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Abstract

This paper concerns the spectral analysis of matrix-sequences that are generated by the
discretization and numerical approximation of partial differential equations, in case
the domain is a generic Peano—Jordan measurable set. It is observed that such matrix-
sequences often present a spectral symbol, that is a measurable function describing the
asymptotic behaviour of the eigenvalues. When the domain is a hypercube, the analysis
can be conducted using the theory of generalized locally Toeplitz (GLT) sequences,
but in case of generic domains, a different kind of matrix-sequences and theory has
to be formalized. We thus develop in full detail the theory of reduced GLT sequences
and symbols, presenting some application to finite differences and finite elements
discretization for linear convection—diffusion—reaction differential equations.

Keywords Multilevel generalized locally Toeplitz sequence - Asymptotic
distribution of singular values and eigenvalues - Algebra of sequences -
Discretization of PDE on general domain - Finite differences - Finite elements

Mathematics Subject Classification Primary 15A18 - 15B05 - 47B06 - 65N06 -
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1 Introduction

Partial differential equations (PDEs) are extensively used in physics, engineering and
applied sciences in order to model real-world problems. A closed form for the ana-
lytical solution of such PDEs is normally not available. It is therefore of fundamental
importance to approximate the solution # of a PDE by means of some numerical
method.
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Despite the differences that allow one to distinguish among the various numerical
methods, the principle on which most of them are based is essentially the same: they
first discretize the continuous PDE by introducing a mesh, characterized by some dis-
cretization parameter 7, and then they compute the corresponding numerical solution
uy, which will (hopefully) converge in some topology to the solution u of the PDE as
n — 09, i.e., as the mesh is progressively refined. If we consider a linear PDE

Lu=f,

and a linear numerical method, then the actual computation of the numerical solution
reduces to solving a linear system

Apuy = [

whose size d, diverges with n.

Solving high-dimensional linear systems in an efficient way is fundamental to
compute accurate solutions in a reasonable time. In this direction, it is known that the
convergence properties of mainstream iterative solvers, such as multigrid and precon-
ditioned Krylov methods, strongly depend on the spectral features of the matrices to
which they are applied. The knowledge of the asymptotic distribution of the sequence
{A,}, is therefore a useful tool we can use to choose or to design the best solver and
method of discretization.

The discretization methods for linear PDEs often lead to sequences of linear systems
admitting a so-called spectral symbol. It is an entity associated with a matrix-sequence
of increasing size, and it represents the asymptotic distribution of the spectra of the
matrices. More specifically, given a matrix-sequence {A, },, where A,, € C%*% with
d, e 00, then we say that {A,}, possesses a spectral symbol f: D C R? — C,
g > 1, when it satisfies

n—o0 d, *

d,
. 1 & 1
lim —gmimn)) =D /D F(f(x))dx

for every continuous function F : C — C with compact support. Here D is a mea-
surable set with finite Lebesgue measure (D) > 0 and A;(A;) are the eigenvalues
of A,. In this case we write

{Autn ~ f-

In case of Toeplitz or Toeplitz-like matrices, this topic has been the subject of several
studies and research, starting from Szegd [22], Avram [2], Parter [26], and followed
by various other authors [11,13-16,31,33,34,36,37]. Asymptotic distributions also
naturally arise in the theory of orthogonal polynomials, in which case the zeros of the
polynomials are seen as the eigenvalues of appropriate Jacobi matrices [18,21,23,24,
35].
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A systematic approach to reduced GLT 683

A powerful set of tools to compute and analyse the symbols comes from the the-
ory of generalized locally Toeplitz (GLT) sequences. It stems from Tilli’s work on
locally Toeplitz (LT) sequences [32] and from the spectral theory of Toeplitz matrices.
Nowadays, the main and most comprehensive sources in the literature for theory and
applications of GLT spaces are the books [9,10,19,20], in which we can find a careful
and complete description of GLT sequences, block GLT sequences, and their respec-
tive multivariate versions. For more information, check also the articles [4-8,27,28].
In short, the GLT theory enables us to derive the symbol for large families of matrix-
sequences, from simple components. Since the relation linking the sequences to the
so-built symbols turns out to be an isomorphism of spaces, we can denominate the
chosen symbol for {A,}, as its GLT symbol, and we write

{Antn ~cLT f.

When dealing with Linear PDE such as

Lw)(x) = fx) xel0, 11
B.C. x €93([0, 119)

the discretization methods often lead to sequences of linear systems admitting a GLT
symbol with domain ([0, 1]x[—z, 7])¢. Interestingly enough, in this paper we observe
that when a regular enough domain 2 of u is considered, instead of [0, l]d, a similar
analysis can be conducted.

There are already well-known cases of linear PDE on non-rectangular domains. In
[25], for example, the authors first show how to define a new class of GLT sequences on
triangles, and then deal with polygonal domains through a decomposition of the space
into a finite numbers of triangles. This approach indeed is a simple way to analyse
systems and find the respective symbols on polygonal domains.

In the context of Finite Elements methods with constant coefficients, the domains
of the basis functions can be arbitrary since the main focus is on the values of the
bilinear form evaluated on couples of basis functions, so the resulting symbols have
domain [—, 7]¢. The case of FE or collocation methods with variable coefficients has
been studied on the condition that the physical domain €2 can be described by a global
geometry function G : [0, 119 — €, which is invertible and satisfies G(9(]0, 114 ) =
92 (see Section 7.5 in [20]).

Now we want to explore a more general case, starting from a domain €2 with few
properties. We consider a bounded €2, so that we can operate an affine invertible
transformation / : RY — R? | consisting in the composition of a translation and a
dilation, such that I~1(£) = €’ € [0, 1]¢. Notice thatif v = u o[ : @ — C, then

Lw)(x) = f(x) x€Q R %’i(/u)(l(y)) =fdy) ye
B.C. x € B.C. y € 0%

L Fwem =) yew
B.C. y €0
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684 G. Barbarino

s0 we can solve the problem on €’ for v, and then compute # = v o/~ !. From now on
we will only consider domains €2 contained in [0, 1]d , and we work in the restricted
euclidean topology and Lebesgue measure j of [0, 114, unless specified differently.

The analysis will lead us to introduce a variation of the classical GLT sequences,
that we call reduced GLT sequences. The name “reduced GLT” appears in [28] where
some ideas on its construction is given. More attempts following the same arguments
can be found in [1,3,27,29], where the class of sequences in use has never been fully
formalized. Here we furnish a systematic and rigorous approach to the definition and
construction of reduced GLT sequences, finally providing a solid background for all
the previous documents.

The paper is organized as follows. In Sect. 2 we recall first the multidimensional
notation we will be using throughout all the document, and then we report the main
concepts and results already present in previous literature, that we will need to develop
our new theory. In particular, we remind the concepts of symbol, approximating classes
of sequences and multilevel GLT sequences. Section 3 is devoted to discussions on
the domain €2 and the grids we use to discretize our problems. In Sect. 4 we introduce
the restriction and expansion operators that we need to generate the reduced GLT
sequences from classical GLT sequences. Thanks to the properties of these operators,
we will be able to derive a number of preliminary results, that will lead in Sect. 5
to the full formalization of the theory of reduced GLT sequences. The following two
Sects. 6 and 7 show how the theory of reduced GLT can be applied to discretisation
of linear PDEs on a generic domain €2, in case of, respectively, a finite differences
discretization, and a finite elements discretization. In the final Sect. 8, we report further
studies that are currently been conducted on other applications for the reduced GLT
sequences, and also a possible generalization.

2 Generalized locally Toeplitz sequences

Here we recall the basic notions, results and concepts of multilevel GLT sequences
and linked subjects, without going too much into technical details. All the results we
report in this section can be found more in detail in [20, Chapter 6], altogether with
an extensive and complete discussion about the GLT sequences.

2.1 Multidimensional notation

When dealing with multilevel sequences, matrices and vectors, we will use the multi-
index notation. A multi-index i € N¢, also called a d-index, is simply a vector in N4,
its components are denoted by iy, ..., ig.

e 0,1, 2, ... are the vectors of all zeros, all ones, all twos, ... (their size will be

clear from the context).

d nj and n — oo means that min(n) =

e For any d-index n, N(n) = ]_[j:1
min;=g,.q4dn; —>

e If h, k are d-indices, h < k means that i, <k, forallr =1,...,d,whileh £k
means that i, > k, for atleastone r € {1, ..., d}.
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A systematic approach to reduced GLT 685

o If h, k € N are multi-indices, h < k means that h precedes (or equals) k in the
lexicographic ordering (which is a total ordering on N%).

e The multi-index range k, ..., kis the set {j € 74 h < J < k}. We assume for
the multi-index range h, . . ., k the standard lexicographic ordering:

[ G ) Liu=ha,...ka ] M

Jad—1=hd—1,....kq—1 ]jlzhlw,kl

For instance, in the case d = 2 the ordering is

(hi,h2), (hi,ha+ 1), ..., (h1, ko), (h1 +1,h3), (hi +1,hy+ 1), ...,
(h1+1,kp),...... o (ki, h), (ki,hao +1), ..., (ki, k2).

e When a d-index j varies over a multi-index range #h, ..., k (this is sometimes
written as j = h, ..., k), it is understood that j varies from & to k following the
specific ordering (1). Forinstance, ifn € N7 and if we write x = [x; ]:.’:1, thenxisa
vector of size N (n) whose componentsx;, i =1, ..., n,are ordered in accordance
with (1): the first component is x1 = x(1,...,1,1), the second component is x(1 ... .1,2),
and so on until the last component, which is x, = X(u,,... .m,). Similarly, if X =
[x; j];" j=1° then X is a N (r) x N (n) matrix whose components are indexed by two
d-indices i, j, both varying from 1 to n according to the lexicographic ordering
(D).

e Given h, k € N with h < k, the notation Zl;:h indicates the summation over
all jinh, ..., k.

e If his ad-index in the range 1, ..., n, then |k| is

ha+nagthg—1 —1+ng_1(thg—a — 1+ +n3tha — L +na(hy — 1)))...)

d—1 d
=hi+y [hi—=D [] n
i=1

j=it1

maps the d-indices to the set {1,2, ..., N(n)}, and the map is increasing with
respect to the lexicographic ordering, since h > k <= |h| > |k]|.

e Operations involving d-indices that have no meaning in the vector space Z¢
must always be interpreted in the componentwise sense. For instance, ij =

G1j1,--siaja).i/J = G/ j1, - ia/ ja), ete.

In this context, by a sequence of matrices (or matrix-sequence) we mean a sequence
of the form {A,},, where n = (n1,...,ny) depends on n and n — oo as n — oo.
In many cases, it is natural to assume that n + 1 = nv, where v is a vector of
rational constants and n diverges to infinity. It is always understood that a matrix A,
parameterized by a d-index n has dimension N(n) = ny - - - - - ng; its entries will be
indexed by two d-indices i, j.
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686 G. Barbarino

2.2 Singular value symbol and approximating classes of sequences

Along with the concept of spectral symbol already introduced, we need to recall
the notion of singular value symbol, that is, a measurable function describing the
asymptotic distribution of the singular values of a matrix-sequence. Given a multi-
level sequence {A,},, a singular value symbol associated with {A,}, is a measurable
function f : D € R? — C satisfying

N(n)

tim o 3 P =~ [ Freondx
oo N(m) = " (D) Jp

for every continuous function F : R — C with compact support, where D is a
measurable set with finite Lebesgue measure (D) > 0 and o0;(A,) are the singular
values of A,,. In this case we write

{Antn ~o f

A sequence of matrices {Z,}, such that {Z,}, ~, O is referred to as a zero-
distributed sequence. In other words, {Z,}, is zero-distributed iff

N(n)

lim Noo ; F(0i(Zy)) = F(0), VF € Cc(R),

where N (n) is the size of Z,. Given a sequence of matrices {Z,},, with Z,, of size
N (n), the following properties hold. In what follows, we use the natural convention
C /oo = 0 for all numbers C.

71. {Z,}, ~ 0iff Z, = R, + N, with
lim (N (r)) 'rank(R,) = lim |N,|| = 0.
n—0o0 n—>0oo

Z72. {Z,}, ~o 0if there exists a p € [1, co] such that

lim (N (1)~ "7 || Zyl, = 0,
n—oo

where || - ||, is the p-Schatten norm.

The space of matrix-sequences also presents a metric structure, induced by a dis-
tance inspired from the concept of Approximating Class of Sequences (a.c.s.). In fact,
a sequence of matrix-sequences { By}, is said to be an a.c.s. for {A,}, if there exist
{Nn.m}n and {Rp m}» such that for every m there exists n,, with

Ay = Bn,m + Nn,m + Rn,mv ”Nn,m” < w(m), rk(Rn,m) < N(m)c(m)
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A systematic approach to reduced GLT 687

for every n > n,,, and
om) =30, cm) Z== 0.

In this case, we say that { B}, is a.c.s. convergent to {A, },, and we use the notation

{Bu.mn EaiN {Ap},. In other words, {By ;}, converges to {A,}, if the difference

{A — Bn.m}n can be decomposed into { Ny, }, of *small norm” and {R,, ,,,},, of *small
rank’.

We say that a sequence {A,}, is sparsely unbounded (s.u.), whenever the rate
of diverging singular values goes to zero. This happens, for example, whenever the
sequence admits a singular value symbol. Using this notion, we can enunciate the
property of the a.c.s. we will need in the following.

ACS1. (A}, ~o f iff there exist sequences of matrices {Bn m}n ~o fm such

that { By m }n et {An}, and f,, — f in measure.

ACS 2. Suppose each A, is Hermitian. Then, {A,}, ~ f iff there exist sequences

of Hermitian matrices {Bn m}n ~ fm suchthat {By ), s {Aplpnand f, — f

in measure. o o
ACS3.If {By by —> {An}a and {B} ,}n — {A}},, with A, and A}, of the
same size N (n), then

{Bf hn =3 (A%}

{@Bum + BBy In =3 @Ay + BA,), foralla, B € C,

{Bum By phn =3 (AnAl}, whenever {Ay}y, (A}, are s.u.,

{BumCnln =23 {AnCn}n whenever {Cy},, is s.u.

