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Abstract

This article proposes an implicit finite difference scheme for a two-dimensional
parabolic stochastic partial differential equation of Zakai type. The scheme is based
on a Milstein approximation to the stochastic integral and an alternating direction
implicit discretisation of the elliptic term. Mean-square stability and L,-convergence
of first order in time and second order in space are proven by Fourier analysis, in the
presence of Dirac initial data. Numerical tests confirm these findings empirically.

Keywords Stochastic partial differential equations - Milstein scheme - Stochastic
finite differences - Splitting schemes - Mean-square stability - L,-convergence

Mathematics Subject Classification 65T50 - 60H15 - 65N06 - 65N12
1 Introduction

The analysis and numerical computation of Zakai equations and other types of stochas-
tic partial differential equation (SPDE) have been extensively studied in recent years.
A general form of Zakai equation (see [1,17]) is given by
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du(t, x) = (E > W[aij(x)v(t,x)] —Zﬁ[bi(x)v(t,x)]) dt
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where M; = (M,l, el M;")’ is an m-dimensional standard Brownian motion, a is a
d x d matrix-valued function, b is a R?-valued function, and y = (via(x))isad xm
matrix-valued function. This Zakai equation arises from a nonlinear filtering problem:
given an m-dimensional observation process M and a d-dimensional signal process
Z, the goal is to estimate the conditional distribution of Z given M. If Z satisfies

t

t t
Zt = ZO +/ ,B(Zs) ds +/ U(Zs) st +/ V(Zs) dMs» (12)
0 0 0

where B is a d-dimensional standard Brownian motion independent of M, o is a
d x d-matrix valued function, and B is a R?-valued function, then under appropriate
conditions, the conditional distribution function of Z given M has a density v(t, -) €
LyRY = {f: fRd | £(x)|?dx < oo} almost surely (see Corollary 3.1 in [29]), and,
from Theorem 3.1 in [29], v satisfies (1.1) in a weak sense with

a=oco +yy', b=B8§. (1.3)

Moreover, the solution v to (1.1) can be interpreted as the density—if it exists—of
the limit empirical measure v; = limy_, oo N -1 ZIN=1 8, for
t

t

t t
Z :zo+/ ﬁ(z;)ds+/ a(z;)dB;.Jr/ y(Zh) dM;, (1.4)
0 0 0

where B’ and N are independent Brownian motions, independent of M, and the rest
as above.

There are two major approaches to the numerical approximation of the Zakai equa-
tion. One is by simulating the particle system (1.4) with Monte Carlo method, for
instance as in [10-12,17]. The other approach is to directly solve the Zakai SPDE by
spatial approximation methods and time stepping schemes, coupled again with Monte
Carlo sampling, which is the subject of this paper.

Within this second class of methods, several schemes were developed in earlier
works for different types of SPDEs, including finite differences [14,18-20], finite
elements [27,37], and stochastic Taylor schemes [24,25], but these were restricted to
types of SPDEs not including Zakai equations of the type (1.1).

More recently, methods have been developed and analysed for parabolic SPDEs of
the generic form

dv = Zvdt + G(v) dM;, (1.5)

where .7 is a second order elliptic differential operator, and G is a functional mapping
v onto a linear operator from martingales M into a suitable function space.

Under suitable regularity, for equations of type (1.5), mean-square convergence
of order 1/2 is shown for an Euler semi-discretisation in [30] for square-integrable
(not necessarily continuous), infinite-dimensional martingale drivers. In contrast, [3]
allows only for continuous martingales but prove convergence of higher order in space
and up to 1 in time, in L” and almost surely, for a Milstein scheme and spatial Galerkin
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approximation of sufficiently high order; this is extended to advection-diffusion equa-
tions with possibly discontinuous martingales in [2].

Giles and Reisinger [16] use an explicit Milstein finite difference approximation to
the solution of the following one-dimensional SPDE, a special case of (1.1) ford =1
and constant coefficients,

19%v
2 9x2

ad
dv = —u—vdt +
X

3
- dr — ﬁa—” dM,,  (t.x) e, T)xR, (1.6
X

where T > 0, M is a standard Brownian motion, and x and 0 < p < 1 are real-valued
parameters. This is extended in [35] to an approximation of (1.6) with an implicit
method on the basis of the o—0 time-stepping scheme, where the finite variation parts
of the double stochastic integral are taken implicit. This is further applied in [36] to
Multi-index Monte Carlo estimation of expectations of a functional of the solution.

A finite difference scheme for a filtered jump-diffusion process resulting in a
stochastic integro-differential equation is studied in [13], where convergence of order
1 in space and 1/2 in time, in L, and L, in space, is proven for an Euler time stepping
scheme.

The theoretical results in this paper are an extension from those in [16] to the
multi-dimensional case. They are more specific than those in [13] in that we analyse
only the case of constant coefficient local SPDEs. In contrast to [2,4], we consider
only finite-dimensional Brownian motions, as is relevant in our applications. But we
specifically include the case of Dirac initial data and extend the results to a practically
attractive, semi-implicit alternating direction implicit factorisation in the context of
the Milstein scheme.

We want to allow for Dirac initial data because they correspond to the natural
situation where all particles in (1.4) start from the same initial position, or a filtering
problem with known current state Zg in (1.2).

Specifically, we study first the two-dimensional stochastic partial differential equa-
tion

v v 1/d% v 3%
dv=—py—dr —py—dt + = — +2/Drpypry—— + — | dt
UE Thy G Ty +2(8x2+ pxpyp"’axay+ay2>
av av ,
- pxadM;‘—«/—pyade, (1.7)

forx,y €e R, 0 <t < T, where py, ty and 0 < py, py < 1, =1 < pyy < 1 are
real-valued parameters, subject to the Dirac initial data

v(0,x, y) = 8(x — x0) ® 8(y — yo), (1.8)

with xo and yg given. It is derived from the special case where the signal processes
Z = (X, Y) satisfies (1.2) with

_ | M _ | V1=« 0 _| VA 0
'3_|:My:|’ G_[ 0 \/1_:0}':|’ y_|:\/p_ypxy \/py(l_:"%y):|.
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A classical result states that, for a class of SPDEs including (1.7), with initial
condition in Lj, there exists a unique solution v € Ly(£2 x (0, T), .7, Lz(Rz)) (see
[28]). This does not include Dirac initial data (1.8), but in fact, the solution to (1.7)
and (1.8) can be found analytically, similar to the heat equation, by solving the SDE
(3.2) below (compared to an ODE in the case of the heat equation) in the Fourier space
and transforming back, which yields a smooth (in x and y) function

2 N\ 2
(xfxofufo\//TxMi) (y*yofuny\//TyM%)
eXPA\ 2(0=p)T B 2(0=p,)T

27/ = p)(L=py) T

v(T,x,y) = (1.9)

The availability of a closed-form solution in this case helps us check the validity of our
numerical scheme and its convergence rate, whereas the scheme itself is more widely
applicable.

For the SPDE (1.7), we consider both explicit and implicit Milstein schemes. We
study the mean-square stability, and the strong convergence of the second moment.
This can give us an error bound for the expected error. The advantage over the simpler
Euler scheme is that the strong convergence order is improved from 1/2 to 1. As
expected, we find that the explicit scheme is stable in the mean-square sense only
under a strong CFL-type condition on the timestep, k < Ch? for timestep k, mesh
size h, and a constant C, while the implicit scheme is mean-square stable under the
very mild and somewhat unusual CFL condition k < C|logh|~! (provided also some
constraints on py, Py, Pxy)-

We therefore focus on the implicit scheme, for which we prove first order conver-
gence in the timestep and second order in the spatial mesh size. The analysis is made
more difficult by the Dirac initial datum compared to, say, L, initial data. We adapt the
approach used in [7] for the heat equation by studying the convergence for different
wave number regions in Fourier space and then assemble the contributions to the error
by the inverse transform.

Furthermore, we use an Alternating Direction Implicit (ADI) scheme to approx-
imately factorise the discretisation matrix for the implicit elliptic part in (1.7). This
concept is well established for PDEs (see, e.g., [9,23,34]). It is well known that in
the multi-dimensional case standard implicit schemes result in sparse banded linear
systems, which cannot be solved by direct elimination in a computational cost which
scales linearly with the number of unknowns like in the one-dimensional, tridiagonal
case. An alternative to advanced iterative linear solvers such as multigrid methods is
to reduce the large sparse linear system approximately to a sequence of tridiagonal
linear systems, which are computationally easier to handle, by ADI factorisation. To
our knowledge, the present work is the first application of ADI to SPDEs. We show
that the ADI approximation is also mean-square stable under the same conditions as
the original implicit scheme and has the same convergence order.

We note that published analysis of ADI schemes for parabolic PDEs in the presence
of mixed spatial derivative terms is currently restricted to constant coefficients (through
the use of von Neumann stability analysis; see e.g. [39]). Notwithstanding this, the
empirical evidence overwhelmingly suggests that the conclusions drawn there extend
to most cases of variable coefficients.
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We give a natural extension of the proposed scheme to the SPDE (1.1). In that case,
additional iterated stochastic integrals (the Lévy area) appear in the Milstein approx-
imation. The efficient, accurate simulation has been studied in the context of SDEs in
[15,26] and invariably leads to relatively complicated schemes. As the computational
effort in the context of the SPDE (1.1) is dominated by the matrix computations from
the finite difference scheme, it is sufficient to perform a simple approximation of the
stochastic integrals tl+k(Wx — W;) dBy, for correlated Brownian motions W and B,
by simple Euler integration with step k2, without adversely affecting the convergence.

