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Abstract

In this paper we present a general procedure for designing higher strong order methods
for linear It6 stochastic differential equations on matrix Lie groups and illustrate
this strategy with two novel schemes that have a strong convergence order of 1.5.
Based on the Runge—Kutta—Munthe—Kaas (RKMK) method for ordinary differential
equations on Lie groups, we present a stochastic version of this scheme and derive
a condition such that the stochastic RKMK has the same strong convergence order
as the underlying stochastic Runge—Kutta method. Further, we show how our higher
order schemes can be applied in a mechanical engineering as well as in a financial
mathematics setting.
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1 Introduction

In the last decades, more and more interrelations in mechanics and finance have been
modeled by stochastic differential equations (SDEs) on Lie groups. A trend can be
observed that shows that kinematic models, which were previously expressed by ordi-
nary differential equations (ODEs), are now extended by terms that include stochastic
processes in order to include possible stochastic perturbations. Examples can be found
in the modeling of rigid bodies such as satellites, vehicles and robots [5,6,16,31]. Fur-
thermore, SDEs on Lie groups are also considered in the estimation of object motion
from a sequence of projections [28] and in the representation of the precessional
motion of magnetization in a solid [1].

In financial mathematics, the consideration of stochastic processes is essential, and
the solution of SDEs has been performed for many years, but usually not on Lie
groups. However, the use of Lie groups to solve existing or to create new financial
models could be of central importance for dealing with geometric constraints. We are
confronted with geometric constraints, e.g. in the form of a positivity constraint on
interest rates [14,25,30] or a symmetry and positivity constraint on covariance and
correlation matrices [22], which are important in, for example, risk management and
portfolio optimization.

Despite these diversified applications, the available literature on analysis and numer-
ical methods for SDEs on Lie groups is limited, in contrast to the available literature on
ODEs on Lie groups (for example [4,7,9,11,23,24]). Furthermore, the available litera-
ture on Lie group SDEs mainly concerns Stratonovich SDEs [1,3,8,16,21,30]. Readers
interested in 1t6 SDEs on Lie groups will only find the geometric Euler—-Maruyama
scheme with strong order y = 1 appearing in [18,19,26] and more recently the exis-
tence and convergence proof of the stochastic Magnus expansion in [12]. However,
the consideration of Itd SDEs is crucial for its application in finance.

Our contribution to this field of research is a general procedure on how to set
up structure-preserving schemes of higher strong order for Itd SDEs on matrix Lie
groups. Based on the Magnus expansion we apply [to—Taylor schemes or stochastic
Runge—Kutta (SRK) schemes to solve a corresponding SDE in the Lie algebra. Using a
SRK method can be interpreted as a stochastic version of Runge—Kutta—Munthe—Kaas
(RKMK) methods and if our considered It6 SDEs were transformed to Stratonovich
SDEs, this approach would be equivalent to the stochastic Munthe—Kaas schemes
presented in [16]. Nevertheless, a proof of convergence for this method is still missing.
Under these circumstances, we derive a condition such that the stochastic RKMK
scheme inherits the strong convergence order y of the SRK method applied in the Lie
algebra.

The remainder of the paper is organized as follows. We start with an introduction
to matrix Lie groups, their corresponding Lie algebras and the linear 1t6 matrix SDE
which we consider in this geometric setting in Sect. 2. In Sect. 3 we take a closer look
on how SDEs on Lie groups can be solved numerically and present our higher strong
order methods. Then we provide some numerical and application examples in Sect. 4.
A conclusion of our results is given in Sect. 5.
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2 SDEs on matrix Lie groups

A Lie group is a differentiable manifold, which is also a group G with a differentiable
product that maps G x G — G. Matrix Lie groups are Lie groups, which are also
subgroups of GL(n) for n € N. The tangent space at the identity of a matrix Lie group
G is called Lie algebra g. The Lie algebra is closed under forming Lie brackets [-, -]
(also called commutators) of its elements. For further details on Lie groups and Lie
algebras we refer the interested reader to [10].

The matrix exponential, exp(£22) = > 7o %Qk , serves as a map from the Lie
algebra to the corresponding Lie group, exp: g — G, and is a local diffeomorphism
near §2 = 0, . Its directional derivative in the direction of an arbitrary matrix H € g
is given by

d
(d—g exp(.Q)) H = (dexpg(H)) exp(£2) = exp(£2) (d exp_g (H))

where

o]

desp o(H) =

k=0

ad* ,(H), 2.1

(k + 1)!

(see [9,p. 83]).Byadp: g — g,ade(H) = [£2, H] = 2 H — HS2 we express the
adjoint operator which is used iteratively

ad)y(H) = H, ad%(H) = [2,adly ' (H)] = adp(adly '(H)), k> 1.

The inverse of d exp_, is given in the following Lemma [9, p. 84].

Lemma 2.1 (Baker, 1905) If the eigenvalues of the linear operator adg,; are different
Sfrom 2mi with £ € {£1, X2, ...}, then d exp_g, is invertible. Furthermore, we have
for ||82]| < 7 that

oo

- B
dexp h(H) =Y k—"‘adk_ o (H), (2.2)
k=0

where By are the Bernoulli numbers, defined by Z,(:O:O(Bk/k!)xk =x/(e* —1).

