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Abstract

In this paper, we develop a simple finite element method for simulation of embedded layers of high permeability in a matrix
of lower permeability using a basic model of Darcy flow in embedded cracks. The cracks are allowed to cut through the
mesh in arbitrary fashion and we take the flow in the crack into account by superposition. The fact that we use continuous
elements leads to suboptimal convergence due to the loss of regularity across the crack. We therefore refine the mesh in the
vicinity of the crack in order to recover optimal order convergence in terms of the global mesh parameter. The proper degree
of refinement is determined based on an a priori error estimate and can thus be performed before the actual finite element
computation is started. Numerical examples showing this effect and confirming the theoretical results are provided. The
approach is easy to implement and beneficial for rapid assessment of the effect of crack orientation and may for example be

used in an optimization loop.

Keywords Darcy equation - Fracture - Embedded layer - Cut finite element methods

1 Introduction

New contributions In this contribution, we consider a basic
elliptic problem with an embedded interface with high
permeability, which may be used to model the pressure
in a medium with cracks or the temperature in composite
materials. Our approach is to use a continuous piecewise
linear finite element space and simply insert this space
into the weak formulation of the continuous problem which
consists of a sum of a form on the bulk domain and a form on
the interface. Note that the interface cuts through the mesh
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in an arbitrary way but we avoid using computations on
cut elements and instead compensate the lack of regularity
across the interface using a mesh which is adapted close to
the interface. This approach leads to a scheme which is very
easy to implement.

We derive a priori error estimates which shows that the
meshsize for elements close to the interface hp ~ h% where
h is the global mesh parameter used in the bulk mesh.
Such a pre-refinement of the mesh leads to optimal order a
priori error estimates in terms of the global mesh parameter.
Note that no adaptive algorithm is used instead we just split
elements that intersect the interface until they are small
enough. We start with a quasi uniform mesh and refine to
obtain a conforming locally quasi uniform mesh for instance
using an edge bisection algorithm.

In forthcoming work, we consider schemes using cut
elements which does not require adaptive mesh refinement
and also works for higher order elements. The method
proposed here is however attractive due to its simplicity and
may be an interesting alternative in situations where one
does not need very accurate solutions for instance in the
presence of uncertainties or very complicated networks of
interfaces, or for optimization purposes.

Earlier work The model we use is essentially the one
proposed by Capatina et al. [5]. More sophisticated models
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have been proposed, e.g., in [1, 9, 10, 15], in particular
allowing for jumps in the solution across the interfaces. To
allow for such jumps, one can either align the mesh with the
interfaces, as in, e.g., [11], or use extended finite element
techniques, cf. [2, 5, 7, 8]. Our approach, using a continuous
approximation, does not allow for jumps, but we shall return
to this question in a companion paper.

The approach of superimposing lower dimensional struc-
tures independently of the mesh was recently introduced in
the context of structural mechanics in [4, 6].

Outline In Section 2, we formulate the model problem,
its weak form, and investigate the regularity properties of
the solution; in Section 3, we formulate the finite element
method; in Section 4, we derive error estimates; and in
Section 5 we present numerical examples including a study
of the convergence and a more applied example with a
network of cracks.

2 Model Problem

Strong formulation Let 2 be a convex polygonal domain in
R4, with d = 2 or 3. Let I" be a smooth embedded interface
in the interior of €2 without boundary. Then I' partitions 2
into two subdomains €21 and 2, where €2, is the domain
enclosed by I'. Let n; be the exterior unit normal to €2;. See
Fig. 1.

Consider the problem: find u# : 2 — R such that

—V-.aVu = f, inQ (1
[n-aVul]l — Vr -arVru = fr, onT 2)
[#] =0, onTl 3)

u=0, ond “)

where alg, = a; are given constants, and f € L3(Q),

fr € L¥(") are given functions. We also used the notation
Vr = PV for the tangential gradient where P =1 —n ®n

2

no

Fig. 1 The domains 2, €2, the interface I', and the unit exterior
normals n; and n»

@ Springer

is the tangent projection. The jump in the primal variable
across the interface is defined for x € T by [v] :=
lim._ g+ (v(x + €n1) — v(x + €ny)) and that of the normal
flux is defined by [n - aVv] = ny - a1Vvy + na - a2V,
where we recall that np, = —nj onI'.