ACS4. Let p € [1, oo] and assume for each m there is n,, such that, forn > n,,,

1An = Bamllp < em,m)(N@)'/?,  lim limsupe(m,n) = 0.
m—0 p—o0

a.c.s.
Then {By,m}n — {An}n-
It turns out that the notion of a.c.s. begets a metric structure on the space of sequences
& . The distance

dycs. {Antn, {Bu}n) = limsup p(A, — By),

n—0oo
Cu) = i —
p(Cn) T { N

+ o; (Cn)}

where, by convention, oy )+1(C,) = 0, has been proved to induce the a.c.s. con-
vergence between sequences. Moreover, dacs. {Antn, {Brln) = 0iff {A, — By} 18
zero-distributed, and d, ¢ 5. turns & into a complete pseudometric space (&, dycs.)
where the statement “{{ B, ,»}»}m converges to {A,},” is equivalent to “{{By m}n}m
is an a.c.s. for {A,},”. In particular, we can reformulate the definition of a.c.s. in
the following way: a sequence of sequences of matrices {{By m}n}m is said to be
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688 G. Barbarino

an a.c.s. for {Ap}n if {Bu.m}n converges to {Ap}tn in (&,dacs) as m — oo, ie., if
dacs.({Bnm}n, {An}n) = 0as m — oo. The theory of a.c.s. may then be interpreted
as an approximation theory for sequences of matrices, and for this reason we will use
the convergence notation { By m }» % {A,}, to indicate that {{Bp m}n}n 1S an a.c.s.
for {A,}n.

In view of what follows, let D C R be a measurable set such that 0 < (D) < 00
and define .#p the space of measurable functions over D. If

L>0 w(D)
dmea(f, &) = Pmea(f — &),

pmealf) = inf {“{x < Dl > 1} +L},

then dpe, is a distance on .#p such that diea(f, g¢) = 0 iff f = g a.e.; moreover,
dmea turns .Zp into a complete pseudometric space (.#p, dme,) Where the statement
“fm converges to f” is equivalent to “ f;,, converges to f in measure”.

2.3 Multilevel GLT

We now recall the theory of the multilevel generalized locally Toeplitz (GLT)
sequences and symbols. A d-level GLT sequence {A,}, is a special d-level matrix-
sequence equipped with a measurable function « : [0, 1]¢ x [—x, 7]? — C, the
so-called GLT symbol. Unless otherwise specified, the notation

{An}n ~GLT K

means that {A,}, is a d-level GLT sequence with symbol k. The symbol of a d-level
GLT sequence is unique in the sense that if {A,}, ~grT k and {A,}, ~grT & then
k = & a.e.in [0, 119 x [-x, 719, conversely, if {A,}, ~grT k¥ and k = & ae. in
[0, 119 x [—7, 719 then {An}n ~cLT &. We report all the main properties of the GLT
space summarized in 9 points.

GLT 1. If {A,}, ~qLr K then {A,}, ~o k. If {As}n ~GLT K and each A, is
normal, then {A,}, ~ k.
GLT 2. If {A,}, ~gLT k and A, = X,, + Yy, where

e every X, is Hermitian,
o N)™'?[[Yall2 — O,

then {A,}, ~» k.
GLT 3. Here we list three important examples of GLT sequences.

e Given a function f in LY([—7, 7]9), its associated Toeplitz sequence is
{Tw(f)}n, where the elements are multidimensional Fourier coefficients of

f:

o
- Qn)e

Tu(f) =il o Ji / FO) g,

@ Springer



A systematic approach to reduced GLT 689

{Tu(f)}n is a GLT sequence with symbol « (x, ) = f(0).
e Given an almost everywhere continuous function, a : [0, 1]9 — C, its associ-
ated diagonal sampling sequence {D, (a)}, is defined as

nio-sm(( (1))

{Dy(a)}, is a GLT sequence with symbol « (x, 0) = a(x).
e Any zero-distributed sequence {Z,}, ~ 0 is a GLT sequence with symbol
k(x,0)=0.

GLT 4. 1f {A,}, ~cur « and {By}, ~GiT £, then

° {A,I;I n ~GLT K, Where A,I;I is the conjugate transpose of A,,,
o {dA, + BBu}n ~crr ak + BE foralla, B € C,
o {A;Bu}n ~arr KE.

GLT 5.1If {A}n ~cur & and k¢ # 0 a.e., then {A}}, ~cir €1, where A}, is the
Moore—Penrose pseudoinverse of A,,.
GLT 6. If {A,}, ~cLT k and each A, is normal, then { f(A,)}, ~crLT f(x) for
all continuous functions f : C — C.
GLT 7. {An}n ~acrr « if and only if there exist GLT sequences { By m}n ~GLT km

such that «,, converges to « in measure and {By , }, 285 {Ap}, asm — oo.
GLT 8. If {An}y ~crr « and {Bn}, ~crr & then dycs.({An}n, {Bnln) =
dmea (K, §).

GLT 9. For any measurable function « : [0, 119 x [-7, 7]¢ — C there exists a
d-level sequence {A,}, and functions a; ,,, fi.m, i =1, ..., Ny, such that

o {Ap}y ~GLT K,
e aj;m € C*([0,1]19) and f; ;, is a trigonometric polynomial in ¢ variables,

° ZlNz’"l ai.m(X) fi. m(0) converges to « (x, 0) a.e.,
a.c.s.

o XN Du(ai ) Ta(fimn)}, == (Ann asm — oo
A similar scheme can be found in [20], where all the points are the same, except for
GLT1, GLT2 and GLT6, that can be deduced from the results in [6,8]. Moreover,
GLT8 has been substituted with its more powerful version from [10] and GLT9 has
been expanded to include the fact that every measurable function is a GLT symbol for
some sequence.

In the applications, one usually identifies the matrix-sequence at hand as a combina-
tion or limit of the simpler sequences in GLT3, for which a symbol is already known.
Using the algebraic properties of GLT4, GLTS and GLT6, or the metric property
of GLT7, one can compute the GLT symbol of the sequence, that is automatically a
singular value symbol by GLT1. Eventually, using the perturbation result in GLT2,
one can prove that the GLT symbol is also a spectral symbol.
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690 G. Barbarino

3 Characteristic sequences

We know by GLT9 that every measurable function with support in ([0, 1] x [—, z])?
is a GLT symbol for a sequence of matrices. Using this connection, we can associate
to each measurable set 2 C [0, l]d a diagonal sequence {D,}, such that {D,}, ~cLT
Xq.

An important remark to be noted here is that we do not have a single choice of
domain, functions and sequence. In fact two measurable sets 2, Q' are identified
whenever they differ for a negligible set, and it happens if and only if X and X g
differ on the same negligible set. Moreover, two sequences have the same GLT symbol
if and only if they differ by a zero-distributed sequence by GLT3 and GLT4.

In the case of characteristic function, though, it is always possible to choose { D, },,
to be diagonal sequences with binary entries. This is easy to see in the case the char-
acteristic function X g is continuous almost everywhere, since we know from GLT3
that

{Dn(XQ)}n ~6LT Xa-

In the remaining cases, one can obtain X g as limit of characteristic functions of regular
domains, so it is possible to reach the same conclusion using a diagonal argument.

Let us focus on the case X ¢ is continuous a.e., that is a condition common to almost
every domain used in linear PDE. Given a measurable set €2, the following assertions
are equivalent:

the function X ¢ is continuous a.e.,

the function X  is Riemann integrable,
n(9€2) =0,

the set Q2 is Peano—Jordan measurable,

where 0€2 is the boundary of the set 2. Moreover, every measurable set 2 respecting
the condition, is equal, up to a negligible set, to its interior Q° and to its closure Q.
The matrices D, (X ¢) give us a natural way to link its rows and columns to the points
of type z; 1= % with 1 <i < n inside and outside of 2. A Peano—Jordan measurable
set Q2 is also well described by the diagonal matrices D, (X ), and consequently by
the points z;, in the sense described by the following result.

Lemma 3.1 If Q is a Peano—Jordan measurable set, then

k(D (X2))
o N

Proof We know from GLT1 that

{(Dn(XQ)}n ~o X
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A systematic approach to reduced GLT 691

so in particular, if we consider a continuous function F : R — C with compact
support and such that F(1) = 1, F(0) = 0, then

Nn)

k(Dp (X
k(Dn(X2)) _ Z F(0i(Dn(X2)))

n—00 N(n) - nlwo N(n) 4

= / F(Xq(x))dx = p(£2).
[0.1}4

]

Actually, when €2 is Peano—Jordan measurable, we can show also that the number of
points z; arbitrarily close to the boundary is negligible with respect to N (n). Call

= {p €0, 119d(p, IQ) < ¢}

the set of points whose distance from 9€2 is at most ¢ > 0. In the next result, we prove
that K. contains few points z; when ¢ tends to zero, so that in the applications we can
ignore the conditions that arise from grid points that are close enough to the boundary.

Lemma 3.2 Given a sequence h,, of real nonnegative numbers converging to zero, and
a Peano—Jordan measurable set 2, then

lim K Png)) o
n—00 N (n)

Proof Remember that d€2 is always a closed set contained into [0, 11¢. Notice that K,
converge to Ko = 92 as c¢ tends to zero, so we know that

lim u(K.) = n(dR) = 0.
c—0

K, is a closed subset of [0, 1]¢ for every c since
p¢Ke = p¢l0,11Yvd(p,0Q) >c

and in both case there’s an open neighbourhood of p disjoint from K.. Moreover, if
¢ > 0 then

pedk., = pedl0, 11" vd(p, i) =c
and it is known that the set of points at fixed positive distance from a closed set is
negligible [17], so we can conclude that (9 K.) = 0. This is actually true also for K

since

IKo = 090 C 90 = w(@Ko) < n(d) = 0.
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692 G. Barbarino

We can thus use Lemma 3.1 to infer that for every ¢ > 0

_ tk(Dp(Xx,))
nango W = p(Ke).

Notice that if h, < h, then K;, < K, and consequently rk(D,(X Khn)) <

rk(Dy, (X K, ))- When we fix an index m > 0, we know that definitively h, < hy,
since h, are converging to zero, so the following relation holds

tk(Dn(Xk,,,)) tk(Dp (XK, )
limsup ——— < limsup ————— = u(Ky,, Vm
n—>oop N(n) n—>oop N (n) m )
tk(Dp(Xk,,,))
li — < inf u(K, )=0.
— im sup NG < nl:éNM( h)

O

The points z; form an uniform grid on [0, l]d, but in applications the most used
grid, denoted as &, is composed by points of the form

i i 7 ig
n+1 \m+1 n+1"""n+1/)"’
i=1,2,...,

ij:O,l,z,...,nj,nj+1’ J d.

Consequentially we define a new diagonal matrix associated to 2

L(Xg) := diag (xg (n jr 1))
i=1,...n

.....

that has dimension N(n) x N(n), the same as D, (Xq). More in general, for any
continuous a.e. function a : [0, 1]1¢ — C we denote

,,,,,

so that I,,(a) and D, (a) have the same dimension, and can actually be proved that
they enjoy the same GLT and spectral symbol.

Lemma3.3 Ifa: [0, 119 — C is a continuous a.e. function, then

{In(@)}n ~cLT a.

Proof Noticethata : [0, l]d — Cisacontinuous a.e. if and only if when we splititinto
real and imaginary part a = aj + iay, both the real functions a| and a; are continuous
a.e.. In the same way, we can split a; and a; in their positive and negative parts, and
they are still continuous a.e.. By GLT4, we can thus suppose that a : [0, 1]¢ — R*,
since it is sufficient to prove the general thesis.
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The proof is divided into 3 steps, where we prove that the statement holds first
when a is continuous, then when a is Riemann-integrable and eventually when a is
continuous a.e..

Step 1. Suppose a is continuous and call , its continuity module. Notice that

2 d ik 2
< " ) <
2_Z<nk(nk+l)) _k

k=1

. . d
1 l

n n—+1

1
. 2 n—oo
= = h %,
1

so we can obtain a bound on the norm of I,,(a) — D, (a) as

i i
a —al—
n n+1 n
By 71, {I,(a) — Dyp(a)}, is zero-distributed and consequentially GLT4 tells us that
{In(@)}n ~cL1 a.
Step 2. Suppose a is Riemann-integrable, and consider a sequence of continu-

ous function a,, converging to a in L' norm. A continuous function is in particular
Riemann-integrable, so a,, — a is also Riemann-integrable and we can compute

o <ﬁ>_“(nil>'

n—oo m—00
— |la —ap|l1 —— 0.

< wa(hy) == 0.

l1n(a@) — Dn(a)|l = , max

,,,,,

n

1
Nm) Y Iy (an) — In(a)||) = Noo
i=1

We can thus write the difference as ||I,(a,) — In(a)||1 = N(@m)e(n, m) where
lim,;,— o lim;,— o €(n, m) = 0 and using ACS 4, we discover that

{In(@m)}n 255 {Ln(@))n.

We know from Step 1 that {I,,(ay,)}n ~cLT am for every m, and ay, M7 4in
measure, so we conclude that {/,(a)}, ~grT a by GLT 7.

Step 3. Suppose a is continuous a.e and call @, (x) := max{a(x), m} its truncated
function for every m € N. Notice that a,, are still continuous a.e. and also bounded,
thus Riemann-integrable. Moreover, since a is measurable we know that

ulxla(x) > m} =: hy, 0.

We know from Step 2 that {1, (@) }n ~GLT am for every m, sowecanfix 1 > ¢ > 0
and consider G, (x) continuous and compact supported functions such that X (¢ ;—¢) <
G < X[—¢,m] to obtain

tk(Ip(am) — In(a)) _ N(n)_l# {”a ( i ) >m,1<i=< n}
N(n) n+1
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ll>§m,1§i§n}

—1— -1y ];
=1—N(n) #{tla(’hL

IA

L= N®™ Y Gu(0i (Du(An))).

i=1

Note that G,,(m) = 0, so Gy, (a,,) = G, (a) and taking the limits of the preceding
relations, one can see that

K(n(@n) = In(@) _ | 1

s N — @ Joapsaae GnlOm(x))d
1
=1 G /[o,udx[_ﬂ,,,]d Gom(a()dx
= (271’)‘1 /[O,l]dx[—n,rr]d Xio.m-e1(a())dx
51‘%:4:")2&0.