We recall that the first three Bernoulli numbers are given by By = 1, By = —%,
B, = é and that By,,+1 = 0 holds for m € N.

Let (®, %, P) be a complete probability space and let W, = (th, W,z, ey Wtd)
be a d-dimensional standard Brownian motion w.r.t. a filtration .%; for t > 0 which

satisfies the usual conditions. On a matrix Lie group G we consider the linear matrix-
valued It6 SDE

d
dQ, = QK dt+ QY Vi dW, Qo= lLyxn. (2.3)

i=1
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where K, Vi, ..., Vg, € R™" are given coefficient matrices and I, is the n-
dimensional identity matrix. In general, there exists no closed form solution to (2.3).
However, a solution can be defined via a Magnus expansion Q; = Qo exp(£2;) (see
[15,19,24]), where £2;€ g obeys the following matrix SDE

d
d2 = A@)di+ Y Ti(20dW,, 20 =Oucr. (24)
i=l1

The drift and diffusion coefficients, A, [;: g — g, are given by

d
1
A(Q) =dexp_g, ( —s o (vA+ clmz))) . Ti(S20) = dexpg, (Vi)
i=1
(2.5)
withCi: g — g,
d
Ci($2:) = (d.Q dexp_g, (Fi(-Qz))) I ($2), (2.6)
t
which can be specified by
Ci(2) = i > e df, (adr i@ (adh (11($20))). @)
(p+tq+2) pllg+ D1 r ’

p=04¢=0
fori =1,...,d. We refer to [19] for the proof.
2.1 The Cayley map as local parameterization
With all these series related to the matrix exponential, the question arises whether
there is another mapping ¥ : g — G, which is also a local diffeomorphism near O but
not based on the evaluation of an infinite number of summands. In case of a quadratic
Lie group the answer is yes, there is a mapping, namely the Cayley transformation

cay(2) = (I — )7 I + 2).

A quadratic Lie group G is a set of matrices Q that fulfill the equation QT PQ = P
for a given constant matrix P. For the derivative of cay(£2) we have

d
<d—gcay(.s’2)) (dcay_Q (H))cay(.s?) = cay(£2) (dcany(H)) . (2.8)

The analogue expression to (2.1) is

deay_o(H) =21 +2)"'H(I — 2)7!
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with the inverse given by
1
dcay” L (H) = SU+2HUT —2), 2.9)

see [9, p. 128].
Using the Cayley map instead of the matrix exponential as a local parameterization,
the coefficients of (2.4) are

2

i=1

: I :
A(20) = deay—y, <1<, —s (VA C,-(fz,))) . T2 = deay=g, (Vi)

d
Ci($2) = <d?dcay_g, (E(Qt))> I (§2;) =V 82, Vi; (2.10)
'
fori = 1,...,d (see Appendix for proof).

2.2 Example: SDEs on SO(n)

As an example of a matrix Lie group, we take a closer look at the special orthogonal
group

SO(n) = {X € GL(n) : X "X = I, det(X) = 1}

which is a quadratic Lie group, such that the Cayley map is also applicable as a
local parameterization. The corresponding Lie algebra consists of skew-symmetric
matrices:

so(n)={Y €eGL(n):Y+Y' =0

Since we are interested in structure preservation we need conditions that tell us when
the solution of an SDE on SO(n) is kept on the manifold.

Theorem 2.1 For the solution Q; of (2.3), then Q; € SO(n) if and only if the coefficient
matrices satisfy V; ; € so(n) fori =1,...,d and K; + K,T = Zflzl szz

For the proof of this theorem we refer to [19].

3 Numerical methods for SDEs on Lie groups

Applying standard numerical methods for SDEs directly to the linear matrix-valued
1td6 SDE (2.3) will result in a drift off, i.e. the numerical approximations do not stay
on the manifold. Consequently, one needs to consider special numerical methods that
preserve the geometric properties of the Lie group G.
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As the Lie algebra g represents a linear space with Euclidean-like geometry, it
appears reasonable to compute the numerical approximations of the matrix SDE (2.4)
and to project the solution back onto the Lie group G.

A simple scheme based on the Runge—Kutta—Munthe—Kaas schemes for ODEs [23]
that puts the described approach into practice can be found in [18] and is presented in
the following algorithm.

Algorithm 3.1 Divide the time interval [0, T'| uniformly into J subintervals [¢;, t; 1],
J =0,1,...,J — 1 and define the time step A = ;11 —1;. Let Q; = QoY (£2;)
with ¢ : g — G be a local parameterization of the Lie group G. Starting with 7y = 0,
Qo = Inxn and 29 = 0, «, the following steps are repeated over successive intervals
[#j,tjipr]untiltj 1 =T.

1. Initialization step: Let Q; be the approximation of Q; at time # = ¢;. Similarly,
let K; and V; ; be the coefficient matrices K; and V;, evaluated at t = ¢; for
i=1,...,d.

