
" #

:
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Let X �
t denote the set of realized values of P�ðtÞ;K�ðtÞð Þ at time t generated by Eq.

(28), such that P�ðtÞ;K�ðtÞð Þ 2 X �
t . Then for a given s 2 t0;1Þ½ we define a vector

vh P�
t

� � ¼ vi P�
t ;K

�
t

� �
; vj P�

t ;K
�
t

� �� �
as the solution imputation (the payoff under

cooperation), over the period s;1Þ½ to country h. Individual rationality along the
cooperative trajectory requires

vsh s;P�
s ;K

�
s

� ��V s
h s;P�

s ;K
�
s

� �
; for h 2 i; jð Þ; ð30Þ

where V s
h s;P�

s ;K
�
s

� �
denote the payoff to country h under non-cooperation over the

period. Let GðsÞ ¼ GiðsÞ;GjðsÞ
� �

denote the instantaneous payoff of the cooperative

game at time s 2 t0;1Þ½ for the cooperative game pC P�
t0
;K�

t0

	 

.

Proposition 3 An instantaneous payment at time s 2 t0;1Þ½ will be

GlðsÞ ¼ rdl P�
s ;K

�
s

� �� dl
p�s ;k�sð Þ p�s ; k

�
s

� � 2 X �
s

� �
P�
s pðtÞ�f gt� t0

þK�
s kðtÞ�f gt� t0

	 

;

ð31Þ
for p�s ; k

�
s

� � 2 X �
s , and l 2 i; jf g yields a sub-game consistent solution to the coop-

erative game pC x�t0
	 


:

Proof Along the cooperative trajectory PðtÞ�;KðtÞ�f gt� t0
, we define

lh s ; s;P�
s ;K

�
s

� � ¼ vh P�
s ;K

�
s

� � ¼ Z 1

s
GlðsÞ exp �r s� sð Þð Þds

lh s ; t;P�
s ;K

�
s

� � ¼ Z 1

t
GlðsÞ exp �r s� sð Þð Þds;

for t� s: Claiming that the optimal trajectory will remain optimal even if the solution
policy is extended to a delayed commencing time, we obtain

lh s ; t;P�
s ;K

�
s

� � ¼ exp �r t � sð Þð Þ
Z 1

t
GlðsÞ exp �r s� tð Þð Þds

¼ exp �r t � sð Þð Þlh t; t;P�
s ;K

�
s

� �
:

ð32Þ

Hence, Eq. (31) guarantees time consistency of the solution imputations. Since,
ln t; t; x�t
� �

is continuously differentiable in t and P�
t ;K

�
t

� �
, we obtain

ln s ; t;P�
s ;K

�
s

� �
¼
Z sþDt

s
GlðsÞ exp �r s� sð Þð Þds

þ exp �r Dtð Þð ÞGl sþ Dt ; sþ Dt;P�
s þ DP�

s ;K
�
s þ DK�

s

� �
;

ð33Þ

for s 2 t0; T½ �; l 2 i; jð Þ, where DP�
s ¼ P�

sDt þ o Dtð Þ, DK�
s ¼ K�

sDt þ o Dtð Þ; and as

Dt ! 0, o Dtð Þ
Dt ! 0.

From Eq. (32), we have DP�
s ¼ P�

sþDt, DK
�
s ¼ K�

sDt þ o Dtð Þ. Hence, we have
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ln s ; sþ Dt;P�
sþDt;K

�
sþDt

� � ¼ exp �rDtð Þvh P�
sþDt;K

�
sþDt

� �
¼ exp �rDtð Þln s þ Dt; sþ Dt;P�

sþDt;K
�
sþDt

� �
:

ð34Þ

Therefore Eq. (32) can be expressed as:

ln s ; s;P�
s ;K

�
s

� � ¼ Z sþDt

s
GlðsÞ exp �rðs� sÞð Þds

þ lh s ; sþ Dt;P�
sþDt;K

�
sþDt

� �
;

ð35Þ

and Eq. (34) implies thatZ sþDt

s
GlðsÞ exp �rðs� sÞð Þds ¼ lh s ; s;P�

s ;K
�
s

� �� lh s ; sþ Dt;P�
sþDt;K

�
sþDt

� �
:

