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Abstract

We derive optimal and asymptotically exact a posteriori error estimates for the approx-
imation of the eigenfunction of the Laplace eigenvalue problem. To do so, we combine
two results from the literature. First, we use the hypercircle techniques developed for
mixed eigenvalue approximations with Raviart-Thomas finite elements. In addition,
we use the post-processings introduced for the eigenvalue and eigenfunction based
on mixed approximations with the Brezzi-Douglas-Marini finite element. To combine
these approaches, we define a novel additional local post-processing for the fluxes
that appropriately modifies the divergence without compromising the approximation
properties. Consequently, the new flux can be used to derive optimal and asymptot-
ically exact upper bounds for the eigenfunction, and optimal upper bounds for the
corresponding eigenvalue. Numerical examples validate the theory and motivate the
use of an adaptive mesh refinement.

Keywords A posteriori error analysis - Mixed Laplace eigenvalue problem -
Prager-Synge - Brezzi-Douglas-Marini finite element

1 Introduction

In many examples from physics to industrial applications, the solution of eigenvalue
problems plays an essential role. Similar as for standard source problems, the finite
element method seems to be a very promising method to discretize these problems
due to its flexibility and good approximation properties. Numerous works deal with
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the analysis concerning stability, convergence properties and a priori error estimates,
see [3, 9].

Since in general one can not assume high regularity of the eigenfunctions on
arbitrary domains [27], the requirement for an adaptive mesh refinement strategy is
obvious. Central to this approach is the derivation of an efficient and reliable a pos-
teriori error estimator, as already developed for finite element methods in general [1,
35], and for eigenvalue problems in particular in [18].

In this work we consider the Laplace eigenvalue problem and approximate it using
a mixed method. Several examples can be found in the literature using this approach,
see [10, 17, 24, 26, 30], where adaptivity by means of residual error estimators (and
using an H(div) x L?-norm analysis) is discussed. We particularly want to refer to
[14] where a unified framework for (guaranteed) a posteriori bounds (using a proper
discrete H'-energy norm) and a detailed overview of the literature is presented. A
fundamental observation when using a mixed method is that it gives access to the
hypercircle theory, see [28, 32], eventually leading to asymptotically exact upper
bounds and local efficiency. However, unlike for standard source problems, see [13,
19, 23, 25, 36], a more profound approach is needed since the orthogonality of the
corresponding errors is no longer exactly satisfied.

For eigenvalue problems this was first introduced in the work [6], by means of the
Raviart-Thomas finite element. To discuss details, note that we have

low — o3 + IV — w3 = llow — Vul*llg — 2(on — 0, Ve —u}), (1)

where A, u,o are the exact eigenvalue, eigenfunction and its gradient, A, uj, oy
are the corresponding approximations and u}* denotes some H I_conforming post-
processed function of uj,. The first term on the right-hand side of (1) is computable and
can therefore be used to define an a posteriori estimator . The astonishing observation
in [6] was that in the case of an approximation using the Raviart-Thomas finite element,
the second term 2(o0y, — o, V(u — ”Z*)) converges with higher order. Consequently, 7
is an asymptotically exact upper bound for the errors on the left-hand side of (1).

The question was whether the same ideas can be applied when using the Brezzi-
Douglas-Marini (BDM) finite element instead. Surprisingly, as observed in [5] this
is not the case. However, in [4] (using ideas from [21]) the authors were able to
derive optimal upper bounds but with unknown constants (in contrast to the asymptotic
bounds provided by n above).

The goal of this work is to derive asymptotically exact upper bounds (for the eigen-
function) as in [6] when using the BDM finite element method. For this we use the
post-processing techniques for the eigenvalue and the eigenfunction as in [4], and
consider modifications of the approaches from [6]. We introduce an additional (local)
post-processing for the flux variable oy, where we correct its divergence to fit the
additional term in (1), which consequently converges again with higher order. Note,
that the proposed method of this work is defined for all polynomial orders k > 1, but
the convergence results are only improved (compared to the Raviart-Thomas finite
element) for k > 1, see Remark 2.

The rest of the paper is organized as follows. Section 3 discusses the problem setting
and its approximation. In Sect.4 we present the local post-processing technique for
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the eigenfunction and the eigenvalue. The main results are then discussed in Sect. 5.
While we first recapture the standard a posteriori error analysis based on (1) and reveal
its breakdown due to a slow convergence of the additional terms, we then introduce
the novel post-processing of the flux and derive the asymptotically exact upper bound.
In the last Sect.6 we present two numerical examples to validate our findings. The
appendix, see Sect. 1, considers some additional results needed in the analysis.

