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Abstract

For finite-dimensional problems, stochastic approximation methods have long been
used to solve stochastic optimization problems. Their application to infinite-dimen-
sional problems is less understood, particularly for nonconvex objectives. This paper
presents convergence results for the stochastic proximal gradient method applied to
Hilbert spaces, motivated by optimization problems with partial differential equation
(PDE) constraints with random inputs and coefficients. We study stochastic algo-
rithms for nonconvex and nonsmooth problems, where the nonsmooth part is convex
and the nonconvex part is the expectation, which is assumed to have a Lipschitz
continuous gradient. The optimization variable is an element of a Hilbert space. We
show almost sure convergence of strong limit points of the random sequence gener-
ated by the algorithm to stationary points. We demonstrate the stochastic proximal
gradient algorithm on a tracking-type functional with a L'-penalty term constrained
by a semilinear PDE and box constraints, where input terms and coefficients are
subject to uncertainty. We verify conditions for ensuring convergence of the algo-
rithm and show a simulation.
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1 Introduction

In this paper, we focus on stochastic approximation methods for solving a sto-
chastic optimization problem on a Hilbert space H of the form

min{f(u) = jw) + h@w)}, P)

where the expectation j(u) = E[J(u, £)] is generally nonconvex with a Lipschitz con-
tinuous gradient and 4 is a proper, lower semicontinuous, and convex function that is
generally nonsmooth.

Our work is motivated by applications to PDE-constrained optimization under
uncertainty, where a nonlinear PDE constraint can lead to an objective func-
tion that is nonconvex with respect to the Hilbert-valued variable. To handle the
(potentially infinite-dimensional) expectation, algorithmic approaches for solving
such problems involve either some discretization of the stochastic space or an
ensemble-based approach with sampling or carefully chosen quadrature points.
Stochastic discretization includes polynomial chaos and the stochastic Galerkin
method; cf. [24, 30, 34, 47]. For ensemble-based methods, the simplest method
is sample average approximation (SAA), where the original problem is replaced
by a proxy problem with a fixed set of samples, which can then be solved using
a deterministic solver. A number of standard improvements to Monte Carlo sam-
pling have been applied to optimal control problems in, e.g., [1, 54]. Another
ensemble-based approach is the stochastic collocation method, which has been
used in optimal control problems in e.g. [47, 51]. Sparse-tensor discretization has
been used for optimal control problems in, for instance, [28, 29].

The approach we use is an ensemble-based approach called stochastic approxi-
mation, which is fundamentally different in the sense that sampling takes place
dynamically as part of the optimization procedure, leading to an algorithm with
low complexity and computational effort when compared to other approaches.
Stochastic approximation originated in a groundbreaking paper by [45], where
an iterative method to find the root of an unknown function using noisy estimates
was proposed. The authors of [25] used this idea to solve a regression problem
using finite differences subject to noise. Algorithms of this kind, with bias in
addition to stochastic noise, are sometimes called stochastic quasi-gradient meth-
ods; see, e.g., [17, 53]. Basic versions of these algorithms rely on positive step
sizes t, of the form ), 7, = oo and ) 72 < co. The (almost sure) asymptotic
convergence of stochastic approximation algorithms for convex problems is clas-
sical in finite dimensions; we refer to the texts by [16, 33].

There have been a number of contributions with proofs of convergence of the
stochastic gradient method for unconstrained nonconvex problems; see [6, 7, 49,
56]. Fewer results exist for constrained and/or nonsmooth nonconvex problems.
A randomized stochastic algorithm was proposed by Ghadimi et al. [21]; this
scheme involves running a stochastic approximation process and randomly choos-
ing an iterate from the generated sequence. There have been some contributions
involving constant step sizes with increasing sampling; see [35, 44]. Convergence
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of projection-type methods for nonconvex problems was shown in [32] and for
prox-type methods by Davis et al. [13].

As far as stochastic approximation on function spaces is concerned, many con-
tributions were motivated by applications with nonparametric statistics. Perhaps the
oldest example is from [55]. Goldstein [22] studied an infinite-dimensional version
of the Kiefer—Wolfowitz procedure. A significant contribution for unconstrained
problems was by Yin and Zhu [58]. Projection-type methods were studied by [3, 10,
12, 40].

In this paper, we prove convergence results for nonconvex and nonsmooth prob-
lems in Hilbert spaces. We present convergence analysis that is based on the recent
contributions in [13, 35]. Applications of the stochastic gradient method to PDE-
constrained optimization have already been explored by [19, 37]. In these works,
however, convexity of the objective function is assumed, leaving the question of
convergence in the more general case entirely open. We close that gap by making
the following contributions:

— For an objective function that is the sum of a smooth, generally nonconvex
expectation and a convex, nonsmooth term, we prove that strong accumulation
points of iterates generated by the method are stationary points.

— We show that convergence holds even in the presence of systematic additive bias,
which is relevant for the application in mind.

— We demonstrate the method on an application to PDE-constrained optimization
under uncertainty and verify conditions for convergence.

The paper is organized as follows. In Sect. 2, notation and background is given.
Convergence of two related algorithms is proven in Sect. 3. In Sect. 4, we introduce
a problem in PDE-constrained optimization under uncertainty, where coefficients
in the semilinear PDE constraint are subject to uncertainty. The problem is shown
to satisfy conditions for convergence, and numerical experiments demonstrate the
method. We finish the paper with closing remarks in Sect. 5.

2 Notation and background

We recall some notation and background from convex analysis and stochastic pro-
cesses; see [4, 11, 38, 43].

Let H be a Hilbert space with the scalar product (-, -) and norm || - ||. The sym-
bols — and — denote strong and weak convergence, respectively. The set of proper,
convex, and lower semicontinuous functions & : H — (—o0, oo] is denoted by I'y(H).
Given a function i € I';(H) and ¢t > 0, the proximity operator prox,, : H - H is
given by

prox,,(u) := arg min<h(v) + 2%”\1 - u||2>.

veH
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We recall that for a proper function & : H — (—o0, o], the subdifferential (in the
sense of convex analysis) is the set-valued operator

oh: H=H :u—~{veH:{y—uv)y+hu)<hly) VyeH]}.

For any h € I')(H), the subdifferential 0k is maximally monotone. The domain of
h is denoted by dom(k). The indicator function of a set C is denoted by 6., where
6c(w) =0 if u € C and 6,-(4) = oo otherwise. The sum of two sets A and B with
A€ Risgivenby A+ AB :={a+ Ab : a € A,b € B}. The distance of a point u to
a nonempty, closed set A is denoted by d(u, A) := inf,., ||u — a|| and the diameter of
A is denoted by the symbol diam(A) := sup, ,, |l — v|. For a nonempty and con-
vex set C, the normal cone N («) atu € C is defined by

Ne(w) :={z€eH : {(zw—u) <0, VweC}.

We set No(u) :=0 if ug C. We recall that 06-(u) = No(u) for all ue C. If
hy,hy, € I'y(H) and dom(h,) = H, then d[h,(u) + h,(u)] = 0h,(u) + oh,(w). If h is
proper and dom(h), then 0h(u) is closed and convex. We recall that the graph of dh
for a function h € I'y(H), given by the set gra(oh) = {(u, oh(u)) : u € H}, is sequen-
tially closed in the strong-to-weak topology, meaning that for u, — u, {, € dh(u,),
and ¢, — ¢, it follows that { € dh(u). The normal cone N (u) is strong-to-weak
sequentially closed if C is convex.

Throughout, (£2, F,P) will denote a probability space, where (2 represents the
sample space, F C 2 is the o-algebra of events on the power set of £, denoted
by 22 and P: Q- [0,1] is a probability measure. Given a random vector
& Q- 5 CR™ we write £ € = to denote a realization of the random vector. The
operator E[-] denotes the expectation with respect to this distribution; for a para-
metrized functional J : H X = — R, this is defined as the integral over all elements
in 02, ie.,

[E[J(u,é)]=/J(u,§(w))dﬂ3’(w)-
Q

A filtration is a sequence {F, } of sub-c-algebras of F such that 7, c F, C --- C F.
We define a discrete H-valued stochastic process as a collection of H-valued random
variables indexed by n, in other words, the set {f, : £2 — H | n € N}. The stochastic
process is said to be adapted to a filtration {F,} if and only if f, is F,-measurable
for all n. The natural filtration is the filtration generated by the sequence {f,} and
is given by F, = o({f,, ... ,,H,l}).l If for an event F € F it holds that P(F) = 1, or
equivalently, P(2\F) = 0, we say F occurs almost surely (a.s.). Sometimes we also
say that such an event occurs with probability one. A sequence of random variables
{B,} 1s said to converge almost surely to a random variable f if and only if

! The o-algebra generated by a random variable § : 2 — R is given by 6(#) = {#~'(B) : B € B}, where
B is the Borel c-algebra on R. Analogously, the c-algebra generated by the set of random variables
{B\, ..., B,}is the smallest o-algebra such that f; is measurable foralli =1, ... ,n.
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P({we Q: Ji_)rglcﬁn(a))zﬁ(a))}> —1.