ð36Þ
When Dt ! 0, Eq. (35) can be expressed as

GlðsÞDt ¼ � lh s ; t;P�
t ;K

�
t

� � jt¼s
� �

Dt

� lh s ; t;P�
t ;K

�
t

� � jt¼s
� �

P�
sDt þ K�

sDt
� �� 2oDt:

ð37Þ

Dividing Eq. (35) throughout by Dt, with Dt ! 0, we have

GlðsÞ ¼ � lh s ; t;P�
t ;K

�
t

� � jt¼s
� �� lh s ; t;P�

t ;K
�
t

� � jt¼s
� �

P�
s þ K�

s

� �
: ð38Þ

Applying Eq. (31), we obtain lh s ; t;P�
t ;K

�
t

� � ¼ exp �rðt � sÞð Þvh P�
s ;K

�
s

� �
; and

lh s ; t;P�
t ;K

�
t

� � ¼ vh P�
s ;K

�
s

� �
. Then Eq. (37) can be converted to Eq. (30). □

Proposition 4 The specific payment imputation in the game pC P0;K0ð Þ; at time
t ¼ 0ð Þ, can be given by

NVi P;Kð Þ ¼ 1

2
/1P

2 þ /2P þ /3K
2 þ /4K þ /5PK þ /6

�
þ c1iP

2 þ c2iP þ c3iK
2 þ c4iK þ c5iPK þ c6i

� c1jP
2 þ c2jP þ c3jK

2 þ c4jK þ c5jPK þ c6j
�
;

and

NVj P;Kð Þ ¼ 1

2
/1P

2 þ /2P þ /3K
2 þ /4K þ /5PK þ /6

�
þ c1jP

2 þ c2jP þ c3jK
2 þ c4jK þ c5jPK þ c6j

� c1iP
2 þ c2iP þ c3iK

2 þ c4iK þ c5iPK þ c6i
�
:

Proof To consider the time consistent solution under specific principles, we apply
(Yeung and Petrosyan 2008; Yeung 2007) principle of equality to build a payment
distribution mechanism under which both country’s expected gain from cooperation
is shared proportionally to the each country’s relative size of expected non-
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cooperative payoffs. Then the payment imputation in the game pC P0;K0ð Þ at time
t ¼ 0ð Þ and at time s 2 t0;1Þ½ is given as

vh P0;K0ð Þ ¼ VhN P0;K0ð Þ þ 1

2
VC P0;K0ð Þ � ViN P0;K0ð Þ � VjN P0;K0ð Þ� �

:

vh P�
s ;K

�
s

� � ¼ VhN P�
s ;K

�
s

� �þ 1

2
VC P�

s ;K
�
s

� �� ViN P�
s ;K

�
s

� �� VjN P�
s ;K

�
s

� �� �
:

Applying Proposition 3, we obtain an instantaneous payoff of the cooperative game
at time s 2 t0;1Þ½

Gl sð Þ ¼ 1

2
rViN P�

s ;K
�
s

� �� ViN P�
s ;K

�
sð Þ P�

s ;K
�
s

� �
P�
s þ K�

s

� �h i
þ 1

2
rVC P�

s ;K
�
s

� �� VC P�
s ;K

�
sð Þ P�

s ;K
�
s

� �
P�
s þ K�

s

� �h i
� 1

2
rVjN P�

s ;K
�
s

� �� VjN P�
s ;K

�
sð Þ P�

s ;K
�
s

� �
P�
s þ K�

s

� �h i
:

This completes the proof. □

5 Numerical results

5.1 Calibration of the model

In this section, we compare our approach and the optimal strategy discussed in
Sects. 3 and 4 under the game-theoretic paradigm to analyze the quantitative
implications of our model under CCS technology in the context of trans-boundary
industrial pollution. Therefore, the dilemma we face is whether the development of
such technologies will truly alleviate the consequences of failing to reach a global
international agreement over GHG emissions. For example, Australia’s climate
change strategies focus on the role of low emission technologies to underpin the
nation’s long -term emissions reduction. There is increasing support in the current
literature for the view that innovative technology, such as CCS technology could play
a central role in resolving the climate change predicament. Barrett Barrett (2009)
argues that to stabilize carbon concentration at levels capable of preventing an
increase in global temperature by 2 °C will require a technological revolution.
Similarly, Galiana and Green (2009) also suggest that reducing carbon emissions will
require an energy-technology revolution and subsequently induce a “global
technology race”.