2 Notation

We use the established notation for Sobolev spaces, i.e. L2(2), H'(£2) and H (div, £2)
for a given domain 2. An additional zero subscript (for the latter two) indicates a
vanishing trace. Further H L2, R (and similarly for other spaces) denotes a corre-
sponding vector-valued version with d components. For o C 2 we use (-, ), and
I - llo, for the inner product and the norm on L?(w), respectively, and | - 5. as the
standard Sobolev seminorm of order s. If @ = £2 we omit the additional subscript.
We write A < B when there is a positive constant C, that is independent of the mesh
parameter i (see below) such that A < C B. Analogously we define A > B.

3 Problem setting

Let 2 C R? be a polygon or polyhedron for d = 2, 3, respectively. We consider the
mixed formulation of the Laplace eigenvalue problem with homogeneous Dirichlet
boundary conditions, i.e. we want to find a A € R, u € L*(2) and 0 € H(div, £2)
such that

(o, 7)+(divr,u) =0 vVt e H(div, £2), (2a)

—(dive, v) = Au,v) Vv e L*(Q). (2b)

We approximate (2) by a mixed method using the BDM finite element for the approx-
imation of o and a piece-wise polynomial approximation of «. To this end let 7, be a
regular triangulation of £2 into triangles and tetrahedrons in two and three dimensions,

respectively. Let k£ > 1 be a fixed integer (see Remark 2 for a comment regarding the
lowest order case). We introduce the spaces

Up = {vp € L*(2) : vulx € PXK) VK € T},

= {m € H(div, 2) : ty|x € PFYIU(K,RY) VK € Tp),
where P! (K) denotes the space of polynomials of order / > 0 on K, and P/(K,RY)
denotes the corresponding vector-valued version. An approximation of (2) then seeks

Mn € R, u, € Uy and oy, € X, such that

(on, Tn)+(div T, up) =0 VT, € Xp, (3a)
—(divoy, vy) = Ap(up, vp) Yop € Uy, (3b)
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Review article [9] (for example) states that problem (3) defines a good approximation
of the continuous eigenvalue problem (2) in the sense that it does not produce any
spurious modes and that eigenfunctions are approximated with the proper multiplicity.
The approximation results are summarized in the following. To this end let s > 1/2
and let (A, u, o) be a solution of the eigenvalue problem (2) with the regularity u €
H't5(2) and o € H(div, £2) N H*($2, RY) (for the regularity results see [20, 22]).
Then there exists a discrete solution of (3) such that (see [3, 9])

lu = unllo < A lulri1. (4)
llo = onllo < A" fulys1, (4b)
Idivie —on)llo S A" (lulfyy + lul? ), (4c)

where r = min{s, k + 1} and ' = min{s, k +2},and i = maTx hg where hi is the
KeT,

diameter of an element K. If s is big enough we have r’ = r + 1. Above estimates
follow from the abstract theory from [9], [17] and [30], and the approximation results
of the source problem, see [10]. It is worth mentioning, that the constants in (4) are
non-trivial as they depend, beside the discrete stability constants of (3), particularly on
the spectrum of the associated solution operator of the continuous eigenvalue problem
(2). In addition we have

-1
lu —unllin S A" ulrg1, Q)

where

1
e —unllty = Y IV@—un)lge + Y Enﬁuhﬂu%f.

KeT, FeF,

Here [[-] denotes the standard jump operator, Fy, the set of facets of the triangulation 7j,,
and & r the diameter of a facet F € Fj,. Note that above results demand a careful choice
of the approximated eigenfunction u; and the approximated gradient oj,. An example,
well established in the literature, is given by a normalization such that ||u||o = |[ullo =
1 and by choosing the sign (u, uy) > 0. Note that this also fixes o and o, by (2a)
and (3a), respectively. For simplicity, we assume for the rest of this work that X is a
simple eigenvalue and that the above choice of sign and scaling of the continuous and
the discrete eigenfunctions is applied. Further, for simplicity, we will call (A, u, o)
the solution of (2), keeping in mind that a different scaling and sign can be chosen.

Remark 1 The case of eigenvalues with a higher multiplicity demands more careful-
ness, particularly if an a posteriori analysis is considered. We particularly want to refer
to [11] where the authors considered eigenvalue clusters using a mixed formulation.
For the convergence of the adaptive scheme they used a residual based error estimator
and provided a detailed analysis. An extension to estimators that are based on identity
(1) is still open and is discussed in future works.
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Remark 2 Although the schemes proposed in this work are computable also for the
lowest order case k = 0, one does not observe any high-order convergence of the
post processed variables defined later in the work. The reason for this is that the
Aubin-Nitsche technique, needed in the analysis, can not be applied for this case.