For an integrable random variable f : 2 — R, the conditional expectation is
denoted by E[S|F,], which is itself a random variable that is J,-measurable and
which satisfies [, E[8]F,]()dP(w) = /, f(w)dP(w) for all A € F,. Almost sure
convergence of H-valued stochastic processes and conditional expectation are
defined analogously.

Given a random operator F : X X 2 — Y, where X and Y are Banach spaces, we
will sometimes use the notation F,, := F(-,w) : X — Y for a fixed (but arbitrary)
o € 2. For a Banach space (X, || - ||x), the Bochner space L”(£2, X) is the set of all
(equivalence classes of) strongly measurable functions u : £ — X having finite
norm, where the norm is defined by

o { ([, Nu(@)|ly dP(@)'/?,  p < oo

u p .= .
Wl "=\ esssup peqllu@lly,  p=oo

A sequence {,}in L!(£2, X) is called a martingale if a filtration { F, } exists such that
p, is F,-measurable and E[§,, ;| F,] = B, is satisfied for all n.

For an open subset U of a Banach space X and a function J,, : U — R, we denote
the Gateaux derivative at u € U in the direction v € X by dJ, (u;v). The Fréchet
derivative at u is denoted by J(’U : U - L(X,R), where L(X, R) is the set of bounded
and linear operators mapping X to R. We recall this is none other than the dual space
X* and we denote the dual pairing by (-, -)y. x. For an open subset U of a Hilbert
space H and a Fréchet differentiable function j : U — R, the gradient Vj : U - H
is the Riesz representation of ;' : U — H*, i.e., it satisfies (Vj(u),v) = (/' (), )y
for all u € U and v € H. In Hilbert spaces, the Riesz representation relates elements
of the dual space to the Hilbert space itself, allowing us to drop the dual pairing
notation and use simply (-, -).

The notation Cz’l (U) is used to denote the set of continuously differentiable func-
tions on U C H with an L-Lipschitz gradient, meaning ||Vj(u) — Vj(v)|| < L|lu — v||
is satisfied for all u,v € U. The following lemma gives a classical Taylor estimate
for such functions.

Lemma 2.1 Suppose j € Cl’l(U), U C H open and convex. Then for allu,v € U,

)+ (V1= v) = Sl = VI <) <)+ (Vi) =) + 2w = v,

3 Asymptotic convergence results
In this section, we show asymptotic convergence results for two variants of the sto-

chastic proximal gradient method in Hilbert spaces for solving Problem (P). Let
G : H X = — H be a parametrized operator (the stochastic gradient) approximating
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(in a sense to be specified later) the gradient Vj : H — H and let ¢, be a positive step
size. Both algorithms in this section will share the basic iterative form

un+1 = proxt”h(un - tnG(Mn’ én))s

where A is the nonsmooth term from Problem (P). The following assumptions will
be in force in all sections.

Assumption 3.1 Let {F,} be a filtration and let {«,} and {G(u,, &,)} be sequences of
iterates and stochastic gradients. We assume

(i) The sequence {u,, } is a.s. contained in a bounded set V C H and u,, is adapted
to F, for all n.

(i) On anopen and convex set U such thatV C U C H, the expectation j € C i’l(U )
is bounded below.

(iii) For all n, the H-valued random variable r, := E[G(u,,¢,)|F,] — Vju,)
is adapted to F, and for K, := esssup ,collr, @), X - 1,K, < oo and
sup, K, < oo are satisfied.

(iv) Foralln,w, := G(u,,¢,) — E[G(u,,&,)|F,]is an H-valued random variable.

Remark 3.2 The assumption that the sequence {u,} stays bounded with probability
one is by no means automatically fulfilled, but can be verified or enforced in dif-
ferent ways. We refer to [6, Section 5.2] and [13, Section 6.1] for conditions on the
function, constraint set, and/or regularizers that ensure boundedness of iterates. The
conditions in Assumption 3.1 allow for additive bias r, in the stochastic gradient in
addition to zero-mean error v,. The requirement that u, and r, are adapted to F,
is automatically fulfilled if {F,,} is chosen to be the natural filtration generated by
{¢&,,...,&,}. Together, Assumption 3.1(iii) and Assumption 3.1(iv) imply

G(um gn) = Vj(un) +r,+mw,

and E[w,|F,] = 0. Notice that a single realization &, € = can be replaced by m,
independently drawn realizations .frll ,..., & € Esince

R ;

E[G(,, &) F,] = —E lz G(u,l,csn)lf,l] :
My i

This set of m, samples is sometimes called a “batch”; batches clearly reduce the

variance of the stochastic gradient.

The result in Sect. 3.1 shows asymptotic convergence of the proximal gradient
method with constant step sizes and increasing sampling. In Sect. 3.2, we switch
to the versatile ordinary differential equation (ODE) method to prove convergence
of the stochastic proximal gradient method with decreasing step sizes. We empha-
size that the convergence results generalize existing convergence theory from the
finite-dimensional case. Our analysis includes convergence in possibly infinite-
dimensional Hilbert spaces. Additionally, we allow for stochastic gradients subject
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to additive bias, which is not covered by existing results. This theory can be used to
develop mesh refinement strategies in applications with PDEs [20].

3.1 Variance-reduced stochastic proximal gradient method

In this section, we show under what conditions the variance-reduced stochastic
proximal gradient method converges to stationary points for Problem (P). With
&, = i, ..., &), the stochastic gradient is given by the average

Yo Glu,, &)

n

Gu,.¢&,) =

over an increasing number of samples m,. The algorithm is presented below,
which uses constant step sizes ¢, = ¢ depending on the Lipschitz constant L from
Assumption 3.1(ii).

Algorithm 1 Variance-Reduced Stochastic Proximal Gradient Method

Initialization: u; € H, 0 <t < i
forn=1,2,... do

Generate independent 5}“ ..., & € Z, independent of 511, e ;nl‘fl
TR G (un,Eh
Unp+1 = ProXyp (Un — tzzt—lmi(:é)>

end for

Remark 3.3 If h(u) = 6-(u) and 7 denotes the projection onto C, then the algorithm
o Gw,g)

reduces to u =a-\u, —t
n+1 C n m

), i.e., the variance-reduced projected sto-

n

chastic gradient method.

In addition to Assumption 3.1, the following assumptions will be in force in this
section.

Assumption 3.4 Let {u,}and {G(u,, §,)} be generated by Algorithm 1. We assume

(i) The function 4 satisfies h € I',(H).
(i) For all n,

mn i
_ Il G g
w, = — Vj(u,)
is an H-valued random variable and there exists an M > 0 such that
2 M co 1
Elllw,|I*|F,] < m—”and Doy o < oo
Remark 3.5 We use assumptions similar to those found in [35], but we do not require
the effective domain of % to be bounded; we instead use boundedness of the iterates
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by Assumption 3.1(i). Notice that w, = r, + o, from Assumption 3.1(iv), hence
Assumption 3.4(ii) also provides a condition on the rate at which r, and b, must
decay.

For the convergence result, we need the following lemma [46].

Lemma 3.6 (Robbins—Siegmund) Assume that {F,} is a filtration and v,, a,, b,, c,
are nonnegative random variables adapted to F,. If

Ev|Fl <v,(1+a,)+b,—c, as.

and Z;’lo:] a, < oo, Z:ozl b, < oo a.s., then with probability one, {v,} is convergent
and Y7 ¢, < oo.

n=1"n

To show convergence, we first present a technical lemma.

Lemma 3.7 Let u€ U and t> 0. Suppose v .= prox,,(u —tg) € U for a given
g € H. Then forany z € U,

. L 1
FO) S @+ (v =2 Vi) - ) + (5 = 5 )y = ulP
3.1
o | R e N e
2 2t 2t o
Proof We first claim that for all y,z € H,¢ > 0 and p = prox,,(y),
1 2 1 , 1 )
hp)+ =P = yII? <h@) + —llz=ylI> = =—lIp — 2l
@) 2ﬂp YT < h@) 2ﬂz yll 2ﬂp zll (3.2)

This follows by definition of the prox operator. Indeed, for ¢ > 0, p = prox,,(y) if and
only if forall z € H,

M@ 2 hp)+ (3= p.2 D). (33)

It is straightforward to verify the following equality (the law of cosines)

lz=ylI* = llz—pl* + llp = ¥II* =2y — p.z = p). (3.4)

Multiplying (3.4) by % and adding it to (3.3), we get (3.2). Now, since j € C,"'(U), it
follows by Lemma 2.1 for u, v,z € U that

) <) + (Vju), v — u) + §||v—u||2, 3.5)

) ) + (Vi u = 2) + Sz =l (36

Combining (3.5) and (3.6), we get
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J) @)+ (Vj,v = 2) + Sy = ulP + Sz = ulP, )

Now, by (3.2) applied to v = prox,,(u — tg),

1 2 1 2 1 2
h —|lv—(u—t <h —llz—(u—t¢ -5 lIv-
W)+ 5y == 1)I" <h@) + 511z = = 19)" = llv =z

if and only if
HO)+ v =l + (v~ . g)
2t
1 , 1 , (3.8)
<h —llz— —u,g)y— —|lv—z|~.
<h@+ Sl —ull™+ (2 —u.g) — —llv =z
Finally, adding (3.7) and (3.8), and using that f = j + h, we get (3.1). O
In the following, we define
ﬁn+1 = pI'OXm(Mn - tvj(un)) (39)
as the iterate at n + 1 if the true gradient were used.
Lemma 3.8 For all n,
1 _ t
E )V F] <5 = (5= L) s = 0,17 + SELIWw, PIZ] as
(3.10)
Proof Using Lemma 3.7 withv =@, |, u = z = u,, and g = Vj(u,), we have
_ L 1y\,._
Pty < Fw) + (5 = 7 )1y =, 1 @311