Consequently, for every m we can find n,, such that for every n > n,,, tk(Z,(a,) —
I,(a)) < c(m)N (n) with c(m) mmes 0, and it leads to

{In(an)n =55 (L@@}

We know that ay, 27 4in measure, so we conclude again by GLT7 that
{In(@)}n ~cLT a. a
This result shows that for every a : [0, l]d — C continuous a.e. function, the
sequences {I,(a)}, and {D,(a)}, have the same GLT (and consequently, spectral)
symbol. In particular, if 2 is Peano—Jordan measurable, X is continuous a.e., so

{lLi(XQ)ln ~cLT Xgq- In this case, it is also possible show that the difference
I,(Xq) — D, (X q) has rank negligible when compared to N (n).

Lemma 3.4 If Q is Peano—Jordan measurable, then
1k (In(X@) — Du(X@)) = o(N (n)).

Proof 1t is enough to show that

E, = {i|XQ (%) #Xq (ﬁ)JSiS”}

has cardinality negligible when compared to N (r), since
#E, =1k (In(X@) — Dn(X@)) .
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Note thatif i € E, then there’s a point of the boundary 92 on the segment connecting
the points i /n and i /(n 4 1). The distance between the two points is always bounded
and tends to zero when n goes to infinity

d : d
2<Z< . )2< 1 _pprexy
2 o\ + 1)) T ny "

i i

n n—+1

It means that for every i € E, we have d(i/n,d2) < h,, so Lemma 3.2 let us
conclude that

a0 () # 50 () 1 1 =]

E
lim sup —— = lim sup

n—oo N(n) n—00 N(n)
#{i1d (£,09) <h.1<i <n)
< limsup
n—>00 N(n)
_ tk(Da(Xg,))
=limsup ——— =0
n— 00 N (n)

O

The latest result shows that the two diagonal sequences {I,(X o)}, and {D,, (X @)}
hold essentially the same information about the domain €2. The first one will be
fundamental to operate on the grid &, through diagonal matrices, and also the quantity

dSt = k(I (X))

counts the number of grid points inside 2. As a corollary, we find again the same
results of Lemmas 3.1 and 3.2, referred to the sequence {I,(Xq)},. We will not prove
them, since the arguments are the same we used in the proofs of Lemmas 3.1 and 3.2.

Corollary 3.1 If Q is a Peano—Jordan measurable set, then

Q
li L = ().
AN () n(£2)

Corollary 3.2 Given a sequence hy, of real nonnegative numbers converging to zero,
and a Peano—Jordan measurable set 2, then

K
n

n

lim =
n—oo N(n)

In particular, if w(2) > 0, then
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Note that if h, = O for every n, we have K;,, = Ko = 0% for every n, so
dj;m = o(d,fz) =o0o(N(n)).Asa corollary,_we can also derive the limits of d,?(N (n))~!
and d,?o (N(n))~!, since we know that Q and ° differ from € for a negligible set
inside 02.

Q

— , 5 d
QUIN=02Q = d¥+d"">d">d" = nli)ngoNEZn) = (),

A . ds¥
o Q a0 Q Q .
Q\IQ=Q°CQ = d,—d>* <d; <d, :>nh§20Nzn)=u(Q).

Notice that Corollary 3.1 shows lim,_, » d,? = +o00 whenever the measure of 2 is
not zero, so from now on, we suppose that ;£ (£2) > 0.

4 Restriction and expansion operators

If we fix a Peano—Jordan measurable set €2, then we can build the map
Zo {Antn = {Li(XQ) Anln(X Q) }n-

From now on, we abuse the notation and write Zq (A,,) for the matrix I,, (X o) Ap I (X Q).
If we call ¢ the set of d-dimensional GLT sequences, notice that Zo(¥4;) € ¥, by
GLT4, since it multiplies a GLT sequence with other GLT sequences, as shown in
Lemma 3.4. Some properties of this operation are

Zgq is linear,

Zg is idempotent,

if {Au}n ~cL1 k(x,0), then Zq({An}n) ~cLT k(x,0)XQ(x),

if {A,}, is areal sequence, then Zq({A,},) is still real,

if {A,}, is a Hermitian sequence, then Zqo({Ay},) is still Hermitian.

If we associate each multi-index i in the matrix A, to the point n+§—1 € By, then Zg
sets to zero every row and column corresponding to a point not in 2. We can thus
try to delete the zero rows and columns in the matrices, and obtain a matrix with size
d$ x d¥?
n n -
Given a set 2 with negligible boundary, we consider 7, (X o) and we enumerate the
non-zero rows and the zero rows through two strictly increasing functions

bn:{1,2,...,d5% — (1,...,n)
Yn (d2+1,d%8+2,..., N} - (1,...,n}

such that the ¢, (j)-th row of I,,(X ) is non-zero for every j, and the ¥, (j)-th row of
I, (X o) is zero for every j. In particular, the images of ¢, and ¥, correspond to the
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set of points i /(n + 1) in E, respectively belonging and not belonging to 2. Notice
that ¢,, and 1, are uniquely determined by their properties.
For every n, we define a rectangular matrix I1, o of size d,? x N(n) as

(IMp,@)i,j == Un(X2))¢u (i), j

so that, for any matrix A, of size N(n) x N(n), we can delete the rows and columns
corresponding to points not belonging to €2 through the restriction map

Ra : {An)n = {Tn.oAn(Ty0)" 1,

and add zero rows and columns corresponding to points not belonging to 2 to any
matrix S5 of size dS? x d<? through the expansion map

Eq: (S8, — ((Ty.0)T S$M, o).

We will use the notation Rq(A,) for l'I,,,QA,,(l'[,,,Q)T and the notation EQ(S’S,-Z) for
(1'[,,,Q)TS,S,2 1, o. Moreover, unless differently specified, we use the exponent €2 to
distinguish the sequences {S,f2 }n of size d,? X d,? from classical sequences {A,};, of
size N(n) x N(n).

Remark 4.1 Note that the operators Eq, Rq, Zg, the matrices I1, o, I, (X q) and the
quantity d,fz can be defined for any measurable set €2, even if not Peano—Jordan mea-
surable.

4.1 Effects on the sequences

Let us check some basic properties of the matrices I1, o, In(Xq) and the operators
Eq, Rq, Zg.

Lemma 4.1 For every index n, we have

1. (Hn,Q)THn,Q = In(XQ):
2. My, )7 = IS

In particular, given any matrix A, of size N(n) x N(n), and any matrix S,SE of size
d,? X dflz, we have

3. Ra(Ay) = Rqo Za(Ay),
4. Ro(Eq(S9) = S5,

5. Eq(Ra(An)) = Za(An),
6. Za(Ea(Sy)) = Ea(Sy).

Moreover (Eq(S$))* = Eq((S3)*) and (Ra(An))* = Ra(A%), so
7. S$t Hermitian = Eq(S<) Hermitian,
8. A, Hermitian —> Rq(A,) Hermitian.
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Proof For items 1. and 2. we need to prove that the matrix multiplications returns
diagonal matrices, with O or 1 diagonal elements.

d)?

(M) M)y = Y (Mu@)ii (Ma.)k.j
k=1
d;
= Z(ln(XQ))qb,,(k),i(In(XQ))qbn(k),j
k=1
1 i =j € Range(¢n)

- = (In(XQ))i i
0 otherwise (Un(XQ))i,j

n
(M o(Ma )iy =Y (Ma@)ik(Mn)j i
k=1

n
= Z(ln(XQ))d),,(i),k(ln(xQ))lﬁn(j)»k
k=1
= 8¢, (i), 0u(j) = 6ij-

Using now 1. and 2., let us prove items 3., 4. and 5. as follows.

Ro(An) = MyoAn(Mya)"

= I, A (T o) 1Y
= Mu,0(Mn,0) Ma,oAn(Ma0) Tao(Mee)"
=Tnoln(XQ)Anln(X Q) (TMn,0)"
= Rq o Zq(An),

Ro(EQ(S) = Myo(My0)” Sy oMy o)’
= LS}
=59,

Eq(Ra(An) = (My.0) MyoAn(My0) Mg

= In(XQ)AnIn(XSZ)
= Za(Ap).

Item 6. is now a consequence of items 4. and 5. as
Ro(Ea(S)) = Sy = Ea(Sy) = Ea(Ra(Ea(S;)) = Za(Ea(Sp)),

and eventually the last two items are straightforward computations of the Hermitian
transpose of the respective matrices.

(Eq(S$H)* = (M) S8 u0)* = (M) (S$)* Ty = Eq((S$)"),
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(Ra(An))* = (T @An(Ty.0))* = M, AL (M) = Ra(AL).
O

The operator Rq has the job to extract a principal minor from the matrices, so it is
easy to see that it makes the norm drop.

Lemma4.2 Foreveryl < p < oo,
IR(A)p = IlAllp,

where || - || is the p-Schatten norm.

Proof The matrices I1, o are unitary, so we can apply the Cauchy interlacing theorem
and find that

0i(Ra(A)) < 0i(A) V1 <i<d®

The thesis easily follows from the definition of p-Schatten norm. O

The map Rg applied to Zg(A,) has the effect to delete only rows and columns
that are already zero, and we can easily tell the behaviour of their singular values and
eigenvalues.

Lemma 4.3 There exists a permutation matrix P of size N(n) x N(n) such that for

every matrix Ay of size N(n) x N(n),

0 O

In particular, Zq(Ay) has the same eigenvalues and singular values of the matrix
Rq(Ay) except for N (n) — drfz null eigenvalues and singular values.

Proof Let B, = Zo(A,) and Siz = Rq(A,). If we define the permutation matrix P
as

p. . — |Sieaain il = dst,
L - .
8j yuqin il > d3,

then the matrix P B, PT can be written as

Q
PB,PT = n 0)
00

In fact
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(PByPT)ij = (PLi(X@)Anln(XQ)PT);

=3 > PiaUn X))k (Ao In (X 2)) i Py -

k=1h=1

whose expression depends on whether |i|, |j| are grater or less than d,?. In fact, if
il <d,|j] < dy, then

T
(PBuP")i j = (In(X2)gn(lil)nlil) (An) (1.6 (171 T X2 g (171, bm (1 )
= (An) (i), (1j)>

if |i| > d%, |j| < dS%, then

T
(PBuP")i,j = (In(X @)y (i1, (i) (An) v 11,60 (1 D) Ln (X2 (11, 171)
=0,

if |i] <d, |j| > d, then

n>

T
(PBuP")i,j = In(X2)) g (li)).n i) (An) g (i), (171 Tn X @D (i1, 0 (171
=0,

and if [i| > d%%, |j| > d, then

T
(PBuP" )i j = In(X@))y (i1, (D) (Ar) v (11, v (1 1) T (X)) 9 (171D, (1)
=0.

Moreover,
(S, = Ra(An) = (My0An (M) )i

=2 2 Ma2)ik(An)in(Mu.0)

k=1h=1

= Z Z(In(X @) ).k (A, (In (X 2)) ()1

k=1h=1
= (An)u(i).6n())-
The proof is thus concluded, since S,? has the same eigenvalues and singular values

of B, except for N(n) — d,? Zeros. O
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Corollary 4.1 There exists a permutation matrix P of size N(n) x N (n) such that for
every matrix S$¢ of size d$* x d¥,

550
PEq(S$HPT = (6' o)‘

In particular, Eq (S,Slz) has the same eigenvalues and singular values of the matrix S,S,2
except for N (n) — df,z null eigenvalues and singular values.

Proof Let A, = Eq (S,?). Using items 4. and 6. of Lemma 4.1, we get
S = Ra(Eq(S$)) = Ra(An), Za(An) = Za(Eq(SS)) = Eq(S$) = An.

As a consequence, we can apply Lemma 4.3 on A, to find a permutation matrix P
such that

Q
T _ (S0
PA,P —<00>

SO S,? has the same eigenvalues and singular values of A,, except for N (n) — d,? 7€ro0s.
O

Corollary 4.2 There exists a permutation matrix P of size N(n) x N (n) such that for
every matrix Ay of size N(n) x N (n),

papT — (RQ(A,,) *) |

* *

Proof Using items 1. and 2. of Lemma 4.1,

Za(In(XQ)) = LX) [ (X Q) In(X ) = In(Xq),
Ra(In(X@) = My.oln(Xa)(T, )"
= y.o(n0) Tyo(Mua)’
=191 = 9,

so Lemma 4.3 shows that there exists P such that

Q
PlL(X)PT = PZo(Iy(Xa)PT = (RQ(I'Z)(XQ)) 8) = <13 8)

As a consequence, we have that

Ra(An) 0) T
= PI,(XQ)Anly(XQ) PT
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= PlL,(Xo)PTPA,PTPL,(Xq)PT
_ (130 r (1530
_(0 0>PA"P (o 0

. <R9<An) *) _papT
* *

4.2 Effects on the symbols

We have seen how Rgq, Eq modify the sequences of matrices. Now we focus on how
the symbols change though these operators. Let us start with the reduction operator

Rgq.

Lemma 4.4 Let {An}, be a sequence with Ay, of size N (n) x N(n) that is a fixed point
for the operator Zg, and let k : [0, 119 x [-7, 7]¢ — Cbea measurable function

with k(x, 0)|x¢q = 0. If {Ap}y ~o k, then
Ra({An}n) ~o k(x,0)|xeq-
If{An}n ~). k, then

Ra({An}n) ~i k(x, 0)lxeq-

Proof Suppose that {A,}, ~+ k. Consider any continuous function F : R — C with
compact support, and call S,? = Rq(Ap). By hypothesis A, = Zq(A,), so we can

use Lemma 4.3 and obtain

ds N(n)

N@m) 1 N(n) — d%

noi_ n

1 ey N 1 ' - S
d_Q;F(m(S"))_ pie N(n)Z;F(al(A,,)) — F(0).

