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                    Abstract
Several dynamical systems of interest in Celestial Mechanics can be written in the form of a Newton equation with time-dependent damping, linear in the velocities. For instance, the modified Kepler problem, the spin–orbit model and the Lane–Emden equation all belong to such class. In this work, we start an investigation of these models from the point of view of contact geometry. In particular, we focus on the (contact) Hamiltonisation of these models and on the construction of the corresponding geometric integrators.




                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            Fig. 1[image: ]


Fig. 2[image: ]


Fig. 3[image: ]


Fig. 4[image: ]


Fig. 5[image: ]


Fig. 6[image: ]


Fig. 7[image: ]


Fig. 8[image: ]


Fig. 9[image: ]


Fig. 10[image: ]


Fig. 11[image: ]


Fig. 12[image: ]


Fig. 13[image: ]


Fig. 14[image: ]


Fig. 15[image: ]



                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        New Directions for Contact Integrators
                                        
                                    

                                    
                                        Chapter
                                        
                                         © 2021
                                    

                                

                                
                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Modern Methods of Celestial Mechanics
                                        
                                    

                                    
                                        Article
                                        
                                         01 January 2021
                                    

                                

                                A. D. Bryuno

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        The first integral method and some nonlinear models
                                        
                                    

                                    
                                        Article
                                        
                                         10 March 2021
                                    

                                

                                Arindam Ghosh & Sarit Maitra

                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    References
	Ahmad, I., Raja, M.A.Z., Bilal, M., Ashraf, F.: Neural network methods to solve the Lane–Emden type equations arising in thermodynamic studies of the spherical gas cloud model. Neural Comput. Appl. 28, 929–944 (2017). https://doi.org/10.1007/s00521-016-2400-y

Article 
    
                    Google Scholar 
                

	Arnold, V.I.: Mathematical Methods of Classical Mechanics. Volume 60 of Graduate Texts in Mathematics. Springer, New York (1989)
Book 
    
                    Google Scholar 
                

	Bravetti, A.: Contact Hamiltonian dynamics: the concept and its use. Entropy 19, 535 (2017). https://doi.org/10.3390/e19100535

Article 
    ADS 
    MathSciNet 
    
                    Google Scholar 
                

	Bravetti, A.: Contact geometry and thermodynamics. Int. J. Geom. Methods Mod. Phys. 16, 1940003 (2018). https://doi.org/10.1142/S0219887819400036

Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Bravetti, A., Cruz, H., Tapias, D.: Contact Hamiltonian mechanics. Ann. Phys. 376, 17–39 (2017). https://doi.org/10.1016/j.aop.2016.11.003

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Bravetti, A., Seri, M., Vermeeren, M. & Zadra, F.: Simulation code for Bravetti, Seri, Vermeeren, Zadra: “Numerical integration in celestial mechanics: a case for contact geometry”, 09 (2019). https://doi.org/10.5281/zenodo.3387271


	Breiter, S., Jackson, A.: Unified analytical solutions to two-body problems with drag. Mon. Not. R. Astron. Soc. 299, 237–243 (1998). https://doi.org/10.1046/j.1365-8711.1998.01768.x

Article 
    ADS 
    
                    Google Scholar 
                

	Cannarsa, P., Cheng, W., Wang, K., Yan, J.: Herglotz’ generalized variational principle and contact type Hamilton–Jacobi equations. In: Alabau-Boussouira, F., Ancona, F., Porretta, A., Sinestrari, C. (eds.) Trends in Control Theory and Partial Differential Equations, pp. 39–67. Springer, Cham (2019). https://doi.org/10.1007/978-3-030-17949-6_3

Chapter 
    
                    Google Scholar 
                

	Cayley, A.: Tables of the developments of functions in the theory of elliptic motion. Mem. R. Astron. Soc. 29, 191 (1861)
ADS 
    
                    Google Scholar 
                

	Celletti, A.: Analysis of resonances in the spin-orbit problem in celestial mechanics: the synchronous resonance (part I). Z. Angew. Math. Phys. ZAMP 41, 174–204 (1990). https://doi.org/10.1007/BF00945107

Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Chandrasekhar, S., Chandrasekhar, S.: An Introduction to the Study of Stellar Structure, vol. 2. Courier Corporation, North Chelmsford (1957)
MATH 
    
                    Google Scholar 
                

	Ciaglia, F.M., Cruz, H., Marmo, G.: Contact manifolds and dissipation, classical and quantum. Ann. Phys. 398, 159–179 (2018). https://doi.org/10.1016/j.aop.2018.09.012

