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Abstract

In this paper a numerical scheme for partitioned systems of index 2 DAEs, such as
those arising from nonholonomic mechanical problems, is proposed and its order for
a certain class of Runge—Kutta methods we call of Lobatto-type is proven.
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1 Introduction

Let N = R"” and M C N a submanifold of codimM = m. Let M be defined as the
null-set of ¢ : N — R™. A generic explicit differential equation on M can be recast
into a semi-explicit index 2 differential algebraic equation (DAE) on N taking the

form: £ )
y=f(,A
{0=¢<y) (1)

where y € N and A € V, with V a vector space such that dim V = m. Studies on the
numerical solution of initial value problems (IVP) for such systems can be found in
the bibliography that serves as foundation for this paper, such as [2] or [5].
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We are interested in a subset of such problems, which will be referred to as parti-
tioned, where y = (q, p),dim Q = ng, dim P =n,, and > € R™.

9= f@q,p)
p=2g(q,p,2) (1.2)
0=4¢(q, p).

Such is the case of the equations of motion of nonholonomic mechanical systems which
motivates our study, where dim Q = dim P = n (thus, in this case dim N = 2n). Fora
Hamiltonian function H : N — R and linear nonholonomic constraints /4 (@)g' =0,
i=1,...,n,a=1,...,m, we get

qi =0 H
pi=—0,H + Aot (1.3)
0=uo, H

An IVP for this partitioned DAE is defined by an initial condition (g, po, Ao) €
Ny x R™.

The development and application of the methods shown here in the case of non-
holonomic mechanical systems will be the subject of a follow-up paper where further
numerical experiments will be performed [1].

For the remainder of the paper we will assume that f, g and ¢ are sufficiently
differentiable and that (D »®D;, g) (¢, p, ») remains invertible in a neighbourhood of
the exact solution. Here D), means the derivative with respect to the p variables, and
similarly with ¢ and A.

2 Lobatto-type methods

A numerical solution of an IVP for (1.1) can be found using an s-stage Runge—Kutta
(RK) method with coefficients (a;;, b;). Writing the corresponding equations is a
relatively trivial matter, taking the form:

S S

}’1=}’0+th]‘1€], )\12)\0+thij (2.1a)
j=1 j=1
N N

Y; =YO+hZaijkj, Ai=Xo+hZaijlj (2.1b)
j=1 =1

ki = f(Yi, Ay), 0=g(¥)). (2.1¢c)

Note that these /; are not given explicitly and must instead be solved for with the help
from the constraint equations. In fact, provided the RK coefficients satisfy certain
conditions, the second set of equations in (2.1a) and (2.1b) may be discarded.
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Convergence of Lobatto-type Runge—Kutta methods... 47

Now, a numerical solution of an IVP for Eq. (1.2) can also be found using an s-
stage partitioned RK method but already the correct application of such a scheme is
non-trivial. One could naively write:

N N N
qr=qo+hy bjVi. pi=po+h) bWy i=ho+h) bjUj (22)
j=1 j=1 j=1

N S N
Qi=qo+hzdijVj, Pi=po+hZ&ijo, Ai=)\0+hzéijUj7
J=l1 j=1 j=l1
(2.2b)

Vi=f(Qi, P), Wi=g(Q;i, Pi,A;), 0=0¢(0;, P). (2.20)

Again, U; are not given explicitly and, as above, in some cases, it may also be possible
to discard the third set of equations in (2.2a) and (2.2b). Such a system of equations
may have certain issues, both from a solvability and a numerical convergence point of
view. This is especially true for the particular case of partitioned RK methods that we
will consider.

In [5] the author considers RK methods satisfying the hypotheses:

Hl a1;j =0forj=1,...,s;
H2 the submatrix A := (aij)i, j=2 is invertible;
H3 ag; = bj for j =1, ..., s (the method is stiffly accurate).

HI implies that ¢; = 25:1 a1j = 0 and for Eq. (2.1) Y1 = yo, A1 = Ao. H3 implies
that y; = Y5, A1 = Ay. Furthermore, if the method is consistent, i.e. Zj bj =1,
then H3 implies ¢; = 1. For Eq. (2.2), if (4;;, b j) also satisfies the hypotheses, then
01 = qo, A1 = ro, Os = ¢q1 and Ay = A1. The most salient example of these
methods is the Lobatto IITA, which is a continuous collocation method.

The Lobatto IIIB is a family of discontinuous collocation methods which are
symplectically conjugate to the IITA methods. Two RK methods, (a;;, b;) and (4;;, b i)
are symplectically conjugate if they satisfy:

b,‘fl,’j—i-l;jaj,' Zbil;j for i,j=1,...,s, 2.3)

bj=b; for j=1,....s. (2.4)

Together they form the Lobatto IITA-IIIB family of symplectic partitioned Runge-
Kutta methods, which is precisely the one we want to study (see also [3,9]).

Note that Lobatto IIIB methods do not satisfy hypotheses H1, H2 and H3. In fact, any

symplectic conjugate method to a method satisfying those hypotheses must necessarily
be such that:

HI’ &i5=Qfori=1,...,s;
H2 a;1 =byfori=1,...,s.