Again using Lemma 3.7, withv=u,, z =1it,,y, u = u,, and g = Vj(u,) +w,, we
get

_ _ L 1
Fltyt) <P ) = Gty = Ty, + (5 = 2 Yl = 0,1
Lo L o (3.12)
(54 3 W =l = 5ty = 12

By Young’s inequality, (i, — fl,, 1, W,) < %llunJr1 = Gy 1 II* + 31w, 1%, so combin-
ing (3.11) and (3.12), we obtain since 0 < ¢ < ﬁ that

L 1

1Y, -
Pty £ 1) + (L= 3 i = 2+ (5 = 3 ity = 1,1

+ %Ilwnll2 (3.13)

1Y, - t
<)+ (L= 5 ) M = 1,2+ Sl 1
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Taking conditional expectation on both sides of (3.13), and noting that %, is F,-
measurable by F,-measurability of u,, we get (3.10). a

Remark 3.9 Any bounded sequence {u,} in H contains a weakly convergent subse-
quence {u, }such thatu, — uforau € H.Generally this convergence is not strong,
SO we cannot conclude from ||iz, ., — u, > = O that there exists a @ such that, for
a subsequence {u, }, lim_ i, —hmk_)oo n, = it. Therefore, to obtain con-
vergence to stationary points, we will assume that {u,} has a strongly convergent
subsequence.

We are ready to state the convergence result for sequences generated
by Algorithm 1.

Theorem 3.10 Let Assumptions 3.1 and 3.4 hold. Then

The sequence {f(u,)} converges a.s.

The sequence {||ii,,., — u,||} converges to zero a.s.

3. Every strong accumulation point of {u, } is a stationary point with probability
one.

N =

Proof The sequence {u,} is contained in a bounded set V by Assumption 3.1(i). By
Assumption 3.4(i), h € I';(H) must therefore be bounded below on V [4, Corollary
9.20]; j is bounded below by Assumption 3.1(ii). W.l.0.g. we can thus assume f > 0.
Since 21 > L and Y E[|lw,|I*|F,] < oo by Assumption 3.4(ii), we can apply
Lemma 3.6 to (3.10) to conclude that f(u,) converges almost surely. The second
statement follows immediately, since by Lemma 3.6,

Z i, —u,|l*> < oo as., (3.14)

which implies that for almost every sample path, lim,,_,  ||it,,; — u,||* = 0.

For the third statement, we have that there exists a subsequence {unk} such that
u, — u. We argue that then @, ., — u. Since {i,, .} is bounded, there exists a
weak limit point & (potentially on a subsequence with the same labeling) Then,
using weak lower semicontinuity of the norm as well as the rule{a,,b,) — {(a, b) for

a,—~aandb, = b,

n’>=n

. - 2 . — 2 - 2
0 = Tim 17,41 = 1, 17 = i 17, 117 = 242, 41.0,) + i, |
- 2 — 2
= hlgr_l)glf||unk+l ” - 2<unk+l7 Mnk> + ”unk ”
> [lall® = 24, uy + ull® = lla = ull® > 0,

implying u = . It follows i, ; — u by assuming limy_, , [|#, 1> # [|u||* and arriv-
ing at a contradiction. Now, by definition of the prox operator,
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Uy 41 = Proxy,(u, —1Vju, ))

= argmin{h(v) + l||v —u, +tVju, )||2}
veH 2t , ‘

argmin{ h(v) + (Vj(u,, ), v) + Lz = Loy = HE) b
veH k 2t t k
Clearly, 0H(v) = oh(v) + Vj(unk) —+ %(v — unk). By optimality of Uy 41 (see Fermat’s
rule, [4, Theorem 16.2]), 0 € 0H (ftnk +1)» or equivalently,

1, . _
—;(unkJrl —u,) € Vj(u, )+ oh(a, ).

Taking the limit as k — oo, and using continuity of Vj, we conclude by strong-to-
weak sequential closedness of gra(oh) that

0 € Vj(u) + oh(u), (3.15)

so therefore u is a stationary point. a

3.2 Stochastic proximal gradient method: decreasing step sizes

An obvious drawback of Algorithm 1 is the fact that step sizes are restricted to
small steps bounded by a factor depending on the Lipschitz constant, which in
applications might be difficult to determine. Additionally, the algorithm requires
increasing batch sizes to dampen noise, which is unattractive from a complexity
standpoint. In this section, we obtain convergence with a nonsmooth and convex
term £ using the step size rule

t, >0, itn=oo, itﬁ<oo. (3.16)
n=1 n=1

This step size rule dampens noise enough so that increased sampling is not
necessary.
We observe Problem (P) with

h(u) 1= nu) + o).

For asymptotic arguments, it will be convenient to treat the term 6. separately. To
that end, we define

@) = jw) +n(u)

and note that f(u) = @(u) + 6-(u). The stochastic gradient G(u, &) : H X = — H can
be comprised of one or more samples as in the unconstrained case; see Remark 3.2.
The algorithm is now stated below.
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716 C. Geiersbach, T. Scarinci

Algorithm 2 Stochastic Proximal Gradient Method
Initialization: u; € C
forn=1,2,... do
Generate &, € =, independent of £1,...,&,—1
Choose t,, satisfying (3.16)
Un+1 := prox; p (un — tnG(un,&n))
end for

To prove convergence of Algorithm 2, we will use the ODE method, which dates
back to [33, 36]. While we use many ideas from [13], we emphasize that we general-
ize results to (possibly infinite-dimensional) Hilbert spaces and moreover, we handle
the case when j is the expectation.

We define the set-valued map S : C =3 H by

S(u) 1= =Vj(u) — on(u) = Nc(w).

Additionally, we define the sequence of (single-valued) maps S, : C — H for all n
by

S,w) :==Vju) - %[E[u -1,G(u, &) — proxtnh(u —t,G(u, &))].

n

In addition to Assumption 3.1, the following assumptions will apply in this section.

Assumption 3.11 Let {«,}and {G(u,, &,)} be generated by Algorithm 2. We assume

(i) The set C is nonempty, bounded, convex, and closed.

(i1) The function# € I',(H) withdom(#) = H is locally Lipschitz and bounded below
on C, and there exists a function L,7 : H - R, which is bounded on bounded
sets, satisfying

L> sup nw) — n(z)

3.17
z2:n(2)<n(u) |l — z]| ( )

(iii) There exists a function M : H — [0, c0), which is bounded on bounded sets,
such that E[||G(u, &)||2] < M(u).

(iv) For any strongly convergent sequence {u, }, E[sup,, ||G(u,, £)||] < oo holds.

(v) The set of critical values {f(«) : 0 € df(u)} does not contain any segment of
nonzero length.

Remark 3.12 To handle the infinite-dimensional case, we use assumptions that are
generally more restrictive than in [13]; we restrict ourselves to the case where C
and # are convex and we assume higher regularity of j in Assumption 3.1(ii) to han-
dle the case j(u) = E[J(u, ¢)]. However, we allow for bias r,, which is not covered
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in [13]. We note that C does not need to be bounded if # is Lipschitz continuous
over C. Assumption 3.11(ii) is satisfied if dom(dn) = H and dn maps bounded sets
to bounded sets; see also [4, Proposition 16.17] for equivalent conditions. The last
assumption is technical but standard; see [48, Assumption H4].

The main result is the following, which we will prove in several parts.
Throughout, we use the notation g, := G(u,,¢,).

Theorem 3.13 Let Assumptions 3.1 and 3.11 hold. Then

1. The sequence {f(u,)} converges a.s.
2. Every strong accumulation point u of the sequence {u,} is a stationary point with
probability one, namely, 0 € of (u) a.s.
Lemma 3.14 The sequence {u, } satisfies the recursion
Upp) = Uy + tn(yn I, t Wn)’ (3.18)

where y, =S, (u,) and w, = —é[E[prox,nh(un —t,8)|F,] + iproxlnh(un —1,8,)-

Proof Note that u, and r, are F,-measurable, so E[g,|F,] = Vj(u,) + r,. Then
Uy g = Uy = PIOX, (1, = 1,8,) = U,
= —1,Elg,|F,] - Elu, — 1,8, — prox, ,(u, —1,8,)|F,]
— Elprox, ,(u, — 1,8,)|F,1 + prox, ,(u, —1,8,)
=1,8,(u,) — t,r, — E[prox, ,(u, — ,8,)|1F,] + prox, ,(u, —1,8,),

where we used that £, is independent from &, ..., &,_;, so
Elu, — 1,8, — prox, ,(u, = 1,8,)|F,]
= Elu, — 1,G(u,, &) — prox, ,(u, — 1,G(u,, £))]. (3.19)
By definition of y, and w,,, we arrive at the conclusion. O

Lemma3.15 Foranyu € C, g € H andt > 0, we have for it = prox,,(u — tg) that
Ll < 2L, + 218l
Proof By definition of the proximity operator,
1@ + 50 + 11— = I < 1) + 500 + - lu = (= )|

or equivalently (note i1, u € C),
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_ 1, _ _
n@) + i — ull® + (@ =, g) < n(w).
By (3.17), in the case n(u) > n(it), we obtain

2 =l < 2000 = @) = 20 = . 8) < 2L, = ull + 20 - ul gl

(3.20)
Notice that the last inequality (3.20) is trivial whenever n(u) < n(#&). This yields the
conclusion. a

Lemma 3.16 The sequence {y,} is bounded a.s.