Notice that {A,}, ~¢ k(x,0) = k(x,0)Xq(x), so Corollary 3.1 shows that

1 il 9 N 1
Jim @Eﬂaf(sn )= lim, e N 2 FeiAn)
e
- i SO
_ Lt / F(k(x, 0)Dd(x, 0)
() Qo) Jjodx ' '
_wp(o)
W)
1
- F(lk(x,0))d(x,0
() 2m) [gx[_n,ﬂd (e, 0D x, 0)
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c —
RO Lo 1= (@)
(@ o)

1
(X [—m, w]d) Qx[-m,m}d

+ F(0)

F(lk(x,0))d(x,0).

The last formula holds for every continuous function F' with compact support, so
Ra({An}n) = {S3 ) ~o k(x,0)|xcq.

If we suppose {A,}, ~a k, the proof is analogous. Consider any continuous and
compact supported function F : C — C and use Lemma 4.3 to show that

d;; N(n) Q
1 an_ Nm 1 _ _ N@m) —d,
—5 2 FOi(S) = 8 N ; FiAn) = =g F(0).

noi=1

and exploiting {B,}, ~ k(x,0) = k(x,0)Xq(x) and Corollary 3.1, we conclude
that

d;

1 Nn)
3PS = i,

N 1
W LS Fouan)
i=1

d$ N(n)

N(n) — d%
n—00 drgz

11
(@) Q) o1y -,
RS

n(£2)
1

= — Fk(x,0)d(x,0
1w(Q)2m)d /gx[n,ﬂd (kix, )d(x, 0)

c _
(S )F(O) _ MF(())
w(s2) w(€2)

1
o w( x [—m, ]9) Qx[—m 7]

F(k(x,0))d(x,0)

F(0)

+

F(k(x, 0)d(x, 0).

The last formula holds for every continuous function F' with compact support, so

Ra({An}n) = (S0 ~1 k(x, 0)] eq-

On the contrary let us analyse the effects of the extension operator Eq.
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Lemma4.5 Let {S$}, be asequence with St of size dSt x dSt, letk = Qx [, )¢ —
C be a measurable function, and define

k(x,0) x €,
0 x e[0,119\ Q.

K'(x,0) =
IfF {83}y ~o k, then
Eq({S$n) ~o &' (x,6).
If {83}, ~» K, then

Eq({S51) ~5. &' (x, 0).

Proof Suppose that {Szz},, ~s k,and denote {A,}, = Eq ({Sff},,). If we consider any
continuous function F' : R — C with compact support, then we can use Corollary 4.1
on {S5}, to obtain

N(n)

Z Floi(5%) + N(")—"F(O)

LS Fosany) = 30
" N (n)

N(n) P N (n) dQ
As a consequence of Corollary 3.1, we can show that

N () Q a

1 st 1 o
Jim o ZF(a,<An>>— Jim )dQZF(aI(S )

. N(n) —d¥
i N O
_ wu(S2)
a w(Q x [—m, 7]d) Qx[—m, 7]
+ (1 — () F(0)
1
B W AO 14 x[—m, 7] F(|K/(X7 Ohdix. )
w(QC x [-m, ]9
B (2m)d

F(lk(x,0)Dd(x, 0)

F(0) + (1 — n(2))F(0)

= Gyt P K . 0D, 6),

where (Zn)d = n([0, l]d X [—m, n]d ). The last formula holds for every continuous
function F with compact support, so

Eq(SSn) = {Anln ~o €/(x,6).
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If we suppose {S,?},, ~ k, the proof is analogous. If we consider any continuous
function F : C — C with compact support, then we can use Corollary 4.1 on {S,?}n
to obtain

NZ("j)F( 7i(An) = Zm (S">)+N(”)—”F<0>
N - Vo ) - N

As a consequence of Corollary 3.1, we can show that

N(n) Q
n Q
Jim s Zm (An)) = lim o )dQZm (5)
N —dy
TN Y
)

- w(Q x [, 719) ooy F(k(x,0))d(x,0)

+ (1 = n(€))F(0)

_1 !/
~ @) /[0 1 x ] F(k'(x,0))d(x.0)

_ Q€ x [=m, 7))
@m)?

/ F(K/(X,Q))d(x,e).
Qx[—m, 7]

F(0) + (1 — n(2)F(0)

1
@)

The last formula holds for every continuous function F* with compact support, so

Eq(USSn) = {Antn ~1 ' (x,0).

4.3 Effects on the convergence

When dealing with the space of matrix sequences, we already know thatitis a complete
pseudometric space, equipped with the a.c.s. convergence and the distance

dacs. {Antn, {Bu}n) = limsup p(Ap — By),

n—o0

p(Cn) =

i—1
1 { N(n) toai (C")} '

The operators Rg and Eq link two different matrix sequence spaces, so we can analyse
how they affect the metrics and the convergences.
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Lemma 4.6 Given a sequence {S$}, with S5 of size d$ x dS* and a sequence {An},
with Ay of size N(n) x N(n), we have

(S, ~6 0 = Eq(USH) ~6 0, {SSn ~1 0 = Eq({S3),) ~:. 0,
{An}n ~o 0 = RQ({An}n) ~o Oa {An}n ~A 0 = RQ({An}n) ~A 0.

Proof Easy corollary of Lemmas 4.5 and 4.4. O

Lemma 4.7 Giventwo sequences {A,}, and {Bp}, with matrices of size N (n) x N (n),
dacs. {Antn, {Bntn) = n()dacs. (Ra({An}n), Ra({Bn}n)) -
In particular,
(Bumln == {Anly = Ra({Bumn) = Ra({Aunn).

Proof Let P be the permutation matrix in Corollary 4.2, so that

" " - * *)°

Using the Cauchy interlacing theorem for singular values, we get that
0i (Re(An — Bn)) < 0i(P(Ay — Bn)PT) = 0i(An — Bn)

forevery 1 <i < d,fz. We can thus use the definition of d,.; and Corollary 3.1 to
obtain that d, ¢ s. ({An}n, {Bn}n) is equal to

]imS min B (A _B
nao%pi=1 ,,,,, 1]V(n)+1 {N(n) +0i(An n)}
i . i—1 d% oA — By
= lim su min o _
n%oopizl,..,,N(n}H drSlZ N(n) i(An n
Q .
> lim sup —2 min (A, — B
=P N it N(n)+1{ a2 + 0i(An n)}

i—1
4 + 0i(An _Bn)} , 1}

i=1,..., d; { n

n—o00 i

> (€2) lim sup min { min o

n— 00 n

> () lim supmin{ min ldQ + 0i(Ra(An — Bn))} , l}
1

—1
= u()limsup  min { & +0i(Ra(Ay — Bn)>}
n—oo i=l,..., d,?+1 dn

= w(Q)dacs. (Ro({Auln), Ro({Bn}n)) .
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Consequentially,

{Bumln —5 {Antn <= dacs. ({Bumns {Anln) = O
= dacs. (RQ({Bn min)s RQ({An}n)) -0

a.c.s.

< Ro(Bum}n) — Ra({An}n).
O

Lemma 4.8 Given two sequences {Af}}n and {B,?},, with matrices of size df,z X d,?,

dacs. ((AZ )0, (B)n) = dacs. (Ea({AS)), EQ((BS)0))
> w(Qdacs. (1A (BE) -

In particular,
{BE, 30 =5 (A = EqUBS,}n) == Eq({AR)).

Proof Thanks to item 4. of Lemma 4.1, we know that RQ(EQ({AEZ}n)) = {A,?}n, and
the same happens to {Bg2 }n, s0 we can apply Lemma 4.7 and obtain

dacs. (EaUA), Eo(UBF)) = () dacs. (1AS 1, {BE) -

On the other hand, since Zg(Eq({A3}, — (B$},)) = Eo({A$}, — (BS}},), Corol-
lary 4.1 assures us that the singular values of {A,?},, - {B,S,z}n are the same of
the singular values of EQ({A’?}H - {B,S,z}n) except N(n) — d,? for zeros. Hence,
dacs. (Eo({A)), Ea({B})n)) is equal to

1
li Eq(AS — BY
1 N 1 {N(n) + oi(Eal ”))}

i —

1
= lim su min + o (E A _ B% }
n%oopizl,...,d,$,2+] N(l’l) l( Q( n n ))

. . i—1
=limsup min
n— 00 i=1,.‘.,d,§2+1 N(")

+mm§—3$}

i —
<limsup min
oo i=l,nd®4+1 | d$

=dycs. ({A,S,Z}nv {Brstz}”) :

1
+ 0, (ASE — BEE)}
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Consequentially,

(BE, b == (A8} & ducs. ((BYln {AH}n) = 0
& dacs. (Eo(By,)n). Ea({AF}) — 0

a.c.s.

& Eq(BJ ) —= Eo({A7}).

4.4 Different grids

The operators Zg, Rq, Egq are always referred to a measurable set €2 that tells us which
rows and columns to add or remove from the matrices depending on the points of the
regular grid E, inside 2. Suppose now that we want to choose a slight different set of
points for every n, and we ask whether the resulting sequence of matrices still enjoys
a symbol. Remember that the symmetric difference A between two sets is the set of
elements belonging to only one of the two sets. In symbols, AAB = (A\ B)U(B\ A).
Lemma4.9 Let I'), be a measurable set in [0, l]d (not necessarily Peano—Jordan

measurable) and let Q2 be a Peano—Jordan measurable set with positive measure in
[0, 11%. Suppose that

dSBTn = o(N (n)).

Given a sequence {Ap}, with A, of size N(n) x N (n), and a measurable function k,
we have that

Ra({An}n) ~o k <= {Rr,(An)}n ~o k.
Moreover, if A, are Hermitian, then

Ro({An}n) ~1 k <= {Rr,(An)}n ~1 k.
Proof Consider the difference

Raur, (Zanr, (An)) — Raur, (EQ(Re(An))) = Raur, (Zanr, (An) — Za(An)).

The matrix has at most d,? AL < d,? Aln _ o(N(n)) non-zero rows and columns,
and from Corollary 3.1, we infer also that d,? o o(d,?). Consequently, d,? o

. . . QuUI'
), so the sequence is zero-distributed. Moreover, the matrix B, "

Raur, (Ea(Ra(Ap)))isactually Rg (A,) withadditionaldy " \® < di*"™" = o(N (n))
zero columns and rows, so we just added few zero singular values, for which holds again
d,lf N2 _ o(d,i2 Ur”). In particular, if we consider any continuous function F : C — C
with compact support, then

o(d,fZ Ul
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dl"y,UQ
1 n
—0g 2 FleiB™)
dy i=1
T\ Q r,uQ r\Q d$
n dn - dl’l l
= ToalO+—roe —7a > F(0i(Ra(An)))
n dhn noi=1
and asymptotically we have
4Inue 490

: ! QuUI, ; !
i, oa D FEiB?) = lim —o ) F(oi(Ra(An).

i=1 noi=1

It leads to

Ro({An}n) ~6 k <— {RQUF,, (EQ(Ro(Ap))in ~o k
<= {Raur,(Zanr,(An)}n ~o k

and the same argument can be applied to Rr, (A,), so we can conclude that

RQ({An}n) ~o k = {RFn (An)}n ~q k.

If A, are hermitian, then all the matrices considered until now are also Hermitian, so

the same results apply to the spectral symbols and

Ro({An}n) ~i k <= {(Rr,(An)}n ~1 k.

O

This result is quite powerful since it tells us that we can add and remove a small
number of rows and columns without changing the symbol of the sequence. It will be

useful in applications when dealing with near-boundary conditions.

5 Reduced GLT

In the following propositions, we denote the image of Ry when applied to GLT
sequences as %dg := Rq (%), and we call it the space of reduced GLT with respect to

Q.

5.1 Reduced GLT symbol

Lemma5.1 Given a GLT sequence {A,}n ~crLr k(x,0) with k : [0, 119 x

[—7, 7]¢ — C, then

Rao({An}n) ~o k(x,0)|xeq-
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If Ay, are also Hermitian matrices, then
Ro({An}n) ~a k(x, 0)|xeq.

Proof Thanks to item 3. of Lemma 4.1, we have Rq({An}n) = Ro(Zo({A,},)) and
if we call {B,}, = Zo({An}n), then Zqo({Bn},) = {Bn}, since Zg is an idem-
potent operator. Moreover, {B,}, ~crT k(x,0)Xq(x), so in particular {B,}, ~«
k(x, 0)Xq(x) due to GLT1. We can thus use Lemma 4.4 and obtain that

Ro({An}n) = Ra({Ba}n) ~o k(x,0)Xa(x)lxeq = k(x,0)|xeq-

If A, are Hermitian matrices, then also {B,}, = Zq({An},) is a Hermitian sequence,
since Zg preserves the Hermitianity, so

{Butn ~cL1 k(x,0)XQ0(x) = {Baln ~1 k(x,0)Xq(x)
due to GLT1. As before, Zq({Bn},) = {Bn}, and Lemma 4.4 assure us that

Ro({An}n) = Ra({Bn}n) ~1 k(x, 0)Xo(X)|xeq = k(x, 0)|req-
O

Notice that the map Rg, is not injective, but one can prove that all the GLT sequences
with the same image have symbols that coincide on Q x [—m, 7].

Lemma5.2 Given {A,}n ~crt k {Bnln ~grr h such that Ro({A,},) =
Ro({Bpln) = {S,?}n € fﬁdg, the symbols k, h coincide on Q@ x [—m, w]%.

Proof Since Rg is linear, we can use Lemma 5.1 and GLT4 and say that {A,}, —
{Bn}n ~cLT k — h implies

Ro({An}n — {Bu}n) = (Siihn — (S50 = (05} ~o (k — I)|xeq = «.

Notice that if the set where 0 < L < |k| < M has non-zero measure, then we can
consider a nonnegative continuous function F : R — C with compact support such
that F(0) = 0 and F(x) > § > 0 for every x € (L, M) to get an absurd

0= lim diQF(oim,,)) _ F(lk(x, 0))d(x., 0)

1
M(Q)(Zn’)d /Qx[rr,n]d

> Wﬁu{h{l >0} > 0.

