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Abstract

The aim of this work is the numerical homogenization of a parabolic problem with
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the actual cell problem with an alternate one, using Dirichlet boundary and initial val-
ues instead of periodic boundary and time conditions. Further, we give a detailed a
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1 Introduction

Problems with multiple spatial and temporal scales occur in a variety of different
phenomena and materials. Prominent examples are saltwater intrusion, storage of
radioactive waste products or various composite materials [7, 15, 19]. These examples
all have in common that both macroscopic and microscopic scales occur. Consequently,
they are particularly challenging from a numerical point of view. However, from the
application point of view, it is often sufficient to know a description of the macro-
scopic properties. Therefore, it is quite relevant to develop a method that includes all
small-scale effects without having to calculate them simultaneously. This is the main
component of (numerical) homogenization.
In this work we are interested in the following parabolic problem

ous v ( (t t x)v 6) 7
- \a s Xy~ — u = 5
ot €2 ¢

with initial and boundary condtions. The precise setting is given further below.
a(t, X, 6’—2, )e—“) is called the time-space multiscale coefficient and represents physi-
cal properties of the considered material. If we use standard finite element and time
stepping methods, we obtain sufficiently good solutions only for small time steps and
fine grids as the following example illustrates.

Example 1.1 Let 2 = (0, 1) and T = 1. Furthermore we consider
a(t,x,s,y) =3+cosry) + cos2(27[s).

Let the initial condition be u€ (0, x) = O forall x € §2. Figure 1a shows the error in the
L?-norm with respect to the numerical and a reference solution. The reference solutions
were calculated using finite elements with grid width 4 = 10~ and the implicit Euler
method time step size T = 1/100. The theory yields an expected quadratic order of
convergence. However, this occurs here only for small grid sizes.
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Fig.1 a L2-Error with respect to grid width /2 and € at time + = 1. b Illustration of u,¢
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More precisely, the error converges only when & < €, see Fig. 1a. Similar obser-
vations can be made for the time step, where one even needs T < €% in general. The
reason is that u€ is highly oscillatory in space and time, see Fig. 1b.

To tackle the outlined challenges, various multiscale methods have been proposed.
Focusing on approaches for parabolic space-time multiscale problems, examples
include generalized multiscale finite element methods [12], non-local multicontinua
schemes [18], high-dimensional (sparse) finite element methods [28], an approach
based on an appropriate global coordinate transform [23], a method in the spirit of the
Variational Multiscale Method and the Localized Orthogonal Decomposition [21] as
well as optimal local subspaces [26, 27]. As already mentioned, we consider locally
periodic problems in space and time here. Hence, we employ the Heterogeneous Mul-
tiscale Method (HMM)), first induced by E and Enquist [13], see also the reviews [1,
3]. The HMM has been successfully applied to various time-dependent problems such
as (nonlinear) parabolic problems [2, 4-6], time-dependent Maxwell equations [14,
16, 17] or the heat equation for lithium ion batteries [30]. We use the finite element
version of the HMM, but note that other discretization types such as discontinuous
Galerkin schemes are generally possible as well.

The present contribution is inspired by [22], which considers the same parabolic
model problem and analyzes a semi-discrete HMM for it. Precisely, the microscopic
cell problems are solved analytically in [22]. Our main contribution is to propose a
suitable discretization of these cell problems and to show rigorous error estimates for
the resulting fully discrete HMM. A particular challenge for the estimate is to balance
the order of the mesh size and the time step on the one hand and the period € on the
other hand. Further, we illustrate our theoretical results with numerical experiments
and thereby underline the applicability of the method.

The paper is organized as follows. In Sect.2, we introduce the setting and present
the main homogenization results. In Sect. 3, we derive the fully discrete finite element
heterogeneous multiscale method. The error of the macroscopic discretization is esti-
mated in Sect.4 and the error arising from the microscopic modeling is investigated
in Sect. 5. Finally, numerical results are presented in Sect. 6.

2 Setting

In this section, we present our model problem and the associated homogenization
results. Throughout the paper, we use standard notation on function spaces, in par-
ticular the Lebesgue space L, the Sobolev spaces H' and Hol, as well as Bochner
spaces for time-dependent functions. We denote the L2-scalar product (w.r.t to space)
by (-, -)o and the L2-norm by || - ||o. Furthermore, we mark by # spaces of periodic
functions. Let X#(£2) be such a space for an arbitrary 2 C R?, then the subspace
X#,0(82) C X4(82) consist of all functions whose integrals over §2 is 0.
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2.1 Model problem

Let 2 C R?, be abounded Lipschitz domain, 7 > Othe finaltimeand Y := (— %, %)d .
We consider the following parabolic problem

88Lt — V. (@“(t,x)Vu®) = f(t,x) xe€82, te(0,7)
uc(0, x) =up(x) xef 2.1
ué(z, x) -0 xedR, te,7T),

where f € L2((0, T), L*>(£2)) and ug € H& (£2). These conditions are sufficient for
the well-posedness of (2.1). For the error proofs we will later assume more regularity,
see the discussion after Theorem 4.1. a€ is the time-space multiscale coefficient as
introduced in Sect.1 and is defined by the matrix-valued function a(t, x,s,y) €
C(0, T]1x £2x[0,1]1x7Y, Rf;rf). The function a is (0, 1) x Y -periodic with respect
to s and y, furthermore it is coercive and uniformly bounded, in particular this means
that there are constants A, A > 0, such that for all £, € R4:

n-a(t,x,s,y)E < Alpl | und £-a(t,x,s, y)E > Mg

for all (t,x,s,y) € [0, T] x 2 x [0, 1] x Y. Further, we assume that a is Lipschitz
continuous in ¢ and x.