As a specific application, we approximate the equation

1 u Ju
u |:K1M =5y £10301,102,1 ox k101 —y) — & By

e, I ST P (1.10)
352 1p3p11,021y8 5t :

I/l
— —dW; — — dB;,
Pl,lﬁax : 51,02,18y(«/§u) s

taken from [21], with the scheme presented in this paper. Although our analysis (based
on Fourier transforms) does not directly apply in this case, the scheme preserves first
order convergence in time and second order convergence in space in our numerical
tests.

The sharp estimates we derive give a precise description of the error given Dirac
initial data. This is achieved by a Fourier analysis originating from Carter and Giles in
[7], where they estimated the error arising from explicit and implicit approximations
of the constant-coefficient 1-d convection—diffusion equation with Dirac initial data.

Moreover, the stability and error analysis in the constant coefficient case provide an
accurate description of the local behaviour at (¢, x) = (0, xo) in the variable coefficient
case.! This connection is established by “freezing” the coefficients at the point (0, xq)
in a more general SPDE of the form (1.7), such that we obtain

d 2

d
1 9 9
dvp(t, x) = (5 E aij(xo)axiaxjvo(t,x)—E bi(xo)a—xivo(t,X)> de
i=1

i j=I

m

-2 (Zw,z(m))%vo(hﬂ dm;. (L.11)

i=1 I=

It can be seen by elementary calculus that (1.11) in the case d = 2 can be brought in
the form (1.7) by a linear coordinate transformation, noting thata —yy " is symmetric
positive definite by (1.3). This reduction of a broader class of problems to a test
equation with a known solution is in the spirit of the well-established paradigm of
stability analysis for ODEs described in [22].

We give a numerical justification for this reduction in Sect. 6, by presenting numer-
ical tests for the SPDEs (1.10) and (1.11) to compare the error at (xg, yp) between

I Note that for simplicity the coefficients in (1.7) have no 7-dependence.
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the original SPDE and SPDE with frozen coefficients at (xg, yo). We find that the
behaviour is extremely close, especially for small time intervals, which confirms the
broader usefulness of the method.

Summarising, the novel contributions of this paper are as follows. We

e Give a rigorous stability and error analysis for a Milstein finite difference scheme
for the SPDE (1.7) in terms of L, in probability, pointwise as well as L, in space,
deriving sharp leading order error terms;

e Derive pointwise errors for Dirac initial data, which reveal a mild instability for
large implicit timesteps and small spatial mesh sizes in this case, not seen in
previous studies for L, data;

e Extend the analysis to an alternating direction implicit (ADI) factorisation, which,
to our knowledge, is the first application of an ADI scheme to stochastic PDEs;

e Propose a modification for the more general equation (1.1) through sub-simulation
of the Lévy area, which is empirically shown to be of first order.

The rest of this article is structured as follows. We define the approximation schemes
in Sect. 2. Then we analyse the mean-square stability and L,-convergence in Sects. 3
and 4 in the constant coefficient case of (1.7). Section 5 shows numerical experiments
confirming the above findings. Section 6 extends the scheme to variable coefficients
asin (1.1) and presents tests for the example (1.10). Section 7 offers conclusions and
directions for further research.

2 Approximation and main results
2.1 Semi-implicit Milstein finite difference scheme

First, we introduce the numerical scheme to the SPDE (1.7), repeated here for conve-
nience,

. a2 2 2
dv = —ng—ﬁ dr — ,u,}g—f dr + %(gﬁ +2 /,ox,oy,oxyaax—avy + g)—g) dr
- ng_sztx _\/:Oyg_;thy’

with Dirac initial v(0, x, y) = 6(x — x9) ® §(y — yo). We use a spatial grid with
uniform spacing hy, hy > 0, and, for T > 0 fixed, N time steps of size k =
T/N. Let Vl"] be the approximation to v(nk,ihy, jhy),n = 1,...,N,i,j € Z,
where iy := [xo/hx], jo := [yo/hy], the closest integers to xo/h, and yo/hy. We
approximate v (0, x, y) by

nSl, i=do j = o o

VO =hT'h8G, i =
bJ x By OG0, jo) 0, otherwise.

To improve the accuracy of the approximation of v in the present case of Dirac
initial data, we subsequently choose &, and &y such that xo/h, and yo/h, are integers
and therefore xo and yg are on the grid.
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Extending the implicit Euler scheme in [35] for the 1-d case, it is natural to take
the drift term

v 8v+1 9%v %v 9%
Mgy Ty T2

I N v o S I
dx2 + 2V PrPyPry xdy + dy?

implicit, and the terms driven by M~ and MY explicit. We will prove later that in
this way we obtain better stability (compare Proposition 3.2 to Theorem 3.1). For
computational simplicity, in the following, we take the mixed derivative term therein
explicit. This is also in preparation for the ADI splitting schemes we will study later.

Using such a semi-implicit Euler scheme, the SPDE (1.7) can be approximated by

Ik 1 My 1 k 1 k 1
yrtl —yn _ 2o p oyrtl 2 p oyt D, V' 4+ —p, vt
2hy " 2hy * 2n2 * 2p2
k N oxkZy x vV ,OVan y
W ,——D V' ———pD V"' Y — =D V"
+ /PxPyPxy 4hxhy Xy 2, X 2h, y
where
(DxV)ij = Vit1,j — Vi-1,j» (DyV)ij = Vij+1 — Vij-1,

(DyxV)ij = Vig1,j —2Vij + Vi, (DyyV)ij=Vijo1 =2V j + Vi j1,
DxyV)ij = Vigr,j+1 — Vi1 j+1 = Vigr,j—1 + Vie1j—1,

and Z}, =pwyZy +,/1— ,o%vZ,{, with Z;, Z;) ~ N(0, 1) being independent normal
random variables. To achieve a higher order of convergence, we introduce the Milstein
scheme. Integrating (1.7) over the time interval [nk, (n 4+ 1)k],

nk+k v v

v(nk+k,x,y)=v(nk,x,y)+/r;k (_“"5_’”5
19% v 10%

~ T A 7_ - A d

+28x2+vpxpypx)8x8y+28y2> g

nk+k

av
- o — dMZF —
nk Px ox g

nk+k v y
/py— dM; .
Py 3y B

In the Euler scheme, we approximate all integrands by their value at time nk or
(n+ D)k, which is a zero-order expansion in time. By contrast, in the Milstein scheme,
we use a first-order expansion for the stochastic integrals, such that we approximate
v(s, x,y) ® v(nk, x, y) for nk <s < (n + 1)k in the first integral and

v
v(s, x,y) ~ v(nk,x,y) — «/pxa(nk,x, (M — M)

av y v
_«//Oya(”k’ x, ) (M — M)
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in the second and third. We denote nk as ¢, and it follows

t+k v t+k v
_/ \/px_(sv)my)dM;(_v/‘ \/Py_(sax’y)dMg
t dx t dy

ov ov
~— pxa(t,x, VAM; — ,/_pyg(t,x, V)VAM;,

aZv t+k
—iw%@(l,x,ﬁ/t (Mg — M7) dM;

821) t+k y y y 821)
ot [ OR = M) AMY + o)

14k 1+k q
(f (M} —M;‘)dM3+f (M?—M?)dM;‘),
t t

where

AMY = MY — MF =VkZ!, AM; =M, — M =VkZ;,.

From standard It6 calculus, we have
t+k 1
f (MF — M¥)dM? = E((AM,’;)Z — k),
t
t+k X i ! 1 5
| on - am = 3(amy? k)
t
t+k X t+k !
/ (MY — M) dMy +/ (M — M) dM = AMFAM;) — pyyk.
' '

We see that the mixed-derivative terms cancel, and we derive the implicit Milstein
scheme as follows,

k k k k
(1 +5%p, + 25, Dyr — —Dyy> yntl

20, 2hy 0 202 203
/ pxk Zn,x D pyk Zn,y D pxk(zyzl,x - 1) D2
_(;_ Y o 4+ Pl gy 2.2)
2h, 2hy 8hy
Pk Ziy = V) s PPk ZnZny o\
a2 D 4hyhy Y

To facilitate its implementation, we combine the scheme with an Alternating Direc-
tion Implicit (ADI) factorisation, which has been introduced in [34] for parabolic PDEs
to approximately factorise the system matrix by matrices which correspond to deriva-
tives in individual directions and which can thus more easily be inverted, while the
consistency order is maintained. Applying this principle to the implicit terms on the
left-hand side of (2.2),
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Uik myk k k
I D+ 2Dy — == Dy — =Dy, |V
( TR TR Te R 2h2

ik k yk k
=(1+==D,——D I+22D,— —Dy |V
( +2hx t2n2 ”)( +2hy Yoo
Hx 1 Hy 1
— K2 Dy — —D =2 p,——D,, V.
<2hx Y 2n2 x")(zhy Yoo ”)

Since the second term on right-hand side proportional to k is of higher order than
the overall scheme (which is of first order), it is justifiable in terms of the consistency
order to neglect it. This yields the ADI scheme as follows,

Uk k vk k el
I+—-D,——D I+2D,——D, |V
( +2hx t2n2 “)( +2hy ooon Y

_ <I . N oxkZy x D. — pykzn,yD ,Oxk(Z;,,x -1 D2
= X

y 2.3)
2h, Zhy Y 8/1)% x
pyk(Z,zl,y =D 5 SPxPykZn s Zny n
+ Dyy | V™.
83 Y Ahchy

Note that there is no substantial benefit in second order accurate splitting schemes
(such as Craig—Sneyd [9] or Hundsdorfer—Verwer [23]) as the overall order is limited
to 1 by the Milstein approximation to the stochastic integral.

We approximate the second derivative on the right-hand side with D)% and D%, but
the results for Dy, and Dy, would be similar.