Obviously, the submatrix A= (i})i, j=2 is never invertible because of H1’, and this
is the culprit of the solvability issues of (2.2).
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48 R.T. Sato Martin de Almagro

We shall consider a further compatibility hypothesis:
H* ¢; =c¢;fori =1,...,s.
This hypothesis ensures that the stages of both methods are concurrent. The Lobatto
IIIA-IIIB family satisfies H*, but one should note that for s = 2, ¢; # Z?:l aij.

For such methods, we propose the following equations for the numerical solution
of the partitioned IVP:

N )
q1=qo+hY bjf(Qj, P)), pi=po+h) bjg(Q;, Pj,Aj),  (25a)
j=1 j=1

N N
OQi=qo+h Zaijf(Qj, Pj), Pi=po+h Zflijg(Qj, P;,Aj), (2.5b)

j=1 j=1
N

Li=po+h) ajg(Qj. Pi.Ap). 0=¢(Q:. L), (2.5¢)
j=1

together with A| = Ag and Ay = A;. From H1, we have that L; = pg, and from H3
and Eq. (2.3), Ly = p1. The intuition behind the proposed scheme is that P; are not as
good an approximation to the continuous p as Q; are to ¢, and in order to impose the
constraint we need a more accurate estimate of p. Such new variables can be added
to partitioned non-DAE systems, where they become decoupled and can be computed
as a post-processing step to have better approximations of the p variables inside the
interval. The auxiliary L; variables can be eliminated altogether, leading to

N N
G =qo+hY bif(Qj. P).pi=po+hy bjg(Q;, Pj,Aj),  (2.6a)
j=1 j=1

N N
Qi=qo+hY ajf(Qj.Pp).Pi=po+hy aig(Q;. Pi.Aj),  (2.6b)
j=1 j=I1

0=¢|qo+h) aif(Qj, P).po+h)y aijg(Qj, Pj,Aj) |,  (2.60)

J=1 Jj=1

It should be noted that, although similar, these methods do not generally coincide
with the SPARK methods proposed by L. O. Jay in [7]. (After talking to prof. Jay,
he noted the approach suggested here is similar to that of Murua [8] which was not
previously known by the author.)

There are several simplifying assumptions that a given RK scheme satisfies:

N
1
B(p): ) bici™! = for k=1....p (2.7a)
i=1
K ij
C(q):Zaijclj_lzI’ for i=1,....s, k=1,...,q (2.7b)
j=1
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k
bi(1—c¥)

P for j=1,...,s, k=1,...,r (2.7¢)

s
D(r): Y bick ey =

i=1

When referring to these assumptions for a RK method (4, b;) we will write them as
X (9). Note that if (a;;, b;) and (a;;, b ) are two symplectically con]ugate methods
each satlsfymg the sympllfymg assumptions B(p), C(g), D(r) and B(p) C(q) D(r)
then p = p, C(q) implies 7 = ¢, and conversely D(r) implies § = r. Also in the
symplectically conjugate case, whenever both p, r > 1, H* is automatically satisfied.

Apart from these, there are a few more simplifying assumptions that pairs of com-
patible methods satisfy (see [6]):

K K k
-~ . k=2 C; .
CC(Q)-jE_ll_ElaijaJ‘]Cl :k(k—l—l) for 121,...,5, k:2,,Q

DB(R) : Zzbic,]'(_zaij&jl = % [(k — 1) — (ke; — ¢ )]

i=1 j=1
for I=1,...,s, k=2,...,R

s s k
~ oA . 2 c; ) N
CC(Q)-jX_;;ajjaj]Cl :k(k—l—l) for l:l,...,S, k:2,,Q

A

DD(R): Y bicaija = % [ =1 = ke = )]

i=1 j=1
for [=1,...,s, k:2,...,1€’

It can be shown that if both methods are symplectically conjugate, then Q = R =
p —r and Q R = p — q. In particular, Lobatto ITTA and IIIB methods, which will
be very important for us, satlsfy B(2s —2), C(s), D(s — 2), B(2s —-2), C(s —-2),
D(s) as well as CC(s) DD(s) CC(s —2), DD(s — 2) respectively.

Lastly, there is a function associated to a RK method that we need to define. Consider
the linear problem y = Ay, and apply one step of the given method for an initial value
yo- The function R(z) defined by y; = R(hA)yy is the so-called stability function of
the method.

For an arbitrary RK method we have that

R(z) =1+ zbT 1y — zA) 1,

N
——

where A = (a;;),b = (b1, ..., b)) and I, = (1,..., )" In the particular case of a
method satisfying thata,j = b;,i.e.e] A = bT, whichis the case of Lobatto methods,
this can be reduced to:
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50 R.T. Sato Martin de Almagro

R(2) = el (I, —zA) 'L,
where e, = (0,...,0, DT.
N ——’

s—1

3 Existence, uniqueness and influence of perturbations

Before proceeding, let us introduce the following notational conventions:

a]]A~li| |:Al] ~ A]]Axl AA1 N ~
A=A oL [ 2raa], A=| M 2|5 =14, 4]
[AlA 7 |=lAA] A A | =lAAl

where A; = (g;1) is a column matrix and A! = (a1;) is a row matrix, with 7, j =

1,...,s. A~1, Al indicate the eliminatio~n of the first component of these vectors.