Proof By the characterization of y, = S, (1,,) from Lemma 3.14 and (3.19), followed
by Jensen’s inequality, and the application of Lemma 3.15 in the fourth inequality,
we get
Iy, Il < Vi)l + II%[E[Mn = 1,8, — Prox, ,(u, — 1,8, )| F, 1l
< Vi)l + E[Il - (w, = 1,8, = prox, ,(u, — 1,8,)) 1 F,]
< Vi)l + Elllg, 17,1+ E[Il+ (u, — prox, ,, = 1,8,)) I11F,]
< IViu )l + ELllg, 11 F,1 + 2L, (u,) + 2E[||g, 1| F,]

< |IVj)ll + 3y M(u,) + 2L, (u,,).
(3.21)

The last step follows by E[||g,|||F,] = E[||G(«,, &)||] and Assumption 3.11(iii) with
Jensen’s inequality. We have from Assumption 3.1(i) that {u,} is bounded a.s.; there-
fore, all terms on the right-hand side of (3.21) are bounded a.s. O

For Lemma 3.18, we need the following result, which is a generalization of
a convergence theorem for quadratic variations from [57, p. 111] to Bochner
spaces. The proof can be found in Sect. A.

Lemma3.17 Let {v,} be an H-valued martingale. Then {v,} is bounded in L*(£2, H)
if and only if

D El, = vlI71 < oo, (3.22)

n=1

and when this is satisfied, v, = v a.s. asn = oo.
. N -
Lemma 3.18 The series ijl 1;w; a.s. converges to a limit as N — oo.

Proof Recall the elementary inequality E[||X — E[X|F,]II*|F,] < E[IX]?|F,],
which holds for any random variable X. By Lemma 3.14 with
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X = ll(pI‘Othh(Mn - tngn) - un)’
followed by Lemma 3.15 and Assumption 3.11(iii), we get

Elllw, II*17,] < 2Elllprox, ,(u, = 1,8,) = ,II*1F,]
" (3.23)
< AL, () +4M(u,) < oo.

Let v, := Z;’zl tiw,, We show that v, is a square integrable martingale,
ie., v, € L>(Q,H) for every n and sup, E[||v,||*] < co. It is clearly a martingale,
since for all n, E[w,|F,] = 0 and thus

n—1

Elv,|F,] = Elt,w,|F, 1+ D tw; =v,_;.

n"'n j
-

~

To show that v, is square integrable, we use (3.23) and the fact that E[v,] = O for all
n to conclude that its quadratic variations are bounded. Indeed,

Ay i= Z Y, = v P = 3 GElbP17)
= =

Because of the condition (3.16), we have that sup, E[A,] < co. We have obtained
that {v,} is square integrable, so by Lemma 3.17, it follows that {v,} converges
a.s. to a limitas n — oo. O

Lemma 3.19 The following is true with probability one:
Jim flu, ) =, |l =0. (3.24)

Proof This is a simple consequence of (3.18) and a.s. boundedness of y,, r,, and w,,
for all n by Lemmas 3.16, 3.18, and Assumption 3.1(iii), respectively. O

Lemma 3.20 For any sequence {z,} in C such that z, = z as n = oo, it follows that

AE‘M(,}, 21 8,(2,). S(z)) =0 as. (3.25)

Proof Notice that C is closed, so z € C. The fact that S(z) is nonempty, closed,
and convex follows by these properties of Vj(z), dn(z), and N(z). We define
g :=G(z,, & and

. ) 1
$1(@s€) 1= =ViG) = (@, = 18, = ProX, (2, = 1,8,)). (3.26)

n

Clearly, [Eg[S’n(zn,é‘)] = S,(z,).- Now, by Jensen’s inequality and convexity of the
mapping u = d(u, $(z)),
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1 - 1 -
d(a ; S,(z,), s<z)> < § d(S,(z,), 5(2))

L3 E.[d46, (2,0 9.5)].
m n=1

IA

Notice that Z = prox,,(«) if and only if 0 € 95(Z) + N-(2) + %(Z — u), so with
Z, 1= Prox, ,(z, — 1,85, 327

there exist &, , € on(z,) and {, € N((Z,) such that

_(é’n,n + CC,n) = tl(zn —Z,t tngfl)' (328)

n

Because {z, } converges, it is contained in a bounded set. Hence, by Lemma 3.15, we
get

1€y + Cenll = 712, = 2, + 1,851 < 2L,(z,) + 31183, (3.29)

which must be almost surely finite by Assumption 3.11(iv). Now, by (3.26) and
(3.27), followed by (3.28),

d(S,(2,8),8()) = d(=Vj(z,) + LG, = 2, + 1,85, 5(2)
= d(=Vj(z,) = {y = e SQ).

By the simple rule d(u + v,A + B) < d(u,A) + d(v, B) for sets A and B and points
u,v € H, we get by definition of S(z) that

d(S,(z,, ), 5()) < |IVj(z,) = Vi@Il + d(&, ,, 0n(2)) + d(&c s Ne(2))-

By strong-to-weak sequential closedness of gra(dn) and gra(N,-) as well as continu-
ity of Vj, it follows that

nlgg d(S’n(Zn, £),5() =0 as. (3.30)

We show that d(S‘n(zn, £),S(z)) is almost surely bounded by an integrable function
M(z) for all n. Using elementary arguments and (3.29) in the third inequality,

d(S,(z,, ), S(2))

< d(=Vjz,) = & — S S(2)

< Vi) = Vi@l +d(&,, + & 0n(2) + N(2)

< Vi) = Vi@l + 2L,(z,) + 3lIg: 1l + d(0, 0n(z) + Ne(2)

< sup {IIVj(z,) = Vi@l +2L,(z,) + 311 g1l + d(0, 0n(z) + Ne(2) }»
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which is almost surely bounded by Assumption 3.11(ii) and Assumption 3.11(3iv).
By the dominated convergence theorem, it follows by (3.30) that as n — oo,
[Eé[d(S'n(z,,,é‘), S(z))] = 0. Finally, (3.25) follows from the fact that if a, — 0 as
n — oo, it follows thati > a, = 0asm — . O
Now we will show a compactness result, adapted from [15], namely that in the
limit, the time shifts of the linear interpolation of the sequence {u,} can be made
arbitrarily close to trajectories, or solutions, of the differential inclusion

(1) € S(z(1)). (3.31)

The set C(I, H) denotes the space of continuous functions from 7 to H. We recall that
if z(-) € C([0, 00), H) satisfies (3.31) and is absolutely continuous on any compact
interval [a, b] C (0, o), it is called a strong solution. The existence and uniqueness
of this solution is guaranteed by the following result.

Proposition 3.21 For every z, = z(0) € C there exists a unique strong solution
z € C([0, 00), H) to the differential inclusion (3.31).

Proof The function u — n(u) + 6-(u) is proper, convex, and lower semicontinuous
and B := —Vj is Lipschitz continuous. Therefore, by [8, Proposition 3.12], the state-
ment follows. O

For the next result, we set s, 1= 3"

j—1 1 and define the linear interpola-
tion u : [0,00) — H of iterates as well as the piecewise constant extension
y : [0, 00) — H of the sequence {y,} via

t—s,

u®) i=u, + ————W, —u,), Y@) =y, Vte€ls,,s,.).VneN.
n+1 ~ Sn
(3.32)

The time shifts of u(-) are denoted by u(- + 7) for 7 > 0. We define u* : [0, 00) > H

by
u'(t) .= u(r)+/ y(s)ds (3.33)

as the solution to the ODE
W) =y¢), u'(r)=u(z),
which is guaranteed to exist by [9, Theorem 1.4.35].
Theorem 3.22 For any T > 0 and any nonnegative sequence {t,}, the sequence
of the time shifts {u(- + 7,)} is relatively compact in C([0, T, H). If 7, = oo, all

limit points u(-) of the time shifts {u(- + z,)} are in C([0, T], H) and there exists a
y : [0,T] = H such that y(t) € S(u(t)) and u(t) = u(0) + fot ¥(s) ds.
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Proof Relative compactness of time shifts. We first claim that for all 7 > 0,

lim sup |u"(®)—u@|| =0 as. (3.34)

T2 te[7,74T]

We consider a fixed (but arbitrary) sample path @ = (@, ®,, ... ) throughout the
proof. Let p :=min{n : s, > r}and ¢ := max{n : s, < t}. By (3.33) and (3.32),

-1

t S q t
u'(t) = u(r) + / y(s)ds = u(r) + / y(s)ds + Z Ly, + / y(s) ds.
T T f S

=P °q
(3.35)
Notice that due to the recursion (3.18),
q-1 q-1
Dteye =ty =, — Yt (wp = 1), (3.36)
=p ‘=p

Plugging (3.36) into (3.35), we get

W (0) = u(t) = u(z) + u, — w, — u(t) + / () ds

q-1 t
- 2 t,(Wp — 1) +/ y(s)ds.
£=p S

q

Therefore,

I (0) = uo) | < = uor+ [0

q

Sp

u(t) — u, + / y(s)ds
T

q-1 q-1

Z Lewe Z lety

‘=p ‘=p

Note that by (3.32), it follows that

- +

(@) —w, |l < Moy —w,ll = 1,1 1ypy — 15y + Wyl

iy = u@Il < Ny = ugi Il = 111y, =1y +wll.