We conclude that k = 0, and so k, & coincide on Q x [—, n]d. O

As a corollary, every GLT sequence mapped into {S,Sf}n possesses a symbol with a
fixed value on Q2 x [—, n]d, so we can associate to each reduced GLT sequence
{S,?}n an unique symbol, called reduced GLT symbol, obtained as the restriction of
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any GLT symbol of the sequences in the counter-image R, ({SQ},,) N <,;. From now
on, we will use the notation {S b~ GLT s to indicate thats Qx[-m 7]? - Cis
the restriction of a symbol & : [0, 114 x [—n, 7]¢ — C such that {An}n ~crr k and
Ro({Anln) = {S,?}n-

Given any reduced GLT sequence {S,S,2 n, it is easy to produce a GLT sequence
{A,}n such that Ro({An}n) = {S,fz}n using the operator Eg. We can thus reverse
Lemma 5.1.

Lemma5.3 If {S$}}, ~&, ; k. then

k(x,0) x €,

Q2 ~ =
Eq({S;'}n) ~GLr k(x,0) {0 réQ.

and Ro(Eq({S$n)) = (S21n.

Proof Since {S,?}n € %dg = Rq(9Yy), there exists a GLT sequence { Ay}, with symbol

h such that Ro({A,},) = {S,?},Z, but thanks to item 3. of Lemma 4.1 we know that
also Ro(Za({An}n)) = {3} and

k(x,0) x €,

Zo({An)) ~gLT h(x, DX qx) = k(x,0) = . o

Using now item 5. of Lemma 4.1, we can conclude, since

Zo({An}n) = Eo(Ra({An}n) = Eq({S2)).

5.2 Axioms of reduced GLT

Using the connection between ¢; and ¢ dQ, we can prove that many properties of the
first space transfer to the second.

Theorem 5.1 Suppose {AQ}n, {B,S,Z}n are reduced GLT sequences and {X,S,Z}n {Y,f2 In

Q Q
are sequences with X, §2 YQ Cén x4y’

GLT 1. If {A3}, ~8, 1 & then {AS}, ~o k. IfF{AR}) ~8, ; & and each Af} is
Hermitian then {AQ}n ~ K.
GLT® 2. If (A%}, ~%, ; k and (A}, = {X$)n + (Y53, where

e cvery X,Sf is Hermitian,
- 2
o @HIYRIE — 0,

then {A,?}n ~n K
GLT* 3. Here we list three important examples of reduced GLT sequences.
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e Given a function f in Ll([—n, n]d), its associated reduced
Toeplitz sequence is {TnQ(f)}n = Ro({Tu(f)}n), where the elements are mul-
tidimensional Fourier coefficients of f:

Tu(f) = [fi—j];l,jZI, fr = / f(@)e_lk 940,

@m)?

{TnQ(f)},, is a reduced GLT sequence with symbol k (x,0) = f(6).
e Given an almost everywhere continuous function, a : [0, l]d — C and its
restriction a = d|gq, its associated diagonal sampling sequence {D,Sl2 (a)}n is

defined as
. as
D%(a) = diag ({a <n¢—(|-l)1>} ~ ) :

{D,g,2 (a)}y is a reduced GLT sequence with symbol k(x,0) = a(x).
e Any zero-distributed sequence {Y, ,fz}n ~¢ 0 is a reduced GLT sequence with
symbol k(x,0) = 0.

GLT 4. If {A}, ~8,  « and {B§}}, ~&, ; &, then

° {(AQ) b~ GLT K, where (AQ)* is the conjugate transpose ofAfE,
o {aASl+ ,BBQ},, GLT ax + B foralla, B € C,
o {ASB3), ~%, , KE.

GLT®5. If{AQ}n GLT k and k # 0 a.e., then {(AQ) o~ GLT K™, where
(ASHT is the Moore—Penrose pseudoinverse of ASL.

GLT6.If{A$}, ~2,  k and each AS} is Hermitian, then { f (A} ~2 1 f ()
for all continuous functions f : C — C.

GLT% 7. {Aflz},, '\%LT k if and only if there exist GLT sequences {Bn m}n with

. a.c.s.
reduced symbols k,, such that k,, converges to k in measure and {Bp ,,}, ——

{Af,z}n asm — oQ.
GLT*8. Suppose {Af,z} gLT Kk and {Bn min gLT Km, where both AS2 and

B,Szm have the same size dSt x d<%. Then, {Bn,m}n S 5 (A9}, asm — oo if and

only if k,, converges to k in measure.
GLT%9. If {A,?}n N%LT Kk then there exist functions a; m, fim, With i =
1,..., Ny, such that

o a;,; € C®(Q) and f; m is a trigonometric polynomial,

° ZN’" ai.m(x) fi.m(0) converges tok(x,0)ae.,

o {3 D@ ) TE(fim)}, ~=5

{A,?}n asm — oQ.

Proof Given {A$}, ~%, , i, {B3}, ~%, , &, call

{An)n = EoUASY) ~6Lr /s {Buln = EQ(UB3}n) ~6rT €,

@ Springer



A systematic approach to reduced GLT 713

where «’ and &' are the extension of « and & as specified in Lemma 5.3. We know that
K'lveq = &, 'lveq = § and Ro({Au}n) = {A7}n. Re({Bu)n) = (B} Notice that
in every proof we use the axioms GLT1-9 referred to the regular multilevel GLT.

GLT® 1. Using Lemma 5.1, we know that {A,?}n ~o K'lxeq = k. If {A,?}n is
Hermitian, then {A,}, is Hermitian by item 7. of Lemma 4.1, so Lemma 5.1 let
us conclude that {A,S,Z}n ~y K |req = k.

GLT 2. Let {X,}, = EQ({X$}),) and {Y,,}, = Eq({Y$*},). The operator Egq is
linear, so {An}, = {Xu}u + {Yu}n, where {An}, ~grr «'. Using Corollary 4.1,
we know that the singular values of ¥, are the same of Y,fz except for zero singular
values. As a consequence,

ds
. —1 2 _1: n Q\—1yy2 _ 0 =
nhm (Nm) Yl = nhm N d,) 1Y N5 = n(2) -0 =0.

We can thus assert that {A,}, ~; «’. Since we know that «’|,¢o = 0 and
Ro({An}n) = {Aflz}n, we can apply Lemma 4.4 and conclude that

(A = Ra({An)n) ~i 'lveq = k.
GLT* 3. We know that {T,,(f)}» ~gr7 f,so Lemma 5.1 assures us that
T2 (Nl = RaUTu(HIn) ~&rr F(6).

Analogously, Lemma 3.3 shows that {I,(@)}, ~cL7 @ and it is easy to check that
{Dy (@)} = Ra({1n(@)}n), 50

(D@} ~Epr a.
Moreover, Lemma 4.6, shows that

(Y, ~ 0 = Eq(YsH) ~» 0 = Eq({Y$*}) ~617 0
— (Y}, = Ra(Eq({Y)) ~2,7 0.

GLT“4. Using Lemmas 4.1 and 5.1, we know that
{AD ) = (Ra({An}n)* = Ra({Af}) ~E17 K lreq =F.

Moreover, Rg is linear, so we can apply Lemma 5.1 on «{A,}, + B{Bn}n ~GLT
ak’ + BE’ and obtain

(@A + BB, = Ra(a{An}n + B(Buln) ~217 ax’ + BE |yeq = ak + BE.

In order to prove the last point, remember that Zg(A,) = Ay, SO we can use item
1. of Lemma 4.1 and obtain the relation
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Ra(AnBy) = My g AnBa(Ty0)"
= Tu,oln(XQ) Anln(X Q) Ba(Tu,0)"
= M0 ln (X Q) An(In(X2))* By (Tn,0) "
= My oAnln(XQ) By (TMy.0)"
= Mu,0An (M) M oBa(Mya)"
= Rq(Apn)Rqo(Bp).

Using Lemma 5.1, we conclude that

{AD L (BSY) = Ra({An)n) Ra({Bu)n)
= Ro({An}a{Bu}n)
~Z 7 KE lreq = KE.

GLT 5. Notice that dQ = 3(Q°), s0 {I,(Xqc)}n ~6LT X oc by Lemma 3.3. If
we define {C,}n = {An}n + {In(X qc)}n, then

K x €,

{Culn ~GLT €'(x,0) + Xge(x) = {1 réQ.

$0 k' (x,0) + X e (x) = 0 if and only if x € © and k (x, §) = 0. In particular it is
different from zero a.e., so

P x e Q,

{CI ~6Lr (x/(x,e>+xgc(x)>—1={1 EQ

We know that Zqg({A,},) = {An}, and using items 1. and 2. of Lemma 4.1,

Za(In(X Q) = LX) [y (X Q) In(X ) = In(Xq),
Ra(In(X@)) = Mp.oln(Xa) (T, 0)"
=y o(Mn0) Tyo(Mea)’

=133 =13

Let P be the permutation matrix in Lemma 4.3, so that

r_ (A$0
PA,P _<00’

1580 00
Pli(Xgo)PT = P(ly — Iu(X@)PT = I — (5 0) = <0 ,§c> ,

T _ T _ Aslz 0
PCyPT = P(An+ L(Xqe) PT = (" g
n
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ADT 0
= PC,PT = i) oc | -
0 If

Consequentially,

Ra(Ch) 0Y _ T
( 0 0>_PZQ(Cn)P
= PL,(XQ)CiI,(Xo) PT

ADHT 0
= Pl,(Xg)PT (( (’; IQC) PL,(xq)PT
n

120\ ((ADT 0 (120
“\oo/\ o g)\0o0

_(AHTo
- 0 0

and Lemma 5.1 let us conclude that

{AD ) = RoUCH) ~Grr ('(x,0) + Xge () e =
EQ(A'SZ) is also Hermitian and

GLT%6. If Af,2 is Hermitian, then A,
{An}n ~cLT K, 50

flk(x,0)) x e,
Aty ~ N =
{f(A)}n ~cLT fK) {f(O) oy

Notice that, using Lemma 4.3,

r_ o (f@ADH 0
PF(APT = f(PA,P )—( ) f(o)lyc),

so one can prove that

Ro(f(An)) O _ T
( ; O) = PZo(f(An)P
= Pl (XQ) f(Ap)In(Xq) PT

Q
= Pl,(Xq)PT (f(g,,) f(og)[gc) PlL,(Xo)PT

C(IS0\ (fAD 0 120
“\oo/\ o roup)\0o0

_(fAaH0
- 0 O
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and consequentially Lemma 5.1 let us conclude

{(F(AHY, = Ra(f(An))n) ~21 1 F)|req = fK).

GLT7. N0t1ce that if {A In GLT k and AS2 = Q for every m, then

{BR,In ~&pr Km = K, K converges to k and {BS, }, —> e = {A),.

On the opposite, assume there exist reduced GLT sequences {B min g LT Km
such that x,, converges to x in measure and {B,?’m}n B {AQ}n In this case, let

Bym = EQ(B,% ) and let K/ be the extension of « given by Lemma 5.3, so that

{Bumln ~GLT K. Using Lemma 4.8, we know that {By, »,}, — Eq({A2},),

and moreover

m =

/ km(x,0) x € Q, , k(x,0) x e,
0 x ¢Q, 0 x¢Q,

SO EQ({A,S,;Z}n) ~cLr k' and Lemma 5.1 let us conclude that

Ro(Eq({ASI) = (A% ~2, 1 K lveq = «.

GLT“8.Let By = E Q(B’?’ ) and let k;, be the extension of x given by Lemma
5.3, so that {Bu m}n ~GLT k,,- Using Lemma 4.8, we know that

Q a.c.s. Q a.c.s. Q
{Bn,m}n I {An }n — {Bn,m}n I EQ({An }n) — Ky/n — «'.
All the functions K,’n and «’ are zero outside €2, and €2 has positive measure, so
k), —k' =0 & K, —K'lxeqa >0 & kny—k >0 & Ky — k.

GLT®9. The functions in C°°() are restrictions of functions in C*([0, 1]9),
so, given k, we can consider EQ({AE}}H) ~cLr k' and find smooth a[!m and
trigonometric polynomials f; ,, such that

N
Zaf,m(X)ff,m(@) — «'(x,0)
i=1
a.e. and if al{,mlxeﬂ =di m, then
Nm N
D ) @it = Y10

i=1 i=l1

converges to k |x€9 = k almost everywhere. Thanks to GLT®*3 we know that
(D5 @i m)tn ~Gr 7 @im and AT (fim)bn ~&p 1 fims 50 we can apply GLT? 4
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and obtain

i=1 i=1

Np Nn
: > D,?(a,-,mﬂ,?(ﬁ,m)} ~Eir D aimX) fim(©) > k.,
n
so that GLT* 8 let us conclude that

Nm
{ZDf(ai,m)TnQ(ﬁ,m)} 225 (A%,

i=1 n

5.3 Isometry with measurable functions

It has been proved that the space of GLT sequences, up to zero-distributed sequences,
is actually isomorphic as an algebra and isometric as a complete pseudometric space to
the space of measurable functions on an opportune domain. In particular, every mea-
surable function with domain [0, 1]¢ x [—7, 7]¢ is a GLT symbol for some multilevel
GLT sequence. The same can be said for the space of reduced GLT sequences.

Let .7 be the map connecting each reduced GLT sequence with its symbol

jg:%f—)///g

where ., is the space of measurable functions from Q x [—, 719 to C, equipped with
the metric of the convergence in measure d,,. GLT 4 assures us that 9 is a linear
map, and GLT* 1,3 identify the kernel as the set 2 of zero-distributed sequences.
We can thus define the map

I G Y - Mg
and prove it is an isomorphism and an isometry.
Lemma 5.4 The map /% is an isomorphism of algebras.

Proof By construction, we already know that . is a linear injective map. Given now
any k € .#gq, let k’ be the extension of « to [0, 114 obtained by setting k¥’ = 0 outside
Q. Let {An}, ~GL1 &', and notice that .Z*(Rq({A,},)) is k, proving that S is also
surjective. O

Theorem 5.2 The map .7 is an isometry of pseudometric spaces.

Proof Let {S}, ~&, ; « and notice that

i — 1
dycs. (18} (0;11n) = p({S;'}y) = limsup  min {’ o +al-(s,?>},

n—o00 i=l,..,d¥+1
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w(E©)

d, k,0) = K) = inf _
rmea ( ) Pmea (k) ECON .l {M(Q)(zﬂ)d

+esssup|/c|}.
E

Call L := ppea(x). By the definition of the infimum, if we set & > 0, we can always
find a measurable set H such that

w(HCE)

—————— +4esssup|k| < L+ e.
(@) @2y up Il

From now on, let us call M = esssupy |k|. Let F : R — R be a continuous and
compact supported function such that X[—¢ pr4¢] > F > X{0,Mm]-

dQ
1< #{i:0i(S)) < M +e¢)
_2 F(o:(S$%) < n ,
d,? — (Ul( n)) = d’?