2. Numerical method step: Let 24 be the exact solution of (2.4) after one time step,
ie.att =t = A. Compute an approximation §21 ~ §2, by applying a stochastic
It6—-Taylor or stochastic Runge—Kutta method to the matrix SDE (2.4).

3. Projection step: Set Q11 = Q; ¥ (£21).

Stochastic Runge—Kutta schemes consist of linear operations which would lead to
approximations drifting off the Lie group G if they were applied directly to (2.3). In
Algorithm 3.1 these linear operations are all carried out in the vector space g such
that the approximation §21 of (2.4) is also an element of the Lie algebra g. This
approximation is then mapped to the Lie group G by £21 — Q1 = Q;¥(821),
i.e. an approximation of (2.3) is obtained. Thus, all schemes obtained by following
Algorithm 3.1 produce approximations in G and the structure of the Lie group is
preserved.

The order of convergence of these Lie group structure-preserving schemes clearly
depends on the numerical method used in the second step of the algorithm since
21— Q1 = Q;¥($21) is a smooth mapping, i.e. the order on G is as high as the
order of the scheme used for the corresponding equation in g. In order to analyze the
accuracy of our geometric numerical methods we recall that an approximating process
X tA is said to converge in a strong sense with order y > 0 to the It6 process X, if
there exists a finite constant K and a A’ > 0 such that

El| X7 — X711 < KAY 3.1)

for any time discretization with maximum step size A € (0, A”) [13].

3.1 Geometric schemes of strong order 1

Using the Euler—-Maruyama scheme in the numerical method step of Algorithm 3.1
results in
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d
Q1= 2+ AQ0)A+ ) TH(Q) AW
i=1

d d
1 )
—1 2 : 2 2 : —1
= dl/ffﬂo (Kj 2 Vl’) At dl//*f?o(‘/i'f)AWl’
i=1

i=1

Qjr1 = 0Q;¥(§21), (3.2)

where AW ~ A47(0, A). Note that C; (£29) = O,xn,i = 1, ..., d for both mappings
Y = exp (see (2.7)) and = cay (see (2.10)) which is why we neglect this coefficient
from here on.
Since this scheme (3.2) preserves the geometry of the Lie group G it was called the
geometric Euler—Maruyama scheme [19]. It can be specified according to the mapping.
For ¢ = exp, we get

d d
_ 1 - i
21 =dexp_g, (K,- -5 > jv,%j) A+ dexp_g (Vi) AW

i=1 i=1
1 & d
5 .
(k3 )as vsaw
i=1 i=1
Qj+1 = Qj exp(£2)), (3.3)
where inserting 290 = 0,,x, is equivalent to truncating the infinite series (2.2) after

the first summand, right before any dependence on £2 appears.
Using ¢ = cay instead, we obtain

d d
_ 1 - .
21 =dcay_g, (K., -3 » Vl.?j> A+ deay g (Vi) AW

i=1 i=1
1 1< 1
_ - 2 - . i
S CR APEE AR
i=1 i=1
Qj+1 = Qjcay(21) = Q;(I — 217 (I + 21).
In both cases we see that the diffusion term is only dependent on time and not on
the solution itself. This is called additive noise [13] and it is the reason why these
schemes have strong order y = 1 instead of y = 0.5 as expected for the traditional

Euler—-Maruyama method. A general proof of the geometric Euler-Maruyama method
converging with strong order y = 1 can be found in [26].

3.2 Geometric schemes of higher order

A higher strong order than y = 1 can be achieved by applying the strong It6—Taylor
approximation of order y = 1.5 (see [13, p. 351]) in the second step of Algorithm 3.1.
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By doing so, we obtain for d = 1

21 = A@A+ () AW + 3T'T(@0)((AWY: - 4)
+A'T(20)AZ
1 / 1 /"2 2
+5 (A'A0) + 547 ($20) ) A
+ (F’A(Qo) + %F”F2(90)> (AWA — AZ)

+% (I' T (20))' T'(20) <%(AW)2 — 4) aw,
Qj+1= Q) ¥(£21). (34

As seen in the previous section £21 depends on #; since

A(20) = dv=h, (K, - %Vf)’ r@0 =dv=g, (Vi)

Representing the double integral [ rZM f;j dWy,ds», the random variable AZ is
normally distributed with mean E[AZ] = 0, variance E[(A Z)2] = %AS and covari-
ance E[AZAW] = %Az. ‘We consider the matrix derivatives as directional derivatives,
e.g.

, d d
A'H = <d(2A(Q)) H = P A2 +€H)|.—
which we then evaluate at £2¢. The computation of the needed matrix derivatives for
Y = exp and ¥ = cay is provided in the Appendix.

In the case where d > 1 one could apply the corresponding It6—Taylor scheme for
d > 1 (see [13, p. 353]) to (2.4) followed by a projection step.