We can also use the explicit Milstein finite difference scheme to approximate the
SPDE (1.7)

n+l _ . Mxk + / xkZy _ Hyk + ./ oykZy y L L
vit=1\1 Dy Dy + = Dix + =5 Dyy
2hy 2hy ’ Zh% 2/’1;
pek(Z2 = 1) D4 oyk(Zy = 1) 2 SPPykZy Zy y oy
2 X 2 y Xy s
8hz Shy 4hyhy
2.4

but, as we will see, this scheme is stable only under a restrictive condition on the
timestep.

2.2 Main convergence results
The following theorems describe the mean-square stability and convergence of the

implicit finite difference scheme (2.2) and the ADI scheme (2.3). We make the fol-
lowing assumption:

Assumption 2.1 Let0 < py, py < 1, —1 < py, < 1 such that
207(1+2|pxy)) < 1, (2.5a)
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205(1 +2lpey ) < 1, (2.5b)
20:0yBp3y + 200l + 1) < 1. (2.5¢)

In Sect. 3 we show that Assumption 2.1 is a sufficient condition for stability of the
schemes (2.2) and (2.3).2 If Pxy = 0, these conditions reduce to 2,0)% < land 2,05 <1,
which is analogous to the condition for mean-square stability in the 1-dimensional case
in [35]. In the worst case, |pxy| = 1, sufficient conditions are py, py < 1 /\/6, and
pxpy < 1/12.

First, we recall the setting of our numerical schemes. For T > 0 fixed, we discretise
[0, T]by N steps, and let k = T /N be the timestep. We discretise space R? with mesh
sizes hy and h.

The following theorem shows the convergence of the implicit Milstein difference
scheme (2.2). The constant 6 € (0, 1) therein is determined by the parameters p,, py
and pyy. The proof of Lemma 4.5 gives an explicit value; though not sharp, this is
sufficient to highlight the divergence for A, hy, — 0 when £ is fixed.

Theorem2.1 LetT > 0,k =T/N, hy > 0and hy > 0 be mesh sizes. Then, under
Assumption 2.1, there exists 0 € (0, 1), independent of hy, hy and k, such that the
implicit Milstein finite difference scheme (2.2) has the error expansion

VN —o(T, xi, yj) = k E\(T, xi, yj) + hi Ex(T, xi, yj)
+ 13 E3(T, xi, y)) + 0" h? Ea(T, xi, y))

_ 2.6)
+0Nh? Es(T, xi, y))
2 12 gN. -2 oNj—2
+o(k, hy, hy, 0" h. ", 0 hy )R(T, xi, y;),
where x; = ihy, yj = jhy, E1, ..., Es5, and R are random variables with bounded
first and second moments, all independent of hy, hy and k.
Proof See Sect. 4. O
Remark 2.1 In the setting of Theorem 2.1 with h= min{hy, hy}, if
ot <2 Co B,
for some B, Co > 0 independent of Ay, i, and k, or, equivalently,
T log, (07!
207 ) @7

k < =,
Co+ (4 + B)logy(h—1)

then the implicit Milstein scheme (2.2) has the error expansion

2 We do not believe it to be necessary, due to estimates made in the derivation and as evidenced by numerical
tests.
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VN = u(T xiy)) = k Ex(T xi, y)) + b3 Ex(T. xi, y))
+h2 E3(T. xi, y)) + o(k,. h2, h2) R(T, x;. y).

Corollary 2.1 Under the conditions of Theorem 2.1 and Remark 2.1, the error of the
implicit Milstein scheme (2.2) at time T satisfies, for alli, j € Z,

\/E[Wl.{Y/. — (T, iy, jhy) 2] = O(2) + O(h2) + O ). (2.8)

For the ADI discretisation scheme (2.3), a similar convergence result holds.
Theorem 2.2 Under the conditions of Remark 2.1, the error of the ADI scheme (2.3)

has the same order as for the implicit Milstein scheme,
VIA; — (T, xi,y;) = k EX(T, xi, y;) + h? Eo(T, xi, y;)
+h3 E3(T, x;. ) + olk. hy. h3) R(T . xi. ;).

s My

where E1, E», E3 and R are random variables with bounded first and second moments.
Proof See Sect. 4. O

Theorems 2.1 and 2.2 state the convergence pointwise in space and L in probability.
The discrete L, error in space and (continuous) in probability is defined as

2
E[ ‘\/Z [V, = o it jhy)[ iy }
i

= SB[V = o, i, jiy) ey, 2.9)
i

where the term within the outer | - | is the discrete spatial L, norm. Applying Parseval’s
theorem to (2.9), we get:

Corollary 2.2 Under the conditions of Theorem 2.1, the discrete Ly error in space
and Ly in probability of the implicit Milstein scheme (2.2) at time T, defined in (2.9),
satisfies,

SUE[IVY = o ih, jhy)[ iy
i

—1/2

=0+ 02+ 0W) + 0O n; ' ny '), (2.10)

If the initial condition lies in Lo, then

ZEUVI{VJ. — (T, ih,, jhy)|2]hxhy — 0(h2) + O(h2) + O(h).
i

Proof See Sect. 4. O
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3 Fourier analysis of mean-square stability

Recall the SPDE (1.7),
dv v 1 /8% v 9%
dv=|—-pyr— —py—+ | — + 2./ — 4+ — ) |dr
v [ Mgy My8y+2<8x2+ pxpypxy8x8y+8y2):|

av
—A/ Px

ov
—dM; — /oy, —dM;. 3.1
0x ! Py ay ! G-1)

Define the Fourier transform pair
o o0 ) .
v(t,§,n) = / / v(t, x, y)e 5T dx dy,
—00 J—00
1 00 00 . )
vixn = oo [ S me T ggan,
472 ) o )0

The Fourier transform of (3.1) yields

= (s i3 BT ) d M e )
(3.2)
subject to the initial data T(0) = e *0~1"0_ For the remainder of the analysis, we
take p, = wuy = 0. This does not alter the results (see Remark 2.3 in [35] for the 1d
case).
The solution to (3.2) is . .
T(t) = X (t)e Exo—inyo, (3.3)

where
1 1
X (1) = exp ( = (U= P&t = S (1= )t —i6/px M — iwp—ny) (3.4)

From this we see that IE[|X (t)|2] goes to zero exponentially as 1 — oo, as well
as E[[lo(t, -, -)||%2] and, by isometry, E[[lv(z, -, -)||%2]. The latter holds not only for
Dirac initial data, but also for initial data in L. We therefore say that v = 0 is a
mean-square stable equilibrium solution.

For the numerical solution, we can use a discrete-continuous Fourier decomposition
(note that we approximate v(nk, ihy, jhy) by Vl” j)

1 T T ~ o . .
VO / f PO, vyel (Gt G=jow) g, gy
B An2hohy ) _p ) g ’ ’

where iy = xo/hy, jo = yo/hy, and

o0 [e'e) )
Vo, vy =hehy 33 w0 el (Cimion=Gjom),

i=—00 j=—00
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Stability and error analysis of an implicit Milstein... 999

From (2.1), V; = h'hy '8, jo), we have VO(u,v) = 1 for all (u,v) € R?.
Similarly for n- th tlme step,

1 B i(Gi—io)ut(i—joyv)
V=1 V™ (u, v)e OuTI=IOV) dy dw
’ 4°h hv S

3.5
4 2/ / Vn(g n)e ((l —i0)Ehx+(j— ]O)Wh )dg dn
T

In the last step, we integrate by substitution, § = u/hy, n=v/hy.
By analogy with the theoretical solution v(r) = X (r)v(0), we make the ansatz

V() = X (6, MVOE, ), (3.6)

but as Vo(s, n) = 1 we simply have yn (&,n) = X,(&,n). Wecanregard X, (€, n)
as the numerical approximation to X (nk) in (3.4).

We say that the equilibrium solution zero of the scheme is asymptotically mean-
square stable, provided for any (§, ) € [—m/hy, w/hy] X [=7/hy, 7/hy],

lim E[1X,¢ ] =0. 3.7)

This concept has been defined in the context of systems of SDEs in Definition 2.2,
3., in [5], and we apply it here to a fixed wave number in the Fourier domain. A
generalisation to SPDEs is analysed in [31] (see Definition 2.1 therein). We will show
convergence in L, (for fixed 7T') directly under the same conditions; see [35] for mean-
square stability and convergence of a 1-d parabolic SPDE. If (3.7) holds without any
restriction between h,, hy and k, we call it unconditionally stable. This leads to three
conditions summarised in Assumption 2.1, as shown by the following.

Theorem 3.1 The implicit Milstein finite difference scheme (2.2) is unconditionally
stable in the mean-square sense of (3.7) provided Assumption 2.1 holds.

Proof By inserting (3.5) and (3.6) in (2.2), we have

Xnr1(6,m) = pxkzn,x — iCy ,oyan’y

1
_— (1 — 1cy
I — (ax +ay)k

+bepxk(Zy = 1)+ bypyk(Zy = 1) (3.8)

+d, /)Ox,()ykzn,xin,y>xn(§v m,

where
2sin? gg sin® £h, sin &hy sin&h, sinnh,
“ETTE o T YT ST,
X X X Xty
(3.9a)
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1000 C.Reisinger, Z. Wang

2sin? 2 sin? nh sin nh
2 y y
= b= =y (G-90)
y y

Given the time-homogeneity of (3.8) and noting that the bracketed term in (3.8)
and X, are independent, IEIXn+1|2 /IEan|2 is independent of n. Hence, to ensure
mean-square stability, it is necessary and sufficient that for any (&, ) we have

2

R 1- iCXV ,Oxk Zn,x - iCy\/ ,Oyk Zn,y + bxpxk(zix - 1) + bypyk(zs,y -+ d«/pxpy k Zn,xzn.y
1 —k(ax + ay)

< 1.

This is equivalent to

~ ~ 2
E |:(1 + bx,oxk(zg,x -1+ bypyk(z,%,y -D+dy /)xpykzn,xzn,y)

~ 2
+ (ecd/0kZu + ey o5k 70y ) } (3.10)

< (l — k(a, + ay))2 .