2.2 Homogenized problem

Analytical homogenization results for (2.1) were obtained in [8, 28]. For ease of
presentation, we follow the traditional approach of asymptotic expansions here, but
we emphasize that the same results are obtained with the more recent approach of
time-space multiscale convergence as in [28], which is a generalization of two-scale
convergence. Based on the multiscale asymptotic expansion

. B t x tox. tox
u (t,x)—Uo(t,x, 21_)+6U1(l7x7 27_)+6 U2(t7x9 2»_)+~'-7 (22)
€ € € € € €

it is shown that Uy solves the homogenized problem

U,
a_to_v.(AOVUO) =f in(,7T)x £
Uo =0 on(0,T) x 3R (2.3)

Here, the homogenized coefficient Ay is defined by

1 d i
y dxl
AB’(I,X)=/0 /Yzaik(t,x,s,y)(rSijrE(t,x,s,y))dyds, (2.4)
k=1
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where §;; denotes the Kronecker delta. The function x' e L*((0,T) x 2 x
(0, 1), H} ,(¥)) N L2((0, T) x £2, H} (0, 1), Hy { (Y))) solves the cell problem

ax' ~ : .
a5 Vy-(ale" +Vyx') =0 in(0,1) x Y,

Xi(t, x,s,-) Y-periodic forall z, x, s, 2.5)

x'(t,x,-,y) (0, 1)-periodic for all 7, x, y.

Using these x’, U in the asymptotic expansion (2.2) can be written as

43U .
Uit,x,s,y) = Z g(t,x))(‘(t,x, s, y).

i=1 L
[8, Chapter 2, Section 1.7] shows in Theorem 2.1 and Theorem 2.3 that

lu€ — Uy — EUI”H(((),T),H&(Q)) — 0 fore — 0.

We call Uy the homogenized solution. Uy describes the macroscopic behavior of u€,
because Uy only depends on the macroscopic scale x. U; is called the first-order
corrector.

Remark 2.1 Ay is not symmetric in R? for 4 > 1 in general since

1 d d i

- 9y

Aé{(t,x)zf /§j§ :auazk(t,x,s,yxajw—a);k (., 5, Y)dyds
0 Y

=1 k=1

1 d d 8Xl
=/ /}:} G+ 2, x5, y)an(t, x5, ) 5
o Jy oy

=1 k=1

Ayl 1 ; ax’
+_(t,va’Y))dyds+ X (taX,S,y)_(t,X,&)’)dyds'

Yk o Jy as
(2.6)

The last term does not vanish in general, but it is zero for i = j due to integration by
parts and the time-periodicity of x'.

In the following we reformulate Ao in a way which we use to derive the discretized
problem later. We transform the reference cell (0, 1) x Y to a general cell (¢, f +€2) x
{xo} + I with I.:=€Y fort € [0, T) and xo € §2 fixed. Application of the chain and
transformation rule allows us to write

1
Ao(t,x):/o /a(t,x,s,y)(Idd+Dyx(t,x,s,y))dyds 2.7
Y
1 1+¢€? sy sy
- t,x, —,=)(1da+D (;, ,_,_))dd‘
62|Ie|/t /{xo}_;_[ea( * €2 6)( d +Dyx\1,x €2 ¢ yas
2.8)
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3 The finite-element heterogeneous multiscale method (FE-HMM)

Based on the results of Sect.2, we want to compute an approximation of the homog-
enized solution Uy based on the Finite-Element Heterogeneous Multiscale Method
(FE-HMM). In [22], this method was already introduced, but it was assumed that the
cell problems (2.5) could be solved exactly/analytically. The main aim of this section
is to introduce also the (microscopic) discretization of the cell problems, allowing for a
fully discrete method. Further, we also account for the non-symmetry of Ag. This leads
to a slightly different formulation in comparison to [22] where the symmetric part of
Aq was considered throughout. In the following, we will derive the full method step
by step, which is on the one hand hopefully instructive for the readers to understand
the final formulation and on the other makes it easier to follow the error estimates in
the following sections.

We start with the discretized macro problem. For the spatial discretization we use
linear finite elements based on a triangulation 7y and for the time discretization
we use the implicit Euler method. Precisely, let Vg C H(} (£2) be the space of all
piecewise linear functions which are zero on 952 and let t = T /N be the time step
size. For 1 < n < N we set t, = nt. Further, we define U% := Qpug, where
Qp : L*(2) — Vy is the L2-projection.

Let Uy, then be the solution of the discretized equation

<§U}f1

- ,¢H>O+B[t,,, U, o = (f", @), forall oy € Vi,  (3.D)

n

oU
where f"(x) = f(t,,x) and LA g, - U;’,_l)/r. Here, the discrete bilinear
form Blt,, -, -] is defined for any @y, ¥y € Vg via

Blt,, ®y, ¥y] = / Vg (x) - Ao(th, x)VP g (x)dx
2

= Z /va(x).Ao(rn,x)quﬂ(x)dx
K

KGTH

&

D IKIVEH (k) - Ao(tn, Xk)V P (xk). (3.2)
KGTH

In the integral with a quadrature formula, where xg denotes the barycenter of K €
Ty . If we now consider the individual summands, we could calculate Ag(#,, xg)
starting from Eq. (2.7). However, this would have several disadvantages. First, we
would have to compute A (t,, xg) for all time points ¢,, which would require a lot of
memory depending on the time step size. Furthermore, we want to change the boundary
conditions later, which is not possible with this approach. Therefore, the idea is to
compute V¥g (xg) - Ao(th, xx )V@p (xg) directly. For this, set I x := {xx} + I¢
and use reformulation (2.7) to give
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VWh(xg) - Ao(tn, xg )VPq (xk)