X wll < M) u(H)
(D @n) /Qx[_md Fle@bdx =~ o et = m@nt

Since {S,?},, ~s k, we know that

dQ
it (SH =Mye) 1 Q
lim inf pr > lim prs 21: F(0i(S,))
i=
@ ).
=— F(lre(x)dx
w()2m) Jox—rad
w(H)
~ n()2m)?
. #{i 0 (SSH > M+¢} w(HS)
— limsu < <L+e—M,
i ie w2

but

#{i :Ui(S,SE) > M+8}

M+ e
dr? + M +

. i—1
min {d_Q —}—Ui(SiZ)} <

n

i—1
S ) = limss min + 0;(SY
:> p({ n }n) 1 upi:]ﬁ,‘,ld’?-l,-] { drsl'z al( n )}

< L +2¢ = pmealic) + 2¢.
For the converse, let j, be the sequence of indices that satisfies

i—1
d;?

_ jn -
dy

1
+o~,-<S,§2)} +0,(SD).
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The sequence r, is bounded by L + ¢ definitively, and dn— 9 <1,s00j, (S ) is also

bounded and admits a subsequence j,, that converges to a value N. Consequently,

—1

—1
p({S tn) = lim sup d +a/n(SQ) > N + lim sup

n—00 n n—00 nk

Let F : R — R be a continuous and compact supported function such that
Xi—e.N+2e] = F = X[o,N+te]-

as .
ZF(m(SQ)) L i) =N +e]

a )
dn

1 w(lk] < N + 2¢)
(@) /Qx[_ﬂ,ﬂd Fletobdx = = o Gy

Since {S,ﬁ2 tn ~& Kk, we know that
dQ

limsup#{l L0i(Sy) < N e} lim —ZF(G,(SQ))

n—00 d,? -

1

T @ /QX[m]d F(lk(x)Ddx
< pllel < N +2¢)

w()2m)?
— liminf#{i :ai(s’?s); Ntel > plle| > N+2E),
=00 d§ n()2m)?

Notice that definitively in &,
#li i oi(SEH > N+e) <#{i:0i(SH > ;. (S} < jie — 1
SO

pUSTI) = N +limsup 24—

n—00 Ty

> N + liminf 2% —

n—o0

ni
#{i:0;(SH > N +e}
a5
w(lk| > N + 2¢) _
() (2m)?

> N + lim inf
k—o00
>N +2¢e+

> Pmealk) — 2¢
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Since we proved that ppea(k) + 2 > p({S,?},,) > Pmea(k) — 2¢ for every ¢ >
0, we conclude that ,o({S,?},,) = Pmea(k). Now the proof is finished, since if we
take {AZ}, ~&,, « and {B§}}, ~%,, &, then we have by GLT* 4 that {A$}, —
{Brsz}n NgLT Kk —&,s0

dacs. (A2}, B) = p(UAD — (BSn) = Pmea(k — &) = dmea (K, £).

m}

Corollary 5.1 The space ng is a complete pseudometric space when equipped with
the acs distance.

Proof Suppose that { B, },, is a Cauchy sequence in the acs metric and { B, }, ~&, 1

km. By Theorem Theorem 5.2, also k,, is a Cauchy sequence for the convergence in
measure. Both the spaces of matrix sequences and measurable functions are com-

plete spaces, so {B,Efm}n RiiN {Aflz},, and k,, — k. GLT®7 let us conclude that
{Aflz},, N%LT Kk, so any Cauchy sequence in %f converges in %dg. O

Let us now show how the theory of reduced GLT is useful in the context of linear
PDE and their discretization.

6 Application to finite difference discretizations
Consider a linear partial differential equation
Lwu)(x)=bx) xeQ°

equipped with some boundary conditions (Dirichlet, Neumann, etc.) when x € 9.
Suppose that 2 C [0, l]d is a closed Peano—Jordan measurable set and b is a function
defined over 2.

We can try to discretize the equation by considering the d-dimensional grid =,
over [0, 1] and by applying a Finite Difference method only on the points of the grid
inside 2. Notice that the union of E, for every 7 is the set Qd N o, l]d , that is dense
in [0, 1]d, and consequently even the set

U(En NQ)=0Q%N0, 119 NnQ°
neN

is dense in ©2°. The grids are hence bound to describe well the interior of €2, but the
same cannot be said about the border. In fact, it may happen that

QN =1
and in this case no point from Z, belongs to 9€2, hence the discretization does not

take in account the boundary conditions of the problem. When dealing with hyper-
tetrahedrons, one can build regular grids whose points on the border are dense through
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an affinity. Otherwise, we need to use non regular grids shaped accordingly to the
boundary, like the ones that arise from the Shortley—Weller Approximation for a
convection—diffusion—reaction linear PDE, that we analyse in the following section.
Another way to deal with FD discretization over general domain €2 that still uses
reduced GLT sequences can be found for example in [1].

6.1 Convection-diffusion-reaction PDE

Let us consider the problem

8, du < du
_Zla_m<“ia_m)+zbf7+c”:f’ in 2%, @
u=>0, on 9(£2).

where a;, b;, c and f are given real-valued continuous functions defined on 2 and
a; € C'(Q). Moreover, suppose that  is a closed Peano—Jordan measurable set inside
[0, l]d with positive measure. We set h = n%l, sothatxj = jhforj=0,...,n+1
are the points of the grid E,,. It is also natural to assume that n + 1 = nc, where c is
a vector of rational constants. Let e; be the vectors of the canonical basis of R? and
notice that xj + sh;e; = xj . Then, for j =1, ..., n, we try to approximate the
terms appearing in (2) according to the classical central FD discretizations on [0, 1]¢

as follows:
au ou
i a‘a_u aza—xi(xﬂre;/z) - ala_xi(xj—e,'/Z)
3)(,‘ ! 8xl- x=xj h,‘
U(Xjtre) —ulxj)
A 7 (X ey ) — I
h;
u(xj) —u(xj_e)
— i (Xjgyp) — 5 3)
h;
ad e ) — e
bi—u ~ bi(xj)u(x]+e,) u(x; e,)’ (4)
3xl~ x=x; 2]1,'
Cu|x:xj = C()Cj)u()Cj), Q)
fori = 1,...,d. This approach requires that all the segments connecting the points
xj with j = 1,...,n, to their neighbours x ., still lie inside the domain of the

problem. It always happens if the domain is [0, 1]¢, but when we consider 2, we need
to modify the scheme by adding some points. In particular, we define a new set of
neighbours for every point in &), := Q° N E,. Given x; € E, and a direction e;, we
can set the numbers sl.+(j), s;(j) as

s(j) =sup{t € [0, 1]|lx; £rhie; € Q° YO <r <1}
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Fig.1 Points of the grid E, over two different domains §2. The points in ), are black, and their neighbours
on the boundary are red (color figure online)

that is the size of the biggest connected line contalned in the segment connecting x j to
Xj+e; and containing x ;. We can thus call x; + s; (])h € = XjLE(j)e the right/left

neighbour of x; along the direction e;. The values s; E( J) depend on the point x ;, but
when it is evident, we can omit the index and write simply sjE

As we can see in Fig. 1, even if x; and x; ., belong to E’ it doesn’t mean that
sl.+ (J) = 1, because the segment connecting x j to X j 1, may not be contained entirely
in Q° (this happens often, for example, when €2 is not convex).

Notice that every neighbour is a point of €2, so when one of the neighbours is not
included in &/, it surely belongs the boundary 0€2, and in any case we have s > 0.
Adding these boundary points to &/, we obtain the discretization grid E% over SZ and

we can rewrite the formulas (3)—(5) for xj € &,

du ou
9 ( 8u) g Fieste) = Gig = Xjsre)
R
oxi \oxi iy, L™+ s)h
~ u(xj+s+e, —u(xj)
~ a; (xj“‘srei/z) 1 +(_§‘ + S )h2
u(xj) Uxj =)
—ai(x; 2) — ' (6)
el 38 (5" + s
u(x;, +o) —ulx;_-.)
e B Y 1 7) [ e %
axi X=x; (s,‘ +Sl' )hl
Cutly=yx; = c(xjulxj), ®)

called the difference scheme of Shortley and Weller [30]. Notice that when sl.i =1
for every j and sign +, we fall again in the classical scheme of central differences.
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The evaluations u(x j) of the solution at the grid points x; € Ef} are approximated
by the values uj, where uj = 0 for x; € 0€2, and the vector u = (uj)fjego is the
solution of the linear system

Z ( ) _]+S e uj ( ) uj — uj—s_e,-
T2 4 K jtste 2 I 2 T 42 L= 2
— (s +5; )h; (s +5; )h;

+ l_u'_‘i_i . o
+Zb(x,) Litsle s_’)hf Cbepuj=fx)),  jixjeQ. (9
i 1

i=1 l 1

If we order the indices j in E), by lexicographic order, then we can write the system
in compact form as
Ay = f,

n

o Q° Q° Q° .
where A" € C% *4" and f € C% . The coefficients are

Y i + 5 AR +celxy), i=j
i=1|1 +(v++vf)h12 2‘, (S‘++Y )hZ J =17
QO
(An )ji = { —ai(xjte /2) +b; (xj) . +
’ — , l = :l: e~’ S = 1,
S (s;+s7)h? + (st +s7)hi J oo
0, otherwise.

Notice that one can rewrite the nonzero off-diagonal coefficients as
—a; (Xjte;/2) +b;(xj)
%(s;r —i—sf)hl.2 (si+ +5; )h;

2 —a;i(Xjte;2)  Ebi(xj)
I 2 + :
+5; h; 2h;

QO
(Ap )jj+e =

6.2 Spectral analysis

As already noted, if all sjE are equal to 1, then the relations (6)—(8) reduces to the classic
finite difference scheme (3)-(5), so we may ask how many are the points x; € Q°
such that one of the s is not equal to 1. By the definition of s , this is equivalent
to say that the segment (xj — hie;, xj + hje;) does not lie completely inside 2°. In
the next result, we will prove that given any positive integer number k, the number of
points x; € &/, for which there exists a direction e; such that (x j—khiei,xj+kh;e;)
does not lie completely inside 2° is negligible when compared with the number of
points in EJ,.

Lemma 6.1 Let

D(n, k) := {xj € B,|3i,1 € (=k, k) : xj + thie; ¢ Q°).
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For every k > 0, we have
#D(n, k) = o(N(n)).

Proof Notice that if x; € D(n, k), then there exists a direction e; and a value ¢ €
(—k, k) suchthat x; +th;e; € 02 and ¢ # 0. In particular, we infer that d(x;, 9€2) <
kh; and if we denote h = max; h;, then d(x, 2) < kh.

Using notations and results of Corollary 3.2, we know that x; € Ky, N &), but
kh — 0 as n goes to infinity, so

#D(n. k) < df¥ = o(d") = #D(n. k) = o(N(n)).

]

We just proved that, except for few relations, the system (9) mimics a classical FD
scheme. We can thus consider the extended problem

d
a ;o
—ZIE( o)t Zb—“”—f’m(o’”d’ (10)
u=0, on ([0, 119).

where a/, b, ¢/, f' are functions that extend a;, b;, ¢, f

al(x) = {ai(x), x e, b () = :b,-(x), xEQ,

0, x ¢ Q, 0, x ¢ 2,
i . c(x), x€Q, ’ . f(x)s x €,
C(x)_i()’ e f(x)—io, e

Notice that bl’., ¢’ are bounded functions since €2 is a compact set, and moreover alf
are bounded and continuous a.e. functions. In [8], it is showed that these conditions
on the coefficients are enough to prove that the matrices A, induced by the relations
(3)—(5) build a GLT sequence with symbol

d

02 Andn ~oLr k(x,0) =Y v7aj(x)(2 — 2cos(6))),
i=l

where n + 1 = nv. This is also enough to let us conclude that {n_zAf,Zo }n 1s actually
a reduced GLT sequence.

Theorem 6.1

d
(n2A% Y, ~E L k(x,0) = Zvizai(x)(Z—Zcos(O[)).
i=1
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Proof Denote with BS* and Z<¥" the matrices

BY = Roo(An),  Z¥ =BY —AY,
where the rows and columns are associated to the points x; € &),.Ifx; € E,\D(n, 2),
then x; is a point of the grid E, inside 2° such that all its neighbours still belong to
Q2°. In this case, (A,s,zo)j’,- is the same as (B,?O)j,i and (Ap)j i, so

Ai (Xjye. 12)+a;(xj_e. . .
C(.Xj) +Z;1:1 i( /Jre,/Z)h.2 i( J e,/z) i=j,
1
QO . a;i(Xjte;2) | bi(xj) . .
Ay )ji= —T’:I: IZhiJ i=j+te,
0, otherwise,

hence the row corresponding to x; in Zf,zo is zero. From Lemma 6.1, we conclude
that the number of non-zero rows in Zfo is o(N(n)), so {Z,?O }u 1s a zero-distributed
sequence, since Corollary 3.1 assures us that

tk(ZS) = o(N(n)) = 1k(Z¥) = 0(ds¥).
From GLT* 3 and GLT* 4, we conclude that

2 Z)n ~27 0, (03B} = Roe(In 2 Andn) ~21 1 &

e {n_2A§,2°}n = {n_zzn}n + {n—ZB'EZC’}n NgoLT K.
O

A more involved analysis is needed to conclude that {n2A%"}, ~; k. If A were
Hermitian matrices, the result would follow from GLT 1, but it is almost never
the case. Notice that « is a real valued function, so we can decompose A’ into its
Hermitian and skew-Hermitian part. Using GLT 1, 4, we have

n2AY + 2 (A
2
— R A ~2 ke, (M@ 2AT)), ~i k.