/ y(s)ds

q

Moreover, by (3.32), we have

/ v y(s)ds

<ty illy, Il and SSAIVAE

Therefore,
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(@) = uON < 1,1 CUYpi I + 17y I+ 11w, D

q-1 q-1
1, CIy I+ I+ wg D + || Y tw ||+ {1 7.
=p =p

(3.37)

We take the limit p,g — oo on the right-hand side of (3.37) and observe that by
Lemma 3.16, lim,_ sup,,%,|ly,/l=0 and by Lemma 3.18, we have
lim, _, , sup,s, Il Zf — tfwfll =0 as well as lim, ., sup,, 2, llw,|l. By Assump-
tion 3.1(iii), we have lim,_,  sup,,,», ”Z fen tfrf” = 0. We have shown (3.34), so it

follows that the set
A:={u"(): t€[0,00)}

is a family of equicontinuous functions.
To invoke the Arzela—Ascoli theorem, we first show that the set

A@) :={u'(®) : 7 €[0,00)}

is relatively compact for all # € [0, T], T > 0. We show this by proving that arbitrary
sequences in A(?) have a Cauchy subsequence, which converge in H by completeness
of H. To this end, let € > 0 be arbitrary and observe first the case 7, — oo0. Let n;, be
the index such that 7, € [s,, ,s,, 1) and

Ty —

S t
u™(t) = u, + —s(unkH unk) + / y(s) ds.
Tk

snk+1 ny
Similarly, let m; be the index such that 7; € [sm/_, Sm+1 ). Thus we have

llu™ (@) — u" @)

T = Sy, T = Sy,
< (unk+1 - Mn,‘) - —(umf+1 - um,-)
S"k'” O, Sm_,-+l - sm,- ’ (3.38)
,/.
+ ||, — U, +/ y(s)ds|f.
Tk
Using (3.36), we get (w.L.o.g. 7, < 7))
T S+l
Uy, = Uy, +/ y(o)ds|| < llu, —wu, 1l + / y(s)ds
Tk Tk
m—1 (3.39)
+ / rort
‘Ym‘ ‘= nk+l

Tk Sny,

Combining (3.38) and (3.39), and observing that <1 as well as

Sn+1 " Sny

/S”’

< 1, we obtain

mj+l
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”u"k(t) - MT/([)“ S 2”I'tn,(+] - unk” + “umj+1 - umj” + tnk”ynk ”
mj—l

2 ty(Wy = 17)

£=n+1

(3.40)
+ 1, 1y Il +

By Lemma 3.19 as well as convergence of the other terms on the right-hand side of
(3.40), for £ > 0 there exists a N such that for all k,j > N, ||u®™(¢) — u"(¢)|| < € for all
k,j > N and thus {u*(¢)} has a Cauchy subsequence for 7, — co. Now we observe
the case where the sequence {7, } is bounded. Then 7, — 7 for some 7 > 0 at least on
a subsequence (with the same labeling). By convergence of {7, } we get that m; = n;,
for k,j > N and N large enough. Therefore (3.38) reduces to
/ / y(s)ds
Tk

We can bound terms on the right-hand side of (3.41) as before to obtain that {u"(¢)}
has a Cauchy subsequence. We have shown that A(7) is relatively compact for all
t€[0,T], T >0, so by the Arzela—Ascoli theorem, it follows that the set A is rela-
tively compact.

Now, the relative compactness of the set of time shifts {u(- +7) : 7 € [0, )}
follows from the relative compactness of the set A. Indeed, for any sequence
{u™(- + 7,)} there exists a convergent subsequence such that u" (- + rnk) — u(-) for
some u(-) € C([0, T], H). Now, for the time shift u(- + rnk), we have

Tk - T
llu™(r) — u(D)]| < .

ety 1 — uy Il + . (34D

m+l T O

sup [lu(t + 7,,) — &)
t€[0,T]

< sup lu(t+7,) —u™(t+7, )l + sup |[u(t+7,)—ua@l,
1€l0.7] €l0.7]

so it follows that u(- + 7,) = () in C([0, T], H) as T, — by convergence of
u™(-) and (3.34). If T, = 7, then u(- + 7,) = u(- +7) by uniform continuity of u(-)
on[0, T+ T].

Limit points are trajectories of the differential inclusion. Let {r,} be a sequence
such that as 7z, —» oo, u™(- +7,) — u(-) in C([0, T], H) (potentially on a subse-
quence). The sequence {y(- + 7,)} C L?*([0, T], H) is bounded by boundedness of
{v,}, and since L*([0, T], H) is a Hilbert space, there exists a subsequence {r, } such
that y(- + 7, ) = §(-) in L*([0,T],H) for some y € L*([0,T],H). Notice that for
{7, }. by (3.33) it follows that

t
un(f + Tnk) = u (Tnk) + / (s + rnk) ds. (3.42)
0

By (3.34), u™ (- + Tnk) — u(-)in C([0, T], H) as k —» oo0. Taking kK — oo on both sides
of (3.42) we get, due to y(- + Tn/‘) — y(-) fort € [0, T], that

a(?) = u(0) + / 3(s) ds.
0
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Now, we will show that y(¢) € S(i(r)) for a.e. t € [0, T]. By the Banach-Saks theo-
rem (cf. [42]), there exists a subsequence of {y(- + Tnk)} (where we use the same
notation for the sequence as its subsequence) such that

lim — 3y +1,) = 5. (3.43)
m—oo m =

Recall that y, = S,(u,) by Lemma 3.14 and set f]’( =max{/ : s, <t+ T, }. Then
we have

Yt +7,) = Y(0) = Ve = Sp(Ugr).

Therefore, since t + 7, € [£}, £} + 1],

luCsz) = GO < ulsz) — ut + 7, )l + Jut + 7, ) — a@|
< lutse) = ulse DI+ llule +7,) — a@l (3.44)
<ty Uy L+ gl + w1 + lluGe + 7,) = @)l
which a.s. converges to zero as k — oo, since u(- + rnk) — #(-) and the fact that

t, > 0 by (3.16) (combined a.s. boundedness of y,,r,, and w, for all n by
Lemma 3.16, Assumption 3.1(iii), and Lemma 3.18, respectively). Now, using

y+1,)= Yei, We get
d(y(), S(a(1)))

< % k;y(t +7,) YOl + d<% kzzf Yt +71,), S(ﬁ(t))>
< nl1 ;y(l + Tnk) - }_’(l‘) + d(nl’l l; Sf;(u(sfi)), S(ﬁ(z‘))>’

which converges to zero as m — oo by (3.43) and Lemma 3.20, where we note that
u(sfz) — i(t) as k — oo by (3.44). Since S(u(?)) is a closed set and the sample path

was chosen to be arbitrary, we have that the statement must be true with probability
one. O

Now, we show that there is always a strict decrease in ¢ along a trajectory that
originates at a noncritical point z(0).

Lemma 3.23 Whenever z : [0,00) — C is a trajectory satisfying the differential
inclusion (3.31) and 0 & S(z(0)), then there exists aT > O such that

T < 0)).
e(T)) < tes[l(l)g'] o(z(1) < p(z(0)) (3.45)

Proof We modify the proof from [13, Lemma 5.2]. Let 6, = satisfying 0 < § < 7 be
fixed but arbitrary. From Theorem 3.21 we have that z is absolutely continuous on
[6, 7]. It is straightforward to show that goz : [§,7] = R is absolutely continuous,
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since C is bounded and ¢ is a composition of a locally Lipschitz map with an abso-
lutely continuous function. Therefore, by Rademacher’s theorem, it is differentiable
for almost every ¢ € [, 7]. On the other hand, notice that since # is locally Lipschitz
near z(f) and convex, it is Clarke regular, so the chain rule d(roz)(¢) = dn(z(t))oz(¢)
holds by [11, Theorem 2.3.10]. The chain rule for j holds by differentiability. There-
fore for almost every ¢, it follows for all v € dg(z(?)) that

(po2)' (1) = d(@o2)(1) = (Vj(z(1) + on(z(1))oz(t) = (v, 2(1)). (3.46)
We now observe the following property for the subdifferential of 6., namely,
(n,2(n) =0 Vv €& Nc(z). (3.47)

Indeed, since z(-) takes values in C and by definition of the subdifferential, for all
r > 0 it follows that

0 =060zt + 1) —6-(2(2) = (v, z(t + 1) — z(1)).