Clearly, if H1 applies then, Al = (arr, Al) = OST, where 0 = (0, ...,O)T.
———

N
We will mainly be concerned with derivatives of the functions that define our
partitioned vector field and the constraint, Eq. (1.2), namely f, g and ¢, evaluated at
the different stages of our RK methods, (2.5) and (2.5). For this we define:

qu = blOdeiag(qu(Ql9 Pl)? qu(QZv P2)7 s qu(QSv PS))
= blockdiag(D, f1, Dy ),

where D, fi = D, f(Q1, P1) and the tilde indicates the elimination of the derivative
with respect to the first stage. The same applies to derivatives of g and ¢, where the
latter will be evaluated at (Q;, L;). In analogy with our notation for A and A, we write
Dy f =1[05-1.0 Dyfland Dy f = [05_1., (Dy f)T17, where 0, , is the zero matrix
of dimension m by n.

Similar use of tilde for the elimination of the first stage components applies also to
other vectors such as 8¢, dp, 0 in Theorem 3.2.

Theorem 3.1 Let U C N x R™ be a fixed neighbourhood of (qo, po, *0) = (qo(h),
po(h), Ao(h)), a set of h-dependent starting values, and assume:

¢(q0. po) = O(h?)
(Dg9 - f)(qo, Po) + (Dp¢ - g)(qo, po, 2o) = O(h)
(Dp¢ - Dig)(q, p, ) invertible in U .

Assume also that the Runge—Kutta coefficients A verify the hypotheses HI and H2, and

that A satisfies HI’ and H*. Then, for h < h, there exists a locally unique solution
to:

Qi=qo+hy ajf(Qj. P, (3.1a)

J=1
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s
Pi=P0+hZ&ijg(Qj,Pj,Aj), (3.1b)
=1

S N
O0=¢|qo+h) ajf(Q;.P)).po+hY aijg(Q;. Pj.Aj)|.

j=1 j=1
(3.1¢)
with A1 = Ao, satisfying:
Qi —qo0 = O(h),
Pi — po = O(h),
A —xo = O(h).

Proof The proof of existence differs little from what is already offered in [2] (for
invertible A matrix) or [5] (for A satisfying the hypotheses H1 and H2). The idea
is to consider a homotopic deformation of the equations which leads to a system of
differential equations where the existence of a solution for the corresponding IVP
implies the existence of a solution to the original system.

The key of the proof is the use of the invertibility of D p¢(A~ ® I)D, g, which is a
term arising from the constraint equation. As stated in the former section, if the system

were described by Eq. (2.2) we would instead have Dp¢(A ® I)D; g, which is not
invertible by H1’, rendering the system unsolvable.
The proof of uniqueness remains essentially the same. O

Theorem 3.2 Under the assumptions of Theorem 3.1, let Qi, Pi, Aj be the solution of
system (3.1). Now consider the perturbed values Q;, P;, A; satisfying:

N
Qi=qo+hY aijf(Qj. Pj)+hig, (3.2a)
j=1
S
Pi=po+hYy ajg(Q;. Pj.Aj)+hdp, (3.2b)
j=1

N
0=9¢ @0+hzaijf(Qj, ﬁj) +hdg.i,
=1

S
Po+h Y aijg(Qj. Pi.Ap) +hépi | +6 (3.2¢)
j=1

with Al = ):0, and where 8¢ i, dp; and 6; are perturbation terms. Additionally,
assume that:

go — qo = O(h),
po— po = O(h),
33
S0.4.8p; = Oh), (3-3)
0; = Oh?).
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52 R.T. Sato Martin de Almagro

Then, using the notation AX = X — X and |1X| := max; || X;l, for small h we
have:
lagill=cC (I\Aqoll +h | Apoll +h* | Argll +h 8|+ I18pl + A HQII)
APl <C (I\Aqoll + 1 Apoll +hllAxll + 1 |8 | +hlspl + IIGH)

C
IAAI < - (R I Agoll + R Apoll + 1 Akol + k[ + A ISp I+ 101) -

Proof To tackle this problem we first subtract Eq. (3.1) from Eq. (3.2) and linearize.
If we temporarily introduce back the auxiliary L; variables defined in Eq. (2.5), we
get:

AQi = Aqo+hYy aij [Def(Qj. PHAQ; + Dy f(Qj. PHAP;] + hég
j=1

+0 (RIAQIP +RIAPIP +HIAQIIAP])
s
AL; =Apo+hY_aij[Dyg(Qj. Pi. ADAQj + Dpg(Qj. Pj. Aj)AP;
j=1
+D,8(0;. Pjs ADAN]+hp; + O (RIAQI + AP
+hIAQIIAP] +RIAQIIAAL +AIAPIIAAL
s
AP, = Apo+h Y aij[Dgg(Q). Pj. Aj)AQ; + Dpg(Q). Pj. Aj)AP;
j=1
+D:8(0;. Pjs ADAN]+hp; + O (RIAQI + AP

+h[AQIIAPI +AIAQIIAAN+ AIAPIAALD
0=Dy¢(Qi, Li)AQi + Dpp(Qi, Li)AL; + 6;

+0(IAQIP + IALI® + |AQIIALL).
We can thus rewrite the system as

AQ =1, Aq+h[8g+ (AR L)(DyfAQ+ D, fAP)] (3.4a)
AL=1,® Apo+h[sp + (A® I,)(DggAQ + D,gAP + D;gAAN)| (3.4b)

AP =1,8Apo+h |60+ (A® 1,)(D,gAQ + DpgAP + DigAN)|  (34o)
0=D,¢AQ + DAL +0 (3.4d)