=ay (%)

—_—
1 t)1+€2 t X
T V'"I/I‘I XK)-a !/ s XKy 5y —
€2\l /z,, /16,( e VK - @l €2 e)

rox
V(@n, (k) +VPh|,_ (xg)ex(tn, XK 7 ;))dxdl

=@
1 e tox
— € €
- o / | / VU () € OV v, D
(3.3)
where
$h = Pri  + P € Vi + X((tn, 1 + €9), I k), (3.4)
with
X((tns tn + €7), Ie ) 1= L*((tn, tn + €7), Hy o(I.5))
NHy ((tn, ta + €7), Hy (e ).
¢ solves the equivalent cell problem
3(1); € € : 2
5 V. (an’KVq)#) =0 in(t,, 1ty +€°) x I g
os(t, x,8,) — (DH‘IE p periodic on 9/, g (3.5
¢§(t,x,-,y)—q§y|,eK periodic on 3(t,, t, + €2).

We can thus give the first discretization for the bilinear form in (3.1)

By #lty, Pu, Y

K| [ore
-y o /1 Vou, | (k) - a1 VL Ydydr
In e, K

I |€?
KeTy [ 1]

1 tn-l—e2
~ Y /K o= /1 Vuy, ()l gtV ydydidz
KETH € In &K

Note that By # is generally not symmetric.

In practice, the period may be known only approximately. Therefore we consider
the case with cell side length § > € and cell time o > €2 and where the two terms
:—2, g are not integers. Thus, the periodic boundary conditions no longer hold (see [1,

p.164] for the stationary case). In this case, we need to find alternative boundary and
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initial values. We approximate VW - A(,) V@ by replacing € by § and €2 by o in
(3.3), and also X by

L2((tn, 1y +0), Hy (I, k) N H' (1, 1+ 0), Hy ' (Is )
in (3.4). Then we approximate
VWy - Ag(tn,xk)VOH

tn+U
~ / (V@ (xk) - ay g (t, x)VP(t, x))dxdt
0”8' Is. x s
th+o
= —— Vo .a€ t,x)V € t, dxdt,
o|15|/ /,< iy ¢ (K - @ g (1, ) VS (1, ) dx

where ¢€ solves the initial value problem

Gl . )

31 - V. (n[(vd)) =0 in(,th+0)x sk
e =@y on(ty,ty+0) x s (3.6)
€ = &y,

lt=tn

This means that we replace periodic boundary conditions by Dirichlet ones and the
time “boundary value problem” by an initial value problem.

In the following, we consider the bilinear form resulting from the above approxi-
mation. We set Q,, g 1= (t,, t, + 0) X I5 x and define

Biyltn, @, Wul = Y |K|VWy(xk) - A (tn, x)VPu(xk), (3.7

KETH
= % [ V9w Antnco VORI, 38)
KeTy
where
V¢ Ay, xg)VPy = VW (xg) - ay x(t, x)Vo©(t, x)dxd:.
|Qn,K| Qn,K ’

To finally get the fully discrete method we consider a triangulation 7}, of the unit cell
Y and the resulting triangulation 7}, (Is g) of the shifted cell with the finite element
space Vhp C HO1 (Is, k), which consist of all piecewise polynomials of order p > 2. We
stress that the mesh size £ is meant with respect to the scaled triangulation 73 (/5 k).

Let | <k < Neen, 0 = §% and s¢ = k6. For any ®py € Vi seek ¢ | € Py + |74
as the unique solution of the discrete cell problem

A<
/ B?k zh + Vi - ay g Vo pdx =0 forallz, € V)
Is, x
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with ¢ZO = Py.
We consider the following bilinear form, which we get from the approximations
above

B pltn, @, Wrl =Y |K|VWy (k) - A n(tn, xk)VPH (XK) (3.9)
KGTH
= ¥ | Vo Anatn ) VOudx,  G.10)
KGTH K
where
1 /6 . .
VWi At 3OV Py = —— (5 [ V() - gt 2V, gdx
G|I§| 2 Is x ' '
Neeni—1
+6 Z/ VWh (xg) - af g (ta + e, X) Vel cdx
k=1 715k

+8 / VW (xk) - @ g (t + SNy )V ndx).
2 Is k ’ ’
Remark 3.1 Inthe above definition of A iy , we used the trapezoidal rule for the approx-
imation for the time integral, which is consistent with our numerical experiments
below. We emphasize that the choice of other quadrature rules is equally possible. In
practice, also the spatial integral over Is g is approximated by a quadrature rule.

We reformulate the discrete homogeneous equation by substituting By ,[t,, Pn, Y]
into (3.1): Seek U}, € Vy such that

n

5UH n _ n
5, ®u )t Braltn Uy, &1l = (f". @), forall @y € Vy, (3.11)

where again Ul = Onuo.

Remark 3.2 The restriction to use only piecewise linear functions for the macrodis-
cretization is important for proving the claimed error bounds later. For finite elements
of higher degree, one approach is to consider the linearization @ g j;, of finite element
functions @y € Vg, where

Gprjin = Y Puiink = Y Pulxk)+ (x —xk) - VOy(xk).
KETH KETH

We refer to [1] for details in the stationary case.