We used the following parameter values throughout our analysis for the baseline
scenario and utilized Math-Lab to simulate the trans boundary industrial pollution
between two asymmetric nations in an infinite time horizon. The numerical
simulations are provided to characterize the behavior and establish the stability of the
cooperation by using Pareto optimal solution while assuming that the industrial firm
in one country j ; #j

� �
has more cost/energy efficient carbon capturing and storage

technology than the other, #j [#i, (generally speaking pollution abatement effort
efficiency is higher in developed nations). We show that in a closed-loop (Markov
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perfect) Nash equilibrium, setting the Stackelberg equilibrium will not coincide with
the Nash equilibrium effectively gaining the first mover advantage in a cooperative
game paradigm. This can be interpreted as the outcome of international negotiations,
provided that such negotiations and technological collaborative strategies between
countries are important and its findings are summarized below as propositions.
Furthermore, the role of technological advances and cooperation in the trans-
boundary industrial pollution control debate plays an important role in

1. determining the optimal level of government subsidy on CCS and technology,
2. determining the optimal innovation influence coefficient of cCCS and

technology,
3. determining the cost coefficient parameters associated with technology

improvements.

These concerns are important and will dictate current and future pollution abatement
debates. Having obtained the optimal solution under the cooperative game, we prove
the stability of the game by using Parreto Optimal solution under Table 2 parameters.

Table 2 Model parameter values

#i ¼ 0:07 #j ¼ 0:08 n ¼ 0:035 q ¼ 0:2 ci ¼ 0:04 cj ¼ 0:06

ki ¼ kj ¼ 0 bi ¼ 0:03 b j ¼ 0:01 m ¼ 0:1 r ¼ 0:2 hi ¼ 0:02

hj ¼ 0:03 d ¼ 0:06 ri ¼ 0:01 rj ¼ 0:01 Ei0 ¼ 3 Ej0 ¼ 3:5

Fig. 1 Value function with respect to P
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Proposition 5 In this closed-loop (Markov perfect) Nash equilibrium, setting the
Stackelberg equilibrium will coincide with the Nash equilibrium effectively
eliminating the first mover advantage in a cooperative game paradigm. This can
be interpreted as the outcome of international negotiations, provided that such
negotiations are selected and the importance of technological collaborative
strategies for each country is emphasized. Figures 1 and 2 clearly justify that
technological developments and collaboration would facilitate both economic gain
(via the revenue) and pollution abatement.

By solving this system, under the assumption that both value functions (12) and
(13) are identical, we can find the equilibrium strategies, if, we assume that region j,
could be the leader of this game and examine the game equilibrium strategy.
However, under this strategy, we obtain the same equilibrium strategy as the Nash
equilibrium. Therefore, the coincidence between the two equilibria concepts in the
stochastic differential game does not depend on the asymmetry assumption. This
occurs because the reaction functions given by Theorem 1 are dependent on the
control variable of the other player. This shows that for a class of dynamic differential
games with a state-dependent closed-loop (Markov perfect) the Nash equilibrium
coincide with the Stackelberg equilibrium.

Proposition 6 For the non-cooperative case, if c5h\� 2c1h
uNh

, h ¼ i; j; then E�
hN P;Kð Þ

is decreasing in P. For the cooperative case, if c5h\� 2/h
uCh

, h ¼ i; j;then E�
hC P;Kð Þ is

decreasing in P due to the direct outcome of Theorems 1 and 3. This yields both
negative and positive results. The negative result is that the fully cooperative
outcome, which yields a Pareto-optimal time path for pollution controls, is not

Fig. 2 Value function with respect to K
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attainable without binding agreements, and that there always exists an incentive for
one country to deviate from the agreement; i.e., the cooperative outcome is Pareto-
efficient but not a sustainable equilibrium. The positive result is that if uCh is small
enough and a self-enforcing equilibrium exists, then it indeed approximates the
Pareto-efficient welfare level. We also capture the monotone property with respect to
m, but do not capture such a monotone property with respect to n, highlighting a
diminished return on technology. See Figs. 3, 4, 5, 6, 7, 8, 9 and 10.