Using hypothesis H1 the first stage components of AQ and AL simplify to
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AQ1 = Ago+hdp,1
ALy = Apo+hép

Dy ¢ (g0, Po)Aqo + Dpd(qo. po)Apo = O (hl18g,11l + RIS 11l + 161 ]
+1Agol> + 1A pol> + 1 Aqolll A pol)

Thus, isolating the rest of the variables, we can rewrite the system as
AQ=1,-1® Mgy +h 8o+ (A® LDy fAP + (A® 1,)D, fAQ + (A1 ® D, ir Q)]
AL=1,_1®Apo+h [Sp +(A®1,)DpgAP 4+ (A® 1,)(Dy8A0 + D GAR)

+ (A1 ® (Dy81A01 + Digi AN |
AP =1,® Apy+h [Sp +(A® I,)DpgAP + (A® I,)(DygAQ + Dy ZAR)

+ (A1 ® (Dy81A01 + Drg1 ANL) |

0=Dy¢AQ + Dy$AL + Dyp1 AQ1 + Dpdp1 ALy +6

Our mission is to solve for A A, but due to the singularity of A it will not be possible
to solve for the entire vector and instead we will solve only for A A. We will first insert
A Q and AL in the constraint equation. This eliminates the latter variables from the
analysis.

0=D,é {h(Z@ L)DpfAP +h(A® I,)Dy fAQ + (A ® Dy fiAQ1) + - - }
+D,é {h(Z@ L)DygAP +h(A® I,)(D,gAQ + D3gAR)

+ h(A) ® (Dgg1AQ1 + Dyg1AAY)) + - -- }

From the hypotheses we have that D pq3 (A ® I,,) D, g is invertible, so we can
indeed solve for AA in terms of AQ, AP and AA;.

hAR = — (D,,¢3 (A ® In) Dkg)f1
x |0+ 1 [Dyd(A@ 1D, f+ Dyd(A® 1)Dy3| A0
+h [qu3(2® LD, f + Dpyp(A® In)D,,g] AP

+ hA; ® (Dyg1AQ) +ng1AA1)+~-~} (3.5)

Substituting this back into the equations we can read off the results from the theorem.
]
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54 R.T. Sato Martin de Almagro

Lemma 3.1 In addition to the hypotheses of Theorem 3.1, suppose that C(q), é(é)
and that (Dg¢ - f)(qo, po) + (Dp¢ - 8)(qo, po, ro) = O(h*), with k > 1. Then the
solution of Eq. (3.1), Q;, P; and A; satisfies:

15 ] Jj
Oi=qn+ Y " ]—DQ(n(qo Po. ho) + O+
j=r

v J
h]
P = P0+Z—DP(])(6]0 po. o) + 0"t
Jj=1 J!
& ] J .
A = Xo(qo, P0)+ZJ—DA(1)(610 Pos Ao) + OhETh
j=1 7

where Lo(qo, po) is implicitly defined by the condition (Dy¢ - f)(qo, po) + (Dp¢ -

2)(qo. Po. 20(qo, po)) =0, u = min(k + 1, g, max(g + 1, Q + 1)), v = min(«, ),
& = min(k — 1,9 — 1), and DQy, DP;y and DAy are functions composed by
products of the derivatives of f, g and ¢ of i-th order evaluated at (qo, po, »0(qo, Po))-

Proof Following [5], Lemma 4.3, we can use the implicit function theorem to obtain
20(qos po) —ro = O(h*). Assume (q(), p(t), A(t)) is the exact solution of Eq. (1.2)
with g(79) = qo, p(to) = po and A(to) = Ao, and let Q; = q(1o + c;h), L; = P; =
p(to + c,h) and A; = A(to + c;h) in the result of Theorem 3. 3 Finally, let Q,, Di>
P and A be the solution of Eq. (3.2) with go = g9, po = po, Ao = Ao(qo, po) and
6 = 0. As we satisfy the conditions of Theorem 3.2 we are left with:

180il = € (2 4+ 5| +h* L1l + ¥ 151)

|ap < C (W + 02 [so] + R Isel +k l3p1)
1AM < C (h* + |50 + 18.11)

where we have made use of the fact that || Arg|| = O(h*). What remains is to compute
80, 8L, 8 p to obtain the result we are after.
Inserting the exact solution into Eq. (3.2) we obtain:

S
q(to+cih) =qo+h Y _ aij f(q(to + cjh). p(to + cjh)) + hdg.;
j=1

)
=qo+h Za,‘jcﬂto +cih) +hdg
j=1
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N
plto+cih) = po+h Y _dijg(qto + cjh), plto + cjh). Ato + cjh)) + hdp
j=1

N
=po+hY_ aiplto+cih)+hdp.;
Jj=1
Now, expanding in Taylor series about #y and taking into account that for a RK

satisfying C(q) we have that

g—1
Yo+ cih) = y(to) + ) —y(’)(lo)c hl + 0@,
j= 1

we get:

h1q@ () [ It
erT Ty q+1 Z/ la” +OET)
1 patd ) [ ! ;
Spi= i - § a O T,
P.i é! q 1 alj + O( )

j=1
Finally, we obtain:
lAQill<C (hmi“<K+2)q+hmax<é+2,Q+2>))
|AR] < € (rminttlastsn)
laA: <C (hminw)

which proves our lemma. O
Remark 3.1 For the Lobatto IIIA-B methods we have that § +2 = Q = g = s and
this result implies that:

