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Abstract

We consider an optimal control problem for the steady-state Kirchhoff equation, a
prototype for nonlocal partial differential equations, different from fractional powers of
closed operators. Existence and uniqueness of solutions of the state equation, existence
of global optimal solutions, differentiability of the control-to-state map and first-order
necessary optimality conditions are established. The aforementioned results require
the controls to be functions in H'! and subject to pointwise lower and upper bounds. In
order to obtain the Newton differentiability of the optimality conditions, we employ
a Moreau—Yosida-type penalty approach to treat the control constraint and study its
convergence. The first-order optimality conditions of the regularized problems are
shown to be Newton differentiable, and a generalized Newton method is detailed. A
discretization of the optimal control problem by piecewise linear finite elements is
proposed and numerical results are presented.
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1 Introduction

In this paper we study an optimal control problem governed by a nonlinear, nonlocal
partial differential equation (PDE) of Kirchhoff-type

{ ~M(x. VY7 q u)Ay = f in£2,

1.1
y=0 on ds2. (.1

here 2 C RY is an open and bounded set and the right-hand side f belongs to
L2%(£2). We focus on the particular case M (x, s; u) = u(x) + b(x) s, which has been
considered previously, e. g., in [8, 10]. Here u and b are strictly positive functions and
u serves as the control. The full set of assumptions is given in Sect. 2. We mention that
in case u and b are positive constants, (1.1) has a variational structure; see [10].
Equation (1.1) is the steady-state problem associated with its time-dependent variant

ie = M(x, IVyl 75 su)Ay = f in2x (0, T),
y=0 on a2 x (0, 7), (1.2)

y(x,0) =yo(x), yi(x,0)=yi(x) ing2.

In one space dimension, problem (1.2) models small vertical vibrations of an elastic
string with fixed ends, when the density of the material is not constant. Specifically,
the control u is proportional to the inverse of the string’s cross section; see [10, 18].
A physical interpretation of the multi-dimensional problems (1.1) and (1.2) appears
to be missing in the literature.

PDEs with nonlocal terms play an important role in physics and technology and they
can be mathematically challenging. Although in some cases variational reformulations
are available, the models (1.1), (1.2) do not allow this in general. Thus, despite the
deceptively simple structure, (1.1) requires a set of analytical tools not often employed
in PDE-constrained optimization. Existence and uniqueness of solutions for (1.1)
have been investigated in [10] and [8]; see also the references therein. For further
applications of nonlocal PDEs, we refer the reader to [2, 9, 17].

The authors in [8] studied an optimal control problem for (1.1) with the following
cost functional

1 A
Ty =51y = yallpa gy + 51Ul 0, (1.3)

with an admissible set Upg = {u € L%(2)|u > u, > 0a.e.in 2}. However we
believe that the proof of existence of an optimal solution in this work has a flaw. We
give further details in the “Appendix”. Moreover, the proof in [8] is explicitly tailored
to such tracking type functionals. In the present work we see it necessary to modify the
control cost term to contain the stronger H'-norm. We also allow for a more general
state dependent term, which leads to the objective

A
J(vou) = /_Q P () dx + Sl g (1.4)
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Optimal control of the stationary Kirchhoff equation 481

and a set of admissible controls in H'(£2). In this setting, we prove the weak-strong
continuity of the control-to-state operator into HOl (£2)NW?24(82) forany g € [1, 00)
and the existence of a globally optimal solution. Moreover, we work with a point-
wise lower bound on admissible controls. This bound has an immediate technological
interpretation, representing an upper bound on the string’s cross section. On the other
hand, we also impose an upper bound on the controls. This is to be able to use the
topology of L°°(£2) in the proof of the Fréchet differentiability of the control-to-state
map so that we can derive optimality conditions in a more straightforward way than
by the Dubovitskii-Milyoutin formalism utilized in [8].

The first-order optimality conditions obtained when minimizing (1.4) subject to
(1.1) involve a variational inequality of nonlinear obstacle type in H'. We choose to
relax and penalize the bound constraints via a Moreau—Yosida regularization, which
amounts to a quadratic penalty of the bound constraints for the control. In this setting,
we can prove the generalized (Newton) differentiability of the optimality system. A
similar philosophy, albeit for a different problem, has been pursued by [1]. We also
mention [23, Chapter 9.2] for an approach via a regularized dual obstacle problem. A
recent and promising alternative is offered by [5], where the Newton differentiability of
the solution map for unilateral obstacle problems is shown, without the need to penalize
the constraint. Indeed, relaxing the lower and upper bounds adds new difficulties, since
the existence of a solution of the Kirchhoff equation (1.1) can only be guaranteed
for positive controls. Therefore, we compose the control-to-state map with a smooth
cut-off function. We then study the convergence of global minimizers as the penalty
parameter goes to zero, see Theorem 3.4 for details. We can expect a corresponding
result to hold also for locally optimal solutions under an assumption of second-order
sufficient optimality conditions, but this is not investigated here.

To summarize our contributions in comparison to [8], we consider a more general
objective, present a simpler proof for the existence of a globally optimal control, prove
the differentiability of the control-to-state map and generalized differentiability of the
optimality system for a regularized version of the problem as well as the applicability
of a generalized Newton scheme. We also describe a structure preserving finite element
discretization of the problem and the discrete counterpart of the generalized Newton
method.

The paper is organized as follows. In Sect.2, we review existence and uniqueness
results for solutions of the Kirchhoff equation (1.1) and prove the existence of a
globally optimal control. Subsequently, we prove the Fréchet differentiability of the
control-to-state operator and derive a system of necessary optimality conditions for a
regularized problem in Sect. 3. In Sect. 4, we prove the Newton differentiability of the
optimality system and devise a locally superlinearly convergent scheme in appropriate
function spaces. Section 5 addresses the discretization of the optimal control problem,
its optimality system and the generalized Newton method by a finite element scheme.
The paper concludes with numerical results in Sect. 6.
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2 Optimal control problem: existence of a solution

In this work we are interested in the study of the following optimal control problem
for a stationary nonlinear, nonlocal Kirchhoff equation:

S Ao
Minimize J(y, u):= /Q px. y(0) dx + Sl g (2.12)
_ 2 _ -

subject to (u +b ”vy”Lz(-Q)) Ay=[ ing, (2.1b)

y=0 on 42
and u € Uyq. (2.1¢)

The set of admissible controls is given by

Und = {u € H'(2) | ug(x) < u(x) < up(x) ae. in 2}. (2.2)

The following are our standing assumptions.

Assumption 2.1 We assume that 2 C R" is a bounded domain of class C!:! with
1 < N < 3; see for instance [22, Chapter 2.2.2]. The control cost parameter A is
a positive number. The right-hand side f is a given function in L°°(£2) satisfying
f = fo a.e., where fy is a non-negative real number. The bounds u, and u; are
functions in C(£2) such that up > u, > ug holds for some positive real number u.
Finally, we assume b € L°°(§2) with b > by a.e. for some positive real number by.

The integrand ¢ in the objective is assumed to satisfy the following standard assump-
tions; see for instance [22, Chapter 4.3]:

Assumption 2.2
(1) ¢: £2 x R — Ris Carathéodory and of class C%ie.,

(1) ¢(,y): 2 — ¢(x,y) is measurable for all y € R,
(i) @(x,-): R — ¢(x, y) is twice continuously differentiable for a.e. x € £2.