Hence,

0> lim <v, w> = (v, 5()).

r—0*

The reverse inequality can be obtained by using the left limit of the difference quo-
tient, and we get (3.47). By (3.46) and (3.47), we obtain for a.e. 7 that

(v, 2(0) = o(@oz)(1) Vv € =5(z(1)). (3.48)

We now show that ||z(?)|| = d(0, S(z(#))). Trivially, d(0,S(z(?))) < || —0]| for all
¢ € S(z(1)), so it follows that d(0, S(z(¢))) < [|z(?)]|. Notice that for all v, w € dgp(z(1)),
by (3.46), 0= (v—w,z(®). Setting W :=span(d@(z(t)) — dp(z(r))), we get
z(t) € Wt. Clearly, —z(t) € (—=z() + W) n W+ so ||1z()| < d(0,—z(t) + W). Since
0p(z(1)) C z(t) + W, it follows || 2(2)|| < d(0, dg(z(t))) and we get ||z(£)|| = d(0, S(z(1))).
Now, notice that by (3.48) and the fact that z(¢) € S(z(¢)), we have for a.e. ¢ that

d(@o2)(t) = —|z()II* = —d(0, S(z(1)))*.

Since @oz is absolutely continuous on [6, 7],
@(z(7)) = @(2(8)) — / d(0, S(z(s)))* ds (3.49)
s

and hence @(z(6)) > @(z(z)). Using the continuity of @oz, and the fact that
0 < 6 < 7 were arbitrarily chosen, we get @(z(0)) > @(z(?)) for all > 0. To finish
the proof, we must find some 7 > 0 such that @(z(T)) < sup,¢jo ) @(z(?)). Suppose
that d(0, S(z(¢))) = 0 for a.e. r € [0, T] for all T > 0. Since ||2()|| = d(0, S(z(?))) then
z = z(0). This is a contradiction, since z(-) € S(z(-)) and 0 & S(z(0)). By (3.49), we
conclude that there exists a 7 > 0 such that (3.45) holds. O
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The following proof is standard, but we need to make several arguments dif-
ferently in the infinite-dimensional setting. We will proceed as in [13]. We define
the level sets of ¢ as

L, :={ueH:pur}

Proposition 3.24 For all € > O there exists a N such that for alln > N, ifu, € L,
thenu,,, € L,, a.s.

Proof First, we remark that ¢ is uniformly continuous on V, since #5(-) satis-
fies (3.17) and, in turn, is Lipschitz continuous on V, as well as the fact that j is
Lipschitz continuous on V. Therefore, for any € > 0 there exists a 6 > 0 such that
if |lu, —u,ll <o, then |@(u,,. ) — @u,)| <e. Now, we choose N such that
I, —u,|| < 6 for all n > N, which is possible by Lemma 3.19. Then it must fol-
low that |@(u,, ) — @(u,)| < € for all n > N as well. Now, since u, € L,, it follows
that @(u,,,) < 2, so therefore u, | € L,,. O

Lemma 3.25 The following equalities hold.

liminf p(u,) = li{n infp(u(t)) and limsup @(u,) = limsup @(u(t)).

n—oo n—oo t—o0

(3.50)

Proof We argue that liminf,_  ¢(u,) <liminf,_  @(u()); the other direc-
tion is clear by construction of u(-) from (3.32). Let {z,} be a sequence such that
T, = oo, lim,_, . u(z,) = it for some & € H, and liminf,_,  @(u(r,)) = @(@). With
k, :=max{n : t, < 7,}, we get

iy, —all < llug, — uCe)l|+ llucr,) = all < llu, — |+ lu(z,) — all,

which converges to zero as n — oo by (3.24) and convergence of the sequence
{u(z,)}. Therefore u, — i and so by continuity of g, it follows that

liminf @(u(?)) = (@) = lim @(u; ) > liminf @(u,).
t—o0 n—oo " n—oo
Analogous arguments can be made for the claim
lim sup @(u,,) = lim sup @(u(?)).
n—oo 1—00
Lemma 3.26 Only finitely many iterates {u, } are contained in H\L,, .
Proof We choose e > 0 such that £ & @(S~'(0)), which is possible for arbitrarily

small & by Assumption 3.11(v), where we note that @(S~'(0)) = £(S~'(0)). We con-
struct the process given by the recursion
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iy i=min{n : u, € L, and u,; € L, \L,},
e, :=min{n : n>i andu, € H\L,,},
iy :=min{n : n>e andu, € L},
and so on. We argue by contradiction and recall that s, = Z"_l . Suppose infinitely

many {u,} are in H\L,,, then it must follow that i; - oo as j — 0. By Theo-
rem 3.22, {u(- +s; )} is relatively compact in C([0, T] H) for all T > 0 and there
exists a subsequence (with the same labeling) and limit point z(-) such that z(-) is a
trajectory of (3.31). Now, since by construction @(u; ) < € and @(u; ) > &, it fol-
lows that ' j

£> (P(ui].) = (P(Mi/_“) + (p(uij) - (p(uin)
2 e+ @) = @ 4). (3.51)

Recall that lim,_  u; = u(-+s; ) = z(0). Taking the limit j — oo on both sides of

J—o0 i

(3.51), by continuity of @, we get
lll}’g (p(ulj) = (p(Z(O)) =&,

meaning z(0) is not a critical point of @. Thus we can invoke Lemma 3.23 to get the
existence of a7 > 0 such that

T < 0)) =e.
PED) < sup PE0) < 90 = & 3.52)

By uniform convergence of u(- + si_) to z(+), it follows for j sufficiently large that

sup |p(u(r +5,)) = ()| <&,
1€[0,T)

SO

sup @(u(t+s5;)) < Sup lo@u( +5,)) = D)) + Sup p(z(1) < 2e.

t€[0,T] te(0, te(0,
Therefore it must follow that

Se, > 8+ T (3.53)

for j sufficiently large. We now find a contradiction to the statement (3.53). This is
done by observing the sequence ¢; := max{¢ : 5; <s, < 5; + T}.From (3.52), we

have that there exists a § > 0 such that (7)) < e —26. Observe that

lay, = uT + 5,1l = llus,) = (T +5)1| < lluay, =ty 11l > 0 asj = o.

Therefore iy, = u(T + s,-j) and hence Uy, = z(T) as j — oo. By continuity, we get
lim,_, (p(uff) = @(z(T)). Thus (p(uf/_) < € — ¢ for j sufficiently large, a contradiction
to (3.53). |
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Proposition 3.27 The limit lim,_, ., @(u(t)) exists.

Proof W.l.0.g. assume liminf, @(u(¢)) = 0; this is possible by the fact that j
and 5 are bounded below. Choosing £ > 0 such that € & @(S~!(0)), we have by
Lemma 3.26 that for N sufficiently large, u, € £,, for all n > N. Since € can be cho-
sen to be arbitrarily small, we conclude that lim,_, , @(u(?)) = 0. O

Proof of Theorem 3.13 The fact that { ¢(u,)} converges follows from Proposition 3.27
and Lemma 3.25. Since {u,} C C, it trivially follows that {f(«,)} converges a.s. Let
it be a limit point of {u,} and suppose that 0 & S(i). Let {u, } be a subsequence
converging to i and let z(-) be the limit of {u(- + snk)}. Then, by Lemma 3.23, there
exists a T > 0 such that

T < o).
o(T)) < t:[?)% P(z(1) < 1) (3.54)

However, it follows from Proposition 3.27 that
P((T)) = Jim (T +5,)) = lim pu() = p(@),

which is a contradiction to (3.54). O

4 Application to PDE-constrained optimization under uncertainty

In this section, we apply the algorithm presented in Sect. 3.2 to a nonconvex prob-
lem from PDE-constrained optimization under uncertainty. In Sect. 4.1, we set up
the problem and verify conditions for convergence of the stochastic proximal gradi-
ent method. We show numerical experiments in Sect. 4.2.

4.1 Model problem

We first introduce notation and concepts specific to our application; see [18, 52].
Let D c R? d <3 be an open and bounded Lipschitz domain. The inner prod-
uct between vectors x,y € R? is denoted by x-y = Z?zl x;y;. For a function
v: RIS R, let Vv(x) = (0v(x)/0x,, ... ,0v(x)/dx,)" denote the gradient and for
w: RIS RE let V-wk) =ow,(x)/dx; + -+ + dw,(x)/dx, denote the diver-
gence. We define the Sobolev space H'(D) = {u € L*(D) having weak derivatives
ou/ox; € L*(D),i = 1,...,d} and the closure of C*(D) in H'(D) by Hy(D).

We will focus on a semilinear diffusion-reaction equation with uncertainties,
which describes transport phenomena at equilibrium and is motivated by [41]. We
assume that there exist random fields ¢ : DX 2 — R and r : D X 2 - R, which
are the diffusion and reaction coefficients, respectively. To facilitate simulation, we
will make a standard finite-dimensional noise assumption, meaning the random field
has the form

@ Springer



730 C. Geiersbach, T. Scarinci

alx,w) = a(x, éE(w)), r(x, o) =r(x,E(w)) inD XL,

where &(w) = (§(w), ...,¢,(w)) is a vector of real-valued uncorrelated random
variables &; : £2 — =; C R. The support of the random vector will be denoted by
Z :=T], &. We consider the following PDE constraint, to be satisfied for almost
every £ € =:

=V - (alx, OVy(x, &) + r(x, E)(y(x, §))° = u(x), (x.§)eDXxE,

_ @D
y(x7€)=07 (x,é)ede:.