4 Local post-processing for up and 1,

For a sufficiently smooth solution, estimates (4) and (5) show that there is a gap of two
between the order of convergence of || — oy, || and ||u — up||1,5. In [17] the following
identity is proven

A== llo —onll§— Anllu — unl. (©6)
which, due to (4), gives the estimate (using r < r’)
L= Al SEPuliy + 02 ully S AP (ulfyy + ull ) @)

We see that the order of convergence of | — A;,| is dominated by the order of the L>-
error of the eigenfunction. The reduced convergence of uj, (compared to the L2-error
of oy,) is well known for mixed methods and can be improved by means of a local
post-processing, see [2, 34], and particularly for eigenfunctions in [15]. Consequently,
using the ideas from [21], we can then also get an improved eigenvalue.

For a given integer [ > 0 let IT" denote the L>-projection onto element-wise
polynomials of order /. Consider the spaces

Ui :={vy € L*(2) :vplx € P*T2(K)VK € Ty}, and U™ := U} N H} (2),
then we define uj, € U by

(Vui, Vo) g = (on, V) k Yoi € (id —IT%) |k P2 (K), VK € Ty, (8a)
T = uy,. (8b)

For the discretization of the standard source problem (i.e. the Poisson problem), it
is known that the kernel inclusion property div X), < Uj, (see [10]) and commut-
ing interpolation operators yield a super convergence property of the projected error
1175w — upllo given by p(h)(’)(h’/). Here p(h) is a function that depends on the reg-
ularity of the problem and for which we have p(h) — 0 as h — 0. For convex
domains we have p(h) = O(h). This super convergence of the projected error is the
fundamental ingredient to derive the enhanced approximation properties of u}.
Unfortunately the same technique, i.e. the one from the standard source problem,
does not work for the eigenvalue problem and an improved convergence estimate of
| 775 u—uy ||o is more involved. This has been discussed for the lowest order case in [20],
for amore general setting including eigenvalue clustersin [11], for Maxwell eigenvalue
problems in [12] and for the Stokes problem for example in [21]. Unfortunately, these
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results are only presented using the full || - ||giy-norm (or the corresponding mixed
norm) for X' and X;,. While such an estimate is applicable for an approximation of
(3) using Raviart-Thomas finite elements, the BDM case is not covered since (4c) and
(4b) show different convergence orders which would spoil the estimate. As the author
is not aware of a detailed proof that can be found in the literature, it will be given in
the appendix in Sect. 1. Note however, that these results are already used for example
in [4] (without proof). The resulting super convergence reads as

1T u = unllo < p(h)(hllu — ullo + llo — onllo), &)

which in combination with the techniques from [34], then yields the approximation
properties (see also [29])

lu —ullo S pUOR” (ulyr1 + [ulry1), (10a)
= wlllin S B (ulrer + el ). (10b)

Since uj isnot H I_conforming the final post-processing step consists of the application
of an averaging operator I : U;" — U;™ often also called Oswald operator, see [31]
and [16] for details on the approximation properties. We set u;* := I“(u}) for which
we have by (10)

e — wjllo S PR (Julrr1 + luli1), (11a)

IV = uillo S A" (ulrsr + liel 1) (11b)

We conclude this section by introducing a post-processing of the eigenvalue. As in [4,
21] we define

_ —(divop, uj)

A= 12
h (uy, up) (12

The following lemma was given in [21]. Since we need some intermediate steps in the
sequel, we include the proof.

Lemma 1 Let s > 1/2 and let (M, u, o) be the solution of (2) with the regularity
u € H'*(2) and o € H(div, 2) N H* (2, R?). Further let |u} |l # 0. There holds

=25 S o™+ By (ulZ g + ul? ).
where r = min{s, k + 1} and r' = min{s, k + 2}.

Proof Since ||ul|p = 1 we have using that div X, C U, and (8b)

(0,0) =—(divo,u) = A(u, u) = A,

(On, o) = —(div oy, up) = —(IT* div oy, up) = —(divoy, u}) = A}, u}),
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lo — onlld = (0 — on, 0 — on) = (0,0) + (o0, o8) — 2(0, 03)
=r+ A, (uy, up) + 2(divoy, u).

Using A} llu — ufll3 = A} (u, u) + A% uf, ul) — 2A% (u, u}) we have in total

A=A}
= |lo — onll§ — A @uf, uf) — 2(div oy, u) — A},

= llo — onlid + A G, u) — 245 (u, uf) — A llu — ul i3 — 2(div oy, u) — Af,
and thus again with ||u|lg = 1 this gives
A=A =llo —onlld — Afllu — ul )3 — 2(divoy + Aful, u). (13)

Since (div oy, +Ajuj, uy) = 0 (according to the definition of A}), the last term can be
written as

(divop + Ajuj, u)
= (divoy + Ajuy, u — uj),
= (div(op — o), u —uy) + (divo + Ajuj, u — uy),
= (div(op — o), u —uy) + (—Au + Ajuj, u — uj)
= (div(op — o), u —up) + Af(uy —u,u —uy) — (b — A))(u, u — uj).