(2) ¢ satisfies the boundedness and local Lipschitz conditions of order 2, i.e., there
exists a constant K > 0 such that

|D§¢(x, 0)] <K forall0 <¢<2andforae. x € £,
and for every M > 0, there exists a Lipschitz constant L(M) > 0 such that
|D2p(x. y1) — D2p(x, y2)| < L(M) |y1 — y2

holds for a.e. x € £2 and for all |y;| < M,i =1,2.

Assumption 2.2 implies the following properties for the Nemytskii operator
@ (y)(x):=¢p(x, y(x)).

Lemma 2.3 ([22, Lemma 4.11, Lemma 4.12]).
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(1) @ is continuous in L°°(82). Moreover, for all r € [1, co], we have
1P(y) —P@ L2y < LM) |ly —zllLr )

forall y,z € L*(82) such that ||y| L~y < M and ||z||L~ @) < M.
(il) @ is twice continuously Fréchet differentiable in L*°(§2), and we have

(@' () h) () = @y(x, y(x)) h(x),
(2" () [h1, ha]) (¥) = @yy(x, y(x)) A1 (x) ha(x)

fora.e x € 2 and h, hy, hy € L*(£2).

We now proceed to define the notion of weak solution of the Kirchhoff problem.
Since for any pair (u, y) € Usa x H'(2), u +b|Vy|3, (o) 1 strictly positive, we
can write Eq. (2.1b) in the form

f

2.3)
Here and in the following, we occasionally write ||| instead of ||-|| .2(¢). The L2(2)-
inner product is denoted by (-, -). Moreover, we denote by L(U, V) the space of
bounded linear operators from U to V.

Multiplication of (2.3) with a test function v € H(} (£2) and integration by parts
yields the following definition.

Definition 2.4 A function y € HO1 (£2) is called a weak solution of (2.3) if it satisfies

fu 1
Vy-Vvdx:[ — 2 _dx forallv e HJ(£2). (2.4)
A Qu+b|Vy|? 0

The existence of a unique weak solution as well as its W27 (£2)-regularity has been
shown in [8, Theorem 2.2]. Nevertheless, we briefly sketch the proof since its main
idea is utilized again later on. For a complete proof we refer the reader to [8].

Theorem 2.5 For any u € Uy, there exists a unique weak solution y € HO1 (82) of the
Kirchhoff problem (2.3). Moreover, y € W>9(2) holds for all ¢ € [1, 00), so it is
also a strong solution.

Proof Suppose that u € Uyq and let g: [0, co) — R be the function defined by
g(s) =5 — [Vyl?,

where yj is the unique weak solution of the Poisson problem

u+bs

—Ay; = _ ing,
ys =0 on ds2.
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A monotonicity argument can be used to show that g has a unique root. Since y; solves
(2.3) if and only if g(s) = 0 holds, the uniqueness of the solution of the Kirchhoff
equation is guaranteed. Furthermore, due to the boundedness of u from below, the
right-hand side f/(u + b s) of the Poisson problem above belongs to L°°(£2). Hence,
by virtue of regularity results for the Poisson problem, y € W29(£2) holds for any
q € [1,00); see, e.g., [11, Theorem 9.15]. O

For the proof of existence of a globally optimal control of (2.1), we show next that
the control-to-state operator S: Uyg — HO] (£2) N W24(£2) is continuous.

Theorem 2.6 The control-to-state map S is continuous from Uq (with the LZ(.Q)-
topology) into Hd (£2) N W24(2) forall g € [1, o).

Proof The control-to-state map S: Uyq — Hé (£2) N W24(£2) is well-defined as a
consequence of Theorem 2.5. To show its continuity, let {u,} C U,q be a sequence
with u;, — u in Lz(.Q). Set y,:=S(u,), then we have the a-priori estimate

S
n + 011V yull?

S
n + 011V yull?

)

lyn ||W2,q(g) <ci <
L9(2)

Loo(82)

Uq

<c

<C.
Loo(82)

From now on, suppose without loss of generality that ¢ € [2, 00) holds. Since
W24 (£2) is a reflexive Banach space and every bounded subset of a reflexive Banach
space is weakly relatively compact, there exists a subsequence y,, denoted by the
same indices, satisfying y,—3% in W29(£2). The compactness of the embedding
W24(2) — WH4(82) implies the strong convergence y, — ¥ in W4(£2) and
thus || Vy, | = [|[V$|l. Moreover, u,, — u in L?(£2) implies the existence of a further
subsequence u,, still denoted by the same indices, with u, (x) — u(x) fora.e. x € 2.
Consequently,

J f .
5 = —5 ae.in $2.
Up + b |[Vynll u+b|Vyl
Since REATS s is dominated by awe have
f fo_j2ff
up +bIVyull>  u+b|V3? ug |

By virtue of the dominated convergence theorem,

f f
2 =2
up +b[[Vynll u+Db|Vyl

—Ay, = in L9(£2).
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On the other hand, from y,— 3§ in W24 (£2), it follows that A y,— A$ holds in L9 (£2).
The uniqueness of the weak limit yields

=t
u+b|Vy|?

and from the uniqueness of the solution of (2.3) we obtain § = S(u). Therefore,
Ay, — A% holds in L7(£2) and thereby y, — § in W>9(£2).

We note that we have proved that for any sequence {u,} C Uy with u, — u in
L?(£2) there exists a subsequence {u,}, denoted by the same indices, so that S (i) —
S(u) in W24(£2). Thus we can easily conclude convergence of the entire sequence
S(uy) — S(u) in WZ"’(.Q). Indeed, if S(u,) - S(u), then there exist § > 0 and a
subsequence with indices ny such that

IS Gy ) — S(M)||W2.q(9) > § for k — oo.

Since u,, — wu in L2(£2), there exists a further subsequence {u,,k(} such that
S(unkl) — S(u), which is a contradiction. Consequently, we obtain S(u,) — S(u)
as claimed. O

The compact embedding H'(£2) < L?(£2) immediately leads to the following
corollary.

Corollary 2.7 The control-to-state map S is weakly-strongly continuous from Uyg (with
the H'(£2)-topology) into H}(22) N W24(82) for all ¢ € [1,00). That is, when
(U} C Uag with up—u in H'(£2), then S(u,) — Su) in W>4(£2).

We can now address the existence of a global minimizer of (2.1).

Theorem 2.8 Problem (2.1) possesses a globally optimal control u € Uyq with asso-
ciated optimal state y = S(it) € Ha ($2) N W>4(R) for all g € [1, 00).

Proof The proof follows the standard route of the direct method so we can be brief.

Step (1): We show that the reduced cost functional

A
J )= /Q @ (S@) dx + Sl g

is bounded from below on the set Uf,q. To this end, recall from the proof
of Theorem 2.6 that S(Uaq) is bounded in W24 (£2). Due to the embed-
ding W24(2) — C(£2) for ¢ > N2, there exists M > 0 such that
IS() L2y < M holds for all u € Uyq. From Assumption 2.2 we can
obtain the estimate

lo(x, S@)(x)] = le(x, 0)] + l@(x, S(u)(x) — @(x, 0)]
=K+ LM)|Sw)(x)| =< K+ L(M)M.