A strong order of y = 1.5 can also be achieved by applying a stochastic Runge—
Kutta method of that order to the SDE (2.4). By using the stochastic Runge—Kutta
scheme of order y = 1.5 of RoBler [27], we can avoid computing the derivatives
in (3.4) and we obtain for d = 1

1 2
2=+ (—A(Hl) + —A(H2)> A

9 9
+( F(Hl)——F(Hz)——F(H3)+ F(H4))
15 H 15FH 3FH 3FH ! AW)2 — A
+( 5 DU + =T (Hy) + ST (Hy) = 3 <4)> S \@wr -2
9 9 9 AZ
+( ZF(H1)+ F(H2)+ F(Hz)——F(H4))
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+ (61“(1:11) I (fb) + 3F(H4)) 3% ((AW)2 - 3A> AW,
Qj+r1=0; ¥ (£21), 3.5)

with the stage values

- 3 3 . AZ
Hy=H3=H =8y, H = ZA(Hl)A + §F(H1)T’

Hy = éA(Hl)A + %F(I:II)\/Z,
Hy = —SA(HoA + %A(HZ)A - %F(FI1>JZ+ T(H)VA,

~ 1
Hy = —-A(H)A + §A(H2)A + A(H3)A

+ F'(H)VA — T'(H)VA + T(H)VA.

The exploitation of stochastic Runge—Kutta methods gives us the benefit of a
derivative-free scheme. However, using the mapping ¢ = exp raises the question
of how large the truncation index ¢ must be chosen in the truncated approximation for
(2.2),

q

Zﬁad" (H)—H—l[—ﬂ H]+i[—52 (-2, H]] + - (3.6)
k! A 2 ’ 12 ’ ’ ’ :

in order to maintain a strong order of y = 1.5. More generally, a condition is needed
that connects the truncation index ¢ with the aimed strong convergence order y .

Inspired by [9, Theorem IV.8.5.] for Runge—Kutta—Munthe—Kaas methods to solve
deterministic matrix ODEs we formulate the following theorem.

Theorem 3.2 ConsiderAlgorithm 3.1 withr = exp. Let the applied stochastic Runge—
Kutta method in the second step of Algorithm 3.1 be of strong order y . If the truncation
index q in (3.6) satisfies g > 2y — 2, then the method of Algorithm 3.1 is of strong
order y.

Proof According to the definition of strong convergence (3.1) we have to show that
E[|2a — 2111 < KAUH?

where §2 4 is the exact solution of (2.4) with ¥ = exp att = A, §21 is the numerical

approximation obtained in the second step of Algorithm 3.1 and KX is a finite constant.

Let .QZ be the exact solution of the truncated version of (2.4) with ¢ = exp at
t = A, namely

q RS Br & 1 d 2 a 1< Br & i
2= Zﬁad% KS—EZVm)ds—i-Z i ZFad,_Qr(Vi,s dwy.
k=0 i=1 i=1 k=0
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Our proof is divided into six steps.
Step 1: Numerical error

We consider the Frobenius norm of matrices in the Lie algebra g and estimate the
error in the L'-norm by the L?-norm. Then, we use the Minkowski inequality by
introducing 1,

EI2a — 21l = (E[12a - 212])

= (&[12a-2402]) " + (B[124 - 202]) "

We are left with the modelling error, which corresponds to the first summand, and the
numerical error, the second summand. The numerical error can be estimated by

1/2 - ~
(]E [||Qg el ||2]) <RA” for K < oo,

as we assume that we are applying a SRK method of strong order y .
In other words, it remains to be shown that

1/2
(E[124 - 2417]) " = ka2

holds for the modelling error.
Step 2: Itd isometry
Inserting the integral equation of (2.4) and its truncated version, we get

(2[122 - 24r2]) "
H/ i fad (K—lixﬂ)ds
0 a7 24 -

12
d A O By
+Z/ > Fadkg(v
i=170 k=g+1
12
2
<|E H/ Z dk (Ks——ZV2>dsH
12
E|| / Z Tadt g (Vi W,
1/2
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d A 00 12
DTS Fadkgs(vm) ds
i=1 0 k=q+
) 172
4 0 IBil 1<,
| [l X ot (k-3 X2 ) 1) fas
0 k=q+1 i=1
» 172
N 0 1Bl
2| [ X Bt mol] o]
i=1 \ 70 k=q+1

where we also used the Minkowski inequality, the Itd isometry and the properties of
a matrix norm. Now, the summands in the last line differ only in the input matrix of
the adjoint operator.
Step 3: Adjoint operator

We estimate the Frobenius norm of the adjoint operator of V; s for a fixed s €
[0, A] and keep in mind that analogous estimates hold for the adjoint operator of
Ky — % Zle VlzY Since the Frobenius norm is submultiplicative, we have

llad—@, (Vi )l = I[=825, Vislll < 1825 Visll + 1 Vi,s 21l < 201821 Vis -
As a direct consequence, it holds
lad® o (Vi)ll < 2°[182, 111 Vi sl

which can also be shown via induction. Inserting this result in the expected value
considered in the last line of the previous step, we get

2 2
o0 00
| Bl | By
El| X rladoqinl] |<E[{ X 212t ivil
k=q+1 k=q+1 :
2
— 1Bl k.
= Vi PE || X2 =21l
k:q+l :

Step 4: Estimate for the remainder
It is known that the Bernoulli numbers are implicitly defined by Y2, (Bi/ kNxk =
x/(e* — 1). Inserting the absolute values of the Bernoulli numbers instead, then
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1106 M. Muniz et al.