Function spaces We adopt the usual notation H* (w) for the
Sobolev space of order s on the set w and we have the
special spaces HO1 (w) = {v e H'(w) : v=0o0n dw} and
L?*(w) = H%(w). For a normed vector space V welet | - ||y
denote the norm on V and we use the simplified notation
lvll2@) = llvllw. We denote the L?-scalar product over

o C R orw c R4-! by (-, -

Weak formulation Multiplying (1) by v € V = HJ(Q) N
HY(I') and using Green’s formula we obtain the weak form

2
(fivig = Z/ -V -a;Vu; ,v;dx
i=1 v

2
= Z/ a,~Vu,~~Vv,~dx—/n,~~aVu,~v,-ds
i=1" < r
:/aVu~Vvdx—f[[n-aVu]]vds
Q r
:/aVu~Vvdx—/(fr+Vr-arVru)vds
Q r

=/aVu-Vvdx+farVru-Vrvds
Q r

—/frvds ®)
r

where we used the fact that the boundary contributions on
0€2 vanish due to the boundary condition and then we used
(2). We thus arrive at the weak formulation: find u € V such

that
A(u,v) = L(v) veV (6)

where

A(u,v):/ aVu-Vvdx+[arVru-Vrvds 7)
Q r

and

L(v):/fvdx+/frvds ®)
Q r

Introducing the energy norm

vl = A, v) ©)

on V, it follows using the Poincaré inequality |v|lq <
IVv|lq, which holds since v = 0 on d€2, and the trace
inequality [|v]lr 5 1v]l 71, that

Il ~ o031 gy + 1011y (10)
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and hence ||| - ||| is @a norm on V. The form A is a scalar
product on V and by definition A is coercive and continu-
ous on ||| - |||. Therefore it follows from the Lax-Milgram

Lemma that there is a unique solution u € V to (6).

Regularity properties We have the elliptic regularity esti-
mate

lull g2eouey) + el g2y S I flle + I frlie (11)

Where ”u”Hz(QIUQZ) = ||u||H2(Ql) + ”u”HZ(Qz) TO Verify
(1) we letu; € HO1 (€2;) solve

/ aiVui-Vvdx=/ fvdx Yve Hj() (12)
Qi Q;

i

Then we have

luill g2y S 1 e i=12 (13)
Observe that by the boundary conditions and the regularity
of u; we have that Vru; = 0, i = 1,2. Next writing
u = ur + uy + up we find using the equation that ur € V
satisfies

— Vr -arVrur = —Vr -arVru
= fr+[n-aVul
= fr +n1-(@1Vur —axVuy)
+[n-aVur] onTl (14)
and
-V .a;Vur =0 onQ;,i=1,2

Using (13) we conclude that
ni - (@ Vuy — a;Vuo)lr € H'2(I) (15)

Furthermore, using that ur € Hl(F), since ur € V, it
follows that ur|g, € H3/2(Qi),i =1, 2, and therefore

[n-aVur] € H/*() (16)
Thus, using elliptic regularity we find that
urlr € HX() (17)

since the right hand side of (14) is in L?(I"). Collecting the
bounds we obtain the regularity estimate

lur g2y + lurlgsreQ,ua,) + 14ill g2 ue,)
Siflle+Nfrir (18)

where we note that we have stronger control of ur on the
subdomains.

Remark Note that if we instead take f € H —172(1) we will
have ur|r € H3/2(F) and ur € Hz(Qi) and the estimate

lull g2 uay) + 1l msney S 1 fle + 1 frlg-12qy (19)

3 The finite element method

To design a finite element method for the problem we use
the classical approach restricting the weak formulation (6)
to a suitably chosen finite dimensional subspace of V. To
this end let

e 7, be a locally quasi uniform conforming mesh on
2, consisting of shape regular simplices with element
size hy and let h = maxrc7;, hr be the global mesh
parameter.

e V) be a finite element space consisting of continuous
piecewise linear polynomials on 7p,.

e T,(I") denote the set of elements intersected by the
interface:

Tn() :={T € Ty : TNT # ¢}

The finite element method takes the form: find u, € Vj
such that

Aup, v) = L(v) vev (20)