N =24 Q°
Rn2AY) =

On the other hand, the skew-Hermitian part is zero-distributed, but in order to write
the expression for its coefficients, we need to remind that the values sl.jt depend on the
point x j. To avoid confusion, in this case we will denote them by s[jE ).

n2AY — (n2AE)*

o —2 A Q°
S(n7A, ) = >

= (0 2(AY)), ~Z, 1 0.
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Notice that the only non-zero entries (S(n’zAfo)) jiarefori = j+eori = j—e;.
In fact, if i = j + e;, then (3(n2A%)); i is

n=2 —a;i(Xjte;2)  bi(xj) n=2 —a;i(xi—¢;2)  —bi(x;)
— 4+ - —ej2) |
1+ §; ) h,‘ 2h; S; (i) +1 hi 2h;

andif i = j — e;, then (3(n2A%)); ; is

n=2 —a;(Xj_e;)2) n —bi(xj)) n=2 —a; (Xite;/2) + b (x;)
s () +1 h} 2h; 1+ @) h2 2h;
Notice that sl.lL € (0, 1], so we can bound every entry by
248 ] = vevlale + 07" b0, an

where v = max; v;. Moreover, suppose x ; is a grid point in ), \ D(n, 3). In particular,
we have sii(j) = sl.i(j +e) = sii(j —¢;) = 1 for every i. In this case, the row j is
easier to write

) (x s (x:
nh_i h’(xj)IhI(Xt)) , i = J + e,
QN2 AYY) i = _% (W) i=j—e,
0, otherwise,

and we can bound the entries by

Sm2AT N j 0| < 2on7 b oo (12)

Lemma 6.1 assures us that almost all points in &/, respect these conditions. Now we
are ready to prove that {n_2AfE°}n ~ K.

Theorem 6.2

d
(n2AE), ~ k(x,0) = Z vZa; (x)(2 — 2 cos(6;)).
i=1

Proof Using the decomposition into Hermitian and skew-Hermitian part, we write
n2AY = R 2AY) + 32 AY)

where Eﬂ(n’zAﬁfo) are Hermitian and {E)‘L(n’zAffo)}n ~;. k. Notice that every row of
J(Ay) has at most 2d non-zero elements. Using Lemma 6.1 and the relations (11, 12)
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G i
e o o o ---n = 10 ‘
---n =20
o ° . . 20 F n = 40
---n = 80 -
. o o . —k(z,0) ”,
e o o o 15 ’
10+
5 L
0 7 L L L L 1
0 0.2 0.4 0.6 0.8 1

Fig.2 On the left, the domain €2 is the union of a quarter of circle and a square in [0, 112. An example of
grid is reported. On the right, eigenvalues of 11_2A,s,20 forn = 10, 20, 40, 80 compared with the increasing
rearrangement of the symbol « (x, 6)

we can compute
I3 2ATOIE =Y D 1G0T AT ) il

J i
= > DIC@TAY NP+ DD D IR TEAY) jal

jZXjEE;I\D(I’l,:‘;) i JixjeDn3) i

< D> YAtk + Y D v@vllalle + 17 Iblleo)?
jixjeB\D®n,3) i jxjeDn,3) i

< D> sav bR+ ) 2dvi@vllallee + 17 [blleo)?
j:xj-eE;I\D(n,3) Jj:xjeDn,3)

< 8dv2n2||b| 2, dSY + 2dvZ2vlallco + 1 IBlloo)?0(d) = o(dY).
GLT* 2 let us conclude that
2 A Yy~ k.
O

For example, let 2 be the union of a quarter of circle with centre in zero and radius
1/2 and the square [1/2, 1]?. Consider the coefficients a; (x, y) = 1/(x>—2x+1+4y?)
and a»(x, y) = 1/(x*> + y?> — 2y + 1), that are in C'(Q), and by (x, y) = |x — y|,
by(x,y) = J/x + VY, ex,y) = 1/2xy — x — y + 1) that are continuous on £.
Also, suppose that * = 1, so that x (x, §) = Ziz:] a; (x)(2 —2cos(6;)). When we take
the eigenvalues of n’zAf,Zo for n = 10, 20, 40, 80, we notice that their imaginary part
is never greater than 1073, so we can plot their real parts, sorted in increasing order,
and compare them with the increasing rearrangement of the symbol « (x, 8). We can
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Fig.3 Superimposition of E,
onto the triangle 7

notice that up to a number of outliers whose rate goes to zero, the plots converge to
the symbol (Fig. 2).

Remark 6.1 The Shortley—Weller approximation just described is actually so general
it comprehends classical finite differences methods used on regular domains. For
example, in 2 dimensions, every triangular domain can be transformed by affine
maps into the isosceles right triangle 7 described by the vertices with coordinates
(0, 0), (0, 1), (1, 0) (Fig. 3). If we superimpose the regular grid &, onto the triangle,
we find that the union of the points on the border for every n is a dense set in §7 .

Operating a classical second order method to discretize Problem 2 in 2 dimensions,
we fall again in the Shortley—Weller method, so we already know the symbol of the
resulting linear system.

7 Application to finite element discretizations

Consider a linear partial differential equation

Lw)(x)=fx) xeQ°

equipped with some boundary conditions (Dirichlet, Neumann, etc.) when x € 9€2,
where Q C [0, l]d is a closed Peano—Jordan measurable set with positive measure
and f is a function defined over €.

A common way to discretize the problem is to use a finite elements method, that is
based on the choice of a basis for the functions on the domain €2. The basis does not
necessarily depend on a grid of points inside €2, but usually they do, so on a generic
2 there’s again the problem to describe the boundary. For this reason, usually the
domains are polyhedral or with a regular enough boundary. When we deal with more
general shapes, we may need to map the domain into a regular one, or to modify the
grids of discretization, and a more involved analysis is required.
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Fig.4 triangles and neighbours
associated to the point p To,p
Ty
Ts.p » P
T
Tu, P
Ts,p
Let us consider the problem
2 2
ad ou ou
- —\aij— )+ ) bi— +cu=f, inQ°
2 g gy ) ¥ b o= (13)
— J —
i,j=1 i=1
u=0, on 092,

where € is a closed set inside [0, 1]> with negligible boundary and positive measure.
Moreover a; j, b;, c and f are given complex-valued continuous functions defined on
Qanda; ; € CcClQ).IfA = (ai,j)?‘jzl is a matrix of functions and b = (b;, bo)T,
then the equivalent weak form of (13) reads as

(Vi)' AVw + (Vi) bw + cuw = | fw, Ywe H(Q). (14)
Qe Qo

The space [0, 1]% is divided into triangles as shown in Fig. 6, whose vertices are
the nodes of E,,. The Pj finite elements method, studied in [3,25], uses base functions
supported on the grid triangles that fall inside 2. We say that the adjacent nodes of
a point p € &, are its neighbours, and we call N(p) the set composed of p and its
neighbours. Each point p is a vertex for at most 6 triangles, that we call 7; ,, as shown
in Fig. 4, and we denote their union as T), (notice that they depend also on n, but for
brevity we omit the index). The collection of all the triangles in the scheme associated
to the grid &, is

Ty ={Tiplp € Ep. i=1,...,6}.

For every point p € &, such that ), C [0, 112, we define a function Y p,n thatis linear
on each triangle, whose value is 1 at p and O on every other point of &,,.
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We can explicitly write ¥, , and its partial derivatives. If p = (x,, yp) and X =

X —Xp, Yy =1y — yp, then

_)%v (x9y)€Tl,p,
1- ;,f (x,y) € I p,
1+%, (x,y) € T3 p,
Ypn(x, y) =11+ 52, (x,y) € Ty p,
1+;,i3 (-x3y)€T5,p’
z9 (x’Y)€T6,p,
0, otherwise,

1

R (x7Y)€Tl,p»
1
h

=7 (X, y)€Thp,
P 0, (x,y) €T3,
Ve =15 () e,
B () ETs,,
0, (x,y) €Tep,
0, otherwise,
—%, (0, y) €Ty,
0, (x,y) €Ty,
5 B (L) Ty,
gy Vra® ) = B @) €Ty,
0, (x,y)€Ts5,,
—%, (x,y) € Ts p,
0, otherwise,

where h = 1/(n + 1). P; elements usually arises when the domain is not a square,
but it is polyhedral or regular enough. For example, as we can see in Fig. 5, the
subdivision scheme adopted has the property to describe also the boundary of the
triangle, in opposition to the classical tensor-product hat-functions considered in [20,
Section 7.4].

This does not happen when dealing with more complicated domains €2, as shown
in Fig. 6. In fact we can see that, for example, on a curvilinear shape, the points of &,
are not enough to approximate the boundary d€2. This is why Lemma 4.9 is important:
we can always modify a small number of points to better approximate the boundary,
without changing the relative symbol. Regular grids for non-polyhedral shapes and
FE methods can be found in the context of Fictitious Domains (also called Immersed
Boundary Methods) for fluid mechanics problems, see for example [12]. Often with
curvilinear shape, though, a non-regular polygonal or isoparametric mesh is adopted,
and in these cases Theorem 7.2 is a fundamental tool to have, but it needs to be
combined with the results of Sect. 7.3, or in [25], to reach the wanted spectral symbol.
Since different grids require dedicated analysis, they are worth of a separate study.

@ Springer



A systematic approach to reduced GLT 731

(0,1) (1,1)

©.0) (1,0) ©,0) (1,0)

Fig.5 Superimposition of E, onto the triangle 7 and an L shape for the P; finite elements method

Fig.6 Example of a general 0,1)
domain €2 and induced mesh Sy

(1,0)
(0,0)

When we work on a closed set 2 C [0, 1]2 with 1 (9€2) = 0, we focus on the points
p such that T, is contained in €2, so we call

En(R2) = {P € En|Tp c Q}.
We look for a function u that is a linear combination of the v, , such that (14) is

satisfied for every w = v, ,. If we substitute u = Zpean(g) upYpn and w = Yy,
into (14), then we obtain the system

Z Sq.pltp = fg

PEEL(RQ)

Sq.p = /Q VY ) AVYg i + (V) BV n + Vpaign,

fq =/ SYgn (15)
QO

for every g € E,(£2). We call S, the resulting matrix with entries s, , for every
P, q € E,(2), where the nodes are sorted in lexicographic order. We can notice that
p € B,(2) = p e Q°N gy, even if the converse is not always true, so

12,(Q)| < d¥ = 0m?)
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where |E,(2)| is the size of the matrix S,. It leads to solve the system

Spu = f.

Remark 7.1 A different boundary condition does not change the stiffness matrix, so
the analysis is the same if we impose, for example, u = g on Tp and du/dn = h on
Ty where 3T = Tp || Tn-

7.1 Case on the square

When © = [0, 1]?, we already know that, under suitable hypotheses on the regularity
of the coefficients, the sequence of stiffness matrices {S, }, described in (15) is actually
amultilevel GLT sequence, for which we can compute GLT and spectral symbol. Here
we prove that the same holds when A, b, ¢ are just L! functions.

Theorem 7.1 We call B the 3 x 2 matrix

and we indicate with By, By, B3 its rows. Given L' functions A : (0, 1) — C2*2,
b: (0,12 CZandc: (0,1)2 - C, we have that the sequence {Sy }n is a multilevel
GLT sequence with symbol k(x, 6), where

k(x,0) =ro,0(x) +ro,1(x) exp(—if2) + r1,0(x) exp(—ify) +r_1,0(x) exp(it)
+ro,—1(x) exp(ith) + r1,—1(x) exp(—if + i02) + r—1,1(x) exp(ith —i6),

(16)
ro.0 =B1A(B)" + B2A(By)" + B3A(B3),
1 r 1 T 1 r 1 T
ro,1 = — §B3A(Bl) - EBlA(B3) . ro,—1 = —§B3A(31) - EBIA(B3) .
1 r 1 T 1 r ] T
r1,—1 ZEBzA(B3) + §B3A(Bz) s o1 = EBzA(B,%) + §B3A(Bz) ,
1 r 1 T 1 r 1 T
rLo = — EBIA(BZ) - EBZA(BI) , T—1,0= —EBIA(BZ) - EBzA(BD .
(17

If A is also Hermitian for every x € (0, 1)%, then the sequence {Sy}, has k(x,0) as
spectral symbol.

Proof We split the matrix S, into P, + Z,,, where

(Pn)p,q = / (Vl/fp‘n)TAVI/fq,n,
0,1)2
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(Za)py = /( 1o (VO Bl Ut

and we prove that { P,}, ~gLT k(x,0) and {Z,}, is zero distributed.

Notice that v, is supported on T}, 50 (Sn) p,g» (Pu) p.g> (Zn)p,q are different from
zero only when ¢ is one of the 6 neighbours of p or p itself, that is ¢ € N(p).
Moreover, every ¥, , is nonnegative and less than 1, and each component of Vi, ,
is bounded by 1/4 in absolute value.