In the following, we will show well-posedness as well as error estimates for the
FE-HMM. Note that for the well-posedness, it is sufficient to show stability for the
macrodiscretization since the microproblem is “only” used to calculate the homoge-
nized coefficient Ay 5 or the discrete bilinear form By 5, respectively.
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4 Error estimation of the macrodiscretization

We start with a stability result which we will use to show coercivity and boundedness
of By . The statement and the proof are similar to [22, Lemma 2.1]. However, we
consider here the time-discretized case.

Lemma4.1l Let 2 C RY be a bounded domain, T > 0 and ® a linear function.
Further, let ¢ be a solution to the following problem.

9
a—f— V. (a(t,x)- Vo) =0 in(0,T] x 2

@ =® on(0,T] x 0982 4.1
@li=0 =,

where a(t, x) = (a;j(t, x));, j=1..a fulfills the following conditions
Aldy <a(t,x) < Aldg a.e on(0,T] x £2,

where 1dg : R4 — RY is the d-dimensional unit matrix. Let Vhp C HO1 (82) be the
space of all piecewise polynomials of degree p on §2 using the simplicial mesh Tj,. For
1 <n < N wedefined =T/N, t, =n6 and let (pZ €+ Vhp be the weak solution
of the discrete problem

(pn _ (,0"_1
/ %Zh + Vzj, - a(ty, x)Ve, (x)dx =0
fos

forall z;, € Vi, and <p2 = @. Then it holds for alln € {0, ..., N}:

IV@llo < IV llo (4.2)

N
, 1/2
cr'Pvelo = (63 IV, - ®)I) (4.3)
i=0

Proof Letn € {0, ..., N} be arbitrary. Since ¢ = @ on d£2 and V@ is constant, we
get with partial integration

/Q V(gp(x) — @(x)) - VO (x)dx = — /Q(gog(x) — P (x)) AP (x)dx

+§1§ (¢ (x) = @(x)) VP (x) - vdv
982
=0

and, hence,
/|V¢Z(x)|2dx=/|V<D(x)|2dx+/ IV (¢ (x) — @ (x))Pdx.
2 2 2
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Since the second term is positive, the first inequality (4.2) is proved. For the other
inequality (4.3), we use that ¢ is the weak solution of (4.1). We choose ¢} — @ as the
test function to obtain

N
> /Q @ () = g~ (@} () = P())dx
n=1
+0 [ Ve = ) a VR - D0 ]
N
= 29/ V(@ (x) — @(x)) - alty, x) VO (x)dx.
n=1 2
From the Cauchy—Schwarz inequality and boundedness of a it follows
N
Z /:2 V(g (x) — ®@(x)) - alty, x) VP (x)dx
n=1

N 12
< (Z/ﬂ V(g (x) — @(x)) - alty, x)V (g (x) — ‘15()6))01)6)
n=1

o 1/2
(Z/ V(p(x)'a(tn,X)VCD(x)dx>
n=1 2

N 1/2
= ANVl (Y /Q V() = @) - alt, V(@] (x) = D(x)dx) .

n=1

Inserting this inequality into the equation above and using that

Y n n—1 n 1 N 2 0 2
> @) =@ )@ () = @ 2 Sl = Pl — llei — @15) 2 0.
n=1

we finally obtain
N
>e /Q V(@) () = D)) - alty, )V (@) (x) — P (x))dx
n=1
1/2 s 12
=co'?|velo()0 /Q V(g () =P () - alta, ) V(g (=P (x))dx)
n=1

Finally dividing by (fo:l 0 fg Vipp — @) (x)-a(ty, x)V(p) — q§(x))dx) 2 finishes
the proof. O

Using this lemma, we now show the boundedness and coercivity of the discretized
bilinear form By ;.
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Lemma4.2 Foralln € {1,..., N}, Baultn, -, 1 : Va x Vg — Ris a coercive and
bounded bilinear form.

Proof Using the definition of qbi ©» We obtain with Lemma 4.1 and 0 = N6
Vg - App(ty, xk)VOH

1 %
= _<_/ VW (xk) - ay g (tn, )V}, gdx
2 Is, x

o 1ls|
Ncell*]

403 [ VO k) -0 e+ 5100V
k=1 715k

0
+§ /I V¢ (xk) ~a;,K(tn + SN, » x)VqSZ’ndx)
§,K

1 %
= _a|15|C(E”VWH”U(I(;.K)(”V(‘PZ,O =Pl ) FIVPH 25 )

Neenr—1

+0 > 1V 2, 0 (1Y@ =Pl 2201, 0 HIVRH L2 1))
k=1

0
S0V 2, 0 (1Y@ = P21, 0 + IV P 120 40) )
Neell Neell

5# [(o vaanLz(,M)) (6 va«phk Pasr)

Neeir
+0 3 IVl 2y 0 I VPH 221,
k=0

—

< O IV 20, 0 IV P L2050 = CIVER OV @1 (k).

where we used in the last step that V@ is constant. Summation over K shows the
boundedness of By j,.

. .. . Apn(tax)—Ag g tyxx)T . .
It remains to show the coercivity. Since A4 n-X%) 5 1nXK)_ o skew-symmetric,

it follows that

Ay, xk) — A op(tn, xg)T
2

V¢~< Jve =o.