4 Error estimates
4.1 Preliminaries

e Let p be the signed distance function associated with
I', negative in 21 and positive in €2;. We then have
n = Vp where n = nj is the unit normal direction
exterior to 2.

e For ¢ > 0 let define a tubular neighborhood around I"
by
Us(D) :={x € Q: min ||x — xp|ge <} 1)

xrel’

e There is §o > 0 such that for each x € Us,(I") there

is a unique point p(x) € I' such that ||x — p(x)|gd

is minimal called the closest point. We also have the
formula

p(x) =x — p)n(p(x)) (22)

for the closest point mapping p : Us,(I") — T'.
e Let v’ = v o p be the extension of v from I' to Us, (I").
We then have

ooy < 821wl (23)
e The tangential gradient is defined by
Vrv = PVv° (24

@ Springer



192

Comput Geosci (2019) 23:189-199

where we recall that P(x) = I — n(x) ® n(x) is the
projection onto the tangent plane 7, (I') to I at x.

4.2 Interpolation

We introduce the following concepts.

o Letn, : L2(2) — Vj be the Clément interpolant which
satisfies the interpolation error estimate

lu — mpull sy S A Nl e, oy (25)

0 <s <t <2, where Nj)y(T) C Ty is the set of all
elements which are node neighbors of 7.

e In order to account for the fact that the exact solution
u is not in regular across the interface we construct an
interpolation operator which is modified close to the
interface. Essentially, we interpolate on an extension of
u|r in the neighborhood of I and on u outside of T.
Let x : [0, 1] — [0, 1] be a smooth function such that
x =0o0n[2/3,1],and x = 10on [0, 1/3]. On Us(T") let
x5(x) = x(1p(x)]/8) and on  \ Us(T) let x5(x) = 0.
Define the interpolant

Iy = mp(v(1 — xs) + v xs)
= mp(v + (V° — V) xs) (26)

Note that with this construction we essentially interpo-
late u® close to I" and u outside of T".

e  We consider meshes that are refined in the vicinity of
the interface. More precisely, we assume that there are
two mesh parameters Ar and & such that

hr Shr T € Np(Tp())
hr Sh T € T \Nu(Th(T))

e We chose § in the definition (26) of I, in such a way
that

Niw(Th(I)) C Usy3(T) (28)

which means that x5 = 1 on N}, (7,(I")). We note that
(28) then implies that we may take § ~ hr in the
definition of xs.

27

Remark We note that the total number of degrees of
freedom N is related to the global mesh parameter as
follows

N~h 4 pp @D ~p=d =261 (29)
Thus, we find that for d = 2 we have N ~ h—2, which is
equivalent to the unrefined mesh, and for d = 3 we have
N ~ h™*, which is slightly more expensive compared to the
unrefined mesh which scales as 3.

Lemma There is a constant such that

12
[llv—=Ipvlll S Arlvll g2y + R +h1"/ vl gz ua,) (30)
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Proof Using the definition of I;, we have
v L= —v)xs+ U —m)+ @ —v)x) (B
and thus,

IV(@w—Iv)lle+IVr(@©—Ipv)lr

V(0 = v)xs)lle

+IVU = mp) (v + (v° = v)xs)lle

+ IVr(I — ) (v + (v = v)xs)lIr

I+11+111 (32)

Term 1. Using the product rule and the triangle inequality

V(@ =v)xs)lle S 1V = v)xsllusm)
HI = v)(Vxs) llusr
S IV =) llusm
+87 v = vl
S IVrv)llysay + IIVullusa)
+ In - Vully, )
82 Vvl + 11V vllyr)

N
1/2
<y vl 20,000 (33)

Here we used that by the properties of the extension there
holds

87 v = vllyyry S lIn€ - Vollysry (34)

see the Appendix of [3] for a verification, and

1
lwllusry S 82 wlir (35)

which we applied with w = Vrv. Furthermore, we used the
bound

1
IVullusary S 82 sup [V, (36)
te[—4,48]

where I, = p~1(t) = {x € R? : p(x) = 1}, for |t| < &,
followed by the trace inequality

Vvllr, < Ct“v”Hz(Q[\Um(l"))