Notice that the area of T, is 3h? for every p. Moreover, the functions by, by, ¢ are
L1, so for every € > ( there exists a § > 0 such that

n) <6 :>/|b1|+|b2|+|6|58-
U

Notice that every triangle 7(; of the triangulation .7}, is inside T, for at most 3 different
points p, that are its vertices, and if 3h% < 8, we get

1Zall3=" D 1(Zwpgl®
p.q€(0,1)2NE,
2

'/ (lep n) bl/fqn“l‘a/fpnl/fqn

p.q<(, 1)2ﬂ~

2
P U |(van)Tb|n/fqn+|c|wpann}

pe(0,1)2NE, 9eN(p)

> X [/ 'bl':—'bz'ﬂd]z

PE(O l)zmun (IEN(P)

IA

IA

1
S [/ |b1|+|b2|+|C|]
pe(0,1)2NE, 4N (p)
7
D> [/T |b1I+|b2|+IC|}8
P

pe0,1)2NE,
7
<3¢ >3 |b1| + b2] + Il
Toed, LTo

21—(||191||1 + 11b21li + llell)- (18)

Since we can take ¢ arbitrarily small as n tends to infinity, we infer that n~YNZulla = 0,
so we can use Z2 and conclude that {Z,}, is zero-distributed.
Let us analyse now the matrix P,.
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The elements of P, on the row associated to p = x; are different from zero only
when g € N(p). Call 1 4 » = (Py)p, p+ae,+be,» and a computation shows that

Wty.00 = / BIAGB)T + / B A(BY)T + / BsA(B3)T,
Tl,pUT4,p Tz‘pUT5,p T3,pUT6,p

Rty01 = — / B3A(B)T — / B1A(B3)T,
T6yp

T,p
2
h Ip1,0= —/
T
/Tz_p
2
h Ipo0,—-1 = —/
T3
2
h Ip—1,0 = —/
Ty
'/;5

and ¢ 4 » = O for every other a, b.
Assume that A is a continuous function, so that there exists a modulus of continuity
wy defined as

BIA(By)” —/ ByABY)

N )y

ByA(By) + / B3A(By),

T3,p

2
hotp,1,-1

B3A(B)T —/ B1A(B3)T,

P Typ

BIA(By) — / ByABY

P Ts.p

2
h7tp 11

ByA(B3) + f B3 A(B)T,

P To.p

wa(8) =max  sup  [(A(p) — A@))i |
L) p.qilp—ql<s

and such that limg_, g w4 (§) = 0. Let us define a 2-level GLT sequence {G,}, as

Gn = Dy (r0,0)Tu(1) + Dy (ro,1) Tn(exp(—i62)) + Dy (r1,0) Tu(exp(—i01))
+ Dy (r—1,0) Ty (exp(i61)) + Dy (ro,—1)Tn(exp(i6))
+ Dy (r1,—1) Ty (exp(—i6) +i62)) + Dy (r—1,1)Tu(exp(i6y — i62)),

with symbol k(x, ). The elements of P, — G, on the row associated to p = x;
are different from zero only when g € N(p). If we call zp 4. = (Pn)p, ptej+ber —
(On) p, p+ey+be,» then we can bound the values of |z 0,0/ with 6w 4 (h«/i) and |zp,0,1]
with 2w 4 (h+/2) as follows.

|Zp,0,0 <

BiA T _ i T
AP BT - BIA(B))
Tl.pUT4.p

+

BrA r_ 1 A(By)T
2A(p)(B2) 2] ByA(B>)
2,p 5.p
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1
B3A(p)(B3)" — B3A(B3)"

+ _
2
h T3'pUT6‘p

1
~ (R

/ Bi(A(p) — AC))(B)) dx
Ty, pUTy, p

+

1
o f Ba(A(p) — A()) (B dx
TZ.])UTS,p

+h2

1
L / By(A(p) — A())(B3) dx
T3,pUT6,p

<4wa(hv/2) + wA(hV2) + wa(hV/2) = 6w (hV/2),

1 1
§B3A(p)(Bl)T - B3A(B)"

Zp, s = 12
16,;7

+

1 1
SBIA(p)(B)" — — / B1A(B3)"
2 h T,

h2

1
— /T B3(A(p) — A(x))(B))" dx
6,p

+

1
o f Bi(A(p) — A())(B3)  dx
TI,P

<waA(hV2) + w4 (hV2) = 204 (hV2),

Analogous computations show that |z 1.0l, 12p,0,-11, |2p,—1,0| are also bounded by
2w4 (h\/z). Moreover, we can bound |z 1,—1| with wa (h\/z) as follows.

|Zp,l,—1| <

1 1
szA(P)(B3)T - /

T,

ByA(B3)T
P

+

! r_ 1 T
5B3A(p)(B2)" — = B3A(B>)
2 h= Jry,

1
- / Ba(A(p) — A())(B3)  dx
Tz,p

+

1
i [ BAG) = A B dx
h Ts,

< %wA(WE) + %wA(hx/i) — wa(hV2),

A similar argument shows that |z, _1 1] is also bounded by w4 (h\/i). Since every
row of P, — G, has at most 7 non-zero elements and they are all bounded in absolute
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value by 6w 4 (h+/2), then

1P = Gall2 < /702 - 3604 (13/D? < 18104 (h/2)* = ()

and using again Z2, we obtain that P, — G, is zero-distributed. Since {G,},, has GLT
symbol k(x, ), we conclude that

{Sutn ={Gutn +{Pn — Guln +{Zn}n ~cLT k(X,0).

If we now assume that A is an L' function, then we can find a sequence A,, of
continuous functions such that ||A — A,,||1 <27, where

ICl =" lleijlh =/ By[CI(BD)T.
i (0.1)2

If we define r, ;, , like in (17) with A,, instead of A, and k,, (x, 6) like in (16) with
Ta.b,m instead of r, p, then we get k,, — k in L. Moreover, if {S,(,m)},, is defined
as above, but with A,, instead of A, then from the previous analysis, we know that
(SY", ~GLT km. The difference

(500 = {Sudn = (P — (Padn +AZ"Yn — (Znn

presents two zero-distributed sequences {Z,(,m)},, and {Z,},, so we need to analyse
the other two sequences. Notice that for every measurable set U C [0, 1]> and every

indices i, j we know that
‘/ BiAB;))" —f BiAn(B)T| < B, [/ |A—Am|} BT
U U U

but A — A, is also L', so given ¢ there exists a 6 such that u(U) < § implies that

BI/ A — Al B)T <.
U

If w(7,) = 3h? < 8, then we can bound the 1 Schatten norm of P,Em) — P, by the
sum of the absolute values of their elements, so

IPY™ = Palli = Y 1P = Pu)pgl
p,q€(0,D2NE,
< D D R = Pa)yyl
pe(0,1)2NE, 9€N(p)

s Y X e [ 1a-anm)

pe(0,1)2NE, geN(p) Ty
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42
=2y 31/|A Anl BT

pe(0,1)2NE,

Al

Using ACS 4, we obtain thah?{P(m)}n O [Py}, and (S}, L5% (Su)a. We

conclude that {S,}, ~gLT k.

When A is Hermitian, we can prove that P, is Hermitian. In fact

(Pn)p,q 2/ (VWP,n)TAVWq,n Zf (pr,n)TZVI/fq,n
(0,12 (0,1)2

= /;0 l)z(qu,n)TZVWp,n = (Pn)q,p-

Since {Sy}n = {Pn}n + {Zn}n and from (18), we know that ||Z,||2 = o(n), we can
apply GLT 2 and conclude that {S,},, ~) k. O

7.2 Problem on sub-domains

Let us now consider a closed Peano—Jordan measurable set Q C [0, 1]* with positive
measure. Consider the problem (14) on €2, where now A, b, c are L! functions defined
on 2. When we apply a P; discretization. The resulting matrices form a sequence
equivalent to areduced GLT sequence that descends from the square case. In particular,
we can prove the following theorem.

Theorem 7.2 Given a closed Peano—Jordan measurable set 2 C [0, 11% with positive
measure. Let A, b and € be extensions of A, b and c to (0,1)%, obtained by setting
a;. j(z) = b j(z) = €(z) = 0 outside Q for every i, j. Moreover, let k be the symbol
descgbed in Theorem 7.1 referred to the problem with coefficients A, b, ¢, and denote
k = k|qo. IfS,ﬁ2 is the matrix resulting from the Py discretization using the grid 2, (<2),
then

{S,Sl2}n ~o k
and if A is Hermitian for every x € Q, then k is also a spectral symbol for {Sy}n.

Proof Let Sy, be the matrix resulting from the P; discretization of the problem with
coefficients A, b, ¢ on the square [0, 1] using the grid E,. We want to show that

Rz, ) (Sn) = Sn , thatis, for every pair of points (p, g) in E, (£2), we prove (Sp) p.q =
(S,?) p.q- From (15), the equations for the two quantities are

(Sw)p.q = f(o l)z(wp,n)Tqu,n + (V) B+ Tpgn.

(S)pg = fQ V) AV (VUpn) BYgn + cUpnVan,
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but p € E,(2) so T[f C Q° and therefore the two quantities are the same since A, b

and ¢ coincide with A, b and ¢ on . In this case, it may happen that E,,(2) C E,NQ°
since 2 may not be convex, but the two sets are actually almost the same. In fact,

E,=E,NQ)\E,(Q) ={pe& NQ°IT, £ 2},

so any point p € E, is at distance at most s, = 1/(n + 1) from the boundary 9€2,
and using Corollary 3.2, we conclude

~ K n
E, C{pe&,d(p, o) <h,} = |E,| < snh =o(N(n)).
AS a consequence,
sSELEE — |(p € B, NQ°p ¢ En(} = |Enl = o(N(n))

and Lemma 4.9 assures us that it is sufficient to prove the thesis for Rqe (Sy).
Using the definition of reduced GLT, we can affirm that

{Rae (Si)In ~271 7 k = {Rao(S)}n ~o k.

If we now assume that A is an Hermitian matrix for every x € €2, then automatically
also A is Hermitian for every x, since it is equal to A or it is the zero matrix. From
the proof of Theorem 7.1, we know that S,, = P, + Z,, where P, is Hermitian and
| Zull2 = o(n). If we call PS¥ = Rqo(Py) and Z5¥ = Rgqe(Z,) then we find that
Rao(Sp) = P¥ 4+ 75, PS is Hermitian and for Lemmas 4.3, 4.2 and 3.1,

1Z5E 12 = 1Rae (Zn) |2 < [ Zull2 = 0o(n) = ||Z,§2°||z=o< s,?>.

Notice that {P,f20 e~ k, so we can use GLT* 2, and conclude that
{Rqe (Sn)}k ~a k.
O

Notice that k(x, #) has the same form described in (16), (17), where A is now defined
only on €.

7.3 P1 on mapped grids

When the domain €2 is compact, but presents an irregular boundary, or when we want
to focus the discretization to particular points in the domain, the adopted grids are
usually adapted to the problem geometry. We can find examples of such grids and
relative spectral analyses already in [20] for € = [0, 1]¢ and in [3] for more general
domains. In both cases, the grids taken into account were produced starting from a
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Fig.7 Compact irregular domain €2 and relative grid mapped into a regular grid in D C [0, 114 through a
C1 map ¢ and its inverse ¢

regular grid and by applying an invertible function ¢. For clarity sake, we start from a
smooth (C1) embedding ¢ that maps 2 into [0, 11, and if D = ¢(2), then we call the
inverse ¢ := ¢! : D — Q. Notice that ¢ is in particular a closed locally Lipschitz
map, so D is a compact set in [0, 119 and it is still Peano—Jordan measurable. We can
thus induce a discretization grid on 2 given by ¢ (D N E,,) for every n (Fig. 7).

We now discretize the diffusion problem (13) using modified P finite elements on
a compact domain © € R? with positive measure, /4(3$2) = 0 and grids described by
the function ¢.

2 u 2 u
_ (g == bi — = f,in Q°,
2 o (““fax,-)+,z igw TCU=Son (13)
i,j=1 i=1
u=0, on d€2,

where a; j, b;, c and f are given complex-valued L' functions defined on .

The basis function we consider on €2 are produced from the classical P; elements
by composition with the map ¢. In fact, if p € E,(D) € E, N D and p’ = ¢ (p) we
can define the basis function associated to p’ as

Ep/,n =Ypnoo.

Note that the support of &, ,, is Ty := ¢(Tp) and T, € D <= T, C Q. In the
classical P; setting, we consider a basis function for each point in E (D), so here we
will produce a function &, ,, only for the points p’ € ¢ (E(D)), and we call the set of
such points

2(Q) :=¢(E(D)) =¢ ({p € BalT, € D}) ={p’ € $(E, N D)|Ty S Q}.

The weak form of the problem (14) leads us to a linear system similar to the ones
already considered. In fact, if we substitute u = ) pegn Up'spn and w = &y
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into problem (14), then we obtain the relation

§ : Q
Sq/’p/llp’ - fq’,

P €En(R)

se = / (VEy ) AVE w + (VEy ) bEy i + cEpt nEyr s
QO

Jfqo = f f&n (19)
Qo

for every ¢’ in &,/ (2). Sorting the relations in lexicographical order with respect to
the appearance of ¢(g’) in the grid &, we obtain a linear system S,?un = f, of size
|2, ()] = |En(D)].

The analysis of this particular instance descends from the fact that we can find
opportune coefficients for the problem (14) on the domain D so that the linear system
arising from the P; elements applied to the regular grid &, (D) coincides with Siz .
Consider in fact the problem

9 2 du
_ b— = D°,
u=20, onaD,

and its weak form

V)T AVw + (Vi) bw + ucw = / fw, YweHND). (1)

o

De°

where

Ax) = U5 (A )) ;" ()] det g (x)],
bix) = J;  ()b@ )| det Jp(x)],  Ex) = c(¢(x))] det Jy(x)]

are L' functions on D. Using the P; elements we obtain the relations

b
Yo Sepiip = Jos

PEEn(D)

S(?p = /D" (VWp,n)TXqu,n + (pr,n)TZI/fq,n + 1pp,ngl/fq‘n,

fo = /D SV (22)
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for every g € E,(D), that give rise to the system S,? U= fn of size |E,(D)|. Notice
that if p’, ¢’ € B, (2) such that p’ = ¢ (p) and ¢’ = ¢(g), then

/ (VEpn) AVEg

Qo
= /D (Ve (o) ()T A (6)) Ty (¥) T Vg (X)) det J () |dx
= fD (Varp ()T A@) Vi (x)dx, /Q (VEy ) by
= fD (Ve (0) " ()T B () g (x)| det g (x) dx
:/Do(vxl/fp(x))Tz(x)I/fq(x)dx’/Qo Ep' nCq'

:/Do Vp(x)c(9 (X)) (x)| det Jg (x)[dx

| i, e,

so comparing Eqgs. 22 and 19 we conclude that szlv),q = sff, 7 for every p,q € E(D)
and therefore S,fz = SP. The symbols of the sequence can be easily computed from
Theorem 7.2.

8 Future work

We have introduced and thoroughly analysed the space of reduced GLT, showing how
they can prove useful in applications. Reduced GLT sequences have already been
applied on discretizations of fractional PDEs on generic domains, and they can also
be applied straightforwardly on graph structures, as showed in [1]. More applications
are straightforward to analyse by generalizing the ones of classical GLT, like fractional
PDE, multigrid techniques, isogeometric analysis, preconditioned methods and many
others.

Following the lead of the classical GLT sequences, the next step is to generalize
the space of reduced GLT to the case of block sequences, studied in [9,10], in order
to tackle also systems of PDEs and high-order approximations on generic domains.
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