Note that Z = pyyZ + /1 — p2, Z3, with Z}', Z ~ N(0, 1) being independent
normal random variables, hence

B[22, 22,) = 1420}, E[ZusZay] = por. ElZ0.Z0y] = E[Z0nZ,] = 30y

n,x%n,y

and

~ ~ 2
E [(1 +bupik(ZE = D)+ bypyk(Z2 = )+ d Bk Zac Zoy ) ]

=1+ b2 E[(Z2, — 1] + B2p2k* E[(Z2, — 1] + d®pupyk* B[22, Z2 ]
+2bypek B[22 — 1]+ 2bypyk B[ Z2 | — 1]+ 2d /px pyk B[ Zy 5 Zn y ]
+2bebypepy k> E[(Z7  — D)(Z7 , — D]+ 2bed pe /P pyk” E[(Z3 , = V) Znx Zny]
+ 2byd py /PPy k> E[(Z2  — D ZnxZny]

= 14267 prk® + 265 p3k* + d* py py (1 + 207 K> + 2d /B3 Py pryk + 4biby pr pypi K

+ 4bd px/Px Py Pxyk* + 4byd py /P Py Py K

~ 2
and E [(cx«/,oka,,,x +cy ,oykZ,,,y) ] = c)%pxk + c?,oyk + 2¢xCy . /Px Py Pxyk.
Note that cxcy +d = 0, 4b,by = d?, and

h hy h
b, = cos? STxax, by = cos? nT)ay, c)zc = —2cos? ETxax,
h h
2 = —2cos? n—ya , d* = 4cos? % cos> n—ya Ay.
y y 2 2 XHy
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Stability and error analysis of an implicit Milstein... 1001

Therefore
~ ~ 2
ER1+mmk@if—D+bm¢aﬁy—n+d¢mz%away)

~ 2
+<Cx\/ )Oxkzn,x +cy pykzn,y) i|
g

h
a2p?k® + 2 cos* n—ya§p§k2

=142
+ 2cos 3

hy
+ 4 cos? sz cos? n—px,oy(l + Z‘ﬁ,o)%y)axayk2

2
2 §hx nh
+ 4d /P Py prxyk? ( cos? 5P + cos’ Tyay,o})

h h
— 2cos? STxax,oxk — 2cos? nTyay,oyk

h h
<1+2cos? é—xa)%,ozk2 +2cos* u612,/()2k2

hy
+ 4 cos? sz cos’ 77T,ox,oy(l + 3,0)%y)axayk2
h

2 Ehx U 2
+ 4] pyy [k ( cos? 5P + cos? T)aypy)
h hy
— 2 cos? ngax,oxk — 2 cos? nT}ay,oyk
< 142071+ 2lpeyDazk® + 203 (1 + 2 iy Dayk?
+4p.py(Bp35y + 2loxy| + Dacayk®
h hy
— 2cos? E—xax,oxk — 2cos? n—}ay,oyk,
2 2
and (1 — k(ax +ay))” = 1 +k2a2 — 2kay, + k2a2 — 2kay + 2k>ayay.
One sufficient condition for (3.10) to hold is
h
2,03(1 + 2|,oxy|)a)%k2 — 2 cos? sTxax,oxk < kza)% — 2kay,

2k2

h7
2,03(1 + 2[pxyDayk” — 2 cos® UT)ay,oyk <k? f — 2kay,

4pxpy(3pry + 2lpxy| + Darayk® < 2k%azay.
Replacing ay, ay with their expressions in (3.9), the above is equivalent to

k Ehy Ehy
h2<2px(1+2|,oxy|)— )ssz—i— Py CO sz—<1,

k ., nh nh
@(2,03(1 +2|pxyl) — 1) sin? Ty + oy cos’ Ty <1,
200y (3p3, +2lpryl + 1) < 1.
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1002 C.Reisinger, Z. Wang

A sufficient condition for this is that px, oy, pxy satisfy (2.5). O

Now we prove the stability of the ADI scheme.

Proposition 3.1 Under Assumption 2.1, mean-square stability (3.7) also holds for the
ADI scheme (2.3).

Proof By insertion in (2.3), we have

1 . , ~
Xpr16,n) = (1 —a k(1 — (lyk) (1 — ICx pxkzn,x —1¢y onkzn,y
+bepek(Z) = 1) + bypyk(Z2 , — 1) (3.11)

+ d,/,()xpykzn,xzn,y)xn (év 77)

As in the proof of Theorem 3.1, we need E|X,,.1|?/E|X,|> < 1 to achieve stability.
Since |1 — (ax +ay)k| < [(1 —ack)(1 —ayk)| for a,, a, < 0, the stability also holds
for the ADI scheme. O

Proposition 3.2 The explicit Milstein (finite difference) scheme (2.4) is stable in the
mean-square sense provided

k

2 2 2\—1
7 < (24205 + 200y + (30x + oy + 405 + 40xpy) o2yl + 6p20y05,)

(3.12a)
2 2 2\~
< (24205 +20:0y + (0x + 30y + 405 + 4pxpy) loxy| + 6p20y05,) -
(3.12b)

S0l =

Proof By insertion in (2.4), we have

Xop1(E,n) = (1 + (ax + ayk — ice/pxkZy  — icy\/pykZn,y + bypik(Z2, — 1)
+bypyk(Zy , = 1) + d«/—pxpykzn,le,&xn(s, ).

(3.13)
To ensure mean-square stability in this case, similar to before, we need

E[‘l + (ax + apk — icoy/ ek Zn x — iCyy/Dyk Zny + bxpxk(Z2 = 1)

- ~ 2
+bypyk(Zy , — 1) +d«/pxpyan,xZn,y‘ ] <1
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Stability and error analysis of an implicit Milstein... 1003

For simplicity,

IE[ ‘1 + (ax + ayk —icey/pekZn x — icyy/pykZny + bepsk(Z] , — 1)
~ 2
by pyk(Z2y = 1)+ d 5ok Zn Zay ||
=1+ (agk® + 2ack + 2b7 07k> + ¢3 pxk) + (ayk* + 2ayk + 207 3k + 5 pyk)
+ (2acayk® + pepy(1 + 3p7,)d*k?)
+2d(ay + 2b, px + ay + 2bypy) \/Px Py Pryk?

k k
<1- 4h—2u2(1 — (1 —u?) — h—2u2(1 + 2,05))

X X
k
_4h—2v ( — py(1 =% — hy” (1+2,0y))
+8 k2 202 (14 20xpy(1 +3p2,) ) + 8| (5 PRI
h%h;u v Px Py Py Pxy ” Px h%v Py
x (h2 204200 + 014 2p,)

y

<1—ak i (l—uz)—£u2(2+2 242
= 02 Px n2 Px Px Py

X X

+ (3px + py + 407 + 4pxpy) pay| + 6pxpyp§y)]

k
4ty [1 — py(1 = %) —

i v2<2 +202 4 2050y + (0x + 3py + 402

2
hy
+ 4Px:0y) loxyl + 6:0x:0y,0)%y>]

<1, forallO <u,v < 1.

This leads to the two sufficient conditions in (3.12). O

It follows that if pyy, = 0, the stability conditions are

| =

< (24207 +2p:py) ",

|>V‘><:t.\z

< (24205 +2pcpy)

=
=N

So it is sufficient that k/h2 < 1/6, and k/h? < 1/6.1f | pyy| = 1, the worst case in
(3.12), the stability conditions are
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1004 C.Reisinger, Z. Wang

k

2 -1
w < (243px + py +6p; + 12pxpy) ",

=~

72 S @4 o+ 3py + 605 + 12p:py) 7"
y

So it is sufficient to ensure k/h2 < 1/24, and k/h? < 1/24.

4 Fourier analysis of L,-convergence

Extending the analysis in [7] for the standard 1-d (deterministic) heat equation to our
2-d SPDE, we compare the numerical solution to the exact solution in Fourier space
first by splitting the Fourier domain into two wave number regions. Assume p is a
constant satisfying 0 < p < %. Then we define the low wave number region by

Qiow = {(E, ) 1 1§] < min{hy >", k~7} and |n| < min{h ", k=P,
and the high wave number region by
Phigh = : in{h, ", k=P
high = {(€, ) : 1§ > min{h ™", kP or [n]
> min{hy >, kPYN [—why ' wh T x [=hy .

Note that both X,, and X (nk) are functions of £ and 5. The idea of the convergence
proof is that X, is a good approximation to X (nk) in the low wave region, and they
both damp exponentially in the high wave region.

Lemma 4.1 For (&, n) € 2oy, we have

Xy = X(T) = X(T) - (BAE + 1] o) +k f3(6. )

ok, B2 3) - @(T, ik, hym) ),

where f1(§), f2(n), f3(6,n), (T, hy&, hyn) are random variables such that after
multiplication by X (T), the integral over $2,,, has bounded first and second moments
independent of N.

Proof See Sect. 4.1. O

Lemma 4.2 Under Assumption 2.1, there exists C > 0 independent of hy, hy, and k,
such that

2
} < Ch;*0"N + Ch20",

IEH// X(T. &, n) — Xn(& 1) dédn
thgh

where 0 < 0 < 1 is independent of hy, hy, and k.
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Stability and error analysis of an implicit Milstein... 1005

Proof See Sect. 4.2. O

The following proof of Theorem 2.1 now deduces mean square convergence of the
implicit finite difference scheme (2.2).

Proof of Theorem 2.1 By Lemma 4.1 and Lemma 4.2, the inverse Fourier transform
gives

VY = (T, ihy, jhy)

= [ o= xaele e g gy + o)
42 £10wUShigh

=k E\(T, xi, yj) + hy Eo(T, xi, y;) + 3 Ex(T, xi, ;) + 0V b * Ea(T, xi, yj)
+0Nh 7 Es(T, xi, yj) + ok, b3, 1y, 082 0N ) R(T, xi, ),

s Hxo fhy»
where x; = ihy, y; = jhy, E1, ..., Es, and R are random variables with bounded
first and second moments, N = T /k, and 0 < 6 < 1 is independent of Ay, i, and k.