For the symmetric part, we obtain with (2.6)

Aot Ao(t, x)T
o(t,x) + Ap(t, x) / /ZZ(‘S’H_ (t X, s, y)ai(t, x,s, y)(jk

2
I=1 k=1

0
s s,
Yk

@ Springer



BIT Numerical Mathematics (2023) 63:35 Page 130f26 35

With the lower bound on aj K and Lemma 4.1, we calculate

VOyu - Ay p(th, xg)VOy

Ap n(ty, Ap n(tn, xx)T
:V<1§H-< H,h(t XK)+2 H.h (s XK) )VGDH
= L(g/ Vol o - af g (tn. X)VGE odx

0|I5| 2 Is k ’ ’ ’
Ncell_l

+6 Z/ Vi - af g (tn + si, X) Vel cdx
k=1 1k '

0

+= / V¢Z,n : a;,K (tn + SNeelr » x)defl’ndx)
2 Is,x

> Co|V@y (xk)|?

and the coercivity of By j follows by summation over K and the fact that @y is
piecewise linear. O

The macrodiscretization is thus a usual finite element discretization with implicit
Euler time stepping of a coercive and bounded parabolic (discrete) problem, which
directly implies its stability. We will now present the main error estimate which is of
similar form as in [22]. We define the error arising from the estimation of microscopic
data as

e(HMM) = max ey (HMM),
1<k<n

where

ex(HMM) := max [|(Ao — Ap.n) (i, ) |
H

:= max |: max V¥ - (Ag — AH,h)([kaxK)V¢H|]'
Py VyeVy
IVOH | | IVWh | =1

Note that the definition is analogous to [22], but includes the microscopic discretiza-
tion by comparing Ag with Ay j, and not A g. Using the same perturbation argument
as [22] one directly obtains the main error estimate.

Theorem 4.1 Let Uy and U}, be solutions of (2.3) and (3.11), respectively. If a and
Uy are sufficiently regular, there exists a constant C independent of €, §, o, H, T such
that

1U}; — Usle, t)llo + U — Uo(x, ta)ll < C(x + H? + e(HMM)),  (4.4)
U}y — Uox. ta)l g1y < C(x + H + e(HMM)T %), (4.5)

where ||.|| is defined as

@ Springer



35 Page140f26 BIT Numerical Mathematics (2023) 63:35

n

172
ol = (3 cIve*i3)

k=1

forall @ = (@XY1_, with ®* € H} ().

It should be noted here that the constants in Theorem 4.1 depend on the constants
XA, A as well as the Lipschitz constant of a (cf. e.g. [22]). We further assume that
f € C%((0, T), Hg(.Q)) and ug € H(‘)t (£2) fulfill the compatibility condition [25,
Equation (1.3)] for ¢ = 2. Thus, the required regularity of Uy in time can be deduced
by [25, (1.4)]. Using the same arguments as in the time-independent case [11] we
obtain the required regularity in space.

5 Estimation of e(HMM)

In this section, we prove the error bound for e(HMM). In contrast to [22], we also
consider the error of the microscopic discretization, which requires additional effort.
Further slight differences to [22] arise from the lacking symmetry of Ag and Ap ;.
Instead of estimating e(HMM) directly, we introduce auxiliary matrices Aand Ay
and calculate the error with respect to them. Let @y, ¥y € Vy. A is defined via

VU - Aty, xgk)V®@p = ][ Vg (x) - ay g, (t, x)Vy(t, x)dxdt,

Qn.K

where ¢ solves (3.5). Note that A uses the macroscopic discretization as Ay, but
solves the cell problem with periodic boundary conditions in space as well as time.
Ap is defined via

VWy-  Ap(ty, xg)Voy

,:;(9/ VWy(xk) - al ¢ (ty, x)VeE(t,, x)dx
T olnIN2 i, K "

n—1

403 [ V) a5 50009 0+ 51,20
k=1"1
9 € €
t3 VW (xk) - ay g (tn + SNy IV (tn + SNrel,,x)dx),
Is,x

where ¢€ solves (3.6). Note that Ay includes the approximation of the temporal
integral, but in contrast to Ay 5 solves the microscopic cell problems exactly. In the
following, we write @, ¥ instead of @y, ¥y for simplicity and omit the variables in
the integrals for readability. The central result of this section is

Theorem 5.1 If a sufficient regular, then it holds for any o > 0

eNl/2 € 0 Jo K h
et < Cu((5) +SEt et L)
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where o and § are the time and cell size, respectively, of the cell problem (3.6).

The first two terms arise from the oversampling as well as the change of the temporal
and spatial boundary conditions and are already present in [22]. The other terms come
from the discretization of the cell problems, where the leading terms orders are & /¢
and 6 /€. Linear convergence in time is expected due to the choice of implicit Euler
for time stepping. Since we are in the non-symmetric case we only get a theoretical
convergence order of / in space. For the case that Ag is symmetric, convergence order
of h? is expected. In a different setting with non-symmetric homogenized coefficient,
[14] even observed h* convergence numerically. The term /3~% /e occurs due to the
H~!'-norm estimate and the geometry of the cells Is k. Since we consider hypercubes,
we obtain only H3 “-regularity for the solution of the dual elliptic cell problem
with « > O arbitrarily small. Details can be found in the appendix. To sum up,
when choosing § and o in practice, one has to balance the oversampling and the
microdiscretization error in ¢e(H M M). Further, note that no additional terms § and o
appear as it is the case in [22]. The reason is that we fix the macroscopic scales in the
coefficient (so-called macroscopic collocation of the HMM, cf. [3]).