IAQi [l = QM2

AP = ORm™CHT=D),

IAA | = OR™ )
Theorem 3.3 In addition to the hypotheses of Theorem 3.2, suppose that A and A are
symplectically conjugate and, C(q), C(r) D(r), D(q) DD(p —r), DD(p q) and

H3 hold. Furthermore, suppose (Dy¢ - f)(qo, po) + (Dp¢ - £)(qo, po, Ao) = Oh"),
with k > 1. Then we have:

Aqi = Aqo+O (R lIApoll+ K2 [ Adoll + k8| + h 21l + R 1) (3.6)
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56 R.T. Sato Martin de Almagro

Ap1 = Tlg.0(q0, Po, 20)Aqo + T1p 0(q0, Po, 20) Apo
+0 (142 Aol + 1 8] + k81 + o1 (3.7)
Al = Ra(c0)Adg
+ O (llAgoll + I Apoll + k| Aol + |8 | + 1821l + 1161l /7) (3.8)
wherem = min(k —1,g—1,r, p—q, p—r), Ra is the stability function of the method
A Moo =—D3g(Dp¢D;g)"' Dy¢ and Mp,o = I, — D;.g(DppD38) ' Dypp.

Proof This proof follows closely that of [5], Theorem 4.4. The idea is to take the
results from Theorem 3.2, insert them in Egs. (3.4a) and (3.4¢) and solve for AQ and
A P. Later, we insert the results into

Aqi = Ago+h(b" @ I,)(DyfAQ + D, fAP) (3.9)
Ap1 = Apo+h(b" & 1,)(DyggAQ + DpgAP) +h(b" ® I,)D;gAA
+h(b1 ® 1) Dy g1 AN (3.10)

where AA is a function of (0, P, Ay, Q 1‘3 f\l), and perform a Taylor expansion of
each term. Just as in [5], the important result here is the h"™*2 factor in front of || Ao ||,
which means that we need to pay special attention to AA 1.

In our case AA; = AA; coincides with AZ; in [5] of the same theorem without
changes. The differences appear in the rest of the components, where having two sets
of RK coefficients makes the Taylor expansion of the terms and the tracking of each
component much more difficult.

From here on we will forget about all terms except for the ones with AAj, as the
rest vary little from what was found in theorem 3.2 and they can be easily obtained,
thus barring the need to carry them around any longer.

Inserting Eq. (3.5) into Eq. (3.10) we can collect all terms multiplying by AP, A 0
and A A separately. Let

Mo =—-0b"®L)X,
1-IP = gs QI — (BT & In))}p

with

X;:=D,g (Dp<i3 (A ® In) ng’) 1 D

_ -1 s _ -\
=0z (Aol (Dp¢ (Aen)pg(deil) ) Di$  (.1D)
where i = g, p. Thus, we can write

Apy =h(Tlp(A® 1,)(Dy fAQ + Dy fAP + T p(A® I,)(DggAQ + DpgAP)
+ (b1 ® L) Dy g1 AN — (BT @ 1,)X (A1 ® D3giAAY)) + - - (3.12)
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Similar groupings can be done for A P after inserting Eq. (3.5) into Eq. (3.4¢)

Eo=—ARI)Xp(A® I,
ARL —(AQI)Xp(A®I,)

(1]

so that

AP =h[EQAQ+EpAP+A @ Dygi AN — (AR L)X (A1 @ Dy g1 AN+ --

(3.13)

In order to account for the implicit dependence on AAj in Eq. (3.12), we need to
solve the system formed by Eq. (3.13) together with

AQ:h[(A@In)quAQHX@ In)DpfAP]+~- (3.14)

Before solving that system, let us first expand the terms multiplying AA . Inside

)~(,,, we find the product qu; (A~ ® In> D;g (A ® Im> composed of:

X
Dpp =Y h'C' @ Dpdi + O )
i=0

- - -1 Q.
(A ® In) D (A ® Im) =Y WACAT ® Digi + Ot
i=0
where, from Lemma 3.1, x = min(u, v) and @ = min(u, v, £). This results in:
L _ —1 “ . -
Dyd(Aen) D (Ael,) = Y WHEACIAT @ DydiDsg; + OB,
0<i+j<w

Inversion of this product can be carried out as a Taylor expansion resulting in a
so-called von Neumann series (I — T)’1 = Z?io T*. To do this, first, let us rewrite
the former expression as

- - - —1
Db (A@ 1) Dig (A1)
I<i+j<w

x (Is-1 ® DpdoDrgo) + O

w

I<i+j<w

x (1_?_1 ® \11—1) +Ohet
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w
=@ -3 -hG, @ H, | x (1 @) +0nr )

1<|a|

(D pzﬁo D;, go) . In the last line we have introduced the multi-index « of

dima = 2,i.e. € N?. We will denote the k-th component of o by ag.Ifa =@, j)
then |o| = Zglmla oy =1+ jand

where ¥ =

Gy =C'AC/A™", H, =D,$iD;§;¥

Defining

n n
Gﬁ:l_[Goz,-a Hﬁana,-,
i=1 i=1
where now § can be interpreted as:

— amulti-index of even dimension, dim g < 2| 8], such that for i odd B;y and B(;+1)
are never both 0, or