(see[11,p.48]).Let f : I — R,x > 5 (1 +cot(3))+2with] = {x e R: 5= ¢ Z}.
Applying Taylor’s theorem to the function f at the point O gives

f(q+l)($)xq+l
g+ D!

)

. r®
f(x)=Zf ‘( )

p Ry (x), Ry(x) =
k=0 ’

where we consider the Lagrange form of the remainder for some real number £ between
0 and x.

Setting x = 2||£2,|| and recalling that the expression (2.2) only converges for
2]l < 7, we now consider f|;: I — R,x > 3 (1 +cot()) +2with [ = {x €
R : |x| < 2m}. The restriction of f to I is bounded, in particular there exists an upper
bound M, such that | f |(]~q+l) (6)] < M, for all & between 0 and x. Moreover, the
following estimate for the remainder holds

(g+1)
177 () 1 M, e < M,

It < —4 < Q2N
(g+ D! g+ D! (g+ D!

|Rq ()| =

Using this estimate in the expected value of the last line of the previous step results
in
2

> |B M, 2
E Z%(zuﬂsn)" sE[<(q+"l)!(2||szs||)‘”‘)]

k:q+l
20710, \
=< q) E[l12,1%+].
(g+ D!

Step 5: Itd-Taylor expansion
The goal of this step is to find an estimate for E [ll.QS ||2"+2]. For this purpose, we
examine the following It6—Taylor expansion

2 =2+ R =R, E[IRJ?|=Cis

where C is a finite constant, for details see [13, Proposition 5.9.1]. This leads to the
estimate

E[I2 20D | = E[IR 200 ] < 157!,
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Step 6: Overall estimate
Gathering the results of the previous steps and inserting a Taylor expansion for V; s
where Cr < 00 gives

— | B
k=qg+1

2
2 2q+1Mq> 1 1
< (IIVioll + Cas Cis9T = o (s9).
(IVioll 25) ((q+1)! 1 (s77)
Thus,
5 1/2
A 1By 2)/2
[l X Rt ioll) {as| = owawr,
0 k=q+1
Analogously, one can show that
5 1/2
A o Bl 4 1) (q+2)/2
E\| X o ladio K= V2Ol| |ds] =0(a 2
0 k=q+1 "
which concludes the proof. O

Remark 3.1 1. Assuming that multiple Wiener integrals can be simulated efficiently,
a general procedure for designing methods of strong order y for linear Itd SDEs
on matrix Lie groups can be achieved by applying a SRK scheme of order y in
the second step of Algorithm 3.1 while evaluating the sum (3.6) involved in the
coefficients of equation (2.4) only up to index 2y —2. We refer the reader to [17] and
the references therein for more details on the approximation of iterated stochastic
integrals.

2. Theorem 3.2 is in accordance with our results of Sect. 3.1, where the geometric
Euler-Maruyama scheme (3.3) can be interpreted as a stochastic RKMK method
withy = land g = 0.

3. Due to the definition of the Cayley map as a finite product of matrices, there is no
modelling error and therefore, no such theorem is needed if ¥ = cay is chosen as
the local parameterization in Algorithm 3.1.

4 Numerical examples

In the following we provide numerical examples that illustrate the effectiveness of the
proposed geometric methods, firstly, by simulating the strong convergence order of
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1108 M. Muniz et al.

the proposed schemes and secondly, by showing the Lie group structure preservation
of our methods.

For checking the convergence order, we set G = SO(3) and g = s0(3). In order to
ensure the conditions of Theorem 2.1 we have used the set up of matrices K; and V;
proposed by Muniz et al. [22] for d = 1. Specifically, we chose the time-dependent
functions

fi@) =cos(t),  frt) =sin(@), f3(0) =1+1+1"+1,
to compute a skew-symmetric matrix V; as a linear combination,
Vi = fi)G1 + [2(1) G2 + f3(1)G3,

where G;,i = 1, 2, 3 are the following generators of the Lie algebra so(3),

0-10 00-1 000
Gi=|100}), Go={10001]), G3=]00-1
000 100 01 0

Note that the functions f;,i = 1, 2, 3 can be chosen arbitrarily. We then set the matrix
K, as the lower triangular matrix of V> where the diagonal entries of K, are 0.5 times
the diagonal entries of V? such that K, + K, = V2.

We simulated M = 1000 different paths of two independent realizations of a
standard normally distributed random variable, Uy, U, ~ .#°(0, 1). Then, the random

variables used in the numerical method step in Algorithm 3.1 were simulated asAW =

U1\/Z and AZ = lA(ﬁ—k Uz\/g). The absolute error as defined in (3.1) was
estimated by using the Frobenius norm at ¢; = T, i.e. by

1 M
= (les - 0fl)
i=1

where the approximations Q?’i were obtained by using Algorithm 3.1 with step sizes
A= 2_14, 213 2-12 >—11 5-10 59 3nd for the reference solution QrTefi we used
the same method with i = cay and step size A = 271©, respectively.