This implies
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/ &(Sw))dx = —(K + L(M) M) |2| (2.5)
2

for all u € Uy,q. The assertion follows.
Step (2): We construct the tentative minimizer «. Since j is bounded from below on
Uyg, there exists a minimizing sequence {u,} C Uyq so that

J(un) uierzidj(u)=fﬂ-

The boundedness of {u,} in H'(£2) follows from the radial unbounded-
ness of j. Consequently, there exists a subsequence, denoted by the same
indices, such that u,—i in H'(£2). Uy is convex and closed in H!(£2)
and therefore weakly closed in H L(2), thus i € Uyq. Now Corollary 2.7
implies S(u,) — S(it) in W>9(£2).

Step (3): It remains to show the global optimality of i. Set F'(y):= f o @ (y) dx, thus
F is composed of a Nemytskii operator and a continuous linear integral
operator from L'(£2) into R. By virtue of Lemma 2.3, @ is continuous
in L%°(£2). Since W>4(2) — L°(£2) holds, F o § is weakly-strongly
continuous on Uyq w.r.t. the topology of H 1(£2).

In summary, exploiting the weak sequential lower semicontinuity of ||-|| 41
we have

A
B = lim j(u,) = lim F(S(uy)) + = liminfu,||?,,
n— 00 n— 00 2 n—o00

A o
FS@) + 5 1ll1 g, = (@),

v

By definition of 8 and since u € Uyg N H 1(£2), we therefore must have

B=j). O

Remark 2.9 An inspection of the existence theory shows that these results remain valid
in the absence of an upper bound u; on the control. However, the upper bound is of
essential importance in the following section, where we prove the Fréchet differentia-
bility of the control-to-state map.

3 Optimality system

In this section we address first-order necessary optimality conditions for local minimiz-
ers. We need to overcome several obstacles. First of all, the control-to-state operator

S: Ung — HY(£2) N W29(82)
is not Fréchet differentiable in the H'(§2)-topology. The reason is that U,q has empty
interior w.r.t. this topology except in dimension N = 1. More precisely, every H ! (£2)-

neighborhood of any control u € U,g contains functions which are arbitrarily negative
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on sets of small but positive measure. However, the proof of Theorem 2.5, which
establishes the well-definedness of the control-to-state map, is contingent upon the
controls to remain positive. In order to overcome this issue, we work with the topology
of HL(2) N L®(£2).

With regard to an efficient numerical solution method in function spaces, we are
aiming to arrive at an optimality system which is Newton differentiable. To this end, we
propose to relax and penalize the control constraint. Notice that this is not straightfor-
ward since we need to ensure positivity of the relaxed control in the state equation. We
achieve the latter by a smooth cut-off function. The optimality system of the penalized
problem then turns out to be Newton differentiable, as we shall show in Sect. 4.

The material in this section is structured as follows. In Sect.3.1, we prove the
Fréchet differentiability of the control-to-state map. We establish the system of first-
order necessary optimality conditions for the original problem (2.1) in Sect.3.2. In
Sect. 3.3 we introduce the penalty approximation and show that for any null sequence
of penalty parameters, there exists a subsequence of global solutions to the correspond-
ing penalized problems which converges weakly to a global solution of the original
problem; see Theorem 3.4. Section 3.4 addresses the system of first-order necessary
optimality conditions for the penalized problem.

3.1 Differentiability of the control-to-state map

In this subsection we show the Fréchet differentiability of the control-to-state map S
by means of the implicit function theorem. To verify the assumption of the implicit
function theorem, we need the following result about the linearization of the Kirchhoff
equation (2.3).

Proposition 3.1 Suppose that i € Uyq and y € HOl (£2) N W24(82) is the associated
unique solution of the Kirchhoff equation (2.3) for any q € [1, 00). Then, for any
h € L1(82), the linearized problem

Ay 269, VNAF :
Ay G v = h inS2, G.1)
y :O on 89,

has a unique solution y € H}(2) N W4 (£2).

Proof Since (3.1) is linear, we can decompose it into two problems with right hand
sides A :=max{0, h} and h~:= — min{0, &} respectively. To each of these problem:s,
an argument similar to the proof of Theorem 2.5 applies, and we obtain unique weak
solutions y and y~ which belong to Hj (£2) N W4 (£2). Then clearly, y = y™ — y~
solves (3.1). ]

Theorem 3.2 Suppose that it € U,g. Then the control-to-state operator
S: Ug — H (£2) N W9(£2)

is continuously Fréchet differentiable w.r.t. the topology of L°° (§2) on an open L*°($2)-
neighborhood of Ui for all g € [1, 00).
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Proof Suppose that i1 € U,q is arbitrary and that y € H(} (£2) N W24(82) is the
associated state. The map E: (Hj (£2) N W9 (£2)) x L*®(£2) — L9(£2) defined by

f

Eyv,uy=— Ay — ———.
v, u) YT U b IVy2

is continuously Fréchet differentiable with

(u+2b(V$, Vy) f
(@ +b1V3I2)°

E'(§,i)(y,u) = —Ay +

It remains to show that E,(§,4) € L(Hj(22) N W>9(£2), L9(£2)) has a bounded
inverse. To this end, consider

2b f(Vy, Vy)

Ey(j’,ﬁ))’:_A)"i‘ ~ ~ 2°
@+b1v3l2)

(3.2)

The existence and uniqueness of y € H(} (£2) N W24(82) satisfying (3.1), i.e.,
E,(3,it) y = h, is established by virtue of Proposition 3.1. This implies the bijectiv-
ity of E, (9, &1). The open mapping/continuous inverse theorem now yields that the
inverse of Ey (¥, #) is continuous. Notice that E(y, u) = 0 < E(S(u), u) = 0 holds
forallu € U,q. Invoking the implicit function theorem, we obtain that § is continuously
differentiable in some L (§2)-neighborhood of ii. Since it € Uyq was arbitrary, S actu-
ally extends into an L°°(£2)-neighborhood of 4 and it is continuously differentiable
there. Moreover, we obtain that y = S'(it) du satisfies E, (9, it) 8y = —E, (3, i) du,
ie.,

Su+2b(V§, V6
_A3y+(u (V3. V) f _

(@ +b1V35I2)°

3.2 First-order optimality conditions

The optimality system can be derived by using the Lagrangian £: H(} (£2) X Uyg %
Hj(22) — R, defined by

A

f
— | — L pdx
/.q ut b vyl ?
(3.3)

and taking the derivative with respect to the state and the control. In the first case, we
obtain
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2b fp(Vy, Vdy)
2
(u+0b1Vyl?)

Ey(y,u,p)éy:/ <py(x,y)8ydx+/ V8y~Vpdx+/
Q Q Q

fordy € HOl (2) N W24(£2). Integration by parts yields

‘Cy(yv u, p) 5y

2bfp
= [ ¢y(x,y)dydx + V(Syondx—i—(Vy — 5 dr, Véy)
9] 9] 2 (u+b|Vyl?)

2bfp
=/<py(x,y)8ydx—/ Ap5ydx—<Ay/ —2dx,5y)-
2 o) 2 (u+b|Vyl?)

Notice that £, (y, u, p) §y = Oforall 8y € HO] (£2) N W24(82) represents the strong
form of the adjoint equation, which reads

2b
—Ap—Ay/ %dx:—gay(x,y) in £2,
@ (u+blVyl?) (3.4)

p=0 on ds2.

We point out that (3.4) is again a nonlocal equation. Given u € Uygand y € HO1 (£2)N
W24(82),(3.4)hasa unique solution p € HO1 (£2)NW24(£2). This can be shown either
by direct arguments as in Theorem 2.5, or by exploiting that the bounded invertibility
of Ey implies that of its adjoint, see the proof of Theorem 3.2.