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	de León, M., Sardón, C.: Cosymplectic and contact structures for time-dependent and dissipative Hamiltonian systems. J. Phys. A Math. Theor. 50, 255205 (2017). https://doi.org/10.1088/1751-8121/aa711d

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	de León, M., & Valcázar, M. L. Singular Lagrangians and precontact Hamiltonian systems (2019). arXiv:1904.11429


	Diacu, F.: Two-body problems with drag or thrust: qualitative results. Celest. Mech. Dyn. Astron. 75, 1–15 (1999). https://doi.org/10.1023/A:1008305723295

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Fonda, A., Toader, R., Torres, P.J.: Periodic motions in a gravitational central field with a rotating external force. Celest. Mech. Dyn. Astron. 113, 335–342 (2012). https://doi.org/10.1007/s10569-012-9428-9

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Gaset, J., Gràcia, X., Muñoz-Lecanda, M. C., Rivas, X. & Román-Roy, N.: A contact geometry framework for field theories with dissipation (2019a). arXiv:1905.07354


	Gaset, J., Gràcia, X., Muñoz-Lecanda, M. C., Rivas, X. & Román-Roy, N.: New contributions to the Hamiltonian and Lagrangian contact formalisms for dissipative mechanical systems and their symmetries (2019b). arXiv:1907.02947


	Geiges, H.: An Introduction to Contact Topology, vol. 109. Cambridge University Press, Cambridge (2008)
Book 
    
                    Google Scholar 
                

	Georgieva, B., Guenther, R., Bodurov, T.: Generalized variational principle of Herglotz for several independent variables. First Noether-type theorem. J. Math. Phys. 44, 3911–3927 (2003). https://doi.org/10.1063/1.1597419

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Gkolias, I., Efthymiopoulos, C., Pucacco, G., Celletti, A.: Hamiltonian formulation of the spin-orbit model with time-varying non-conservative forces. Commun. Nonlinear Sci. Numer. Simul. 51, 23–38 (2017). https://doi.org/10.1016/j.cnsns.2017.03.013

Article 
    ADS 
    MathSciNet 
    
                    Google Scholar 
                

	Hairer, E., Lubich, C., Wanner, G.: Geometric Numerical Integration: Structure-Preserving Algorithms for Ordinary Differential Equations. Volume 31 of Springer Series in Computational Mathematics. Springer, Berlin (2006)
MATH 
    
                    Google Scholar 
                

	Herglotz, G.: Vorlesungen über die Theorie der Berührungstransformationen. Universität Göttingen (1930)

	Lazo, M.J., Paiva, J., Amaral, J.T., Frederico, G.S.: Action principle for action-dependent Lagrangians toward nonconservative gravity: accelerating universe without dark energy. Phys. Rev. D 95, 101501 (2017). https://doi.org/10.1103/PhysRevD.95.101501

Article 
    ADS 
    
                    Google Scholar 
                

	Lazo, M.J., Paiva, J., Amaral, J.T., Frederico, G.S.: An action principle for action-dependent Lagrangians: toward an action principle to non-conservative systems. J. Math. Phys. 59, 032902 (2018). https://doi.org/10.1063/1.5019936

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Liu, Q., Torres, P.J., Wang, C.: Contact Hamiltonian dynamics: variational principles, invariants, completeness and periodic behavior. Ann. Phys. 395, 26–44 (2018). https://doi.org/10.1016/j.aop.2018.04.035

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Margheri, A., Ortega, R., Rebelo, C.: Dynamics of Kepler problem with linear drag. Celest. Mech. Dyn. Astron. 120, 19–38 (2014). https://doi.org/10.1007/s10569-014-9553-8

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Marsden, J.E., West, M.: Discrete mechanics and variational integrators. Acta Numer. 10, 357–514 (2001). https://doi.org/10.1017/S096249290100006X

Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	McLachlan, R.I., Quispel, G.R.W.: Splitting methods. Acta Numer. 11, 341–434 (2002). https://doi.org/10.1017/S0962492902000053

Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Ober-Blöbaum, S., Saake, N.: Construction and analysis of higher order Galerkin variational integrators. Adv. Comput. Math. 41, 955–986 (2015). https://doi.org/10.1007/s10444-014-9394-8

Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Pandey, R.K., Kumar, N.: Solution of Lane–Emden type equations using Bernstein operational matrix of differentiation. New Astron. 17, 303–308 (2012). https://doi.org/10.1016/j.newast.2011.09.005

Article 
    ADS 
    
                    Google Scholar 
                

	Parand, K., Rezaei, A., Taghavi, A.: Lagrangian method for solving Lane–Emden type equation arising in astrophysics on semi-infinite domains. Acta Astronaut. 67, 673–680 (2010). https://doi.org/10.1016/j.actaastro.2010.05.015