By the Cauchy-Schwarz inequality we finally get

A= ALl <llo — onll3 + Afllu — ubl|3
+ 2| div(on — o) llollu — ufllo + 202 — A% llu — o

2 2 - 2
Sl = onllg + llu — uplig + Il divion — o) llollu — ujllo + A — A41°

Thus, for 4 small enough, the last term can be moved to the left hand side, and we can
conclude the proof using (10) and (4). O

5 A posteriori analysis

In this section we provide an a posteriori error analysis and define an appropriate
error estimator. We follow [6] where the authors derived an error estimator using the
variables o, and u}*. While this works for a mixed approximation of (4) using the
Raviart-Thomas finite element of order k (as was done in [6]), this does not work for
our setting. To discuss the problematic terms and to motivate our modification, we
present more details in the following. Since 0 = Vu we have

lon — Vur*ils = llow — o + o — Vur*|I3
= lloy — o If + IV — u}*) 5 + 2(0p — 0, V(u — u})).
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Using integration by parts, u}* € H0 (£2) and —div o, = Apup, the last term can be
written as

(ohp —o,V(u — u ) = —(div(op — o), u — u )
= —(Apup — Au,u —u;")
= —(Apup + Aup — Ay — u, u — uf’)
= —n = V) (up, u —uy) — Aup —u, u —up®).

In total this gives the guaranteed upper bound

2 2
llon —ollg + IV @ — up"lig

2
< llon — Vuy*llg + 21an — Al — up*llo + 2Allun — ullollu — uj*llo-

In [6] the first term on the right hand side is the (computable) proposed error estimator,
whereas the second and third are high-order terms. Compared to our setting we can
see the problem since

”Uh _ Vu**uz < h2k+4

I — Mllu — uj¥llo < B34,

2erd
lun — ullollu — uj*llo < h*F

where for simplicity, i.e. to allow a simpler comparison, we assumed a smooth solution.
Whereas the second term converges with an increased rate (compared to 2k + 4), the
reduced convergence order of ||u — up||g, see equation (4a), spoils the estimate of
the last term. Note that the error of uj, appears in the estimates because we used the
identity — div o3, = Apuy, in the above proof.

To fix this problem we propose another post-processing. Whereas the first two
post-processing routines were used to increase the convergence rate of the error of the
eigenfunction and eigenvalue i.e. u}, (and u};*) and A}, respectively, we now aim to con-
struct a ;" with a fixed divergence constraint rather than improving its approximation
properties measured in the L?-norm. To this end we define the space

ZF = {m, € H(div, 2) : 1|k € P*P (K, RY) VK € Ty,
- nlp € PYYF)VF € ).

The space X} reads as a BDM space of order k + 3 with a reduced polynomial order
of the normal traces. Note that other choices of Z‘,j are possible, see Remark 3. The
basic idea now is to find a 07 € X being as "close" as possible to oy, (i.e. being
a good approximation) such that the divergence is modified appropriately using the
additional high-order normal-bubbles (i.e. functions with a zero normal component
along the boundary of each element). Since these bubbles are defined locally, this can
be done in an element-wise procedure. Now let £, € X be arbitrary. Proposition
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2.3.1 in [10] shows that the following degrees of freedom (here applied to &)
Facet moments: / &, -nrpds Vrp € PkH(F) VF € Fp, (14a)
F
Div moments: / div&gn dx Vg, € PF2(K) /PY(K) VK € Tj, (14b)
K

Vol moments: / & -lpdx VI, € H3(K) VK € T, (14¢)
K

where HFP3(K) := {I, € P¥3(K,RY) : divl, = 0,1}, - n|lyg = 0}, are unisolvent.
By that we can define the post processed flux o, € X} by

/ (off —on) -nryds =0 Vry e PHUF)VF € Fy, (150)
F
/ (div o 4+ Apul)gn dx = 0 Vg, € PF2(K) /PY(K) VK € Ty,
K
(15b)
/ (of —on) - lndx =0 VI, e H¥3(K) VK €T, (15¢)
K

Note that since oy, is normal continuous, i.e. the normal trace coincides on acommon
facet of two neighboring elements, the boundary constraints (15a) of o}’ can be set
locally on each element (boundary) separately. Further, since oy - n and o} - n have
the same polynomial degree k + 1, the moments from (15a) resultin oy, - n = o - n.
In total this shows that one can solve for o, on each element independently, i.e. this
can be done computationally very efficient. In Remark 4 we also make a comment on
the choice of (15b).

Theorem 1 Let o;f € X be the function defined by (15), then there holds
—divo; = Apuj,.

