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Correction of the statements and proofs of Theorem 3.1 and Proposition 3.1

The proof of Proposition 3.1 is incorrect. First, the unitary matrix Q,, in the proof

does not transform K,, into an upper Hessenberg matrix. For j > 2, the definition

of u; has to be replaced by u; := (]2§+1:m,j — ’7}31)/”]€;+1;m,j — nje1ll, where

k'j/'-i-l m, j R . R R N
of the matrix K, j :== (I + Q) - + Qz)Km(Im + 02)--- Uy + Qj) and
nj = - sign(l€j+1,j)||12j+1;m,j |. In addition, the sum ka;{l’” in the formula after
the equation (A.2) has to be replaced by Z};=3. Thus, the upper bound of [(Q ), — 1) |
fori > j is not the same as that for i < j. Although we can correct the upper bound
of [(Qm — Im)i,j| by deriving a similar upper bound for i > j asi < j, the error
regarding the transformation into an upper Hessenberg matrix is crucial for deriving
Proposition 3.1. However, we can derive the same conclusion as Theorem 3.1 by
modifying the assumptions of Theorem 3.1 and Proposition 3.1. To show the modified
version of Proposition 3.1, we do not need Householder reflectors. Instead, we use
Cauchy’s integral formula to show it. Correct statements and proofs of Theorem 3.1

is the vector consisting of the elements in rows j + 1 ~ m and column j
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and Proposition 3.1 are as follows. Here, in addition, we reorganize the statements of
Theorem 3.1 and Proposition 3.1 to clarify the dependence of each variable.

We define Hy, := Ty — Hy Dy + Vi Hy and Ly, (2) := (zHyy — Hyy) ™! for z € C.
Note that z H,,, — I:Im is an upper Hessenberg matrix and thus, L, (z) is the inverse of an
upper Hessenberg matrix. To show the theorem, we require the following assumption:

Assumption 3.1 Let & > 0 and 0 < A < 1 be given constants and let [T € C be a
given bounded open set. We assume for any z € 911

(L (2))i j| <@~ (> j),
AK,h c,

where A(K,, 1) is the spectrum of the matrix K m I

Theorem3.1 Let & > 0,0 < A < 1, and 8 > 0 be constants and let T1 € CT be a
bounded open set whose boundary is a rectifiable Jordan curve oriented in positive
sense. If the matrices L,,(z) and K, satisfy Assumption 3.1 with &, A, and T1, and if
the residual of solving the linear equation (Y, I — A)xy, = Vit satisfies ||r,i,ys|| <4,
then the first term of the Eq. (3.4) is bounded as

B\ hmstmeldr(Dm — Hy ' T Hyler | |yl — A) vt |

< B+ &)k (Yl — A)ar™ 1, (3.5)

where o = 21|01 | (N)& and |9T1| = [, |dz.
Moreover, for any tolerance toly > 0 for approximating the vector ¢ (A)v and for
any m™* > 0, if m < m™* and if

sy tol

1) < ., (3.6)

m™X B (Dyy — Hy Tiy) Hyy e ||

Sys |gi’fl|)‘ Sys .

Ir = —p=lr7 I G=2,...,m), (3.7)
! 18711

j,1
then the second term of Eq. (3.4) can be evaluated as
BIR (Do — H,, ' Ty) H,, er | < toly, (3.8)

where g"; = (¢x(Dp — Hy ' T) Hyy Di .
Proposition3.1 Let & > 0, 0 < A < 1 be constants and let T1 € C* be a bounded

open set whose boundary is a rectifiable Jordan curve oriented in positive sense. If
the matrices L,,(z) and K, satisfy Assumption 3.1 with &, A, and T1, then we have

I Cini o
(kD = H " Tu) Hy, 1), 1< 10T (N@ ™ (2 ). (3.14)
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Proof Since ¢y is an entire function, by Cauchy’s integral formula, we have

~ ~ ~ ~ I L
¢k<Dm—Hm1Tm>Hm1=Hm‘¢k<ym1—1<m1>=ﬁHm‘/ ok (vm — 2@ — K;H7 dz
oIl

1 ~ 1
= . Hn71 / Ok (Vm — ) Hy (zHyy — Hm)_l dz = . / Ok (Ym — D)L (2) dz.
2mi oIl 2mi 9Tl

Moreover, fori > j, we have

1
‘(—. | o —z)Lm(z>dz>’ |
L)

1
2_|3H|maX¢k(7/m —Re(2)ar' /< —|3H|¢k(N)a?»l 7
T

1 o
= 2—/ |k (Y — 2)| |dz|aer' 7
T Jan

where Re(z) is the real part of z. The second inequality holds since ¢y is represented

as ¢r(z) = fo el1=9)2 (li 1),ds and the last inequality holds since N > y,, for any
m < N /h. This completes the proof of Proposition 3.1. O

The modified version of Theorem 3.1 is derived by Eq. (3.14) in the same manner
as the proof in the original article.