The derivative of the Lagrangian with respect to the control is given by

Ly(y,u, p)éu=Axr(u, (Su)Hl(Q)-l-f P

T Sudx
2 (u+b]Vyl?)

for su € H'(£2).
It is now standard to derive the following system of necessary optimality conditions.

Theorem 3.3 Suppose that (y, u) € (HO1 £2)N Wz"f(.Q)) X Ugq is a locally optimal
solution of problem (2.1) for any q € [1, 00). Then there exists a unique adjoint state
pE HOl (£2) N W>4(82) for all g € [1, o) such that the following system holds:

2bfp .

P=Ayfe sy B T y) in &2, (3.52)
p = 0 on 89,

fp

| Vu-Ve-wdx+ | (—L— +hu) @ —u)ydx =0

17 2\ (u+bIVy|?) (3.5b)
forallv € Uy,
Ay —

Ay = rgimpE n 2, (3.5¢)

y=0 onds2.
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Notice that (3.5b) is a nonlinear obstacle problem for the control variable u origi-
nating from the bound constraints in U,q and the presence of the H !_control cost term
in the objective. Until recently, the Newton differentiability of the associated solution
map was not known. In order to apply a generalized Newton method, we therefore
chose to relax and penalize the bound constraints via a quadratic penalty in the fol-
lowing section. This is also known as Moreau—Yosida regularization of the indicator
function pertaining to U,g.

Recently, the authors in [5] proved a Newton differentiability result for the solution
map of unilateral obstacle problems. This approach offers a promising alternative
route to solving (3.5) numerically. It would amount to introducing a fourth unknown

satisfying z = ——.2— and replacing (3.5b) by u = G(z), where G stands for the
(utb(1Vy1?)

solution map of the obstacle problem
A/ Vu-(Vv—u)+u@—u)—zw—u)dx >0 forall v € Uyg.
Q
We leave the details for future work.

3.3 Moreau-Yosida penalty approximation

The Moreau—Yosida penalty approximation of problem (2.1) consists of the following
modifications.

(1) We remove the constraints u, < u < up from U,q and work with controls in
H'(£2) which do not necessarily belong to L>(£2).

(2) We add the penalty term % f o — u)%r + (u — ub)%r dx to the objective. Here
v+ = max{0, v} is the positive part function and ¢ > 0 is the penalty parameter.

(3) We replace the control-to-state relation y = S(u) by

v =S(ua/2+n:( — ua/2)),

where 7, is a family of monotone and convex C> approximations of the positive
part function satisfying n.(t) = t fort > ¢, ns(t) = 0 fort < —¢ for some
e € (0,up/2) and 17; € [0, 1] everywhere.

An example of such a function is n.(t) = ¢ n(é), where

0 fort < —1,
4 t5 6 14t 1
= 15 i—z+m+%>+7—z for —1 <1 <0,
- I o 1© 141 1
t fort > 1.

Notice that modification (3) is required since the control-to-state map S is guaran-
teed to be defined only for positive controls; compare Theorem 2.5. Therefore, we use
Ug/24n:(u—ugy/2) > u,/2 as aneffective control. In addition, u, /2+n. (u—u,/2) =
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u holds forall u € U,q, provided that ¢ is small enough. We now consider the following
relaxed problem:

1
Minimize Je(y,u):=J(y, u) + % / (g — u)%r + (u — ub)idx
EJe

where y = S(ug/2 + ne.(u —ugy/2)) ®e)
and u € HY().

The relation between (P, ) and the original problem (2.1) is clarified in the following
theorem.

Theorem 3.4

(i) For all ¢ > 0, problem (P.) possesses a globally optimal solution (ye, ug) €
(Hy (2) N W>4(2)) x H'(2) for all ¢ € [1, 00).

(i1) For any sequence g, \ 0, there is a subsequence of (ys,, ig,) Which converges
weakly to some (y*, u*) in W>4(2) x H'(2). Moreover, u* € Uyq holds and
(y*, u™) is a globally optimal solution of (2.1).

Proof Statement (i) can be proved in a straightforward manner using a similar proce-
dure as in Theorem 2.8. The proof of statement (ii) is divided into several steps. As in
the proof of Theorem 2.8, we define $ to be the globally optimal value of the objective
in (2.1). Similarly, we let B denote the globally optimal value of the objective in (P;).
Suppose that &, N\ 0 is any sequence.

Step (1): We show that {()75”, 128,1)} is bounded in W24 (2) x H'(£2).
Suppose that (y, u) is a globally optimal solution of (2.1). Owing to the
definition of 8., we have

Be < Je(3, i) = J (3, i) + if (g — )2 + (it — up)? dx
2¢e 2

=J(,u) =B

(%)

The next-to-last equality is true since u € Uyq holds and therefore, the
penalty term vanishes. Moreover, we obtain

I Ve, the,) = J (Ve ts,) +

Zﬂsn 5,37

1
2e, /Q(ua B ﬁg")%r + (e, — ”b)idx

where the last inequality follows from (*). Since
Ve, = S(ua/z + 1, (e, — uu/z))

holds, we obtain ||y, [l w24 (o) < C as in the proof of Theorem 2.6. There-

fore, y, is also bounded in C (£2) and consequently, f o @(x, ye,) dx is
bounded below, see (2.5). Finally,
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- _ A
J(ygn,um=/Szgo(x,ygn>dx+5||u5n||§,l(m <B

implies that [|iz, || 1) is bounded.

Step (2): From Step (1) itfollows that there exists a subsequence {(ys, , is,)}, denoted
with the same subscript, such that (g, its,)— (", u*) in W24(2) x
H'(£2). We show that u* € U,q holds.
We have already shown that g, < # holds, therefore

/Q(ua —iig,) + (e, — up)’ dx < 264[B — J (T, i1e,)]

Taking the lim sup in this inequality as n — oo, we find

n—o00

0 < lim supf (ua — 126,,)%F + (ite, — ”b)i dx
2 (k%)

<0—2liminfe, J(Vg,, Ug,).
n—o0

From (y,, ite,)—(y*, u*) in W24($2) x H'(£2) we conclude g, — u*
in L2(£2) and

J(O*, u*) < liminf J(ye,, ite,) (k * %)
n—o0

as in the proof of Theorem 2.8. Passing with n — oo in (**) yields

/Q(ua — u*)i + (u* — ub)i dx =0

and consequently, u* € Uyqg follows.

Step (3): To obtain the convergence 1, (its, — tg/2) — u* — ug/2 in L2(£2), it
suffices to note that the assumptions on 7, imply that, forallt € R, n, (#) —
max{0, ¢} holds as n — oo and that 1, has a Lipschitz constant of 1 for all
n. In combination with u* > u,, the triangle inequality, and the dominated
convergence theorem, this gives

Ine, (e, — ua/2) — W —ua/2)12(e2)
< Ine, Gite, — ua/2) — e, W — ua/2)|l 120
+ (176, (" —ua/2) — (U* —ua/2)|l12(0)
< llite, — u*|l;2(e)
+ Ine, @ — uq/2) — max{0, u* — uq/2}||;2(2) — O

as desired. The continuity of S on U,y w.r.t. the L%(§2)-topology now
implies

Ve, = S(ua/z + ne, (L_ts,, - Ma/z)) g S(u*) .
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From Step (2) we have the weak convergence of y,, to y*. The uniqueness
of the weak limit shows y* = S(u™).