O

Next we give a proof of Corollary 2.2, the L, convergence in space and probability
of the implicit finite difference scheme (2.2).

Proof of Corollary 2.2 We apply Parseval’s theorem to Vx —u(T,ihy, jhy) and its
Fourier transform. It follows

N . . 2
3 )VM — (T, iy, jhy)| hyhy
i

= [[ B e mPIXT £ = X P de dn + O + 0.

In Lemma 4.1, we have proved | X(T,&,n) — Xn (&, n)| = X(T)(l + O(h%) +
O(hi) + O(k)) for (£, n) in the low wave region. In Lemma 4.2, we have proved

IX(T,€,1m) — XnE, n)* < CON, for some C > 0and 6 € (0, 1), (£, n) in the high
wave region.
As for Dirac initial datum, |v(0, &, n)| = 1, we have

/ X(T. £, — Xy (& I de dn
=f/ |X(T,s,n)—XN(s,n>|2dsdn+ff IX(T, &, 1) — Xy (&, mI*dE dn
Qiow Chigh

= 0(h3) + 0(h3) + O(k) + O(h; 'hy o).

For initial data in Ly, [ [9(0, &, n)|* d& dn < oo, and therefore
//Q 50, £, MEIX(T, &, 1) — X (& P dg dn = o(") forany r > 0,
high
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1006 C.Reisinger, Z. Wang

and consequently

J[1x e - xue P asan = 002) + 06 + 0G0,

4.1 Low wave number region (proof of Lemma 4.1)

For the low wave region, we consider the case where both &, n are small. It follows
from (3.4) that the exact solution of X (#,41) given X (¢,) is

1 1 . . ~
X (ta41) = X (ty) exp (—5(1—px>szk—§(1—py)n2k—1s OxkZpy x—in pykzn,y),

x X — y Yy — = o
where M} | —M; = VkZ, . M, —M, = \/%Zn’y are the Brownian increments.

Now we consider X,,, the numerical approximation of X (nk). Let
Xn+1 - Cn X ns

where

1 1 . . =
C, =exp ( - 5(1 - px)§2k - 5(1 - /Oy)ﬂzk —1Ey/ pxkZpy x — 114/ pyan,y + en>,
4.1
and ¢, is the logarithmic error between the numerical solution and the exact solution
introduced during [nk, (n + 1)k]. Aggregating over N time steps, atty = kN =T,
N-1
Xy = X(T)exp < Z e,,>, 4.2)

n=0

where
1 2 1 2
X(T) =exp| — E(l —px)§°T — 5(1 — T
N—1 N—-1
_lgm Z Zn.x —1iny/ pyk Z Zn,y>
n=0 n=0

is the exact solution at time 7.
From (4.1), we have

1 1 . . ~
e, =logCp, + 5(1 - ,Ox)Ezk + 5(1 - py)nzk + lé\/ pkan,x +1n pyan,ys
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Stability and error analysis of an implicit Milstein... 1007

hence
N—-1 N— N—1
Z log Cy + (1—px>s T+ (l—py)n T +i&y/pek Y Znx
n=0 n=0 n=0

N—1
+iny/ pyk Z Zn.y
n=0
From (3.8), C,, has the form

I —icxs/pxkZn x — iCy\/ pykzn,y + hxpxk(z;?,»x -+ byp\k(z;% y -+ d«/pxpykzn,xzn,y
I —(ax +ay)k ’

Cy, =

where

£2 sin? g2 LE

2 4

=-3. = o
R 7 Tl T ORE®).

(T
2 i My

n- o sSmT -y 2 4.6

=1 _ Ly, ny
ay 2 2+24}+0( ),

2 102 2 4
P R L U S S "I+ O(hE°).

2 e 2T
2 2 2
n- sin® nhy n n 2 4 6
by=—— ——2 =L 4 T 24 0h
YT T 2 Ty T O,
sin&hy €3
L=k =&~ o+ OmE),
Ehy
sinnhy _ 2 4.5
=n- = ——h O(h ,
Cy n nhy 6 y+ (yn)
in &, sin nh
d=—$n~sm€ x Sinnhy,
thnhy

Note that cxcy +d = 0, by + 2 2 =0,by+ 2c = 0, then one can derive by
Taylor expansion (by lengthy, but elementary calculations),

10g Cyy = —icoy/ 02k Zn x — icy/DykZn.y
1
+ (ax +ay — bypx — bypy)k + (bx + EC)%) ,oka,f’x

1 ~ ~
+ (by + §C§> pykZiy + (excy +d)/oxpykZy x Zy,y

+ O((E] + 1nD*kvK) - i91(Znxs Zn,y)
+ O((E] + 1nD*K2) - 92(Zn v, Zny) + o((E] + InD*?)
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1008 C.Reisinger, Z. Wang

= —icxv/ pxkZpx — iCy\/ pykzn,y + (ax +ay — bypx — bypy)k
+ O((&1 + n*kVk) i1 (Zu . Zn,y) + O((E] + 1) *&)
$2(Zn.x» Zn.y) + o((1E] + [n)*K?),
where ¢1 (-, -) is an odd and ¢» (-, -) an even degree polynomial. Therefore
N-1 N-1

1 1
Z e, = Z log Cy + = (1 — p)E*T + (1 — py)n°T
n=0 n=0 2 2

N—1 N—1
+iEV/pxk Y Znw +iny/pyk Y Zn,y
n=0 n=0

N-1 N—-1
=i(§ — Cx)y/ pxk Z Znx + i(n — Cy)\/ pyk Z 2rz,y
n=0 n=0

11— 1—py
+ (ax +ay — by px _bypy + ngz + by '72)7

2 2
N-—1
+ O+ D> ,v) 1Y ¢1(Znxs Zny)
n=0
N—1 N
+ O(UE1+ ID*3) - Y $2(Zuxs Zny) + o((E] + k).
n=0
so we have
= L—px o 1=py,
exp Z e | = exp((ax +ay — bypx —bypy + 3 £+ 5 n )T)
n=0

N—1 N—-1 -

: eXP<i(§ — cx)v/ pck Z Znx +1(n — cy)y/ pyk Z Zn,y
n=0 n=0

N—-1 N
+ O(UEl+ ’kVE) 1Y 1(Zn s Zny)
n=0

N—-1 N

+ O+ 1D, - Y $2(Znxs Zny) + o((1E] + |n|)4k)).
n=0

Here

1—p 1—p
exp <<ax+ay—bxpx_bypy+ . Te2 4 . “Vnz)T>
& n*

= 1 22 WY1 = 4p0T + k(1= 4p)T + OEhY) + On°hY),
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and
N-1 N—
eXP<1(§—Cx)v,0x Zznx"‘l('?_cy) pyk Z
n=0 n=0
N-1
O (gl + I*kvVE) -1 Y $1(Znx Zn y)
n=0

N—-1
O(UEl+ ID*E*) - Y $2(Zn v, 'Zn,y)>

n=0

= 1+i(€ — c)V/pek Z Zux +101 = ¢))y/pyk Z Zn.y

n=0

1 — 2
- z(%_ - Cx)szk( Z Zn,x)

N—
1
—§<n—cy)2py (} Zny) + O (gl + 1) kvE) - §: Zonxs Zn.y)
=0 n=0

N-1

O+ 1MD*,?) - Y $2(Znxs Zny) + o((IE] + 11D k).

where 551(-, -) is a polynomial function with odd degree, and 552(-, -) are with even
degree, and

E{ X(T) Z$1 (Zn,x, 2n})i| = O(k_%) eXp 5 + 772 + zén«/pxpypxy)T>v

l\)|'d [\)|>—

(&% +n* + 2E0./Dx pypuy) T )

= O(k_l)exp

2
E|X(T) Z¢1(Zn,Xa Zn,y) E + 77 + 260./0x Py Pxy T>,
n

= 0k ?)exp

E|X(T)) " ¢2(Zn.s. Z,y)} = 0<k1>exp(

2
E|X(T) Y 62(Zux: Zn.y) — (€7 + 0" + 260/PiPy Py T).
n

Hence we have in the low wave number region,
N-1

Xy — X(T) = X(T) - (exp ( 3 e,,) _ 1)

n=0

i 1
= X(T) - {gx/—pxéhiM% + 5 (= 4p& HIT
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1010 C.Reisinger, Z. Wang

i ~ 1
+ 6«/—pyn3h_%M; + g (L= 4o T + 0((E1 + I kk)

N-1 N—-1
AN 1 Znxs Zny) + O((E1 + D) - D $2(Zax, Zny)
n=0 n=0

+o(k, h3. h3) - go(T,hxs,hym},

where ¢(T, h,&, hyn) is a random variable with bounded moments.

Remark 4.1 We can derive the exact leading order term by taking the inverse Fourier
transform. For instance, the leading order error in Ay is

1 33 94
(—gm ey —vu(T,x, y>+_(1_4,0x)T Ju(T, x, y))

and similar for A (replacing ‘x’ by ‘y’); the leading order error in k can be found by
the same technique but is significantly lengthier and hence omitted.

4.2 High wave number region (proof of Lemma 4.2)

Now we consider the case when either £ or 5 is large.
First we calculate the upper bound of E[|Xy (£, n)|2]. To simplify the proof, we

take hy = hy = h, and the case where h, # hy is similar. Write A = ;—2 .