A log—log plot of the estimation of the absolute error against the step sizes can be
viewed in Fig. 1. It indicates the strong order of convergence claimed in the sections
above for the geometric Euler—Maruyama scheme (3.2), the geometric version of the
[t6—Taylor scheme (3.4) and the geometric stochastic Runge—Kutta scheme (3.5).

Examples from financial mathematics and multibody system dynamics verify that
the structure-preserving methods derived above can be applied in practice.

In the first example we apply our methods of strong order y = 1.5 to an SDE on
SO(2) in the context of stochastic correlation modelling. The second example shows
how our methods can be used in the modeling of rigid bodies, such as satellites.
Although, we have restricted our research for this paper to considering only linear
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Fig.1 Simulation of the strong convergence order for M = 1000 paths. Left: Geometric Euler—Maruyama
scheme (gEM). Center: Geometric version of the It6—Taylor scheme of strong order 1.5 (gIT). Right:
Geometric version of RoBler’s stochastic Runge—Kutta scheme of strong order 1.5 (gSRK)

SDEs on Lie groups, the second example shows that our methods can also be applied
to nonlinear SDEs on e.g. SO(3).

4.1 A stochastic correlation model

Let us assume that a risk manager retrieves from the middle office’s reporting system
an initial value of the correlation between two assets and a density function of the
considered correlation. Moreover, we assume that the risk manager was given the task
to generate correlation matrices that not only approximate the given density function
but also respect the stochastic behaviour of correlations.

This problem can be solved by the stochastic correlation model presented in [22].
The main ideas of the approach are outlined below.

For this example we consider historical prices of the S&P 500 index and the
Euro/US-Dollar exchange rate and compute moving correlations with a window size
of 30 days to obtain correlations from January 03, 2005 to January 06, 2006 (see
Fig. 2).

The corresponding initial correlation matrix calculated from this data and imputed
to the risk manager is

Rl 1 —0.0159
0 —~0.0159 1 :

Furthermore, we estimate a density function from the historical data using kernel
smoothing functions, which is also plotted in Fig. 3. For more details on the density
estimation see [2].
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-0.1
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0.4 1 1 I L
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Fig. 2 The 30-day historical correlations between S&P 500 and Euro/US-Dollar exchange rate, source of
data: www.yahoo.com

25

0.5 1

0 L I I I
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Fig. 3 Empirical density function of the historical correlation between S&P 500 and Euro/US-Dollar
exchange rate, computed with the MATLAB function ksdensity

As a first step, we focus on covariance matrices P;, t > 0. The authors of [29]
utilised the principal axis theorem and defined the covariance flow

P =0Q/ PyQ; >0, (4.1)

where Py is the initial covariance matrix computed based on R{)‘i“ and Q; is an orthog-
onal matrix which without loss of generality can be assumed to have determinant +1,
i.e. Qr € SO(2). Following the approach in [22] the matrix Q; is now assumed to
be driven by the SDE (2.3) which can be solved by using Algorithm 3.1. With the
resulting matrices approximations of P; can be computed with (4.1), which can then
be transformed to corresponding correlation matrices

R=x"'py!
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25
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-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Fig. 4 Empirical density function of the historical correlation and the correlation flow between S&P 500
and Euro/US-Dollar exchange rate

with ¥, = (diag(P,))%.

At last, a density function is estimated from this correlation flow and the free
parameters involved are calibrated such that the density function matches the density
function from the historical data, see [22] for details.

We executed this procedure using the geometric [t6—Taylor scheme (3.4) with ¢ =
cay (gIT) and the geometric RoBler scheme (3.5) with ¥ = exp and truncation index
q = 1 (gSRK) in the second step of Algorithm 3.1, respectively. The results are plotted
in Fig. 4, which shows that both density functions approximate the density function
of the historical data quite well.

4.2 The stochastic rigid body problem

Consider a free rigid body, whose centre of mass is at the origin. Let the vector
y = (y1, y2, y3) | represent the angular momentum in the body frame and I, I and
I3 be the principal moments of inertia [20]. Then the motion of this free rigid body is
described by the Euler equations

0 v3/Iz —y2/Dx
y=V»y, VO =|-»/ 0 y/h
v/l —yi/Ii 0

We suppose that the rigid body is perturbed by a Wiener process W, and compute a

matrix K (y) such that the dynamics are kept on the manifold, i.e. we compute K (y)

from the condition K (y) + K T (y) = V?(y). Consequently, we regard the Itd SDE
dy = K(y)ydt +V(y)ydW, (4.2)
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Fig.5 Sample paths of the

geometric Euler—-Maruyama 1
(blue) and the traditional

Euler—-Maruyama scheme (red)

applied to (4.2) 0.5

-0.5 \ /

\

1 - —_
\O»\ /1
‘-T 05 0 0.5

-1

where the solution evolves on the unit sphere if the initial value yq satisfies |yg| = 1.
Note that stochastic versions of the rigid body problem have already been considered
in [16] and [30] but as Stratonovich SDEs.