Step (4): Since J (¥, , its,) < B holds, we obtain J(y*, u™) < B by invoking (¥**).
Moreover, since (y*, u*) is admissible for (2.1), the definition of 8 implies
J(y*, u*) = B, which completes the proof. O

3.4 First-order optimality conditions for the penalized problem

The derivation of optimality conditions for (P;) proceeds along the same lines as
in Sect.3.2 and the details are omitted. Notice that the use of the cut-off function
in the control-to-state map resolves the difficulty with differentiability of this map
with respect to H'(£2)-topology in appropriate function spaces. For simplicity, we
drop the index -, from now on and denote states, controls, and associated adjoint
states by (y, u, p). We obtain the following regularized system of necessary optimality
conditions.

Theorem 3.5 Suppose that (y, u) € (Hol(.Q) n w2 (.Q)) x H'(£2) is a locally opti-
mal solution of problem (P;) for any q € [1, 00). Then there exists a unique adjoint
state p € HO1 (2)NW24(82) forall g € [1, 00) such that the following system holds:

2bfp .
p ve (ua /240 (u—11a /2)+b |V y]2)? dx ey(x.y) in 2, (3.6a)
p=0 on 082,
" — ua)2
A/W_Wdﬁ_f( Frn(u—uq/2) 2+M>vdx
2 2 Mua/2+ e —ua/2) + b Vyl?)
1
- -/ (o —u)y — ( —up)y)vdx =0 forallve H' (),
& J
(3.6b)
Ay — f i
Ay = e voE. 15 (3.6¢)
y=0 on d52.

Remark 3.6 We note that under a second-order sufficient condition, which is not inves-
tigated in this paper, every solution of (3.6) is a strict local minimizer of (P, ). According
to Theorem 3.4, applied to a modified problem with a suitable localization term, the
local minimizer of the penalized problem under consideration converges to a local min-
imizer of the original optimal control problem as ¢ — 0. This technique is well known;
see for instance [4, Section 4]. Therefore, under second-order sufficient optimality con-
ditions, the solutions of the optimality system of (P) converge to the solutions of the
optimality system of (2.1).

Corollary 3.7 The terms

( £l —uq/2)
(

1
+ru) = —((ug —u)y — (u—up)
a2+ Ne( — ug/2) + b | Vy|2)? ) o ’ »+)
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in (3.6b) belong to L°°(82) and therefore, any locally optimal control of (Pg) belongs
to W>4(82) for any q € [1, o0).

Proof We only elaborate on the case N = 3 since the cases N € {l, 2} are sim-
ilar. We first consider the numerator of the first term. Here f € L°°(£2) holds by
Assumption 2.1 and p € L(£2) by virtue of the embedding W>9(£2) < L*°(£2)
for ¢ > 3/2. Moreover, 1, maps into [0, 1] and therefore n,(u — u,) belongs to
L°°(£2) as well. The denominator is bounded below by u, /2, and therefore, the first
term belongs to L°°(£2).

The second term, é((ua —u)y —(u— ub)+), belongs to LO(£2) due to the embedding
HY(2) — LO(). Inserting this into (3.6b) with the differential operator A (—A +id)
and the remaining terms on the right-hand side shows u € W2°(£2), which in turn
embeds into L>°(£2).

Repeating this procedure one more time implies u € W>9(£2). O

4 Generalized Newton method

In this section we show that the optimality system (3.6) of the penalized problem
is differentiable in a generalized sense, referred to as Newton differentiability. This
allows us to formulate a generalized Newton method. Due to its similarity with the
concept of semismoothness, see [23], such methods are sometimes referred to as a
semismooth Newton method.

Definition 4.1 ([13, Definition 1], [16, Definition 8.10]). Let X and Y be two Banach
spaces and D be an open subset of X. The mapping F: D C X — Y is called Newton
differentiable on the open subset V C D if there existsamap G: V — L(X, Y) such
that, forevery x € V,

1
lim ——||F(x +h) — F(x) — G(x + h)h|y =0.
Jim G = FO) = G+ Wy

In this case G is said to be a Newton derivative of F on V.

We formulate the optimality system (3.6) in terms of an operator equation F = 0
where

F: X::(Wz'q(.Q) nH|. (.Q)) fo’q(.Q)x<W2’q(.Q) N H] (.Q)) — LI(R)=Y
@.1)

and g € [max{l, N/2}, co) is arbitrary but fixed.
Here W29 (£2) is defined as
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d
Wf’q(9)2= {M e W>1(2) ‘ 3_u =0on 89} :
n

The component F represents the adjoint equation (3.6a) in strong form, i.e.,

2bfp
Fi(y,u,p)=—-Ap — Ay/

( 1y)'
2 zdx Pyx
02 (Ma/2+778(u_ua/2) b||5y|| )

The continuous Fréchet differentiability of F; is a standard result, which uses
Lemma 2.3 and the embedding W24(2) < L>®(£2). The directional derivative
is given by

F{(y, u, p) 8y, 8u, 8p)

2b
:—ASp—ASy/ fp

de
2 (ua/2 4 ne(u —ua/2) + b|IVyl?)

B Ay/ 2b fép _dx
2 (ta/2+ne( —uq/2) + b ||Vyl?)
4b f p(n,(u — ua/2)Su+2b(Vy, Vsy))
~I—Ay/ 3
2 (Ua/2 4 ne(u —ua/2) +b[VY]?)

dx + @yy(x, y) 8y.

Similarly, F3 represents the state equation (3.6¢), i.e.,

f
Ua/2+ (U —uq/2) + b [Vy|?

Fi(y,u, p) = —Ay

and its continuous Fréchet derivative is given by

fln —ua/2)8u+2b(Vy, V§y)]

Fi(y,u, p)(8y, 8u, §p) = —ASy + 7
(ua/2 +ne(u —uq/2) +b IIVyIIZ)

Finally, in order to define F, we integrate (3.6b) by parts, which is feasible due to
Corollary 3.7. This results in the equivalent formulation F, = 0, where

fon(u—u./2)
(a/2 + e — ua/2) + b | Vy2)

F(y,u, p) = —AAu + +Au

1
— —(max{u, — u, 0} — max{u — up, 0}),
&

and the boundary conditions g—z = 0, which are included in the definition of Wf 4(2).
In order to establish the Newton differentiability of F>, we invoke the following

classical result.
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Theorem 4.2 ([13, Proposition 4.1], [16, Example 8.14]). The mapping
max{0, -}: LP(2) > L9(2), 1<g<p<o0
is Newton differentiable on LP(§2) with generalized derivative
Gmax: LV (£2) — L(L"(2), LY (£2))

given by

Su(x), whereu(x) >0,
Gmax (1) du =
0, where u(x) < 0.

Using Theorem 4.2 and the embedding W24 (82) — L%(£2), it follows that F> is
Newton differentiable on the entire space X with generalized derivative

Ga(y,u, p)(8y, du,sp)
Spn.(u— 2 "(u — 2)6
— aAsu 4 10PN = ua/2) + f p e (u “a/z) o su
(a/2 + e = ua/2) + b Vy|?)
2 f pogu —ua/2) [0 — ua/2)8u+2b(Vy, VEy)] 1

N3 + —XA@w)du.
(ua/2 + e —uq/2) + b Vyl?) €

Here x4 stands for the indicator function of the set
Alu)y={x € 2|ug —u>0o0ru — up > 0}.