Lemma 4.3 For (£, 1) ¢ Qiow,

A sin S +sin? ) 4 22(sin? z,fh +sin2 )2\ N
E[|XN(s,n)|2]§|Xo|2<l—4/3 (sin 2) T P 2)) :
(1 +2)L(sin2 % + sin? %))

where

B =min{l - pe, 1= py, 1 =2p7(1 + 2oy ), 1 =205 (1 + 2l pwy ),
1= 2p:py(1+2lpey| + 3p3,)} € 0, D).

Proof By (3.8), we have X = X l—[,’l\’;o1 C,,, where

I —icxs/pxkZpx — iCy\/ p_kan,y + bxptk(zsx -+ bvp\k(zz -1 +d4/Pxpyan.xzn,)'

Cn = 1= (ay +ay)k
_ 2sin? S  singhy _singhy _ singhysinghy
ax = ———5 x = 5 s Cx—ih s I
hy 2hy x xy
. h . .
2 sin? 772y sin? nhy sinnhy
ay = —72, y = — 7 s Cy = T
hy 2hy y
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Stability and error analysis of an implicit Milstein... 1011

Then
. 4k sin? &k (1 — prcos? 4 Ksin? £ (1 - 2021 + 2|,oxy|)))
E[|Ca =1~ 2
k 2&h 2 nh
[1+2—2<sm + sin 2)]
4 kz sin® 2 (1 pycos? 2 4 % sin® 2 ( —2p3(1+ 2|l0xy|)>)
- 2
[1 + 2%(sm2 24 sin? "h)]
8" 28 5in2 (1 - 2pepy(1+2 3
7 sin sin Px Py (L + 2| pxy| + ny)
5 )
[1 +2;%<sm "t sin? ”;’)]
Denote A = h_2’ a = sin? Eh , b = sin? Zh. It follows that
) 4ra(1 = pycos 5§+ 2a(1 = 2031 +2lpy)))
E[|C.[ =1~

(1 +2h(a+ b))

4Ab(1 — pycos® W 4 ab(1 - 2p2(1 + 2|pxy|))>
(1+24(a +b))’

832ab(1 = 2000y (1+ 2oy | +302)

(1+2x(a + b))’

By Assumption 2.1,

0<pe<l, 0<p, <1, 0<1-2p2(1+2|py]) <1,
0<1=2p;(142lpeyD) <1, 0<1=2ppy(142lpxyl +307,) < 1,

we write

B =min {1 —pg, 1= py, 1 =2p;(1+ 2|5,
1= 2p7(1+2lpgy), 1 = 2pxpy (1 + 2] pxy| + 3p5,)} € (0, 1),

d:a—i—b:smzi—i—l >
Consequently,
E[\C,,F] S 42a(B + raB) +4rb(B + Alazﬁ) + 82%abp
(1+22(a + b))
4B(rd + 22d*)
C (1+2a)
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1012 C.Reisinger, Z. Wang

Therefore we have

E[|xw[*] = X0’ n B[l ]

(sin2 %h + sin? %) + )Lz(sin2 % + sin? %)2>N

<X |2<1 4,8)L
< 1Xo - 2
(1 + 2A(sin2 % + sin? %))

4.3)

m}

Then we consider two scenarios: 0 < A < land A > 1.For0 < A < 1,
R . —2p —2p . -1 -1 _ -1 -1
szhlgh_{(g,n).|g|>h ,or [y > h }n[ oh~V wh=" x [=h~", 7h~\].

Lemma4.4 For0 < A < 1 (i.e, k < h?),

2
]zo(hr), Vr > 0.

EH// X(T,&,n) — Xy, n)dédn
-Qh[gh
Proof Note that

1 1 ,
X(T) = exp ( = 5= pOET = S(1 = pn’T — i /pe My — iwp—yM%).

Then
2
EHff X(T, & 1) — Xn (& n) dedy }
$high
2
<4n2h_2E[ ff X(T, &, n)— Xn(E, 1) dédn}
$2high
2,2 2 2
e [ E[lxw )l + xaa e aean
$high
= 872h~> // E[|XN(5,;7)]2] d&dn + fo(k),
$2high
where

fo(k) = 87[2]172 // e*(lfﬁx)éT*(]*ﬂy)nzT dédn
$high
w/h pr/h
= 8;-[2}1_7 / e—(l—ﬂx)ézT—(l—Py)ﬂzT dedn
0 h=2p
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Stability and error analysis of an implicit Milstein... 1013

w/h pm/h ) )
n gnzh%/ / e~ (=POET=1=p)PT geqy
h=2rJ0
h h
_ gnzh—Z/ﬂ/ /”/ e~ 1=PIET=(=p)PT ge g,
h=2r Jh—2p
< C P (e =PI TH T g o= (=) Ty — 7y Wy > 0,

Denote d = sin? % + sin? % From (4.3) and A = k/hz,

E[|Xv|*] < |X0|2<1 _4B(d+add) T )N

(1+21d)>  NA2
4B(d + rd*)T
B(d +rd?) ~h_2>.

< XoFerp ( (1 +22a)

In this case, as at least one of £ and n belongs to (h’zl’ , w/h), we have

h h hl—2p h2—4p h4—8p
d=a+b=sin2%+sin2%zsin2 T + OW>~10p),

Therefore,

4B(d +rd*)T
(1422d)
< |Xol?exp (—4BdTh™?) < |Xol*exp (— BTh™*P) = o(h").

E[|Xy|*] < 1XoP exp ( -

As a result,

872h-2 f f E[|xx @ |*] sy
$2high

< 167*|Xol*h*exp (= BTh™*") = o(h"), Vr > 0.

]

< 8n%h~? // ]E[|XN(§, n)|2] dédn + fok) = o(h").
$high

Therefore, for all r > 0,

E[ ' // X(T, £, n) — Xy (€, n) dedn

$high

For A > 1, we further separate the domain §2p;gn into a middle wave region
nign = {(|§-|, ) € [P, k2] x [0,k 2] U [0, k2] [k—p,k—%]}, (4.4)
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1014 C. Reisinger, Z. Wang

and a high wave region

1

iign = {(Iél, nl) € [k‘f,n/h] x [0, 7/h1U [0, 7/h] x [k—%,n/h]}, 4.5)

such that £2p;gnh = oL

high U ‘ngh

Lemmad4.5 For A > 1 (ie, k > h2), there exists 0 € (0, 1) independent of h and k
such that

2
} < Ch™4V.

EHf/ X(T. &, 1) — Xy (&, ) dédn
thgh

Proof

2
EH// X(T., & 1) — Xy (€, ) ddn ]
$high

<2EH// X(T. &, ) — Xy (& ) dédn

2 ]
hlgh

+2E['// X(T. &, 1) — Xy (€. n) dédn

hlgh

< 8k~ IE[ / /
‘thgh

+ 872k~ 2E|: / /
hlgh

< 16k~ /f IXN(s mf + X, & ) ]d‘?d’?

hlgh

|

X(T,&n) — dédn}

X(T, & n) —

dédn}

16w [[ B[ nf +[xx. 6] dean

h1 gh

— 16k~ f/ |XN(5 | ]dédn

1672 f/ B[ | X (& m[*] dedn + fi0),

h1 gh

where

fitk) = 16k~! //1 e—(l—px)ng_(l_py)nzT dedy
2

high

+16n2h72// e IR T gy
£2,

high
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Stability and error analysis of an implicit Milstein... 1015

<C-kP"lexp(— BTk P) +C-kh >exp(—28Tk™").
Denote d = sin? % + sin? %, from (4.3),

4B(2d + 2*d?) )N

2 2
E[|xy|*] < |Xol (1—
[1xw[] 0 (1+22d)’

For A > 1,and (§,7) € Q}:igh’

E[|Xv|*] < |X0|2<1 _4B(d+add) T )N

(1+21d)>  NA2
4B(d + rd*)T
p(d +1d?) ~h_2>.

< |X0|2exp<_ (] +2kd)2

In this case, as at least one of & and 7 belongs to (k~7, k~1/%), we have

_ s 2 &h .o nh
d=a+b=sin 5 + sin >
- —2pp2 —4pr4
Zsinzkzph _k :h _k 41:' + Ok™Phd).
4B(d +rd*)T  _
2 2 2
E||X < |Xo|“exp( — ——2%—-h
[n] =1%o p( (1+21d)’ )

< |Xol*exp (—4BdTh™?) < |Xol*exp (— BTk?P).

: 1 -1
Since |.thgh| < 4k—,

16k—1f/1 B[ X €. "] dedn < 641Xk exp (- BTE ),

high

For A > 1,and (¢, n) € ‘Q}%igh’ d = sin® % + sin® % € [sin? —L-, 2],

2V
4B(rd + 22d?
max(l—ﬁ(;z))zl—ﬁmin(l——l 2>
d (1+2xd) d (1+2xd)
1
=1 —,8(1 —max—),
4 (14 24d)’
As
1 1
max 3 = 3
¢ (1+2xd)”  (1+22d)" la=sin® ;1
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1016 C.Reisinger, Z. Wang

= ! < ! < 0.5
(1 + 2 sin? ﬁ)z B (1 + 2 sin? %)2 -

we have

272
1_4ﬁ(xd+xc§)§1_ﬂ(l_ 1 2)
(1+2xd) (1 +2xsin? 1)

2/
- B+ £ 1—1p
= — << —_ —
in2 L )2 27
(1 + 2Asin 2JX)
Denote 6y :=1 — %/3 € (0, 1), then
4B (nd + 22d*)\V
2
E[|xn]7] < |X0|2<1 - (—2)) < |Xol*- 65
(1+21d)
So
167282 // E[|XN(§, n)|2] dedn < 647% | XoPh 0]
}%igh
Hence

2
2| ]
<Ck’lexp(— BTk ")+ Ckh™?exp(—2BTk™")
+ 64| Xo|*k 2 exp (— BTk 2P) + 6471 Xo1*h 6]

/f X(T. & n) — Xn(& 1) dédn
$2high (46)

As the first three terms in (4.6) are terms of higher order than h*6"N, we have, for
A>1,

2
} <Ch™g}.