Since the solution of (4.2) can also be written as y = Qyo where Q € SO(3), we
focus on the nonlinear matrix SDE

dQ =K(Q)Qdr+V(Q)QdW;, Qo = I3x3. (4.3)

The coefficients of the corresponding SDE in the Lie algebra (2.4) are

1
A®) = v (K((2)00) = 3V (¥ (2)00)).
r@) =dvg'(v(y@)00)). (44)

Now, SDE (4.2) can be solved by applying Algorithm 3.1 to the SDE (4.3). Note that
we deal with right multiplication of the solution Q on the right hand side of (4.3)
instead of left multiplication as in (2.3). As a consequence, the sign of the index
of the operator dy ! is changed in (4.4) and the solution of the Projection step in
Algorithm 3.1 should be Q11 = ¥ (£2;41)Q . We refer to [23] for more details on
this matter.

InFig. 5 we simulated 200 steps of the trajectory of (4.2) with a step size of A = 0.03
by using Algorithm 3.1 with the initial values yg = (sin(1.1), 0, cos(1.1)) T and the
moments of inertia /1 = 2, I, = 1 and I3 = 2/3. For the numerical method step of
Algorithm 3.1 we used the Euler—Maruyama scheme with ¢ = cay. Emphasizing the
structure-preserving character of Algorithm 3.1 we also plotted a sample path of the
traditional Euler—Maruyama scheme applied directly to (4.2), whose trajectory clearly
fails to stay on the manifold. This phenomenon can also be viewed in Fig. 6 where we
visualize the distance of the approximate solutions from the manifold.
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Fig.6 Log-distance of the numerical solutions to the unit sphere

5 Conclusion

We have presented stochastic Lie group methods for linear Itd SDEs on matrix Lie
groups that have a higher strong convergence order than the known geometric Euler—
Maruyama scheme. Based on RKMK methods for ODEs on Lie groups, we have
proven a condition on the truncation index of the inverse of d exp_, (H) such that the
stochastic RKMK method inherits the convergence order of the underlying SRK. This
allows us to construct even higher order schemes than the here presented methods
of strong order y = 1.5 if one were able to approximate multiple Wiener integrals
efficiently. Additionally, we have shown examples for the application of our methods
in mechanical engineering and in financial mathematics.

Our methods require further investigations for the application to nonlinear Itd SDEs
on matrix Lie groups, which we consider as future work. Moreover, we have restricted
our research for this paper to the strong convergence order. In future research, an
investigation on the weak convergence order of stochastic Lie group methods will
also be conducted.
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A Proofs

Theorem A.1 The solution of (2.3) can be written as Q; = Qg cay(§2;), where §2;
obeys the SDE (2.4) with coefficients given by

l\)lH

d
> (vA+ ci(sz»)) . (20 = deay_, (Vi)

A(82)) —dcay 2, <
i=1

with
d
Ci(£2,) = (d?dcaygl(l}(ﬂt))) r;(2), i=1,...,d. (A1)
'

Proof Let f: g — G, f(£2;) = Qocay(§2;) such that Q; = f(£2;). Due to the 1td
rules, i.e. dt -dt =dt -dW; =dW, -dt =0and dW; - dW, =dt,dQ; = d(f(§2;))
is given exactly by the first two terms of the Taylor expansion

1 42
th = _f(-Qt +Ed.Q[) + 2 de 2f(~Qt “FEd.Qz) =0
1( d? )
(dsz,f(g’)> ds2, + > <ﬁf(9z)> (d$2))

d 2

3 d 1 d 2
_ ((d_:z, f(Qt)> A@)+5 3 (@f@)) y (:2») di
+ Z (—f(m) Ii($20) dw;

where we have used the fact that

2

d d
dR2,)?* = (A(Q,)dt +y 17(:2,)de> =Y ().

i=1 i=1

We use (2.8) to specify the first part of the drift coefficient

d
<d9tf(9t)> A($2:) = Qo (th CaY(-Qt)) A(82)) = Qocay(2))dcay_q (A(52)))
= Q;dcay_g (A(£2)).

Analogously, we have (dimf((z,)) I(82) = Qdcay_g (I3(£2;)). For the second
derivative we obtain
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(d—2 (9))F2<9>—<1Qd (r-(:z))>r-(9>
thzf ? i =\ o racay_o (1ilds; i (847

d
= (( ) Q,> n(m) deay_q, (I7($2)))

+0 ( 2 4o (I <9t>)) (2

2
= 0 (deay_g, (1i($2))) + Qi Ci(2),

where C;(£2,) = (digtdcay_gr (F,-(.Q,)))I’i(f.?,). Comparing these results with
SDE (2.3) we get

Vii = dcay_g (I7($2,) and Kt=dcay o, (A))