Optimal control problems with semilinear PDEs involving random coefficients have
been studied in, for instance, [26, 27]. We include a nonsmooth term as in [14] with
the goal of obtaining sparse solutions. In the following, we assume that 4, > 0,
A, > 0, and y;, € L*(D). The model problem we solve is given by

. . 1 2 )”2 2

st — V- (alx, &)Vy) + r(x, &)y* = u(x), (x,§) e Dx Z, P)
y=0, x,&)eaoDx =,
C:={uel*D): u,(x)<u®x <u(x) ae x€& D).

The following assumptions will apply in this section. In particular, we do not require
uniform bounds on the coefficient a(-, &), which allow for modeling with log-normal
random fields.

Assumption 4.1 We assume y;, € L*(D), u,,u, € L*(D), and u, <u,. There

exist ap,(+), () such that 0 < a;, (&) < a(-, &) < ap,(§) <oo in D a.s. and
-1

a . amx € LP(E) for all p € [1,00). Furthermore, there exists r,,,(-) such that
0<r(, &) S rpx(é) <oas.andr,,, € LP(Z)forall p € [1, ).

Existence of a solution to Problem (P’) follows by applying [27, Proposition 3.1].
The following result holds by [27, Proposition 2.1] combined with standard a priori
estimates for a fixed realization £ to obtain (4.2) and (4.3).

Lemma 4.2 For almost every &é€Z, (4.1) has a unique solution
y(é) =y(,é € Hé(D) and there exists a positive random variable C, € LP(X) for
all p € [1, o0) independent of u such that for almost every & € =,

Iyl 20y < CLEONull 2(p)- 4.2)

Additionally, for y,(&) and y,(§) solving (4.1) with u = u; and u = u,, respectively,
we have for almost every & € = that

1y1(6) = 2Ol 2py < C1Nuy — usll 12y “4.3)

By Lemma 4.2, the control-to-state operator T(¢) : L*(D) — Hé(D), u— TEu
is well-defined for almost every & and all u € L?>(D). Additionally, for almost
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every ¢ € =, this mapping is in fact continuously Fréchet differentiable; this can
be argued by verifying [23, Assumption 1.47] as in [23, pp. 76-78]. With that, we

define the reduced , functional J:*D)xEZ - R by

1 .
Jw, &) = 5||T(§)u—yD||i2(D)+72||u||i2(D) and we can define the stochastic
gradient.

Proposition 4.3 J : L*(D) X £ — R is continuously Fréchet differentiable and the
stochastic gradient is given by

G, &) 1= Au—p(-,§), 4.4)
where, given a solution y = y(-,&) to (4.1), the function p = p(-,§) € H(l)(D) is the

solution to the adjoint equation

=V - (a(x, &)Vp) +3r(x, &)y’ p=yp -y, (E)EDXE

p=0, (x,&) € 0D X =. (4.5)

Furthermore, for almost every ¢ € =, with the same C; € LP(Z) for all p € [1, o0)
as in Lemma 4.2,

PG N2y < CLENyp = YE 2)- 4.6)

Additionally, for p,(&) and p,(§) solving (4.5) with y = y,(&) and y = y,(&), respec-
tively (where y,(&) solves (4.1) withu = u,),

P (&) = P2 Ol 2ipy < CLONY1(E) = y2(D)l 12y @.7)

The proofs of the above and following proposition are in Sect. B. We define
j: L*(D) = R by j(u) := E[J(u, &)] for all u € L*(D) and show that it is continu-
ously Fréchet differentiable in the following proposition.

Proposition 4.4 The function j . L*(D) — R is continuously Fréchet differentiable
and E[G(u, )] = Vj(u) for all u € L*(D).

Now, we present the main result of this section, which is the verification of
assumptions for the convergence of Algorithm 2.

Theorem 4.5 Problem (P’) satisfies Assumption 3.1(ii) as well as
Assumptions 3.11()-3.11(@iv).

Proof For Assumption 3.1(ii), we note that by Proposition 4.4, j is continuously
Fréchet differentiable and E[G(u, £)] = Vj(u) for all u € L>(D). Now, for arbitrary
u,,u, € L*>(D), we have by Jensen’s inequality, (4.4), and Holder’s inequality applied
to (4.7) and (4.3) that
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1VjCuy) = Vilupll 2y < BIUIGuy, &) = Glug, Ol 2p)]
< Alluy = usll 20y + ElllP1(©) = p2(Ol 120

1/2
< ol = e lzpy + (ELC @) (LY ©) = 1212, 1)

2
< Llluy = usll2p) + 1G4 ||L2(5)”“l = |l 12y

Since [|C 17, -, < oo it follows that j € C, (LA(D)).

Assumption 3.11(i) is obviously satisfied. For Assumption 3.11(ii), we have that
the function n(u) = A;|\ull ) € I o(L2(D)) and is clearly bounded below; addition-
ally, # is globally Lipschitz and therefore satisfies (3.17). For Assumption 3.11(iii),
we have by (4.4), (4.6), and (4.2) the bound

G, Ol 2p) < A2 llull2py + CLONYD I 200y + (C1(§))2”M”L2(D) 4.8)

and furthermore E[||G(u, <§)||22(D)] =: M(u) < o by integrability of & C,(£).
Assumption 3.11(iv) follows for any # € C (and hence any convergent sequence {u,, }
in C) by (4.8). O

The last assumption from Assumption 3.11 is technical and difficult to verify for
general functions in infinite dimensions. Indeed, [31] gave an example of a C*-function
whose critical values make up a set of measure greater than zero. In finite dimensions
the story is easier: the Morse—Sard theorem guarantees that Assumption 3.11(v) holds
if f:R" - R and f € C* for k> n. In infinite dimensions, certain well-behaved
functions, in particular Fredholm operators, see [50], satisfy this assumption.

4.2 Numerical experiments

In this section, we demonstrate Algorithm 2 on Problem (P’). Simulations were run
using FEniCS by [2] on a laptop with Intel Core i7 Processor (8 x 2.6 GHz) with
16 GB RAM. Let the domain be given by D = (0, 1) X (0, 1) and the constraint set
be given by C = {u € L>(D)| — 0.5 < u(x) < 0.5 Vx € D}. We modify [14, Exam-
ple 6.1], with y,(x) = sin(2zx,) sin(2zx,) exp(2x,)/6, A, = 0.008, and A, = 0.001.
We generate random fields using a Karhunen-Lo¢ve expansion, with means a, = 0.5
and r, = 0.5, number of summands m = 20, and &%, & ~ U(—\/E, \/E), where
U(a, b) denotes the uniform distribution between real numbers a and b, a < b. The
eigenfunctions and eigenvalues are given by

$;1(x) 1= 2cos(jmxy) cos(kmxy), Ay

o= iexp(—ﬂ(jz OB, k> 1,

where we reorder terms so that the eigenvalues appear in descending order (i.e.,
¢, = ¢ and 4| = 4, ) and we choose correlation length [ = 0.5. Thus

a(x,&) = ag+ Y VABEY, 168 =1+ Y VAL, (4.9)
i=1 i=1
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For Algorithm 2, we generate samples with &, = (52’1, e GO ER L ET)
at each iteration n. The step size is chosen to be t, = 6/n with = 100, where
the scaling was chosen such that 8 =~ 1/||G(u,&,)||. The initial point was
uy(x) = sin(4zx,) sin(4zx,).

A uniform mesh 7 with 9800 shape regular triangles 7" was used. We denote
the mesh fineness with i = maxycrdiam(7). The state and adjoint were discre-
tized using piecewise linear finite elements, (where P; denotes the space of poly-
nomials of degree up to i), given by the set

V; i={veHyD) : v|; € Py(T) forall T € T}.

For the controls, we choose a discretization of L?(D) by piecewise constants, given
by the set

U :={ueL*(D) :v|ly € Py(T)forall T €7}, Cj :=U;nC.

We use the L2-projection P; L*(D)-» U ; defined for each v € L*(D) by

1
Py, = m/Tvdx

This is done to project the stochastic gradient onto the L?(D) space as in [20]. Hence,
the last line of Algorithm 2 is given by the expression
Upyy = PIoX, , (un - 1,P;,G(u,, é‘n)). For the computation of the proximity operator
ProX;(45,(2) = argmin _gs<,<o5{4; IVl p) + %Hv - zllé(D)}, we use the formula
from [5, Example 6.22], defined piecewise on each element of the mesh. For each
T € 7,itis given by

ProX, s, (l7) = min{max{|z|;| —4,,0},0.5}sgn(z|;).