< sup G lvllg2g) (37)
te[—4,6]
————
<C

where i = 1 fort € [—6,0),i = 2 for ¢ € [0, §], and finally
8§~ hr.
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Term [I. Using the interpolation error estimate (25) we
obtain

IV — n) (v + (v — v)xs)lle
SIVU —mpvlle + IIVUT — ) (v — ) xs) e

SIVU —mpvile + IV = v)xs)lle
1
1/2 1/2
N (hr/ + M lvllg2Que,) + hr/ IVl 520, u0,)

Here, we used the estimate

(38)

VU —mvle S IVU = mp) vl Ty
+ IVU = )0l T \N (Th ()
SAVVING @) + IVl WG (T

< 8% sup Vol
te[—48,5]

+hIV2V 7N (T ()
1/2
< Pl a0, 39)

that is obtained using similar arguments as in (33).

Term I11. Using the trace inequality
lwlifnr S - H0IF + A1Vl (40)
see [12], the interpolation estimate (25), the fact (28), and
finally the stability of the extension we find that
IVe U = 7) (0 + (0 = v) xs) I
= IVr(( = m)v*)II
S IV = )+ 0 = )3
+he VAU =)@ + @0 = 0 xs)IF
ShrlVie+ 0 =)o) Ix;, (7 o)

e 2
S hr v W2 o, o7 oy

S HE I 1)
O

Remark Alternatively we may use a different extension
operator and prove an interpolation estimate which requires
less regularity as follows. We include some details for
convenience

e There is a continuous extension operator
H'() 3 v vF e H*T1/2(Q) (42)

We construct vF by first solving the Dirichlet problem
AvE = 0in ©; and vE = v on T, for which we have
the regularity estimate

I0E 120,y S M0l ) (43)

Next, we extend v to RY using a standard continuous
extension operator g, : H'(2) — H* (RY), s > 0,
that is v" [ga\ g, = Ea, (V¥ |q,).

e  With vf instead of v¢ in the definition of I, we derive
the interpolation estimate

1/2 1/2
v =Tyl S+ ol 2y + B+ 0l
(44)

as follows. Term I and /7 can be estimated in the same
way as above. For Term /711 we have the estimates

IVr(I — ) (v + (W — v)xs) 12
= VP (U — mp)vE)|%
S IV =)+ ©F = v)xs) 5 1y
+he V(U =)@+ @F =)D 1)
ShrlVi@+ 0F = 0)x) 3 (7.
< E 2
S Ar v gz o, (75 0y
S hrllvliss g,
2
5 hF||v||H2(g22) (45)

where at last we used a trace inequality to pass from I’
to Q,.

4.3 Error estimates

Theorem The following error estimates hold

1/2

[N —unlll S (hr +h)||u||H2(QIUQZ) +hl"||u||1-12(r) (46)

lu — unlle + llu —unllc S Arllullg2ua,)
+ h2||u”H2(Q|U§22) + h%”“”H?(I‘) 47

Proof (46). The proof follows immediately from Galerkin
orthogonality and the interpolation error estimate

= upll* = A — up, u — up)

= A(u — up, u — mwpu)

< |llu — upl|lllu — mpull| (48)
and thus

1/2

Mu —unlll < llu = mpulll S ™ +Dlull g2Que))

+hrllull g2 (49

(47). For the L? estimate we obtain an error representation
formula using the dual problem: find ¢ € V such that

A, ¢) = (u —up, v)g + (U — up, V)r (50)

@ Springer



194

Comput Geosci (2019) 23:189-199

3
35 |

Fig.2 Elevation of the solution on a locally refined mesh
forallv e V, withv = u — hy,
et — a1, + Mo — a2
= A —up, ¢) = Al —up, ¢ — 1n9)
< [llu —unlllll¢ — Inlll
1/2
< (4w (Ielr@ivey ) + Al

1/2
< (@ +m (191 20,00 ) + 9l )
< (e + B (Il 200 ) + Bl ey )