Article 
    ADS 
    
                    Google Scholar 
                

	Sanz-Serna, J.M.: Symplectic integrators for Hamiltonian problems: an overview. Acta Numer. 1, 243–286 (1992). https://doi.org/10.1017/S0962492900002282

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Tao, M.: Explicit symplectic approximation of nonseparable hamiltonians: algorithm and long time performance. Phys. Rev. E 94, 043303 (2016). https://doi.org/10.1103/PhysRevE.94.043303

Article 
    ADS 
    MathSciNet 
    
                    Google Scholar 
                

	Tsang, D., Galley, C.R., Stein, L.C., Turner, A.: “Slimplectic” integrators: variational integrators for general nonconservative systems. Astrophys. J. Lett. 809, l9 (2015). https://doi.org/10.1088/2041-8205/809/1/l9

Article 
    ADS 
    
                    Google Scholar 
                

	Valcázar, M.L., de León, M.: Contact Hamiltonian systems. J. Math. Phys. 60, 102902 (2019). https://doi.org/10.1063/1.5096475

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Varadarajan V.: Lie Groups, Lie Algebras, and Their Representations. Prentice-Hall Series in Modern Analysis. Prentice-Hall, Upper Saddle River (1974). ISBN 9780135357323

	Vermeeren, M., Bravetti, A., Seri, M.: Contact variational integrators. J. Phys. A Math. Theor. 52, 445206 (2019). https://doi.org/10.1088/1751-8121/ab4767

Article 
    ADS 
    MathSciNet 
    
                    Google Scholar 
                

	Wang, K., Wang, L., Yan, J.: Implicit variational principle for contact Hamiltonian systems. Nonlinearity 30, 492 (2016). https://doi.org/10.1088/1361-6544/30/2/492

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Wang, K., Wang, L., Yan, J.: Aubry–Mather theory for contact Hamiltonian systems. Commun. Math. Phys. 366, 981–1023 (2019). https://doi.org/10.1007/s00220-019-03362-2

Article 
    ADS 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Yoshida, H.: Construction of higher order symplectic integrators. Phys. Lett. A 150, 262–268 (1990). https://doi.org/10.1016/0375-9601(90)90092-3

Article 
    ADS 
    MathSciNet 
    
                    Google Scholar 
                


Download references




Acknowledgements
The authors would like to thank the Bernoulli Institute for the hospitality. This research was partially supported by MS’s starter grant and NWO Visitor Travel Grant 040.11.698 that sponsored the visit of AB at the Bernoulli Institute. MS and FZ research is supported by the NWO project 613.009.10. MV is supported by the DFG through the SFB Transregio 109 “Discretization in Geometry and Dynamics”.


Author information
Authors and Affiliations
	Centro de Investigación en Matemáticas (CIMAT), Guanajuato, Mexico
Alessandro Bravetti

	Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas (IIMAS–UNAM), Mexico City, Mexico
Alessandro Bravetti

	Bernoulli Institute for Mathematics, Computer Science and Artificial Intelligence, Groningen, The Netherlands
Marcello Seri & Federico Zadra

	Technische Universität Berlin, Berlin, Germany
Mats Vermeeren


Authors	Alessandro BravettiView author publications
You can also search for this author in
                        PubMed Google Scholar



	Marcello SeriView author publications
You can also search for this author in
                        PubMed Google Scholar



	Mats VermeerenView author publications
You can also search for this author in
                        PubMed Google Scholar



	Federico ZadraView author publications
You can also search for this author in
                        PubMed Google Scholar





Corresponding author
Correspondence to
                Marcello Seri.


Ethics declarations

              
              
                Conflict of interest

                The authors declare that they have no conflict of interest.

              
            

Additional information
Publisher's Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.


Rights and permissions
Reprints and permissions


About this article
[image: Check for updates. Verify currency and authenticity via CrossMark]       



Cite this article
Bravetti, A., Seri, M., Vermeeren, M. et al. Numerical integration in Celestial Mechanics: a case for contact geometry.
                    Celest Mech Dyn Astr 132, 7 (2020). https://doi.org/10.1007/s10569-019-9946-9
Download citation
	Received: 24 September 2019

	Revised: 19 November 2019

	Accepted: 14 December 2019

	Published: 03 January 2020

	DOI: https://doi.org/10.1007/s10569-019-9946-9


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Keywords
	Contact geometry
	Geometric integrators
	Modified Kepler
	Spin–orbit
	Lane–Emden

Mathematics Subject Classification
	65D30
	34K28
	34A26








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					50.19.159.160
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    