]E|: ‘ // X(T, & 1) — Xy(€, ) dédn
$high

Letting & = /8y the result follows. i

4.3 Convergence of the ADI scheme (proof of Theorem 2.2)

Theorem 2.2 states that the error of the ADI method (2.3) has the same order as the
implicit Milstein scheme (2.2). We now give a proof as follows.

Proof of Theorem 2.2 Let

Xn+] = Cn Xy,
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where
1 2 1 2 . . o
Ch=exp| — 5(1 — px)§7k — 5(1 — pInk — i\ pxkZy x —iny/ pykZy yt+en ),

and e, is the logarithmic error between the numerical solution and the exact solution
introduced during [nk, (n + 1)k]. From (3.11), C, has the form

L —ie ik Za = iey /0y kZny + bepik(ZE = 1)+ bypyk(Z7 = 1)+ d JPPyk Znx oy

C)l
(I —axk)(1 — ayk)

In the low wave region, the numerical solutions are close to the exact solutions. We
get from Taylor expansion that

i 1
Xy — X(T) = X(T) - {6 /€3 h2 M5 + ﬁ(l —4p)ER3T

i 3,217y 1 47,2
+ g«/ﬁyn hyMT + ﬁ(l —4py)n hyT
N—-1 N—-1

+ikvk Y 1 (Znxs Zny) + K2 2(Znx. Zny) + olk, b2 h§>}-

n=0 n=0
In the high wave region, we have

Xy = Xo

Nl;f 11— icx\/ ka Zn,x - iC)'\/ pyk Z}l,)' + bxpxk(zix - 1) + b)'pyk(ziy - 1) + d«/pxpy k Zn.xzn.y
(I —axk)(1 — ayk) ’

n=0

Then

1 1
lim E[Xy] = X¢exp ( - 5(52u +n*v+ Eéznzuvk

N—o0
sin&h, sinnh,
Ehxnhy

. 1 1
Jim B[ Xy ] < [Xol* exp ( = 58T (1= pe+ 7%k = 201+ px))

+28m /PPy Pxy) T),

1 1
- E;721)T(1 — py + anvk(l —2py(1 + pyy)))

1
= JEPuokT (1= poy (1 + poy + 3p§y))>,

where u = sin? %/(%)2, v = sin? }%/(}%)2. By the same reasoning as for the
implicit scheme (2.2), the integration over the high wave region is of higher order than
h% and h% given condition (2.7). Then the inverse Fourier transform gives the result.

O
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1018 C. Reisinger, Z. Wang

5 Numerical tests

In this section, we illustrate the stability and convergence results from the previous
section by way of empirical tests.

Unless stated otherwise, we choose parameters 7 = 1, xo = yo =2, ity = fiy =
0.0809, px = py = 0.2, pxy = 0.45. For the computations, we truncate the domain
to [—8, 12] x [—8, 12], chosen large enough such that the effect of zero Dirichlet
boundary conditions on the solution is negligible.

Figure la shows the numerical solution for one Brownian path, with h, = h, =
274, k = 2710 Figure 1b plots the pointwise error between the Milstein-ADI approx-
imation (2.3) and the analytic solution (1.9).

Figure 2 verifies the L,-convergence order in 7 and k from (2.10). We approximate
the error by

(thhyEL[lvi’,Vj — (T, xi, yj)|2])1/2

i,J

hehy < N (gD 2\ 2
= (=M — Ty MOP) 6
ij =1

where M are independent Brownian motions and E; is the empirical mean with
L = 100 samples.

Here, Fig. 2a shows the convergence inh = hy, = hy, withk = 2712 small enough,
which demonstrates second order convergence in 4. Figure 2b shows the convergence
inkwithh =hy =hy = 276 small enough to ensure sufficient accuracy of the spatial
approximation. One can clearly observe first order convergence in k.

In Fig. 3, we illustrate the dependence of the approximation error in the L-norm
on the correlation parameters. The error increases as a function of p, and p,. The

x10*
4
3
2-
"::\_ 1
z
T o
a-
2-
3Ll o
T———— 17— T
2 7, U T 12
3 g5 3 2 T
Y &8 T
(a) Solution at 7= 1 (b) Error of the approximation: Vi = v(tn,xi,y,).-

Fig. 1 Numerical approximation to the SPDE (1.7) with the Milstein-ADI approximation (2.3) for one
Brownian path, and the pointwise error to the analytic solution (1.9)
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107 . 107
= 10?2 = 102
& &
- -
o o
3 =
SSEET A 103
—+— Convergence in k
)
104 1074 bt
107" 10° 10° 102 107"
h k
(a) Convergence in i = h, = hy, with fixed k = 2-12, (b) Convergence in k with fixed i =276,

Fig. 2 Verifies the Ly-convergence order in / and k from (2.10), with coarsest level 7 = 1, k = 1/4 and
finest level h =275, k =210, using 100 Monte Carlo samples

Pr = Py Pry = 0.2

04

Pa 0 - sz
(@) Error as function of py = py, and pyy. (b) Error as function of py and py for fixed pyy.

Fig.3 L, error in space as function of correlation parameters for fixed hy = hy = 273 and k =279, for
a fixed path. The dark blue areas correspond to the stability region from Assumption 2.1

error for py = py < 0.3 (see Fig. 3a) varies between roughly 1073 and 3 - 1073, the
error being smallest for p, = p, = 0 (the PDE case), and largest for large p, = py
and pyy between 0.1 and 0.4. For larger p, and p,, the error increases sharply. The
stability region from Assumption 2.1 is marked in dark blue, which shows that stable
results are obtained even outside the region where mean-square stability is proven.
We found problems only for py = p, > 0.8. This discrepancy is partly due to the fact
that Assumption 2.1 is sufficient, but not necessary, as some of the estimates are not
sharp. Figure 3b shows a similar behaviour when varying p, and p, independently
for fixed pyy.

Figure 4 shows the singular behaviour of the solution for large k and small A, as
predicted by Theorem 2.1. Figure 5 investigates the behaviour of the error in this
regime further, with h, = hy, = h in Fig. 5a, and h, = 2! fixed, h, = h in Fig. 5b,
letting i go to zero. We calculate the L error in space, and compare different scenarios
under the same Brownian path. The top black line shows the error with k = 272 fixed,
and py = py = 0.6, pyy = 0.1. We can see that as & goes to zero, the error diverges
with rate 2!/ (choosing hy = 27! fixed enables more refinements in 4, to show
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1020 C.Reisinger, Z. Wang

\x O~
20 45 10 5 0 5

Y 2

Fig. 4 Unstable solution for the Milstein-ADI scheme (2.3) for one Brownian path, k = 272 and h =
hy =272, py = py = 0.6, pxy =0.1

the asymptotic behaviour better). The blue line second from top plots the error with
k = 27 fixed instead. Note that in this case the error will eventually diverge for &
going to zero, but this is not visible yet for this level of 4. The next red line plots the
error for py = py, =0, withk = 272 fixed. Then the SPDE (1.7) becomes a PDE and
divergence does not appear. Finally, the bottom blue dotted line plots the error for the
SPDE (1.7) with initial condition

v(0,x,y) =

1 p(_(x—XO—Mx)z_(y—yo—w)z)
(1 = p)(d — py) 2(1 = px) 2(1 = py) .

(5.2)
For this smooth initial condition, the solution does not diverge for large k and small /.
Hence, this verifies that the divergence is a result of the interplay of singular data and
stochastic terms only, as shown in Corollary 2.2. We emphasise that the instability is
so mild that it is only visible in artificial numerical tests, while for reasonably small k,
in particular for k ~ h? as would be chosen in practice, no instabilities occur.

6 An extended scheme and tests for a more general SPDE

To approximate the general Zakai SPDE (1.1),

QU

| &
dv(l,x):( Z

ij

3
a,,(x)v(t 0] =Y —[bixw, x)])

0x
i=1 !

_d 8
> 5 i@, x) dMf,

1i=1 !

Ms

l
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- - - 1aE : — |
0.9 —— k=22 fixed |] —— k= 271 fixed
0.8 ——k =27 fixed |] 12¢ ——k =27 fixed |]
! ——p=p, =0 .k —p=p, =0 |]
07 —+— Smooth initial | o —+— Smooth initial

N
g

2706 =T 08r
|
05 3
T o06p
&
.4 S
1
< 041
3 <
Al

02
02t
10 10°® 102 107" 10° 10 10 10 10% 10 107 10°
he=hy=h hx
(a) L, error in space with hy = hy =h — 0. (b) L, error in space with /1, = 27! fixed, and h, — 0.

Fig. 5 Comparing the L; error in space with fixed k and letting 4 — 0 under various senarios: k =
272 k=2"% k=277 and px = py = 0; k = 272 and smooth initial condition (5.2), all with a same
Brownian path

by the Milstein scheme, we approximate in the last term

o)~ o=y Z "~ (a0 0) (M) — M),

=1 i=1 0%
then

m d

t+k 9
- Z Z/ a_<Vi,l(x)U(S, x)) dM;(s)
t

=1 i=1
m d m d

=—ZZ/ m(x)[v(t)—zz

=1 i=1 p=1j=1

% (yj,,,(x)v(t, x)) (Mp(s) — M), (t))]) dM;(s)

m d

__ZZ ox; (Vzl(x)v(l x)) AM]! +Zzzai

=1 i=1 =1 p=1i=1

(%z(x)z V,p(x)v(t x)) / Mp(s) — Mp(t) dM;(s).