Remark3.2 If zH, — H,, is diagonalizable and invertible, there exist constants
Gm(z) > 0and 0 < Au(z) < 1 such that [(Ly(2))i ;| < G@m(2)Am(z)'~/. The
first assumption about L, (z) in Assumption 3.1 is about the uniformity of &, (z) and

Am (2). Indeed, let Py, (2) Ay (z) P (z) "L be an eigenvalue decomposition of z H,, H
and let 3,,(z) € C\ {0} be a bounded open set whose boundary is a rectifiable Jordan
curve oriented in positive sense such that A(zH,, — H,) C =,,(2). Since zH,, — Hy,
is an upper Hessenberg matrix, for i > j, any polynomial p € P;_;_; satisfies

(L (2))i j| = (L (@))i,j — (p(zHp — Hy)ij| < | Lm(2) — p(zHpm — Hp)||
< I1Pu@Il sup |w™' = p@)|[|Pu(z) "Il

weT (2)

Let f(w) := w~'. We set the polynomial p as the truncated Faber series of f [1
Section 2]. Then by Corollary 2.2 in Ellacott [1], there exist constants Cy, (z) > 0 and
0 < Ay (2) < 1 such that

sup w™! — p(w)] < Cr(@DAm ().
wEEm(Z)

Thus, we have |(Ly(2))i,j| < k(P (2))Con(2)Am ().

If ,,(z) is independent of m and z, then C,,(z) and A,,(z) are independent of m
and z. Therefore, if in addition there exist a constant @ > 0 such that « (P, (z)) < @,
then the first assumption about L, (z) in Assumption 3.1 is satisfied.

The second assumption about K,, in Assumption 3.1 is satisfied if there exists a
bounded open set ¥ C C™ such that W((y,, 1 — A~ C = and if f;ys = 0 for
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j = 1,...,m, that is, the linear equations solved exactly. Indeed, by Eq. (3.2), the
identity K, = Vi (yml — A)~'V,, holds in this case. Therefore, we have A(K,,) C
W(Kn) € W((yml —A)™") C =

Typos

1.

10.

11.

Before Eq. (1.1), “u(-,x) € C(,T) for all x € Q7 should read “u €
C([0, T, L*())”.

In Egs. (1.4) and (1.5) and the formula between them, g(y(s)), g/, and g;_1 should
read M~ 'g(y(s)), M~ 'g;, and M~ 'g;_1, respectively.

The sum Y ;_} in Eq. (1.7) should read > k=o-

Eq. (2.5) should read i =ep(j—=1/pl+1 € R/.

In the middle of the proof of Theorem 3.1, (yuI — A)"'v,, — f»" should read
Yl — A)_lvmtm - r:zys~

Eq. (3.15) should read

BIH,, &1 ((Hy Doy — T) Hyy Derll = Bl Hy [k (Hin Do — T) Hyy D11 1e1 |
~ BIVE(T — AV (Hy Dy — Trn) Hy Dey |
~ (il — Ayl ~ (I — A)yO)].

Moreover, the formula about toliys in the last paragraph in Section 3 should read
tl}" = toly /[m™[[(y11 — A)y(O)]]].

In the last paragraph in Remark 3.1, the definition of jj should read jo := p|(j —
1)/p] + 1. Moreover, we need an additional assumption |g;.'('],1 [Go—1)/Go+1) >
|g;ff1 [(j —1)/(j + 1) for deriving the last formula in Remark 3.1.

. At the beginning of Example 2, (—1.5,1.5) x (—1,1) should read Q@ =

(—=1.5,1.5) x (=1, 1).

. Eq. (4.2) should read

!Mim = Ly(0) + b(1),
500) =17, y(0)=0.

In Example 3, 92 in the boundary condition “u = 0, v = O on (0, T] x 92"
should read 021 and 9S2 in “g—ﬁ =0, g—z =0on (0, T] x 02” should read 0£2,,
where 02] = [—1.5,1.5] x {1, —1} and 9Q2; = 92 \ 9L2.

In Example 3, the formula g;(y) = F(y) — Li—1y = Q(y)y — Q(yi—1)y should
read gi(y) = F(y) — Liy = Q(y)y — Q(y;)y and the scheme of the exponential
integrator should read

2
Yitl = yi + At (AtM T L)yM ™ F(y;) — Ar§¢z<AzM*‘L;>M*‘<g,» ) — & (i-1))

In addition, the formula ¢ (At M~V L;)(g; (u;)—gi (ui—1)) written after the scheme
should read ¢ (AtM ™' L) M~ (g (i) — & (yi-1)).
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