For the proof we use the triangle inequality and our auxiliary matrices Aand Ay
via

IAo—Amnll < lAo—Al+IA—Anl+IAn — Aull+IAn—Amall. (5.1

In the following, these terms will be estimated in four steps. 1.Step: Estimate || Ag— A Il
This error is caused by the wrong cell time and cell size.
To even consider the difference of Ag and A, we still need an alternative representation
of VW Ag(ty, xg)V®. Letl = |o/€?],k = |§/€| and O, g := Ice.k X (tn, tn+1€2).
Since yx;; is the solution of problem (2.5), it follows that

][~ V- af (Vo< = ][ VW - af (VO + V¥ -a ¢ Dyxt -V
er.K ' Qn.K ' '
SN2 (][ af & (g +Dy ) ) Vb
Qll

= V¥ - Ay(ty, xg)V®.

With that, we can handle the first step of estimating e(HMM).
Proposition 5.1 There exists a constant C such that

€2

- €
IA— Aol =C(5+5).
o
Proof From the calculation above it follows that

V& (Ao — A)(ty, xk) V|
1

B P VU - af Vel
K #
‘ |l€2||IKE| Iee. k X (tn,ty+1€2) "
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1

lo|| 5] Is. k X (ty ,ty+0)

(= )/ VY-l Ve
= —_ -a
o5l 112\ Leel’ 1ok xptntie?) n KT

1
+—

|O||15| [aﬁl(\lkgﬁkx(tn,tn-ﬁ-léz)

1

lo 15| J 15k x (1 1+ (o —1€2))

Icel - 1€2
:‘(1——| el )][ VY - af VoS
O—|18| IKe,K X(’n!tn"l‘lfz) '
—————

=:G1

Is| — |Lee|) (l€2
+<(| s |K€|)(E))][ V- a VS
lo||1s] Is, &k \ e,k X (tn,In+1€2) '

=:G3

Is|(o — l€2
+<—| oIt )>][ VU - ay (V.
lo|1s] Is. x X (tn st +(0 —1€2)) '
—_———— '

=:G3

VY - af ¢ VoS

AVA1/88 aZ’KV(]b;

V¥ - aS Vs

We now consider the terms one by one. We use that § — € < ke < § and 0 — € <

ke? < o to estimate

Gy — (1 el -ze2> S (1 (=D —e2>>
alls| olls|
2 d+2 2)

(€~|-6 € ><(6+6
5§ o o084 —\§ o/

Using the same arguments, the estimate follows for G, as well

IA

622((|1cs|—|1“|)<1e2))E(le2 (5d—6d)(0—62))

lo[|1s] o ol|ls|
<(€+€2 Ed+2)<<€+€2)
“\8 o o84/ "\s o/
€2 €2
To estimate G3 we use that/— > 1 — — and obtain
o o
1, —le? €2 €2
G3=<M) < (1_l_> < —.
lo|[1s] o o

Altogether, after substitution and from the boundedness of a€ it follows that
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2
V¥ - (A = A0) . x0) V| = C(5 + 5 ) IV@IVY].

O

2. Step: Estimate|| A—Ay || This error can be described as the error of using wrong
boundary values and wrong time conditions.
Define ¢€ := ¢ — ¢;. Then ¢€ satisfies the following differential equation

8§6 € € 1

. V- (al V) =0 in Qn k

e =—exSV® ondls g X (tg,ta +0) (52)
é—E |I=ty, = —EX;V(D

We derive an estimate for ¢€ in the following. This in turn provides a bound for the
term ¢¢ — ¢, which appears in the final calculation of the error of Ay with respect
to A.

Lemma 5.1 There exists a constant C independent of €, §, o such that

€\1/2 €
IV¢<llz2g, ¢ < C((g) + 01/2>”V¢”L2(Qn,1<)

forall ® € V.

The proof can be found in [22, Lemma 3.3]. We can now complete the second step
as well.

Proposition 5.2 It holds that
~ €\1/2 €
IA-ami=c((5) " +-5)-
Proof Using Lemma 5.1 we obtain

][ VW - V(@ — )
Qn.K ’

A
< IV¥l120, 0 IVOE — VO<llL20, )
|Qn,K| ’ ’

€\1/2 € 1
= C((E) + (,‘1/2) 13l P20Vl 0

<c((5)" 4 ) Iveeonve el

where we used again that V@ is constant. O

3.Step: Estimate || Ay — Ay || This error can essentially be described as a quadrature
error.
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Proposition 5.3 For @, ¥ € Vg we obtain
V¥ - (Ag — Ag)V®| < CO*|VY||VD|.

The proof follows directly from the quadrature order of the trapezoidal rule. In
general, if use a quadrature rule of order ¢ in the definition of A g j; (and consequently,
for Ag), this error will be bounded by 64.

4.Step: Estimate || Ay —A a1 || This term describes the error from the microscopic
discretization. A direct calculation shows that

P (t,x) = Py +n(t,x) - VOp (xk),
where
n="....n% € (L* U, tn + 0), Hy Us.5)) N H (tn, 1 + 0), Hy ' (5 k)"

satisfies

/ ' (t, 1)z(x) + Vz(x) - af,,K(ei + Vn'(t, x))dx = 0
Is x

forall z € H} (Is,x) and (0, x) = 0.
Analogously,

Gh (X)) = @y (x) + nui(xk) - VOp (x)

where 7, x = (n}l’k, . nZ’k) € (VP (Is,x))? satisfies
/ 3,m)y ()2 (x) + Vzu(x) - af g (e, x) (€' + Vil 4, (x))dx = 0
Is

forall z;, € Vhp(lg’]() and 172»0 =O0foralli =1,...d. nand n, x obviously depend
on €, § and o. To better investigate this dependence, we re-scale 1 in the following
lemma.