Let s > 1/2 and 0 € H(div, 2) N H*($2, Rd) be the solution of the eigenvalue
problem (2). There holds the a priori error estimate

’
lo —opllo S A" (ulrsr + lulyrg1),

where r’ = min{s, k + 2} and r = min{s, k + 1}.

Proof We start with the proof of the divergence identity. Let K € 7, and g, € P¥+2(K)
be arbitrary, then we have

—/ diva[l‘qhdx=—/ divo;f(qh—Hth)dx—/ div o} 1%, dx
K K K

:/ Anuj(gn —Hoqh)dx—ﬂoth o, - nds,
K IK
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where the second step followed due to (15b) and the Gauss theorem. Using (15a) and
(3b), the last integral can be written as

—Hoqh/ of -nds = —Hoqh/ op-nds = —/ %, dive,dx  (16a)
K K K
=f Oguanuy, dx:/ mOgppu dx, (16b)
K K

where we used (8b) in the last step. All together this gives

—/ diva;qhdx:/ Anupqn dx,
K K

from which we conclude the proof as div o}, — Apuj € ]P"“(K ) and g; was arbitrary.

Now let /; be the canonical interpolation operator into X with respect to the
moments (14), and let I;, be the interpolation operator into X, which is defined using
the same moments (14) but with g, € P*(K)/P°(K) and [;, € HFt!(K) instead. First,
the triangle inequality gives ||o —o}’[lo < lo — ;o |lo + [|1;0 — o [lo. Since the first
term can be bounded by the properties of /;*, we continue with the latter which can be
written as

110 = opllo = I1; (0 —op)llo < 1Ty = In)(o — o) llo + 1 n (0 = ;) llo.

By the definition of the interpolation operators and similar steps as above we have
Iy (o) = oy, and thus the term most to the right simplifies to

11h(c — o) llo = Il Ino — onllo < [ Iho —ollo + llo — onllo.

We continue with the other term. For this let wl.‘ﬁ" be the hierarchical dual basis func-
tions of the highest order divergence moments from (14b) given by f x div(-)g; dx
with ¢; € PM2(K)/P*(K). Similarly let 1//1H be the hierarchical dual basis func-
tions of the highest order vol moments from (14c) given by |, x () - I dx with
l; € HM3(K)/HM1(K). An explicit construction of these basis functions can be
found for example in [8, 37]. Also let Ng;y and Ny be the corresponding index sets.
Using (2b), (15b) and (15¢), this then gives

Iy — In)(o —op)
- Z [Kdiv(a —o)qi dx I 4 Z /K(a — o)l dx gt

i€ Ngiv ieNy
=— Z / Ot — dpu)gi dx yiY + Z / (0 —op)l; dx i,
ieNgy * K ieny VK

which implies that (using that the norms of the ¢;, /; and widiv, wiH are bounded)
Iy — ) (o —a)llo S Ilau — dpupllo + llo — onllo
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S Mllu = ugllo + 1A = Anlllugllo + llo — onllo-

Since [lufllo < lluj — ullo + llullo, we can conclude the proof by the approximation
properties of ; and [ ;f (see Proposition 2.5.1 in [10]), estimates (7) and (10) and by

o(Wh” < and ¥ < h". O

Remark 3 Instead of choosing X" as above, one can for example also use the standard
Raviart-Thomas space of order k + 2 denoted by RT**2. Since div RT**2 = U} it
is again possible to set —div o, = A4uj (using the appropriate degrees of freedom).
However, since the normal trace of a,j‘ is now in ]P’HZ(F ) on each facet F' € Fy, one
has to be more careful defining the edge moments. Precisely, we would now set

T o} -n) =0y -n, and (d—MT* (o -n) = 0.

where the projection has to be understood as the L2-projection on the facets.

Remark 4 One might be curious why we do not use A} instead of A, in the definition of
div o in (15b). Indeed, as can be seen in the proof this is a crucial choice since we used
in (16) that the mean value of the divergence is fixed by the constant normal moments
(first equal sign) and thus coincides with I7 O(rpup) (third equal sign). Choosing A
in (15a) would then lead to a mismatch of the low-order and high-order parts of the
divergence.

We are now in the position of defining the local error estimator on each element
K €T, by

n(K) := [[Vu* — o}/ |k,

and the corresponding global estimator by

1/2
ni= (D0 n&?) " = 1Vui = il

KeT,

Theorem 2 Let (A, u, o) be the solution of (2). Let (A, up,, o) be the solution of (4)
and let uy* and o} be the post-processed solutions. There holds the reliability estimate

IVu = Vi[5 + llo — o7 1lg < n* + hot(h)
where hot(h) := 2|(o) — o, V(u — u}*))| with
hot(h) < p(h) (¥ + p(Wh™ Y(lulZyy + lul? ),
is a high-order term compared to O(h*" "Yash — 0. Further, there holds the efficiency

n < IVu — Vup*lo + llo — oy llo-
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Proof Following the same steps as at the beginning of this section we arrive at
IVu = Va5 + o — o5 1§ = IVuy* — o5 [l§ + 2005 — 0, V(u — uj*)).
For the last term we now have

(op — o, V(u—up"))

—(div(oy — o), u —uj")

—(Apuj, — A, u — uy’)
=—(p =M up,u—up®) — Ay —u,u —up").