We are now in a position to state a basic generalized Newton method; see Algo-
rithm 4.3. Following well-known arguments, we can show its local well-posedness
and superlinear convergence to local minimizers satisfying second-order sufficient
conditions. We refrain from repeating the details and refer the interested reader to,
e.g., [16, Chapter 7], [14, Chapter 2.4-—2.5] and [23, Chapter 10]. It is also possible
to globalize the method using a line search approach; see, e. g., [15].

Algorithm 4.3 (Basic semismooth Newton method for the solution of problem (P;)).

Input: initial guess (yo, ug, po) € X
Output: approximate stationary point of (P)
1: Set k:=0

2: while not converged do

3: Determine the active set A(uy)

4:  Solve the Newton system

Gl(yka Uk, pk)(8y3 8”9 5]9) = _FI(Yk’ U, pk)
G2 (yk, uk, pr) 8y, du, 8p) = —F2(Yk, ug, px) 4.2)
G3(yk, ux, pr) 8y, du, 8p) = —F3(yk, ug, px)
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5. Update the iterates by setting
Vi+1:=Yk + 0y, Uky1:=up +8u, prr1:=px+9p

6: Setk:=k +1
7: end while

An appropriate criterion for the convergence of Algorithm 4.3 is the smallness of

| F1 (ks ke, pi)llLac2ys 1F2(vk, uk, pi)llLae) and || F3(Vk, uk, pi)llLa(s), either in
absolute terms or relative to the initial values.

Remark 4.4 We remark that all previous results can be generalized to convex domains
22 c RN where 1 < N < 3. In this case, we can invoke the H 2-regularity result
for the Poisson problem on convex domains from [12, Theorem 3.2.1.3] in the proof
of Theorem 2.5. Consequently, we have to replace ¢ € [1, 00) by ¢ = 2 in Theo-
rem 2.5 and all subsequent results. The requirement N < 3 ensures the validity of the
embedding H>(2) — C(R2).

5 Discretization and implementation

In this section we address the discretization of the relaxed optimal control problem (P ).
We then follow a discretize—then—optimize approach and derive the associated discrete
optimality system, as well as a discrete version of the generalized Newton method.
In order to simplify the implementation, we employ the original control-to-state map
y = S(u). In other words, we choose n, = id in (P;), which no longer approximates
the positive part function. Consequently, the controls appearing in the control-to-state
map are no longer guaranteed to be bounded below by u,. This simplification is
justified a posteriori, provided that the control iterates happen to remain positive and
bounded away from zero and thus still permit the state equation to be uniquely solvable,
or rather its linearized counterpart appearing in the generalized Newton method. We
numerically observed this to be the case for all examples. In addition, we allow the
addition of an upper bound on the constraint in our implementation, which is treated
via the same penalty approach as the lower bound.

Our discretization method of choice is the finite element method. We employ
piecewise linear, globally continuous finite elements on geometrically conforming
triangulations of the domain £2. More precisely, we use the space

Vi:={v € H'(£2) N C(2) | v is linear on all triangles} C H'(£2)
to discretize the control, the state and adjoint state variables. We use the usual
Lagrangian basis and refer to the basis functions as {¢;}, where j = 1,..., Ny

and Ny denotes the number of vertices in the mesh. The coefficient vector, e. g., for
the discrete control variable u € Vj,, will be denoted by u, so we have

Ny
u = Zujwj.
j=1
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In order to formulate the discrete optimal control problem, we introduce the mass and
stiffness matrices M and K as follows:

MijZ/ @i ¢jdx and Kz’j=/ Vo - Vo;dx.
2 Q

We also make use of the diagonally lumped mass matrix Mjympeq With entries

Miumped;; = ZIIV;/I M;;. Suppose that the right-hand side f and coefficient b have
been discretized and represented by their coefficient vectors f and b in V},. Using the
lumped mass matrix, the weak formulation (2.4) of the state equation can be written
in preliminary discrete form as

f; w
Ky=M w +b: (VK y) .
y lumpedl:ui +b;(y'Ky) i|i=1

In order to incorporate the Dirichlet boundary conditions, we introduce the boundary
projector P . This is a diagonal Ny x Ny-matrix which has ones along the diagonal
in entries pertaining to boundary vertices, and zeros otherwise. We also introduce

the interior projector Po:=id — Pr. We can thus state the discrete form of the state
equation (2.4) as

f; Ny
PoKy - PoM _— +Pry=0. 5.1
2Ky — PoMuumped [u,' Th K y) ]l_ZI ry (5.1

In order to simplify the notation, we introduce further diagonal matrices
F:=diag(f), B:=diag(b) and D(y, u):=diag(u) + (yTK y) B.
Using these matrices, we can write (5.1) more compactly as
e(y, w):=PoKy — PoMumpea FD(y, w1+ Pry =0, (5.2)
where 1 and 0 denote column vectors of all ones and all zeros, respectively.
To be specific, we focus on a tracking-type objective and choose ¢(x, y) = %(y -

y4)? in (1.4) and thus also in (P, ). In addition, we distinguish two positive control cost
parameters A1 and A, which leads to discrete problems of the form

1 A A
W) = 2y =y My — o) + Tu"Ku + Zu'Mu
1 1
+£(ua - U)E_Mlumped(ua —u)y + E(u - ub)ﬂiMlumped(u —w)y (5.3)
and the Lagrangian of our discretized problem becomes
1 M A2
L@y, u,p) =50 —¥) MY —ya) + S u'Ku+ —u'Mu

@ Springer



Optimal control of the stationary Kirchhoff equation 499

1 1
+ Z(ua - U)E_Mlumped(ua —u)y + g(u - ub)rg_Mlumped(u —up)4
+p'PoKy — p' PeMumpea FD(y, w)~'1+p'Pry. (5.4)

Before we state the first- and second-order derivatives of the Lagrangian, we address
the nonlinear term D(y, u) ! first. We obtain

iD( w) '8y = -2 (y'K 8y) BD(y, u) 2
a2 y=—-2(y Kdy y,u

d —1q _ —24 T
and thus dyD(y, u 1=-2BD(y,u) "1y K,

d
PO w)~'su = —D(y, u)~? diag(su)

d
and thus —D(y, u)_ll = —D(y, u)_z.
du
Therefore, the first-order derivatives of £ (written as column vectors) are given by

Ly(y,u,p) = M(y —ys) + KPgop
+ 2Ky 1'D(y, u)_zBFMlumped Pop + Prp, (5.52)

and
1
Lu(y,u, p) = A Ku + A,Mu — EDA_ () Mlumped Da_(uw) (ug —w)

1
+ EDA+ (u) Miumped Da, (W) (u —up) +FD(y, u)72Mlumped Pop.
(5.5b)

Here D4, (u) and D4_ (u) are diagonal (active-set) matrices with entries

1 where [u, —u]; >0,
0 otherwise,

[Da, (W] = {

D4y ()] = {1 where [u —wsl; 2 0,

0 otherwise,

and we set Dy (u) = Dy, (u) + D4 _(u).