Lemma5.2 Define§' € L*((0, %), Hy(Is/c)) via§' (s, y) = Ini(tn+€%s, xk +ey).
Then &' solves

iy 882+ VZ a5 g (e +VE)dx =0 VZe Hy(ye)

£ l1=0 =0,
where @y, (s, y) = a(ty, Xk, :lz +5, & 4+ y).
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Proof Define
)CK(S “lsje > Is gk iy > xg t€y
o
1 (0, 6—2)—> (tn,t,,—i—a):t—)t,,—i—ezs

Using the transformation and chain rule, we obtain
/ Do (4, 1)2(x) + V() - af (¢ + Vi (¢, 1)) dx
Is x
- / Lo G ), 2 )L E )
Isse €
1. - | .
+ VIO O -5 5, e+ I (9, 3 (0)dy

m}

Based on the rescaling of 1, we estimate the error between 7 and 7y, which is the
key ingredient for the bound of |[Ay — Ag 1|l

Proposition 5.4 Assume that a is sufficiently regular. Then, it holds for any a > 0
~ 9 o h3—0l h
IAns—dnl = 0(SX2 L 000,
€ € € €

Proof Let @y, ¥y € Vy. We obtain with the boundedness of a; , and the fact that
Vg is piece-wise constant

Vg - Ay VO — Vg - AgVdy|

1 /0
T 1Qukl (5 /Im VW - ay g (tn, )V (] (x) — ¢ (1, x))
Neeir—1

16 Z / VU (6) - g (tn + 50V (95 5 (6) — B (tn + 51, 1))

9 € € €
+5 / VW - i+ SN Y (5,000 — 900, )
Ik s
Neeir Neeir
|Qn (Zeuvwﬂno) (;envwhk #.13)

4

Neell cell

|Q (Z o1V 13) " (e X oIy = DRIven3)”

Neeli

2

el

/2 d 2 i2
lQm(Zeu wald)" (max Y0 00200 1 oo 2000

»
I
—
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_ . . 1/2
FRO 2o g )+ 121 Oy, [IV@ 1)

Neell

12/ a .
<C; Q (Zeumno) (o[ 0210101 12, 11400220000
" L |

+h®~ 20‘||am 17,

((tn,tn+0), H2(Ix 5))

2 2 1/2
R B sor, 21 o | 1V PH )

where we used Theorem A.1 in the last step. We now employ Lemma 5.2 and regularity
results for parabolic problems [24] to estimate the above terms as follows

‘ 1 40 ‘
100" Il 2 (1 040, L2 1 5)) = €7¢€ / €||3ssEl||L2((o,§2),L2(15/5))
1 ) o
< C2€—36 Vsl € 2
1
< C2€_3\/|15,K|\/;,

. [ .
190 1 24 10 +0), H2 1k 5)) = €3¢ / €||3s$’||L2((o,€i2),H2(15/€))
1 ) o
< C36—36 VIs/el € 2
1
< C36—3\/|15,1<|«/5,
‘ U yp
1" L2(0 10 40). 121 0) = € 3€ PelE 20,5 1201500
1 ) o
< C4g€ Vel € a
1
< C4g\/|16,K|\/E-

Inserting these inequalities, we get

VW - Ay V@ — VW - AgVdy]|

sc(zﬁ

h
37+ e+ ) IVOu )V ()
€° € € €

Summing up, we have proved the estimate for e(HMM).

Proof of Theorem 5.1. Using (5.1) and Propositions 5.1, 5.2, 5.3 and 5.4 we obtain the
desired error bound.
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6 Numerical experiments

In the following, numerical results calculated with the Heterogeneous Multiscale
Method are presented. The convergence rate with respect to the time step and mesh
width is investigated for the macrodiscretization as well as for the microdiscretization.
The implementation was done in Python, building on the Fenics software library [20],
where Version 2019.2.0 was used for this paper.

6.1 Setting

We choose £2 = (0, 1) and T = 1. Let the initial condition be u€(0, x) = 0 for all
x € §2. As the exact solution of the homogenized equation we choose

Uo(t, x) = t*(x — x?)
and accordingly the right side
f =2t(x — x?) 4+ 24A0t>

with the homogenized coefficient Ag. As in Sect. 4, the error between the numerical
solution Uy and the exact solution Uy is investigated. For this purpose, we consider
I U;IV —Uo(tn, x) [ 12(s2) the error at time 7y. As seen in Theorem 5.1, the error bound

of e(HMM) depends on the terms o, %, and é, which we get from the boundary and
initial values. When choosing the parameters é and o, it is important that H >> § and

H >> 0. Here, as suggested by [22], we choose § = €!/3 and o = €2/3.

6.2 First example

In the first example, we select the coefficient as
a(t,x,s,y) =3+ cos(2ry) + cos>(27s).