— amulti-index of o¢-multi-indices, i.e. 8 = («q, ..., ®y), running for 1 <n < ||,
and 1 < |ei| < |BI,

the inverse of this expression may be written as

<qu3 (Aen)pi(de lm)_l>_1
o 2

— @) x [ 33 0 G @ Hy | + 0.
|ﬁ|=0di§/g%2

We can sandwich the expression between D; g (A ® Im> and D psz to obtain:

-l
—D;g A®I)<DPQS<A®In)DA§(A®Im) 1) D,
2‘}/‘ dim
Z D2 R, @8, | + 0meth

ly|= Odlm y>2

where:

dimy—2
R, = CYm A~1 1_[ CYo ACYa+) A~ | Crdimy)

i>0
even
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dim y—2
Sy = D&y, ¥ l_[ D¢y, Dagyisn ¥ | Pp®riaimy)
éven
with y multi-index of dim y < 2w even, and such that for i even, y(;y and y(;11) are
never both 0.

With this result, we can go back to Eq. (3.13). Note that if we expand D, g as
in Lemma 3.1 and apply HI, we have that ¢; = 0 and, therefore, the only term
that survives is the 0-th order term, D, g1,0. Also note that (Al ® Ip)Djg10AAN =
(i1 ® D;Lgl,o)(/il ® AAL) = ngo(zgl ® AA1). This point is crucial:

Assume we have two valid multi-indices, ¥ and y’, with dim ' = dim y + 2, such
thaty’ = (v, - . .. Y(dim, ) 0, 0). This implies that y(dimy) 7 0, because otherwise y'
would not be valid. Then R, = R,. Of course S), # S/, but S, = S), D3 g0V D, o
and thus S,/ D; g0 = S, D;Lgo\lllll_l = S, D;go. Furthermore, their contributions
have opposite signs and therefore, they vanish. Thus, the only terms of the expansion
that can survive are those such that y(dim y—1) # 0, ¥(dimy) = 0 and this in turn means
that all surviving RK symbol combinations R, must end in A~! (no free C at the

end).
_ 0 O
A _[0 A—l]

Using the notation
and with our previous analysis, the expansion of the terms explicitly multiplying A A
in Eq. (3.13) takes the form:

(Al — AA™A)) ® Dy goAA

w dim p—1
+ Y P A T croaTcren A CATA ® 0,AA | +OGT)
[p|=0 i=1
odd

where O, is a term composed by multiplication of W and derivatives of g and ¢
evaluated at the initial condition.

For the remaining expansions we do not need to be as precise as with this last one as
there will not be cancellations due to signs. Thus, we will only care about the different
symbol combinations that arise.

Now, we need to solve the system formed by Eqs. (3.14) and (3.13). This involves
inverting a matrix of the form (I — hI"), where

Fz[ (A@ 1Dy f  (A®L)Dpf }
—ARINXp(A®L) AL —(A®L)Xo(A®1,)]’
If we write
1—-J —K
=[50 )
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where the matrices J, K, M, N are O(h), then its inverse is:
T U
Vv W

with:

T=(1-J—-K(1-N)""m71,
U=0-0)"'"KQ-N-M1-0H""K)",
V=(1-N)"'"MAQ-J-KQ-N""M)",
W=(1-N-M1-0""K)"".

The only terms we are interested in are U and W, as those are the only ones that
connect with AA . The Taylor expansion of any of these terms is a daunting task
given the amount of nested expansions involved, but it will suffice to see which types
of symbol combinations can appear.

We can see that U = (1 — J)~! K W. This means that once we know the behaviour
of W, the behaviour of U will be easy to derive. Also from this, we can see that all the
resulting symbol combinations of U must start with the coefficient matrix A, while
for W they must start with the coefficient matrix A with the exception of the zero-th
order term.

Given the expression of W, its expansion must contain A, C, A or A"CA to the
right of A. As for U, all the terms in W will show up multiplied by (1 — J)~'K. The
symbols this factor adds at order n are A x [(n — 1)-element variations of {A, C}],
thus, no A~ CA can appear in U until after the first A coming from W is in place.

Finally we can go back to Eq. (3 12). Expandmg the terms involving [Tp and I1p is
essentially the same as expanding X and X p» the latter of which we have already done
and not much differs. It is 1mp0rtant to note that as we are multiplying those terms
with A on the right, we will always have one A~ less than the number of As, which
prevents ACX A~ terms from appearing at the very end of a symbol combination.

Performing a Taylor expansion of Agj in terms of AQ and AP we get

Xw:hi [AC" ® Hi] +Oneth
i=0

where H; are linear combinations of derivatives of g and f evaluated at the initial
condition. Doing the same for A p, we get more variety,

dim f—1
Z petE cea TT (CPoA=CPn A) @ Jop | + OROT)
jol+181=0 iz
odd
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where J_a, g are terms involving W and derivatives of f, g and ¢ evaluated at the initial
condition. The main difference here is that we can have Cs to the left of the first A, as
well as the possibility of having C +— A~ C A substitutions to its right.