For convergence plots, we use a heuristic to approximate the objective function and
the measure of stationarity by increasing sampling as the control reaches stationarity.
To be more precise, we use a sequence of sample sizes {m, } with m, = IOL%J +1
newly generated i.i.d. samples (&, ;, ..., ¢, ,, ) and compute

n 1 Wln
Fu = o I8, + 1w,
n j=1

~
Il

m
1 n
o= |, — prox,7+5c<un T ,=21 P;,G(Mn"fn,;))

The algorithm is terminated for n > 50 if #, 1= Y/_ . r, <tol with tol = 2¢7*.
The parameters for our heuristic termination rule were tuned, for illustration pur-
poses only, so that the algorithm stopped after several hundred iterations. A plot of
the control after termination is shown in Fig. 1. The effect of the sparse term # as
well as the constraint set C can be seen clearly. Decay of the objective function value

L2(D)
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Fig. 1 The control u after 251

iterations
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Fig. 2 Behavior of the objective function (left) and the stationarity measure (right)

and the stationarity measure are shown in Fig. 2. We see convergence of the objec-
tive function values and the stationarity measure tends to zero as expected.

Additionally, we conduct an experiment to demonstrate mesh independence of
the algorithm by running the algorithm once each for different meshes and compar-
ing the number of iterations needed until the tolerance tol is reached. In Table 1, we
see that these iteration numbers are of the same order. The estimate for the objective
function fN is also included at the final iteration N, demonstrating how solutions
become more exact on finer meshes.

5 Conclusion

In this paper, we presented asymptotic convergence analysis for two variants of the
stochastic proximal gradient algorithm in Hilbert spaces. The main results address
the asymptotic convergence to stationary points of general functions defined over
a Hilbert space. Moreover, we presented an application to the theory in the form
of a problem from PDE-constrained optimization under uncertainty. Assumptions

@ Springer



Stochastic proximal gradient methods for nonconvex problems... 735

Table 1 Experiment showing

mesh independence h #triangles  Objective function fy ﬁrittielr::(zlio};/
7.1e72 800 4.160e7? 191
4.7¢7? 1800 4.157¢>2 295
3.5¢72 3200 4.157¢>2 233
2.8e72 5000 4.156e72 257
2.4e72 7200 4.156e72 271
2.0e72 9800 4.155¢72 251

for convergence were verified for a tracking-type problem with a L!-penalty term
subject to a semilinear elliptic PDE with random coefficients and box constraints.
Numerical experiments demonstrated the effectiveness of the method.

The ODE method from Sect. 3.2 allowed us to prove a more general result with
weaker assumptions on the objective function. However, we needed to introduce an
assumption on the set of critical values in the form of Assumption 3.11(v). While
we did not verify this assumption for our model problem, it would be interesting
to know whether this assumption is verifiable for this class of problems. We had
to be slightly more restrictive on the nonsmooth term in Sect. 3.2 than we were
in Sect. 3.1. The advantages in terms of computational cost of Algorithm 2 over
Algorithm 1 are clear: the use of decreasing step sizes in Algorithm 2 means that
increased sampling is not needed. Additionally, there is no need to determine the
Lipschitz constant for the gradient, which in the application depends on (among
other things) the Poincaré constant and the lower bound on the random fields, and
thus lead to a prohibitively small constant step size. This phenomenon has been
demonstrated in [20].

How to scale the decreasing step size f, remains an open question. In practice,
the scaling of the step size can be tuned offline. An improper choice of the scaling
¢ in the step size t, = ¢/n® for 0.5 < a < 1 can lead to arbitrarily slow convergence;
this was demonstrated in [39]. While this was not the focus of our work, efficiency
estimates for nonconvex problems might also be possible following the work by [7,
21, 35]. In lieu of efficiency estimates, it would be desirable to have better termina-
tion conditions that do not rely on increased sampling as our heuristic did in the
numerical experiments. Finally, it would be natural to investigate mesh refinement
strategies as in [20]. For more involved choices of nonsmooth terms, the prox com-
putation is also subject to numerical error and should be treated.

Acknowledgements The authors would like to thank the anonymous reviewers for their thoughtful com-
ments and efforts towards improving our manuscript.

Funding Open Access funding enabled and organized by Projekt DEAL.
Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as

you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article

@ Springer



736 C. Geiersbach, T. Scarinci

are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

A Auxiliary results
To prove Lemma 3.17, we first need the following result.

Proposition A.1 For 1 < p < oo, every H-valued martingale that is bounded in the
Bochner space L17(£2, H) converges a.s.

Proof Since H is a Hilbert space, it is reflexive and therefore has the Radon-
Nikodym property by [43, Corollary 2.11]. The rest of the proof can be found in [43,
Theorem 2.5]. O

Proof of Lemma 3. 17 It is straightforward to show that
E[||v,]I?] = E[|lv,II*] + Zk L EllIvee1r = velI’], and therefore boundedness of v, for
all n follows from (3.22) and vice versa. Supposing now that (3.22) holds, the fact
that {v, } converges to a limit v, follows by Proposition A.1. O

B Auxiliary proofs for application

Proof of Proposition 4.3 Continuous differentiability of J(-,&) : L>(D) — R follows
from continuous differentiability of u+—T(u and the fact that
(u,y) ~ J(u,y) = —||y yoll? 2oyt ﬁllullz, D) is continuously Fréchet differentiable.
One obtains (4.4) and (4.5) by ﬁxmg a realization £ € = and computing the deriva-
tive of u — J(u, &) as in, e.g., [23, pp. 58-59]. Bounds (4.6) and (4.7) follow from
standard a priori estimates. O

Proof of Proposition 4.4 We verify the conditions of Lemma C.3 from Sect. C. Fré-

chet differentiability of J : L>(D) X = — R for almost every & follows from Proposi-
tion 4.3. The function j is well-defined and finite-valued for all u € L*(D), since

) = Sy = ¥l 1 + ||u||L2(D) < ENTE@ulZ ) + ol + llullm
is finite by 7(&)u = y(&) and (4.2) along with the assumption that y,, € L*(D). Now,

for every v € C, there exists a y, (&) satisfying (4.1) with u = v and a p, (&) satisfying
(4.5) with y = y,(&). Thus by (4.6) followed by (4.2),

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Stochastic proximal gradient methods for nonconvex problems... 737

1G(v, f)”LZ(D) = || 4y _Pv(f)”LZ(D) < 12”"”1‘2(0) +COllyp — yv(f)”u(o)
< LlVlew) + CiOlypll2m) + (C (f))ZHVHLZ(D) =: C(9).

Notice that C € LP(Z) for all p € [1, o0) by nature of the mapping & — C,(&). There-
fore, the conditions of Lemma C.3 are satisfied and we have proven Fréchet differen-
tiability of j. O

C Differentiability of expectation functionals

Let (X, || - |lx) be a Banach space and let J : X X £2 - R be a random variable
functional. We summarize under what conditions we can exchange the integral
and the derivative for the functional j : X - R, where j(u) = fQ J(u, w) dP(w).

The following definition gives the minimal requirement for exchanging the
derivative and expectation, namely, requiring J : X X 2 — R to be L-Fréchet
differentiable.

Definition C.1 A p-times integrable random functional J: XX - R
is called IP-Fréchet differentiable at u if for an open set U C X there
exists a bounded and linear random operator A : U X £2 — R such that
limy, o I/, (u + h) = J,(u) + A(u, @)kl o)/ | Ally = 0.

By Holder’s inequality, if u — J(u, ) is [P-differentiable and 1 < r < p, then it
is also L"-differentiable with the same derivative. This implies that j : X - R is
Fréchet differentiable at u.

The condition in Definition C.1 might be difficult to verify directly. For this
reason, we consider other assumptions on an open neighborhood U of X contain-
ing u. We denote the functional J(:,w) : X — R for a fixed realization w € £2 by
J, 1 X - R.

Assumption C.2

(vi) The expectation j(v) is well-defined and finite-valued for allv € U.

(vii) For almost every @ € £, the functional J, : X — R is Fréchet differentiable
at u. Moreover, there exists a positive random variable C(-) € L'(£) such that
for all v € U and almost every o € £2,

17, Wl < Clw). (C.1
Lemma C.3 Suppose Assumption C.2 holds. Then j is Fréchet differentiable at u and

J'(w) = E[J] (w)]. (C.2)
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Proof By the mean value theorem, for % close enough to wu, there
exists a z within the neighborhood containing u#+ /4 and u that satisfies
|J,(u+h)—J, )| < ||J[’U(z)||x*||h||X.Now, we have for almost every @ € £ that

o + 1) = J,(u) = J; (wh]| < |, + ) =T, |, h

Al B llAllx Al
< WV, @llx + I, @l < 2C(w).

[0}

By Assumption C.2(vii), C(-) is integrable, so by Lebesgue’s dominated conver-
gence theorem, it follows that

o Jo W+ h) = J,w) = J! (wh| dP(w)
lim
=0 llAllx

i o + h) = J,(u) = J7 (w)h]
/_Qh—>0

l12llx

where the last equality follows by Assumption C.2(vii). Now consider the mapping
F:hw— fg J(’H (u)h dP(w). It is straightforward to show that this is a bounded and
linear operator. Therefore, we use Assumption C.2(vi) to get

g dutut ) dP(@) = [o 4, ) dP(@) = Fh)

(C.3)

dP(w) = 0,

li
h=0 7]l x
o oUu+ k) =T, (w) = T (wh) dP(w)|
= lim =0,
h=0 17211 x

where the second equality holds by the triangle inequality and and (C.3). Therefore j
is Fréchet differentiable at u with derivative F = f o J) (w) dP(w). O
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