1/2
x (llw = un %+ e = g1} (51)

where at last we used the elliptic regularity estimate (11). [

3t K :
L, —~-H' error
’ +L2 error
4h
S5F
-6

log of error
Q

6 5 4 3 2 0
log of meshsize

Fig. 3 Convergence on a locally refined mesh. Dashed line has
inclination 1:1, and dotted line 2:1
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Pt ~-H' error
3 /«" L, error
4h
S5k
=
e
e
o
B
aw OF
o
=

-8 7 6 5 4 3
log of meshsize

Fig. 4 Convergence on a globally refined mesh. Dashed line has
inclination 1:2, and dotted line 1:1

Fig.5 Schematic figure of bifurcating cracks with nodes N = {x; }?:1
and curves G = {l"i}lgzl. The connectivity is described by the
mappings Iy and /g and we have for instance Iy (3) = {1, 3} and
I6(2) ={2,4,5}

Fig.6 Schematic figure of node x; with its associated three curves Iy,
and exterior unit tangents #; at x; for k € I (i) = {j1, j2, j3}
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Fig.7 Crack pattern modelled
on a coarse and a locally refined
mesh

0.8~

0.6 -

0.4 -

0.2 -

Fig.8 Discrete solutions on a globally refined mesh and a mesh refined along the crack (smallest meshsize equal)

Fig.9 Domain with crack and corresponding computational mesh (smallest meshsize 1/100 times largest meshsize)

@ Springer
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5 Numerical examples

In this Section we give some basic examples of the
performance of our method: we show that the convergence
estimates are reflected in practice, we show that bifurcating
cracks can be easily accommodated, and we solve a
practical engineering problem of reservoir flow with a
crack. More complex types of subsurface flows modelled
with our approach can be found in the recent work [16].

5.1 A convergence study for a simple interface
problem

We consider a problem with f =0, fr = 1, a1 = a; =
ar = 1 on the domain

Q= (1, x (1, %

with a crack at /(x2 + y2) =: r = e. The exact solution to
this problem is given as

1
Uy = Ogs(r)(4+e), l<r<e
4—-4 5
Uy = 5 e(log(r)—z)+1, e<r<elt

and this solution is applied as Dirichlet boundary conditions
on 9€2, corresponding to a solution depending only on r
withu = uy = Oatr = landu = u, = 1 at
e>/*. We compare the convergence on a globally
refined mesh with a mesh which is locally refined so
that hr < h? at T. The convergence is then checked in
L? norm and H! (semi-) norm. In Fig. 2 we show the
discrete solution on a given locally refined mesh. We note
that optimal convergence is obtained at the cost of locally
refining the mesh, Fig. 3, whereas a globally refined mesh
gives suboptimal convergence in accordance with (46) and
(47), Fig. 4.

r =

5.2 A more complex example with a bifurcating crack

In this example, we illustrate the modeling capabilities of
our approach with application to a more complex problem
involving a bifurcating crack.

Model problem Let us for simplicity consider a two-
dimensional problem with a one-dimensional crack I' which
can be described as a graph with nodes N’ = {x;};es, and
edges G = {I'j}jei;, Where Iy, Ig are finite index sets,
and each I'; is a curve between two nodes with indexes
In(j). For each i € Iy, we let I (i) be the set of indexes

@ Springer

corresponding to curves for which x; is an end point. See
Figs. 5 and 6.

The governing equations are given by (1)-(4) together
with two conditions at each of the nodes x; € N, the
continuity condition

ury (x;) = ur, (x;) Vk,l € 1g(i) (52)
and the Kirchhoff condition
> Gty -ar, Vrur)l; =0 (53)

jelg (@)
where 1 ; (x;) is the exterior tangent unit vector to I'; at x;.

Finite element method Let Vi = {v € C(I') v €
H'\(Tj),j € Ig} and V = HJ () N V. We proceed as
in the derivation of the weak form in the standard case (5).
However, when we use Green’s formula on I', we proceed
segment by segment as follows

— Z/ Vr,. -aerr,.uvds
r; ’ ’

J€lg
= E f aerrju-Vr/.vds
jelg L
- E E (li-ar_,-Vr,Mv)|xl_
Jj€lg iely(j)
= E /aerrju-Vrjvds 54)
jelg L
121
—a=0
a=0.1
—a =1
© 1 a =10
2 —a =100
Q — =
Lg (&} o0
g
(=9
2
o
L
=
2
=
aQ
w
172]
2
a
.S
72}
a
[
g
@]
0 ! :
0 0.2 0.4 0.6 0.8 1