Fig. 3 Optimal emission level E�
iN for non-cooperation with different values of m

Fig. 4 Optimal emission level E�
jN for non-cooperation with different values of m

123

Ensuring Mutual Benefit in a Trans-boundary... 115



Proposition 7 The outcome of the game depends on the parameters of the game and
there exists a unique pair of strategies such that the net revenue under the
cooperative game dominates the non-cooperative game subject to m; n; h; r; biand
ki, improving the welfare level of each country. Therefore, the failure of coordination/

Fig. 5 Optimal emission level E�
iN for cooperation with different values of m

Fig. 6 Optimal emission level E�
jN for cooperation with different values of m
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engagement over emissions of trans-boundary pollutants may prevent the interna-
tional community from reaping any benefit from the creation and adoption of a
cleaner technology and may even result in exacerbating the tragedy of the commons.
An increase in the net revenue has two components, the direct effect of which is a
decrease in emissions subject to m; h and n, whilst indirectly motivating each player

Fig. 7 Optimal emission level E�
iN for non-cooperation with different values of n

Fig. 8 Optimal emission level E�
jN for non-cooperation with different values of n
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to commit to improving their carbon capture utilization and storage technologies,
emphasizing that the implementation of such measures control should be pursued
jointly. Consequently, a Pareto-efficient equilibrium steady-state pollution stock can
be supported as a subgame perfect equilibrium. See Figs. 11, 12, 13, 14 and 15.

Fig. 9 Optimal emission level E�
iN for cooperation with different values of n

Fig. 10 Optimal emission level E�
jN for cooperation with different values of n
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Remark 4 Via the Stochastic Linear Quadratic differential game paradigm
mechanism reduces total net emissions, in terms of cooperation and noncooperation
due to technological advantages, thereby improving the atmospheric environment. In
the case of noncooperative games, the carbon emissions used for production will not

Fig. 11 Values function with respect to m

Fig. 12 Optimal emission level with different values of m
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change, and the improvement of the environment will be achieved through the
increase of investment in foreign carbon reduction projects in one country. In the
cooperative game scenario, the amount of carbon emission used for production is

Fig. 13 Values function with respect to r

Fig. 14 Optimal emission level with different values of r
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also reduced. Thus, carbon stocks are reduced more quickly. For example this could
be applicable to EU region and Asia Pacific regions (Fig. 16).

Fig. 15 Values function with respect to hi

Fig. 16 Optimal emission level with different values of hi
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6 Concluding Remarks

In this study we examine the strategic interaction between endogenous stochastic
carbon capture utilization and storage technology and a trans-boundary industrial
pollution problem to ensure mutual benefit for the players. We formulate this
problem via a SDG to obtain a closed-loop (Markov perfect) Nash equilibrium. We
then articulate the non-cooperative and cooperative Nash optimal emission paths
with random interference factors (due to technology) such that each country’s
discounted stream of net revenues is maximized. We then articulate and define the
non-cooperative and cooperative attainable games and equilibria. This shows that for
a class of dynamic differential games with state-dependent closed-loop (Markov
perfect), the Nash equilibrium coincide with the Stackelberg equilibrium. We show
that each country’s optimal emission paths are inversely proportional to the cost
coefficient parameters of each country. Ultimately, our incorporation of endogenous
stochastic technology within this model, provides a more robust model within the
broader trans-boundary industrial pollution literature.

The proposed quantitative framework could potentially assist national policy-
makers to determine the appropriate level of subsidy required for the development of
pollution lowering technologies, whilst advancing collaborative measures to meet
global emission reduction targets. The main policy recommendation is that the efforts
of discovering and reducing carbon emissions and improving storage technologies
should be viewed as a valid substitute for the need to succeed in the multilateral
coordination of global emissions reduction. Hence, the effort of creating such
technologies should be pursued jointly.