Whereas the first term converges of order

Ian = Ml Qg u = up) < an = Allugllollu — uy*llo

2 ! 2 2
S MR (uliyy + ulz ),
we have for the second term

Mgy — s u = up ™) < [ llug, — ullollu — uy*llo

< PR (ulZyy + lul ).

It remains to show that hot(h) < p(h) (K> *" T+ p(h)h? /) is of higher order compared
to h%”". Due to the additional p (h) in the upper bound of hot (%), we only have to show
that 2" < 2r + /. For the low regularity case, i.e. s = r = r/, and the case of full
regularity, i.e. r = k+ 1 and ' = k + 2, this follows immediately. For the case where
r=k+1landr =swithk+1 < s < k + 2, we also have

2r =25 <k+24+s5s<2k+1)+s=2r+7r,

from which we conclude the proof of the reliability.
The efficiency estimate follows by the triangle inequality and o = Vu. O

Using the estimator from above we are now also able to derive an upper bound for
A. To this end let

M =0+ oy — of |13+ |(Aud — Apun, ul®)|.

The last two terms from the estimator 1, are needed to measure the difference between
the quantities used in n and the functions used in the definition of A;. Unfortunately
the authors do not see how the definition of A; can be changed such that only o}’ and
uy* are used, which would allow a direct estimate by 7.

Theorem 3 Let (A, u, o) be the solution of (2). Let (A, up,, oy,) the the solution of (4)
and let u;* and o be the post-processed solutions. There holds the estimate

A = a51 < nx + hot(h) + hot(h),
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where I{Et(h) = lluyy —ullollu — uf*llo + lu — uZ*H(z) with
hot(h) < p(h)*h (ul?yy + lul ).

and hot(h) are both higher order terms compared to O(p (h)h’“/ + hzr,) ash — 0.

Proof Following (13) we have the equation
A=Ay =llo— 0h||% —Apllu — ”Z”o 2(divoy + Ajug, u). 17)

Note that the second term on the right side is already of higher order, thus we only
consider the remaining terms. The idea is to modify the terms including o}, such that
we can use the results from the previous theorem. By the triangle inequality we have
lo —onllo < llo — oy llo + llo; — onllo. Since the error ||o; — oy lo is computable
and ||o — o} [lop can be bounded by the estimator from the previous theorem, we are
left with an estimate for the last term on the right hand side of (17).

In contrast to the proof of Lemma 1 we now add and subtract u}* (and not u})
which gives

(divon + Ajuy, u) = (divey + Ajuf, u — up*) + (divoy + Ajuj, up®)
= (divoy + Apuy, u —up*) + Mjuy — Ay, ul*).

The last term is computable and will be used in the estimator. For the first one we have
using that u}* € Hé (£2), lullo = 1 and integration by parts

(divop + Ajujy, u — up®)
= (div(op — o), u —u;") + (dive + Afuf, u — u}™),
= —(op — o0, V(u—u N + (- Au+khuh, uh ),
< llow — o II§ + 11V (e — w1
+ My lluy, = ullollu — upllo + 1A — Ay lllu — uy*llo,
< llow = ollg + IV — u;*)|5

+ Al — ullollu — ui¥llo + 1A — A 1% + llu — uj* (.
The first term can be estimated as before, thus for # small enough we have

= A5 S llo —of 13+ IV — w3+ lon — o) 113
+ |(Apuj, — Apup, )| + hot(h),
<P+ llow — o113 + |(Abul — Apun, uf)| + hot(h) + hot(h).

To show that hot (/) and Hgt(h) are of higher order compared to O(p (h)h’”/ + h2’,),
one follows the same steps as in the proof of Theorem 2.
O
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6 Numerical examples

In this section we discuss some numerical examples to validate our theoretical findings.
All methods were implemented in the Finite Element library Netgen/NGSolve, see
www.ngsolve.org and [33].