Putting everything together, and keeping in mind that @ = min(u, v, &), the respec-
tive AA-dependent terms resulting from the expansion of Egs. (3.9) and (3.10) can
be brought to the form:

m—1
AN (Z Koo ® UQ,a,.) AAL+ O™ | AAL])

i=0 o

m—1
nyon (Z Kpo, ® U,,,a,) AN1+OW™ 2 AL

i=0 o

where each U j,a; 18 again a combination of products of the derivatives of f, g, ¢ with
W evaluated at the initial condition, and K 4, is a RK symbol combination of order
loj| as in Lemma 3.2. The difference between K 0.o; and K, 4, lies in the fact that
K .«; cannot begin with C’ and there cannot be C — A~C A substitutions between

the initial A and the first A, while on K p.«; there can be. Applying the result of Lemma
3.2, all these terms vanish which is what we set out to prove. O

Lemma 3.2 Assume an s-stage symplectic partitioned Runge—Kutta method with coef-
ficients A satisfying hypotheses HI, H2, H3 ( and consequently A satisfying H1’ and
H2’), together with conditions D(r), D(q) DD(p —r) and DD(p q). Then, we
have:

k
b’ (1_[ M,-) (Aj —AA"A) =0, 0<k <min(r,q,p—r,p—q)—1 (3.15)
i=1

and

k
b’ (HN,) CA™A;, 0<k<min(r,q,p—r,p—q)—1 (3.16)
i=1

where M; and N; canbe C, A, A, ATCA, ACA™ foranyi exceptk where My, = ACA™
cannot occur.

Proof Multiplying D(r) by A~ we may obtain that:
prcka==el —kpTCH, 1<k <r. (3.17)

As A satisfies H3, we also have that eSTA =bT, and consequently pTA- = esT.

The vanishing of the different symbol terms rests in both the vanishing of the
following reduced combinations and the fact that any symbol combination that appears
in the expansion can be brought to one of these.
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— Combination 1:
pIC* YA — AA"A) =0, 1<k <min(r,7).

This is said to be of order k — 1, as that is the number of times C appears. It
vanishes because:
pTCHTA = kb
pTCHTAA= A =k 0T (1 - CH A~ A,
=k 'pTAT A — kDT CF AT A
=kl k7" (b = kb7 C* 4y
=k'by.

The application of the simplifying assumption D(#) in the second line and D(r)
in the fourth line are the limiting factors for the order.
— Combination 2:
b'CkA~ A =0, 1<k=<r

This is said to be of order k, as that is the number of times C appears
b C*A™ A = by — kbT CF 1 A,
=b; — by
=0.
Again, the application of the simplifying assumption D(r) in the first line is the
limiting factor for the order.

Combination 1 and combination 2 can be generalized to the form (3.15) and (3.16)
respectively.

After recursive application of D, b, Dﬁ, DD and Eq. (3.17), each of these expres-
sions can be brought to a linear combination of one of the reduced combinations with
different values of k, which proves the theorem.

Remark 3.2 This theorem admits a slight generalization. Instead of b7 being the left-
most term, by H3 we can substitute it by eST C*A, for any o > 0.

Remark 3.3 For an s-stage Lobatto III A-B method we have thats —2 =r = p—g =
q—2=p—r—2,thus:

" (l_[le Mi) (Al —AA=A) =0, 0<k<s—3 (3.18)

T (1_[;;1 Ni) CATA, 0<k=<s-3 (3.19)

Theorem 3.4 Assume an s-stage symplectic partitioned Runge—Kutta method with
coefficients A satisfying hypotheses HI, H2, H3 (and consequently A satisfying HI’
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Fig.1 This order 6 tree
represents the term

Fra (8.(=0p80) " 9ap(F.9): fpq (8. 1)),
Note that the order is derived

from the number of round nodes

minus the number of triangle

nodes. The tree itself can be

written as

[llzg. zplilp. [P, fQ]Q]Q

and corresponds to the RK term:

A —_ 2 2 —
b,-a,-jajkckailtl , Where a;; are

the components of the A™
matrix qu

aAnd H2’), together with conditions B(p), C(q), D(r) (and consequently I§(p), é(r),
D(q)). Then we have:

Sqn(x) = O(hmin(p,q+r+1)+1)’ (3.20a)
8pn(x) = OhmnNP-20.9++L (3.20b)
SAp(x) = O(h?). (3.20c)

Proof The proof of this theorem is similar to that of [5], Theorem 5.1, which follows
that of [2], Theorem 5.9, and [4], Theorem 8.10.

The arguments are essentially the same as those used in [2] for A invertible, but
using a bi-colored tree extension (see Fig. 1). The inverses that appear only need to
be swapped by A™. In these results two trees are used, ¢ and u trees, referring to y
and z equations respectively. In our case we will have both ¢p and 7p for Q and P
equations, plus u for A equations.

The key difference with respect to both this and [5] is that instead of only needing
to set the limit such that for [z, u], either ¢ or u are above the maximum reduction
order by C(q) (¢ + 1 and g — 1), which leads to 2¢q, we need to be careful because
we have two types of trees and two simplifying assumptions C(g) and C(r). First of
all, it is impossible to have [tp, u]o as f does not depend on A, and we can only have
[0, tp]g, which pushes the limit to ¢ + r + 2. On the other hand, [tp, u]p also sets
a limit, which as it turns out is g + r. For both there is also the limit g + r + 1 set by
D(r), which is more restrictive than the limit set for Q equations but less so than the
limit set for P, so this last one prevails. O

Theorem 3.5 Consider the IVP posed by the partitioned differential-algebraic system
of Eq. (1.2), together with consistent initial values and the Runge—Kutta method (2.6).
In addition to the hypotheses of Theorem 3.4, suppose that |R4(c0)| < 1 and g > 1
if Ra(co) = 1. Then, fort, — ty = nh < C, where C is a constant, the global error
satisfies:

gn — q(ty) = O(RMNPaTH) (3.21a)
Pn — plty) = O(R™™NP:20:97F7)) (3.21b)
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Om)  if —1<Ru(0) < 1,

on = hlty) = {O(hq_l) i Ra(oo) — 1. (3.21¢)

Proof Following the steps of [5], Theorem 5.2, for |[R4(c0)| < 1 and [R4(c0)| =1,
*n — A(t,) can be found to be of order O(h?) and O(h?~"!) respectively. As stated
there, the result for R 4 (00) = —1 can actually be improved to O(h?) by considering
a perturbed asymptotic expansion.