According to [28], Ap &~ 3.352429824667637. For simplicity and more efficient
calculation, in f the coefficient A is replaced by this value. Figure 2 (left) shows the
error in the L2 norm over the grid width H for different cell grid widths 4. Time step
sizes were fixed as T = % and § = 7. It can be clearly seen that for coarser cell grid
widths 4 = 277 and h = 273 the error of microdiscretization dominates and therefore
we do not get convergence order H2. However, for fine cell grid widths, the expected
order shows up. Similarly, we obtain linear convergence w.r.t. H in the H'(£2) norm
(Fig.2 right). Note that for the H' norm, convergence in the macro mesh size can
already be observed for relatively large cell grid widths. These results agree nicely
with our findings in Theorems 4.1 and 5.1.
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Fig. 2 L2-error (left) and H!-error (right) with respect to the grid sizes H and h of the macro and micro
discretization, respectively, at the time 7 = 1 and € = 10-3
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Fig. 3 L2-error (left) and H !_error (right) with respect to the grid sizes H and h of the macro and micro
discretization, respectively, at the time 7 = 1 and € = 103

6.2.1 Second example
In the next example we set

1

ar(y) = 2~ cosry)

independent of s. A straight forward calculation shows

A 1
0= 7
We again consider the error between the numerical solution Up and the exact solution
Up. As in the previous example, we choose as time step sizes T = 11—5 and 6 = {s.
We again first consider the L2-error and study its convergence w.r.t. to H, see Fig.3
left. For h = 273 no convergence can be seen. For fine grid widths # = 27 and
h = 278, quadratic convergence is initially seen, but still the microerror dominates.
Only for very fine cell grid widths quadratic convergence does appear. The fact that
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Fig.4 LZ-error with respect to 1018 | 8
time steps T atf = 1 and
e=10"3
=
= -2 e
= 10
5
[
Z,
ﬁ 10—2.2 - -
——0/c> =0o/4
- o
10~24 ko | | | I f—
1070.8 1070.7 1070.6 1070.5 1070.4 1070.3

T

for h = 2710 the error flattens out is probably due to rounding errors. Figure 3 (right)
shows the convergence in the H' norm. Here, for sufficiently small cell grid width,
the expected linear convergence is also observed. The results are again in alignment
with the theory and the observations for the first example.

In addition, we investigate the error of the time discretization. For this, we fix
H = % and h = ﬁ. Figure4 shows that for fixed cell time step size 6 = § linear
convergence in the macro time step T can be observed. Again, this underlines our
theoretically predicted results.
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A Finite element error estimates for parabolic problems

In this appendix, we present and prove an a priori error estimate for the finite element
discretization of an (abstract) parabolic problem with time-dependent coefficient. The
statement and its proof are very similar to the well known results in the literature cf.,
e.g., [29]. We try to extract as high spatial convergence order as possible for each term.
This is crucial to obtain (almost) balanced orders between A and € in Proposition 5.4.
In the following, we use || - ||, to denoted the H™ (£2)-norm for any m € R¢.
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Theorem A.1 Let 2 C R be a hypercube, T > 0, b : [0, T] x H'(£2) x H'(2)
be bounded, coercive and Lipschitz-continuous (w.r.t. the time t) and f : [0, T] —
L%(2) be continuously differentiable. Denote by u the solution of the following weak
problem

u
{(E’ v>0 —b(t,u,v) = (f,v)o Yv e HI(R) (AD)
(u(04), v)o =0 Vvel%).

Let further uj € Vhp be the fully discrete approximation of u at time t, = nt using
implicit Euler method with time step size T and finite elements of order p > 2. Then
we have for any o > 0

(v Z It =t (Q))

n
5 C(Z rI:TZ”al‘tu”%}((o’]‘)’LZ(Q))
j=1

B 1/2
RO (1) ) + RO g)]) T (A2)

Proof We denote by Ry, the Ritz projection onto Vhp with respect to b(z, -, -). Note
that R, depends on the time 7, but we will omit this dependence for better readability.
Inserting the Ritz projection of the exact solution into the discrete equation and using
a standard stability estimate, cf., e.g., [29], provides

n .
(r Z lluy — Rhu(tj)Hiy(}(m) ( Z I “ (!2)) 2’
j=1

where

ty —
d, = 1/ 3 ((I — Rp)u)dt + ult) = ultn) 1 (tn).
T In—1 t

The first term can be bounded with the following arguments of [29]: Sete = u — Rju.
Let w € H'(£2) be arbitrary and find z € H(} (82) such that b(-,v,z) = (w, v)g.
From elliptic regularity estimates it follows z € H37*(2) for any « > 0 since £2 is
a hypercube [9]. If we choose v = 9;e, we obtain

(de, w)o = b(-, de,2) =b(-,de,z2—vp) +b'(-,e,z—vp) =, e, 2),
where the second equality follows by differentiating the equation b(-, e, vj,) = 0 for

all vy € Vhp with b'(-, -, -) the bilinear form obtained from b(-, -, -) by differentiating
the coefficients with respect to r. We get

(0re,w)o = (I9;ellr + llellr) inf flz — vl + llell-1llzll3—«

wevy
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By elliptic regularity and convergence results for (at least) quadratic finite elements
[9, 10]

(e, w) < B> (9l + llellD lwlly =+ llell 1wl
From [9, 10] it follows for small %
l3rell—1 < B>~ “dsullz + lull) + B>~ lulla < CR**(|,ull2 + llull2).

For the second term in d;, we use again projection estimates and Taylor expansion

ty) — u(ty— ty) — u(ty—
(=D )Y = (2 )Y e
1o 12
= 57( /t 19u(5)]1320g ds)

—1

Using the triangle inequality and estimates for the Ritz projection error of the exact
solution, cf. [10, 29], we obtain (A.2). O

We emphasize that quadratic finite elements are necessary to get the required bounds
for the Ritz projection error in the H ~L_norm, cf. [9, 10]. Since our domain of interest
is a hypercube, we only get H3~%-regularity for any o > 0 of a solution to an elliptic
problem with right-hand side in H'.
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