Dimensionless distance from well

Fig. 10 Pressure drop as a function of distance from the well for
varying o
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Fig. 11 Elevation of the
pressure distrubution for « equal
zero (top) and for o equal one
(bottom)
0.26 +
0.24 -
0.22
," » _2
0.2
0.18 /—— 5
3
0.25
0.2+
.
/0
0.15 e — — S ——
3 1 0 -1 2 3

where we changed the order of summation and used the
Kirchhoff condition (53) together with the fact v is continuous
to conclude that

Z Z (i 'al"jvl“.i””)|x,- =

Jjelgieln(j)

Z Z (ti ~ar;Vr;u U)|xi

ieln(j) jelc

> (X an, Vel ) v =0 (55)

iely(j) Jjel

=0

Thus, we conclude that:

e The weak formulation is precisely the same in the
bifurcating crack case as in the standard case (6).

e Since V;, C V, the method also takes the same form as
in the standard case (20) in this more complex situation.

The similar derivation can be performed for a two-dimensional
bifurcating crack embedded into R3 (see [13] for further details).

Numerical example The crack pattern is modeled using a
polygonal chain interpolating higher order curves with each
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part of the chain of length #/10. The intersection points
with element sides are computed and a new polygonal
chain containing the old one cut by the intersection points
is constructed. In Fig. 7, we show the effect on a coarse
mesh and on a locally refined mesh. We now compute
two different solutions using global refinement and local
refinement. We use local refinement at I' until the smallest
meshsize equals that of the globally refined model. In Fig. 8,
we give the computed solutions using these two approaches.
Here a; = a = 1 and ar = 100, f = fr = 0,
and we impose, on the domain 2 = (0, 13) x (0,9.5),
u=1latx =0and u = 0 at x = 13 and homogeneous
Neumann boundary conditions at y = 0 and y = 9.5. The
corresponding solution with or = 0 is thus a plane.

5.3 A practical example of reservoir flow

In order to show the modeling capabilities of our approach
on a classical problem, we consider the case of a well with a
horizontal crack into a cylindrical reservoir from [17]. The
cylindrical reservoir has a central well which on both sides
in intersected by a crack, see Fig. 9. The permeability in the
crack is allowed to vary according to

wal
o=

ar

where L is the total length of the crack and « is to be chosen;
cf. [17] where « is described as “the ratio of the ability of
the formation to carry fluid into the well to the ability of the
fracture to carry fluids into the well” (note that the thickness
of the crack is hidden in ar in our formulation). The flow
model is Darcy’s law of creeping flow, and thus u plays the
role of pressure.

For simplicity, we model the well by a point source term
which is calibrated against values for « = 1 in [17], and
the pressure is assumed constant (u = 0.25) at the outer
boundary of the reservoir. As can be seen in Fig. 9, the
radius of the reservoir is » = 2.5 and the total length of the
crack is L = 2; we fix a = 1. We then plot in Fig. 10,
the computed relative pressure drop from the crack tip to
the well as a function of distance from the well. The results
agree with those of [17] in spite of the very basic model. In
Fig. 11, we show the pressure distribution for the choices
o = 0 and @ = 1, where we note the changing pressure
distribution in the crack.

This problem was also solved with explicit modelling of the
crack using an XFEM-approach in [14] with similar results.

6 Concluding remarks

We suggest a continuous finite element method with super-
imposed lower dimensional features modeling interfaces.

@ Springer

The effect of these are computed using the higher dimen-
sional basis functions and added to the stiffness matrix so
as to yield further “stiffness” to the problem. Due to the
fact that we cannot resolve kinks in the normal derivative
across the interface, we do not obtain optimal convergence
orders. We propose a simple adaptive scheme based on an
a priori error estimate which guides the choice of optimal
local mesh size, to improve the local accuracy, regaining the
optimal order of convergence. The resulting scheme is very
simple and computationally expedient for many applica-
tions such as when optimization of the position of interfaces
is of interest, or for coupling different flow models, cf. the
recent work [16] where convection problems in the cracks
are considered.
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