In order to solve the discrete optimality system consisting of (5.1) and (5.5),
we employ a finite-dimensional semismooth Newton method (Algorithm 5.1). This
requires the evaluation of first-order derivatives of the state equation (5.1) as well
as second-order derivatives of the Lagrangian (5.4). The following expressions are
obtained.

ey(y,u) = PoK + 2Po Miumped FBD(y, w) *1y K+ Pr,  (5.6a)

@ Springer



500 M. Hashemi et al.

eu(y, u) = PoMjympea D(y, ) ~°F, (5.6b)
Lyy(y, u,p) =M — 8p"PoMyumpea FB?D(y, u) *1Kyy'K

+ 2p"PoMiymped FBD(y, u) ?1K, (5.6¢)

Lyu(y.u, p) = —4Kyp'PoMiumpea FD(y, u) B, (5.6d)

1
Luu(y,;u,p) = MK+ 21:M + EDA (1) Miymped D a (w)
— 2 diag(Miymped P) D(y, u) °F. (5.6e)

Notice that the expression for Ly, is the generalized derivative of L, in the sense of
Definition 4.1.
The discrete generalized Newton system has the following form:

‘ny(yv u, p) £yu(y7 u, p) ey(y, u)T 5)’ Ey(Yv u, p)
Luy(y, u, p) Luu(y, u, p) eu(y, u)T Su| =—|Luly up|. (5.7)
ey(y,w)  euly,w 0 p e(y, u)

The well-posedness of the system (5.7) can be shown in a neighborhood of a locally
optimal solution satisfying second-order sufficient optimality conditions, under the
additional assumption that u remains positive. This is a well established technique
and it applies both to the continuous as well as to the discrete setting; see for instance
[3, 20, 21]. In contrast to standard optimal control problems which do not feature a
nonlocal PDE, some of the blocks in (5.7) are no longer sparse. This comment applies
to ey due to the second summand in (5.6a), to Lyy due to the second summand in
(5.6¢) as well as to Ly, given by (5.6d). For a high performance implementation,
it is therefore important to not assemble the blocks in (5.7) as matrices, but rather
to provide matrix—vector products and use a preconditioned iterative solver such as
MINRES ([19]) to solve (5.7). This aspect, however, is beyond the scope of this paper
and we defer the design and analysis of a suitable preconditioner to future work. For
the time being we resort to the direct solution of (5.7) using MATLAB’s direct solver,
which is still feasible on moderately fine discretizations of two-dimensional domains.

Our implementation of the semismooth Newton method is described in Algo-
rithm 5.1. In contrast to Algorithm 4.3, we added an additional step in which we solve
the discrete nonlinear state equation (5.2) for yx4 once per iteration for increased
robustness; see Line 6 in Algorithm 5.1. Notice that the preliminary linear update
to yx+1 in Line 5 is still useful since it provides an initial guess for the subsequent
solution of e(yr+1, ux+1) = 0. We mention that nonlinear state updates have been
analyzed in the closely related context of SQP methods, e. g., in [7, 24]. We also added
a rudimentary damping strategy which improves the convergence behavior. In our
examples, it suffices to choose y = 1/2 when || Ly (Y, Wk, Pi)ll g +m)y-1 > 1/10 and
y = 1 otherwise.

The stopping criterion we employ in Line 2 measures the three components of the
residual, i. e., the right-hand side in (5.7).Since each component represents an element
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of the dual space of H 1(§2), we evaluate the (squared) H 1(§£2)*-norm of all residual
components, which amounts to

R2(y, u, )=l Ly (¥, uw, P) 17 ppy 1
+1La (s DI gyt + 1€ W vyt (5.8)

Algorithm 5.1 is stopped when
R(y.u.p) <107° (5.9)

is reached. Moreover, we impose a tolerance of [le(y, w) || (g ym-1 < 10719 for the
solution of the forward problem in Line 6.

Algorithm 5.1 (Discrete semismooth Newton method with nonlinear state update for
the solution of a discretized instance of problem (P;)).
Input: initial guess (yo, U, po) € Vy x Vi, x V),

Output: approximate stationary point of the discretized instance of (P;)

1: Set k:=0

2: while not converged do

3: Determine the active sets Ay (uy) and A_(uy)
Solve the Newton system (5.7) for (8y, éu, ép), given (Yk, Uk, Pk)

Update the iterates by setting

oA

Yi+1:=Yk + ¥ 8y, Wey1:=Ug +ydu, prr1:=px+yp

where y € (0, 1] is a suitable damping parameter.
6:  Solve the nonlinear state equation (5.2) for the state yy+1, given the control Uy

7: Setk:=k +1
8: end while

6 Numerical experiments

In this section we describe a number of numerical experiments. The first experiment
serves the purpose of demonstrating the influence of the non-locality parameter b. In the
second experiment, we numerically confirm the mesh independence of our algorithm.
The third experiment is dedicated to studying the impact of the penalty parameter ¢.
As mentioned in Sect. 5, our implementation of Algorithm 5.1 employs a direct solver
for the linear systems arising in Line 4 and is therefore only suitable for relatively
coarse discretization of two-dimensional domains. Unless otherwise mentioned, the
following experiments are obtained on a mesh discretizing a square domain with
Ny = 665 vertices and N7 = 1248 triangles. Notice that convex domains are covered
by our theory due to Remark 4.4. The typical run-time for Algorithm 5.1 is around 3
s.
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6.1 Influence of the non-locality parameter

Our initial example builds on the two-dimensional problem presented in [8]. The
problem domain is £2 = (—0.5, 0.5)%; notice that this is slightly incorrectly stated in
[8]. Moreover, we have right-hand side f (x, y) = 100 and desired state y;(x, y) = 0.
The lower bound for the control is given as u,(x,y) = —3x — 3y + 10 and the
upper bound is u;, = oo. Moreover, the control cost parameters are A; = 0 and
A2 = 4-1073. We choose ¢ = 102 as our penalty parameter. The coefficient function
determining the degree of non-locality is set to b(x, y) = « (x2 + y?), where o varies
in {0, 10°, 10", 102, 103}. We point out that these settings violate Assumption 2.1 due
to A1 = 0, i.e., the cost term is only of L>-type, and since b is not uniformly positive
inside £2. The lack of an upper bound in this example is of no concern because we
could assign a posteriori a sufficiently large upper bound which does not become
active. Nonetheless, we present this experiment in order to reproduce the results in
[8], which correspond to the case o = 1.

For each value of o, we start from an initial guess constructed as follows. We
initialize ug to the lower bound u, and set yg to the numerical solution of the forward
problem with control ug. The adjoint state is initialized to py = 0.

Figure 1 shows some of the optimal state and control functions obtained. We notice
that the solution in case of a local problem (« = 0) is visually indistinguishable from
the setting @« = 1 considered in [8]. We therefore compare it to the case o = 103
of significantly more pronounced non-local effects. Clearly, an increase in the non-
local parameter aids the control in this example, so the control effort can decrease,
as reflected in Fig. 1. Also, we observe that the number of iterations of the discrete
semismooth Newton method (Algorithm 5.1) decreases slightly as « increases; see
Table 1.

6.2 Dependence on the discretization

In this experiment we study the dependence of the number of semismooth Newton
steps in Algorithm 5.1 on the refinement level of the underlying discretization. To this
end, we consider a coarse mesh and two uniform refinements; see Table 2.

The problem is similar as in Sect.6.1. The domain is £2 = (—0.5, 0.5)%. We use
f(x,y) = 100 as right-hand side and the desired state is y;(x, y) = 0. The lower
bound for the control is now given as u, (x, y) = —10x —10y+20 and the upper bound
isup = ugy+5. Moreover, the control cost parameters are A| = 10~7and Ay = 4-107°.
We choose ¢ = 1072 as our penalty parameter. The coefficient function determining
the degree of non-locality is setto b(x, y) = 10. Notice that Assumption 2.1 is satisfied
for this experiment.