Appendix 1

Substituting Eqs. (18) and (19) into Eqs. (16) and (17), we obtain

b j#2
i c

2
1i � bib j mþ 0:5rið Þ � b j#2

i c5i � 2bi#2
j c1j � bi#2

j c5j
h i

c1i

þ bi#2
j c1j þ 0:5bi#2

j c5j
	 


c4i þ
1

4
b j#2

i c
2
5i ¼ 0;

ð39Þ

b j#2
i c

2
3i �

1

2
bib j ri þ 2nð Þ � 2bi#2

j c5i � 2b j#2
i c5i � 2bi#2

j c5j þ 4bi#2
j c3j

h i
c3i

þ 1

2
bi#2

j þ 0:5b j#2
i

	 

c25i ¼ 0;

ð40Þ

b j#2
i þ bi#2

j

	 

c25i þ 2c1i b j#2

i þ bi#2
j

	 

� bib jðri þ nþ mÞ � 2b j#2

i c3i
� �h i

c5i

þ 2 bi#2
j c5j þ 2bi#2

j c3j þ 2b j#2
i c3i

	 

c1i þ 2bi#2

j 2c1j þ c5j
� �

c3i

þ bi#2
j 2c1j þ c5j
� �

c4i ¼ 0;

ð41Þ
and
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c2i ¼
U1

bib j ri þ mð Þ � b j#2
i c5i � 2bi#2

j c1j � bi#2
j c5j

	 
\0:

c4i ¼
U2

bib j ri þ nð Þ � bi#2
j þ b j#2

i

	 

c5i þ 2b j#2

i c3i þ bi#2
j c5j þ 2c3j
� �	 
\0:

c6i ¼
1

bib jri
U3;

where

U1 ¼ 2bi#2
j c1i c2j þ c4j þ 1� d

#i

� �� 
þ b j#2

i c4i 2c1i þ c5ið Þ

þ bi#2
j c4i 2c1j þ c5j
� �þ bi#2

j c5i c2j þ c4j þ 1� d
#i

� �� 

� bib j 1þ hið Þ þ b j#i 1� d
#i

� �
2c1i þ c5ið Þ;

U2 ¼ b j#i 1� d
#i

� �
þ b j#2

i c2i

� �
c5i þ 2c3ið Þ þ bib j ri þ kið Þ

þ bi#2
j c2i c5j þ 2c3j
� �þ bi#2

j c5i c2i þ 1� d
#i

� �� �

þ 2bi#2
j c3i c2j þ c4j þ 1� d

#i

� �� �
;

U3 ¼ b j#i c2i þ c4i þ 1� d
#i

� �� �

� 1� d
#i

� �
� 0:5#i c2i þ c4i þ 1� d

#i

� �� �
þ #ic2i þ #ic4i

� 

þ bi#2
j c2j þ c4j þ 1� d

#j

� �� �
c2i þ c4ið Þ

þ bib j q2c3i þ r2c1i þ 2b jrqc5i þ dEið0Þ
� �

:

Similarly, we obtained:

bi#2
j c

2
1j � bib j mþ 0:5rj

� �� bi#2
j c5j � 2b j#2

i c1i � b j#2
i c5i

h i
c1j

þ b j#2
i c1i þ 0:5b j#2

i c5i
� �

c4j þ
1

4
b j#2

i c
2
5i ¼ 0;

ð42Þ

bi#2
j c

2
3j �

1

2
bib j rj þ 2n

� �� 2b j#2
i c5j � 2bi#2

j c5j � 2b j#2
i c5i þ 4b j#2

i c3i
h i

c3j

þ 1

2
b j#2

i þ 0:5bi#2
j

	 

c25j ¼ 0;

ð43Þ
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bi#2
j þ b j#2

i

	 

c25j þ 2c1j bi#2

j þ b j#2
i

	 

� bib jðrj þ nþ mÞ � 2bi#2

j c3j
	 
h i

c5j

þ 2 b j#2
i c5i þ b j#2

i c3i þ 2bi#2
j c3j

	 

c1j þ 2b j#2

i 2c1i þ c5ið Þc3j
þ b j#2

i 2c1i þ c5ið Þc4j ¼ 0;

c2j ¼
Û1

bib j rj þ m
� �� bi#2

j c5j � 2b j#2
i c1i � b j#2

i c5i
	 
 ;

c4j ¼
Û2

bib j rj þ n
� �� b j#2

i þ bi#2
j

	 

c5j þ 2bi#2

j c3j þ b j#2
i c5i þ 2c3ið Þ

	 

c6j ¼

1

bib jrj
Û3;