1 d
+§§ deay_g (I1(82))) ZC(.Q,)

and thus

-1 -1 1 2
[(820) = deay "}, (Vi) and A(2) = deay"p, | Ki =5 3 (V2 + Ci(20) ).
i=1
O
Lemma A.1 The coefficient (A.1) is given by
Ci(§21) = Vi $2tVis. (A.2)

Proof

d ~
(d—gtdcay_gt(H)> H
d _ -
= ( o (U+20™ H — ) ))

_ . 1
—2((619[(1 +e) )i >H(1 20"
sz,)—l) H
=200+ R) "HI+2)"HU —2)7!
+20+ ) "HUI - 2) '"HU — 2)7!

d
200+ 2) 'H
+2(1 + $2¢) <d~Qz
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Inserting for both H and H the diffusion coefficient I ($2,) = dcay_ _Qt(V,-,,) =
5U +Q)Vi (I — 20) we get
(idcay_g (r,»(@)))rlmz)
ds2; !
=20+ 2~ 'r@end + 2o rend - 2n!
+2(+ 207 ' r@end - ey ' n@ena - 2p!

1
=—5U+ 20 NI+ 20V (I — 20U + 207 U + 20V (I — 20U — 2¢)7 !

1
+ 5+ ) NI+ 20V (I — 20U =207 U+ 20V — 20U — 2¢)7 !

1 1
=73 it (I =20V + EVi,t(I + 20V

= Vit 82t Vis

B Matrix derivatives

In this section we provide the matrix derivatives that we used in the geometric version
of the [to—Taylor scheme of strong order y = 1.5 (see (3.4)).

B.1 Derivatives for y = cay

Computing the derivative of (2.9) in the direction of an arbitrary matrix H, we get

d - (14 )
—d HY)H=|-—H-HQ2+2H—-S2HS2) |H

1d ~ -
=——(H—-—HQ+tH)+ (2+tH)H
2dt( ( )+ ( ) (B.1)

—(2 +1HH(2 +rﬁ))‘t=0

1 . L
=S (HH+HH - QHH - HHR).

Subsequently, the second directional derivative is

d? . L
(d?dcay:}?(H)) H>=—-HHH. (B.2)

Inserting H = V and H=T(Q)= dcay_, (V), we obtain

d d _
(Ef(9)> I'($2) = (Edca}’_g(V)) 1"($2)
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= %(—VF(.Q) +T(2)V —QVI(R2)— T 2)VR)

1
= 5(—V.QV + VRV -Q2VRV 4+ Q2VR2VS2).

Similar expressions are obtained for (;5A(£2)) I'(2), (5A(£2)) A(2) and
(4 I(£2)) A(2) by inserting H = K — }V?and H = I'(R), H = K — }V?
and H = A($2) and H = V and H = A(£2) in (B.1), respectively.

Proceed accordingly to compute the second derivatives (%A(ﬂ)) r 2(.Q) and

(é%zr(:z)) rxe).

B.2 Derivatives for y = exp

In the following we present derivatives of (2.1) up to k = 4, i.e. of

1

12[—9, -2, H]]

Br 1
> —ad* o (H)=H - Sl=%2. Hl+

1
720

1 1
=H — J(HQ2 — QH) + E(:22H +HQ? -22HRQ)

[—sz, [—9[—9, —0. H]]]]

1
- m(ﬂ“H —423HQ2 + 62°HQR? —4QHQ? + H2Y).

Computing the directional derivative we get

4

d B N
(d—g 3 k—’!‘ad"g(H)) A

k=0

1 - .
= —5(HH — HH)

1~ - - - N 5

+ 5 (@HH + HQH + HQH + HHQ —2HHQ —2QHH)

—~ 7170(15193H +QHQ2*H + 2°HQH + 2°HH
—AQHQHQ + HQ2’HQ + QHHQ + 2°HH)
+6(R2°HQH + Q°HHR + QHHR?> + HQHR?)
—4QRHQHQ + QHHL? + QHQR*H + HHR?)
+HHAQ + HQHQ® + HQ*HQ + HQ H).

@ Springer



1118 M. Muniz et al.

Whereas the second directional derivative is given by

4
d2 Bk k ~2
(72 X ekt
k=0
_ L 72 [ HA
= ((A’H + HH® —2HHH)
1
360
+ 22A’H + HQHAQLH + HRXHH)
—4QHQRHH+ QH’HQ + H*QHQ + HQ’HA + HQHQ + Q*HHHA)
+6(R’HA*+ QHHQH + HQHQH + QHHAR + HRHHAR + H*HR?Y)
—4QHQRH*+ QHA’Q + HHQHQ + QHHQH + HHAR? + HHRQ?H)
+(HHQHQ + HA*2> + HAQ*H + HQHQH + HQHA?Q2 + HR?H?)).

(QHQHAH + QHAQH + H*Q*H

Note that evaluating the derivatives at 29 = 0,x, causes many summands to

become zero, which makes computing higher summands (k > 4) unnecessary.

The needed derivatives for the geometric Ito—Taylor scheme (3.4) can be computed

from the formulas above by inserting correspondingly into H and H (see B.1 for
instructions).
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