For each mesh, we start from an initial guess constructed as follows. We initialize
uy to the lower bound u, and set y( to the numerical solution of the forward problem
with control ug. The adjoint state is initialized to po = 0. In this example, both the
lower and upper bounds are relevant on all mesh levels. Nonetheless, we observe a
mesh-independent convergence behavior; see Fig. 2.
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Fig. 1 Optimal states y (top row), optimal controls « (middle row) and convergence history (bottom row)
obtained for the example from Sect.6.1 for « = 1 (left column) and & = 103 (right column). The three
norms shown in the convergence plots correspond to the three terms in (5.8), i.e., [| Ly (y, u, p)|| (K+M)—1»

| Luly, u, p)”(K+M)—1 and [le(y, u)ll(K+M)—l

Table 1 Number of iterations of

the discrete semismooth Newton

method (Algorithm 5.1) for

various values of the

non-locality parameter « in the

example from Sect. 6.1

Iterations

0.00e+00
1.00e+00
1.00e+01
1.00e+02
1.00e+03

AN 9 o O
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Table 2 Number of iterations of

the discrete semismooth Newton Level Ny Nt Iterations
method (Algorithm 5.1) for 1 177 312 i
various mesh levels in the
example from Sect.6.2 665 1248 8
3 2577 4992 8
—©— mesh level 1 ©

~—6— mesh level 2
mesh level 3

o 15
7

%,

\“\“\\\\\\\Wr

1010 F

0 2 4 6 s o 1
iteration

Fig.2 The convergence plot (left column) shows the total residual norm R(y, u, p) as in (5.8) on all mesh

levels for the example from Sect. 6.2. The control on the finest level is shown in the right column. Nodes

where u = uj, and u = u, holds are shown in red and blue, respectively

Table 3 Number of iterations of the discrete semismooth Newton method (Algorithm 5.1, without
warmstart) for various values of the penalty parameter ¢ in the example from Sect.6.3. The terms
(g — u)+ 1l ooy and [[(w — up)+ |l o0 (52 tefer to the maximal positive nodal values of us — u and
u — up, respectively

& Iterations (g —uw)+| oo (2) Il —up)+llLoo2)
1.00e+00 4 1.32e—03 6.36e—05
1.00e—01 4 1.32e—04 6.37¢—06
1.00e—02 6 1.32e—05 6.39¢—07
1.00e—03 10 1.32e—06 6.40e—08
1.00e—04 13 1.32¢—07 6.40e—09

6.3 Influence of the penalty parameters

In this final experiment, we study the behavior of Algorithm 5.1 and the solutions
to the penalized problem (P,) in dependence of the penalty parameter €. We solve
similar problems as before, with domain £2 = (—0.5, 0.5)2, right-hand side f(x,y) =
100 and desired state y;(x, y) = 0. The lower bound for the control is u,(x, y) =
—10x — 10y + 20 and the upper bound is u, = u, + 8. Moreover, the control
cost parameters are A; = 10~ and Ay = 4 - 107>, The penalty parameter varies
in {10°, 107!, 1072, 1073, 10~*}. The coefficient function determining the degree of
non-locality is set to b(x, y) = 10.
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Fig.3 The convergence plot shows the total residual norm R(y, u, p) as in (5.8) for all values of the penalty
parameter ¢. In the left plot, the same initial guess was used for all penalty parameters. With warmstarting,
convergence can be achieved in one semismooth Newton step

The construction of an initial guess is the same as in Sect. 6.2. The experiment is split
into two parts. First, we consider Algorithm 5.1 without warmstarts. The corresponding
results are shown in Table 3. As expected, the number of Newton steps increases as
€ ¢ 0 while the norm of the bound violation decreases. Second, we repeat the same
experiment with warmstarts. That is, we use the initialization as described above only
for the initial value of €. Subsequent runs of Algorithm 5.1 are initialized with the final
iterates obtained for the previous value of ¢. This strategy is very effective, as shown
in Fig.3 (right column).
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A Comment on the proof of existence of an optimal solution in [8]

We believe that the proof concerning the existence of an optimal solution in Theo-
rem 2.5 of [8] contains a flaw. That proof uses the direct method of the calculus of
variations and begins by constructing two sequences {u, } and {y,} satisfying the state
equation (2.3) and converging weakly in L?(£2). The proof then proceeds to show
that the weak limit satisfies the state equation as well. That claim, however, is incor-
rect. Indeed, we construct below a counterexample showing that the control-to-state
map is not continuous in any meaningful sense w.r.t. the weak L>-convergence of the
controls. We acknowledge that this argument was suggested by one of the reviewers.

It suffices to consider (2.3) in the setting £2 = (0, 1) C Rwithdatab = 1and f =
1. We consider the sequence of controls {u, } C L?(£2) defined by u, (x):=1+2x (nx),
where

0, 0<x<1/2,
x(x):=
1, 1/2<x<1.

This sequence clearly satisfies u,, —u:=2in L2(.§2); see, forinstance, [6, Theorem 2.6].

We now show that y,:=S(u,) does not converge to S(u)=:y. To this end, we note
that {y,} is bounded in H 2(£2) and thus a subsequence (which we denote the same)
converges weakly in H?(£2) and strongly in HOl (£2) to some y* € H*(£2)N Hé (£2).
This implies that

1 1 2

n +1Vynll3s gy n + 1VY* 720,

LX(£2)
VY7200, = 1V90l172q)
(un + IV3nl7200)) (tn + 1V5*1135 )

L2(£2)
2
< C(IVY* 1320 = IV3nl720g)" = 0

for n — oo. The estimate employs that the terms in the denominator are bounded
below by 1. Consequently,

1 1
IVl IV,

holds with some ||yl 2y — 0. Since (u,, + ||Vy”‘||iz(m)_1 oscillates between

! and (3+ IIVy*Iliz(_Q))*], the right-hand side of

(A.1) converges weakly in L2(£2) to the function %(1 + ||Vy*||i2(9))_1 + %(3 +

the values (1 + IIVy*Hiz(_Q))

(Vy* ||i2((2))_1' The passage to the limit implies

*

1 1 1
—Ay ——< + )
2N+ VY NG 3+ IVYHITa g,
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Now if S(u#) = y = y™* held, then

A ) 1 1 B 1
i 2(1 IV s 31 v ) - 2+ [Vy*|2
L2(02) L2(2) L2(2)

would follow. This, however, is impossible due to the strict convexity of the function

(0,00) 3 1 > 1/(t + IVy*112,)).

Consequently, y # y* and we obtain that u,,—u in L>(£2) does not imply S(u,,) —
S(u) in any meaningful sense. Therefore, the proof of Theorem 2.5 of [8] cannot be
correct, since it implies the weak L?-continuity of the control-to-state map. The issues
appears to be in step four of the proof on page 779, where the authors conclude that

> hiai(xm) — aon) = 8

iel,

holds for all n € N. This, however, is not the case, and therefore, the desired contra-
diction is not obtained.

Given the lack of weak L2-continuity of the control-to-state operator, the direct
method of the calculus of variations cannot be applied in the setting of [8], where only
an L?-cost term is present. We overcome this issue by choosing a stronger norm for the
control cost term, so that we can use the strong L>-continuity of the control-to-state
map proved in Theorem 2.6.
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