ð44Þ
where

Û1 ¼ 2b j#2
i c1j c2i þ c4i þ 1� d

#j

� �� 
þ bi#2

j c4j 2c1j þ c5j
� �

þ b j#2
i c4j 2c1i þ c5ið Þ þ b j#2

i c5j c2i þ c4i þ 1� d
#j

� �� 

� bib j 1þ hj
� �þ bi#j 1� d

#j

� �
2c1j þ c5j
� �

;

Û2 ¼ bi#j 1� d
#j

� �
þ bi#2

j c2j

� �
c5j þ 2c3j
� �þ bib j cj þ kj

� �
þ b j#2

i c2j c5i þ 2c3ið Þ þ b j#2
i c5j c2j þ 1� d

#j

� �� �

þ 2b j#2
i c3j c2i þ c4i þ 1� d

#j

� �� �
;

Û3 ¼ bi#j c2j þ c4j þ 1� d
#j

� �� �

� 1� d
#j

� �
� 0:5#j c2j þ c4j þ 1� d

#j

� �� �
þ #jc2j þ #jc4j

� 

þ b j#2
i c2i þ c4i þ 1� d

#i

� �� �
c2j þ c4j
� �

þ bib j q2c3j þ r2c1j þ 2b jrqc5j þ dEjð0Þ
� �

:

Appendix 2

Substituting Eqs. (26) and (27) into Eq. (25), and by simplifying, we obtain
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0 ¼ ðbi#2
j þ b j#2

i Þ/2
1 �

1

2
2mbib j þ ðri þ rjÞbib j � 3ðbi#2

j /5 þ b j#2
i /5Þ

	 

/1

þ 1

4
b j#2

i þ bi#2
j

	 

/2
5;

ð45Þ

0 ¼ ðb j#2
i þ bi#2

j Þ/2
3 �

1

4
2bib jðri þ rjÞ þ 4bib jn� 4 b j#2

i þ bi#2
j

	 

/5

	 

/3

þ 1

4
bi þ b j� �

/2
5;

ð46Þ

0¼ðbj#iþbi#jÞ/2
5þ 2/1 bj#2

i þbi#2
j

	 

�bibj mþriþrjþn

� �þ2/3 bj#2
i �bi#2

j

	 
	 

/5

þ4 bj#2
i þbi#2

j

	 

/3/1;

ð47Þ
and the values of undetermined parameters:

/2 ¼
C1

bib j ri þ rj þ m
� �� 2 b j#2

i þ bi#2
j

	 

/1 � b j#2

i þ bi#2
j

	 

/5

;

/4 ¼
C2

b jbi ri þ rj þ n
� �� b j#2

i þ bi#2
j

	 

/5 � 2 b j#2

i þ bi#2
j

	 

/3

;

/6 ¼
C3

2bib j ri þ rj
� � ;

where
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C1 ¼ 1

2
2/1 þ /5ð Þ 1� d

#i

� �
#i

bi
þ 1� d

#j

� �
#j

b j

� �
� bib j 1þ hi þ hj

� �
þ 2/1 þ /5ð Þ b j#2

i þ bi#2
j

	 

/4;

C2 ¼ 1

2
2/3 þ /5ð Þ 1� d

#i

� �
#i

bi
þ 1� d

#j

� �
#j

b j

� �
� bib j ri þ rj þ ki þ kj

� �
þ 2/3 þ /5ð Þ b j#2

i þ bi#2
j

	 

/2;

C3 ¼ b j#i 1� d
#i

� �
þ /2 þ /4

� �
2 1� d

#i

� �
� #i 1� d

#i

� �
þ /2 þ /4

� �� �

þ bi#j 1� d
#j

� �
þ /2 þ /4

� �
2 1� d

#j

� �
� #j 1� d

#j

� �
þ /2 þ /4

� �� �

þ 2/2 b j#2
i 1� d

#i

� �
þ /2 þ /4

� �
þ bi#2

j 1� d
#j

� �
þ /2 þ /4

� �� 

þ 2/4 b j#2
i 1� d

#i

� �
þ /2 þ /4

� �
þ bi#2

j 1� d
#j

� �
þ /2 þ /4

� �� 
þ 2bib j r2/1 þ 2q2/3 þ 4rq/5 þ d Eið0Þ þ Ejð0Þ

� �� �
:
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