6.1 Convergence on a unit square

The first example considers the unit square domain £2 = (0, 1)?. The eigenfunction
and the smallest eigenvalue of (2) is given by u = 2sin(27x) sin(2ry) and A = 272,
respectively. We start with an initial mesh with |7, | = 32 elements and use a uniform
refinement. Note that for simplicity we used a structured mesh for this example, thus
we have h ~ (0.5 |77£|)_1/ 2 1In Tables 1 and 2 we present several errors and their
convergence rate (given in brackets) for different polynomial orders k = 1 and k = 2.
Beside the errors we also plot the high-order term from Theorem 2, and the efficiencies

2

eff := ok nz *27
IVu = Vup™lig + llo — oy [l

U

and effy, (= ————.
ORRNPASPEY

Since £2 is convex we have for this example that p(h) ~ h, thus we expect the
following convergence orders (for simplicity recalled here)

lu — ul*llo < H*P3, IV — uf)llo S BEH2,

k+2 2(k+2
lo —ojllo < H*+2, A —al S B2

In accordance to the theory all errors converge with the optimal orders. Further the
high-order term hot (%) converges faster than the estimator ) as predicted by Theorem 2.
Note that this results in an efficiency eff converging to one, i.e. the error estimator
is asymptotically exact. Also the estimator for the error of the eigenvalue converges
appropriately and shows a good efficiency eff. The same conclusions can be made
for k = 2, however, the error of the eigenvalues A, and A} converge so fast that they
are too small and rounding errors dominate on the finest meshes. For the same reason
we also do not present any numbers for hot(4) since this term converges even faster
resulting in very small numbers already on coarse meshes.

6.2 Adaptive refinement on the L-shape

For the second example we choose the L-shape domain £2 = (-1, 1)2\([0, 1] x
[—1,0]) where the first eigenvalue reads as A &~ 9.63972384402, see [7]. In this
example the corresponding eigenfunction is singular, thus we expect a suboptimal
convergence on a uniform refined mesh. To this end we solve the problem using an
adaptive mesh refinement. The refinement loop is defined as usual by

SOLVE — ESTIMATE — MARK — REFINE — SOLVE — ...
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Table 2 Convergence of several errors for the example on the unit square with k = 1, 2

|751 lu — uf*llo A —2j N eff,
k=1
32 1.48 - 1073 (—) 4521074 (-) 2.39.1073 (-) 5.29
128 9.91-107° (3.9) 7.82-107°(5.9) 4.11-107° (5.9) 5.26
512 6.33-107° (4.0) 1251077 (6.0) 6.63- 1077 (6.0) 5.28
2048 3.98- 1077 (4.0) 1.98 - 1072 (6.0) 1.05 - 1078 (6.0) 5.29
8192 2.49 . 1078 (4.0) 450- 10711 (5.5) 1.64 - 10710 (6.0 3.65
32768 1.56 - 1072 (4.0) 6.35-10"1 (—0.5) 2.60 - 10712 (6.0) 0.04
k=2
32 7.95-1073 (—) 4.06- 1076 (—) 1431075 (—) 3.52
128 249 .107° (5.0) 1.63 - 1078 (8.0) 5.89.1078 (7.9) 3.62
512 7.77 - 1078 (5.0) 6.86 - 10~11 (7.9) 23310710 (8.0 3.39
2048 2431072 (5.0) 1.86- 10711 (1.9) 1.10- 10712 (7.7) 0.06
8192 7.59 - 10711 (5.0) 6.88 - 10711 (—1.9) 1.78 - 10713 (2.6) 0.00
32768 23810712 (5.0) 29310710 (—2.1) 2.07- 10713 (—0.2) 0.00
k=2 k=3
100 — - —— ——— 100 — —— ——

1073 - 1073 I

10~ 11076

1079 - 1079 I

10—12 L L TR | L Lol 10—12 L

10* 10°
N
—=-n M —o— X = Ayl ‘

Fig. 1 Convergence history of the L-shape example using an adaptive refinement for k = 2, 3

and is based on the local contributions 1 (K) as element-wise refinement indicators. In
the marking step we mark an element if (K) > % ma% n(K). The refinement routine
KeTy

then refines all marked elements plus further elements in a closure step to guarantee
a regular triangulation. In Fig. 1 we present the error history of the post processed
eigenvalue A7, its estimator 7, and the estimator for the eigenfunction error n for
polynomial order k = 2, 3. We can observe an optimal convergence O(N ~2*+2)),
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O(N~2*+2)y and O(N~*+2) for |x — A}, 15 and 1, respectively, where N denotes
the number of degrees of freedom. Further 1, shows a good efficiency.
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Appendix
In this section we present a proof of the super convergence estimate
17*u — unllo < o (W) (hllu = unllo + llo — onllo)-
For this we will follow very similar steps as in [12] with several changes in order to

get the proper & scaling. We define the auxiliary problem: find u;, € Uy, and oy, € X,
such that

— (O, ) — (dive,, up) =0 Y1, € X, (18a)
—(divoy, vy) = Au, vy) Yo, € Uy, (18b)

Note that above solution provides the property
An @y, up) = —(div oy, up) = (on, 0p) = —(div oy, up) = r(u, up). (19)