Now, we proceed as in [4], Theorem VI.7.5, applying (3.8)(3.6)(3.7) to two neigh-

bouring RK solutions, {c]n, Dns Xn] and [c}n, Dns Xn], with §; = 0, 0 = 0. Using the

notation Ax, = X, — X,, we can write:

Aguit = Agu + O (R Apall + "2 A )

At = TnAgy + TanAp, + O (K2 [ Ak

Adpt1 = Ra(00)Ady + O (1AGull + | Apull + A | AXAID)
where I1; , and Il , are the projectors defined in the statement of Theorem 3.3,
evaluated at gy, pn, An,and m = min(g — 1,r, p—¢q,p—r)for =1 < Ry(c0) < 1
orm =min(qg —2,r,p —q, p —r) for R4(co) = 1.

We can follow the same philosophy of [2], Lemma 4.5, and try to relate {Ag,,, A p,,
Alp} with {Aqo, Apo, Aro}. For this, we make use of the fact that I1; ,41 = I1; , +

O(h), (Hz’k)z = Ty and TTp 4 T1; x = O (these latter facts can be readily derived
from their definition).
This leads to:

[T Agust]| = [Maadga] + O (RIApl -+ "2 | A% )
[T2ns1Apast] = |20 Apa] +O (11 AG] +H"* A%

IRA(0) Akntill =R a0 [ANn]l + O (1AGH Il + A pall + k| Anll)

Thus, the error estimates become:

18all = C; (I1Agoll + A 1A poll + A" [ A%l )

14pall = Cp ([MioAgo] + [TT208po] + 5™+ [ A%oll)
18211 = € (IRa()I" 1840l + I Agol + 1 Apoll +h | Akol)

Proceeding as in [2] to use the Lady Windermere’s Fan construction and using
the results from Theorem 3.4 for §qp(tx), 6 pn (), and the results we derived for
SAp(ty), withm = min(g — 1,r,p —q,p —r) for —1 < Ra(co) < 1 as well as
m=min(qg —2,r, p—q, p—r) for R4(00) = 1, we find the global error by addition
of local errors, which gives the result we were looking for. O
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Position error

Lambda error
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Fig. 2 Relative error w.r.t. reference values obtained for 7 = 1e-4 for integrators of various orders. The
behaviour of the Lagrange multiplier A differs from the other variables, as predicted

Corollary 3.1 The global error for the Lobatto II1IA-B method applied to the IVP posed
by the partitioned differential-algebraic system of Eq. (1.2) is:

qn — q(ty) = O(H™NE=2)), (3.22a)
pn — p(ty) = O™ 2y, (3.22b)
_Jowm®) if seven,

Proof To prove this it suffices to substitute p = 2s — 2, ¢ = s, r = s — 2 and
R4(00) = (—1)*~! in Theorem 3.5. O

4 Numerical experiment: nonholonomic particle in an harmonic
potential

For the purposes of testing, we performed a series of simulations of a system with
the Lobatto IIIA-B family with 2, 3, 4 and 5 stages and different values of the step /.
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Simulations with 7 = 1e-4 were taken as ground truth and we produce log—log plots
of the error w.r.t. ground truth versus step to check the order.

The system in question is known as the nonholonomic particle in a harmonic poten-
tial, a classic academic example. Its equations are of the form of Eq. (1.3). We have
N=0xP,0=P=R3(x,y,2) €0 representing position, (py, py, p;) € P
representing canonical momenta, A € R, and Hamiltonian (energy) and constraint

_l 2 2 2 l 2 2
H(x, .2, pxo pys p2) = 5P+ py + p2) + 567 +57)
¢(x7y,Z,Px,Py,Pz)ZPz—)’Px

The initial condition chosen for the experiments is (1,0,0) € Q, (0,1,0) € P. As it
can be seen in Fig. 2, the numerical order obtained coincides with the expected one.

5 Conclusion

In this paper we have proposed a new numerical scheme for partitioned index 2 DAEs
proving its order. The method opens the possibility to construct high-order methods for
nonholonomic systems in a systematic way, preserving the nonholonomic constraints
exactly. So far, geometric methods to numerically integrate a given nonholonomic
system were constructed using discrete gradient techniques or modifications of varia-
tional integrators based on discrete versions of the Lagrange—d’ Alembert’s principle.
Integrators in the latter category, in which our method falls, tend to display a certain
amount of arbitrariness, particularly in the way constraints are discretized or imposed.
In most cases, with the exception of SPARK methods [7], the resulting methods are
limited to low order unless composition is applied, and without a general framework
for error analysis. However, our methods offer a clear and natural way to construct
them to arbitrary order. Further considerations about our construction, particularly
with respect to its interpretation will be left for [1].
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