Lemma?2 Let (A, u, o) be the solution of (2), and let (i, 03,) be the solution of (18).
There holds the estimate

1T u —@nllo < p(h)(lo =G llo + Al divie —Bn)o)-
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Proof We solve the continuous problem: Find ® € H(div, £2) and ¥ € L?(£2) such
that

—(@,71)—divr,¥) =0 vt € H(div, 2), (20a)
—(div @, v) = A(IT*u — Ty, v) Vv € L*(2). (20b)

Note, that we have the regularity ® € H*(S2, Rd) and ¥ € H”S(.Q) withs > 1/2,
and there holds the stability estimate (see for example [20])

1O1s + 1% lh+s < 11T*u —Tnllo. 2D
This then gives

|T*u — )13 = —(div e, MTu —ay,) = -1  div e, TFu —ay),
= —(div 1,0, T'u — @) = —(div 1,0, u — ),
where we used the commuting diagram property of the BDM-interpolation operator

I, and the L? projection IT¥, see Section 2.5 in [10]. By problems (18) and (20) we
then have

—(div1®,u —up) = (In®,0 — o)
=40 —6,0 —op) + (0,0 — )
=10 —O,0 —oy) — (divic —op), ¥)
= (I,0 — ©,0 —53) + (div(c —3y), T'W — W),

where the last step followed by (div(c — &3), [T*¥) = 0. By the interpolation
properties of IT* and I;, and the stability (21) we conclude

ko ~2 ~ s - ~ 14+
1T u = un i < o = Gulloh*1O1s + I dive —Gn)lloh' T ¥ 1l14s

S (o —Gullo + 1l div(e —Gu)llo) 1174w — @ lo.
o

Lemma3 Let (A, u, o) be the solution of (2), (A, un, o) be the solution of (3) and
let (y,, 01) be the solution of (18). There holds the estimate

llo—nllo + Alldivie —on)llo

~ k ~
S llup —unllo + 1T u —upllo + kllu — upllo + llo — onllo-

Proof We start with the estimate of the divergence term. By the triangle inequality we
have

Idiv(e —an)llo < Il div(e — on)llo + Il div(en — ) llo.
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Using div X, = U, gives

(div(op, — on), vp)

I div(on —on)llo =

v, eU ”vh”O
(Apup — Au, vp)
= sup ————— = || Apup — Aullo,
vpelUy, ”vhHO

thus since also || div(o —op)[lo = ||Au — Apup|lo we have with (6) and a small enough
mesh size & that

I div(on, —on)llo S lAnun — Aullo S lluw — upllo + 1A — Anl
S llu —upllo + llo — onllo-

For the second term we proceed similarly. The triangle inequality gives |[c — 0 |lo <
lo —onllo + llon — oxllo- For the latter we then have with (19)

llon = Gullg = (on, o) — 2(0n, 1) + (G, )
= —(divop, up) — Au, up) — A @n, up) — (divoy, up)
= hn(up, up) — Au, up) — rpn, up) + 2w, ip)
= (App, up —up) + (o, U — up)
= (A, up — p) — T u, up — )
= (Anttn — MpBin, up — An) + et — AT u, wp — n)

< Nlun = @nllg + 1 2nitn — ATT*ull 1w — i lo-
We continue to bound the last term. With ||IT%u||o < |lullo we have as above with (6)

Anitn = 3ITu|lun = Tn o
< (0 = T ullo + 12 = 2 ) N — @il

- k 2 2 -
< (1 = m*ulo + llu = unl + o = o413 lun = @ilo.

Since u € H''(2) we can bound |lu — upllo < h||Vullo which gives for & small
enough (i.e. bounding [0 — 03|13 < llo — onllo)

~ k ~
lAnup — AT ul|lup — upllo
~ k 2 ~
N (Iluh — T ullo + hllu — upllo + llo — Ghll())lluh —unllo

-~ ko2 2 2 2 ~ 12
S lun — Trullg + 2= lu — upll + llo = onllg + llun —unlly,
and thus in total we conclude with
~ ~ k ~
lon —onllo S llun — MM ullo + llup —unllo + llo — onllo + Allu — unllo-
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O

Lemma4 Let (A, u, o) be the solution of (2), (A, un, o) be the solution of (3) and
let (y,, 04) be the solution of (18). There holds the estimate

~ k ~
lun —unllo S T u —wplo.

Proof Using equation (19) the proof follows with exactly the same steps as in the
proof of Lemma 11 in [12] or Lemma 6.3 in [11]. O

Combining above results we have the super convergence property.

Corollary 1 Let (A, u, o) be the solution of (2), (A, up, op) be the solution of (3)
and let (4, 0y) be the solution of (18). For h small enough there holds the super
convergence property

IT*u — upllo < p(h)(hllu — upllo + llo — anllo).
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