The corresponding ADI implicit Milstein scheme is

a k 1k
h. R +1
[ (1 + 5 Dibi ) = Eh—?Dl,az,m) v

i=1
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1022 C.Reisinger, Z. Wang

d

1 k !
= {1 + —Z Ty ——D;Dja;j(X) — ZAM, Zz—hiDiVi,l(X)
i]

=1 i=1

m_m (n+Dk
+ZZ</n (Mp(s)—Mp(t))sz(S))

Here, {D;}1<;<q are first order difference operators, and { D;; }1<;, j<q are second order
difference operators, X is the vector of mesh points ordered the same way as V, and,
by slight abuse of notation, we denote by a(X), b(X), y(X) the diagonal matrices
such that each element of the diagonal corresponds to the function evaluated at the
corresponding mesh point.

Notice the presence of an iterated Itd integral f;+k (M (s) — M,(1)) dM;(s), called
Lévy area, is common in multi-dimensional Milstein schemes. It has been proved in
[8,33] that there is no way to achieve a better order of strong convergence than for the
Euler scheme by using solely the discrete increments of the driving Brownian motions.
An efficient algorithm for the approximate simulation of the Lévy area has been
proposed in [38], building on earlier work in [15,26] and based on an approximation
of the distribution of the tail-sum in a truncated infinite series representation derived
from the characteristic functions of these integrals, achieving the complexity ¢ —3/2 of
sampling a single path to obtain a strong error ¢. Malham and Wiese proposed another
algorithm for the simulation of the Lévy area conditioned on the endpoints, in [32],
representing the Lévy area by an infinite weighted sum of independent logistic random
variables, further reducing the complexity to ¢ ~!| log(¢~1)].

However, the algorithms mentioned above are fairly complex. What we do instead
is to further divide the interval [¢, ¢ + k] into O(k~") steps and perform a simple
Euler approximation to the Lévy area. Note that we always use the timestep k for
the SPDE computation. Overall, this still leads to first order convergence in time,
and second order in space. To balance the leading order error, the optimal choice
is O(k) = O(h®) = O(¢). Therefore, the estimate of the Lévy area in each time-
step increases the computation time by O(k~!) = O(e~") for one step, whereas the
matrix calculation for each time step is also O (e~1), and hence the order of the total
complexity does not change.

Moreover, the path simulation including the Lévy areas can be performed separately
beforehand using vectorisation, leading to further speed-up.

Now we apply this method to an SPDE from [21],

1 du au 132
du = K1M—<V1—5y—$1p3pl,1,02,1)£—(l<1(91—y) Sl) 292

5 32u ou
+510301,102, 1y + Ly— [dr - Pl,lﬁa dw; — 5192,15(«5’4)(131,

dx 2 a 2
6.1)
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with Dirac initial (0, x, y) = §(x — x9) ® 8(y — yo). This SPDE models the limit
empirical measure of a large portfolio of defaultable assets in which the asset value
processes are modelled by Heston-type stochastic volatility models with common and
idiosyncratic factors in both the asset values and the variances, and default is triggered
by hitting a lower boundary.

Similar to before, we implement the SPDE (6.1) with a Milstein ADI scheme:

k Vkz
Ay Ay Un+1 = ((1 n ’ , N 2hn,x ,01,1\/7Dx
x X
k(Zzy -1 5 ) k ~ ]
#IOIJYDX"'L”/!X R A4n,x n,y(Dx-FEYDXy)
1 t+k
— n
TRl (ft (W Wt)dBS)DX>U
kZ
K B e 021 Dy(WYU™)
2, 1P
kK(Z2 . —1)
%sfx}imy(ﬁ(py(ﬁm))),
y

(6.2)
where the notation for ¥ follows the same principle as above for X, Z; = oxyZy +

/1— p)%y Z;, with ZX, Z;, ~ N(0, 1) independent normal random variables, and

k k k

A ( - )D — 2 ¥yD, - —vD,,,
TR r1 —&10301,102,1 ) Dx ahy ¥ Px 7 gy ¥ Pax
k X k

Ay =1+ %(Klel - él)Dy — %KIYD), 2h2 él YD)y

Furthermore, we also implement the SPDE (6.1) with coefficients frozen at (xg, yo),

d ( 1 ¢ )814 < © - E) 1 32u
u=\|ku—r—=yo— — — |« —
1 1 2y0 ERTERY 161 — yo i 3052
g2 9%u
- dt
+$1p3p11p21yoa 8y+ 27052
ou 0
~ PLIVYOZE dw, — 5102,15(«/}’0“) dB;,
(6.3)

with Dirac initial datum u (0, x, y) = 8(x — x9) ® §(y — yo). We can apply a Milstein
ADI scheme similar to (2.2),
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k 1 k
1 ( - - )D — =D
< +2hx r1 —&10301,102,1 50) Dx 2h)2c)’0 xx)

k k
I+ (161 — yo) — E)Dy — ——£2yoD >U"+l
< 2h, PRy gp2 e
VkZ k(Z2 . —1)
=<(1+K1 k)1 — Zh"*"pl,n/_yoDﬁng%lyoD% (6.4)
X
fz k(Z2, —1)
&1 2,1/Y0Dy ;’#Ef/)ilyng
y
kZ,,’xZn y

: D u".
dhyh, &101,102,1 xy)

We will test the behaviour of (6.3) at (xg, yo) and compare with the SPDE (1.7).

We choose parameters T = 1, xg = 2, yo = 14, r = 0.05, & = 05,0 =
0.4, k =2, p1.1 =03, p2.1 = 0.2, p3 = 0.5. We truncate the domain to [—3, 7] x
[0, 1.5] for the scheme (6.2), and [—3, 7] x [—1, 1.5] for the scheme (6.4), sufficiently
large in this setting.

Figure 6a shows the density for a single Brownian path, with k = 278, 1, = 5/16,
and by = 1/80.

Figure 6b compares the computational cost under different time-stepping schemes:
the Milstein scheme, a “modified” Milstein scheme, and the Euler scheme. Here, for
the Milstein scheme we approximate the Lévy area by sub-timestepping as explained
above, while in the “modified” Milstein scheme we drop f H_k Wy — W;) d B but keep
the one-dimensional iterated integrals as they are known analytlcally. We expect that
the latter will lead to a worse convergence in time (for non-zero &1, 02,1, p1.1), Which
is verified in Fig. 7b.

In Fig. 6b, from a coarsest mesh with 4, = 0.625, h, = 0.025, and k = 0.25,
we keep decreasing the time-step k by a factor of 4, and the spatial mesh width by a
factor of 2. This shows that the cost, measured by time elapsed in simulating one path,
increases by a factor of 16, demonstrating that these three schemes result in the same
order of complexity.

Figure 7 verifies the Ly convergence order in 7 and k. In absence of an exact
solution, we compute a proxy to the error in i, hy by

<Zh hyEc[ Vi), (k. %’C %) VY (k, by, hy)| ])]/2

= (Z thhy Z ‘Vzly,zj(kv % %y; M(l)) VNG, b, by M(l))‘ )1/2

where Vll\j (k, hy, hy) is the numerical approximation to v(7,ihy, jhy) with mesh

widths i, and /1, V21;/,2j (k,hy/2, hy/2) uses afine mesh with iy /2 and hy/2,and E.
is the empirical mean with L samples of the Brownian path M. Both share the same
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Fig.6 Single path realisation of the density to the SPDE (6.1) and its numerical cost (CPU time in sec)

Brownian path and same time step k, thus the univariate error in k cancels and we
should see the correct convergence order in &, and /. We could alternatively solve
on a very fine mesh and treat the result as the exact solution to test the convergence as
in (5.1). It is clear from the construction that the observed convergence order will be
the same. However, since the computation of a highly accurate solution is extremely
expensive, and such a numerical reference solution will introduce a bias, we do not
perform this test here. Here, Fig. 7a shows the convergence in h = h, = h, with
k = 2% fixed and L = 100, which demonstrates second order convergence in 4.

Similarly, we study the error in k by using the difference between two solutions
with same mesh size, same Brownian path, but different time-steps,

12
(D hahy ELIVY sy = VY /2, 1))
i.j

L
hihy ! 2 J 172
=(3 Ly V(K s MO) = VY /2, By D))
i) =1

Figure 7b shows the convergence in k with fixed 2, = 5/8, h, = 1/40, under
the Milstein scheme, “modified” Milstein scheme, and Euler scheme. The timestep k
decreases by a factor of 4 from one level to the next. We also plot two blue dashed lines
with slope 1/2 and 1 as reference. One can clearly observe first order convergence in
k for the Milstein scheme, and half order convergence in k for the Euler scheme. As
for the “modified” Milstein scheme, although it appears to converge with first order
on coarse levels (due to dominance of the terms which converge with first order for
this level of accuracy), the asymptotic order is seen to be lower.

In Fig. 7, we also compare the convergence of the scheme (6.4) for the frozen
coefficient SPDE (6.3) with the scheme (6.2) for the SPDE (6.1). We can see that the
scheme (6.4) has second order convergence in &, and first order convergence in k, as
expected.
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(a) Convergence in & with fixed k = 274, (b) Convergence in k with fixed i, = 5/8,
hy = 1/40.

Fig. 7 Test the convergence order in (hy, hy) and k for the schemes (6.2) and (6.4), in L3 in space and
probability, using 100 paths

We now illustrate more carefully the behaviour at (xg, yp) over time. Figure 8a
shows one path realisation of the solution U (¢, xo, yo) with the scheme (6.2) as a
function of #, and U (t, x0, yo) with the scheme (6.4). The mesh sizes and time step are
hy =5%278, hy = 0.2x278, k = 478, Note that the plots below start from ¢ = 0.015
in Fig. 8a and r = 0.03 in Fig. 8b rather than zero, because of the Dirac initial datum,
however, even under this singular initial condition, U (¢, x¢, yo) and U (t, x0, yo) are
very close over an initial time period. Figure 8b shows the error of the schemes (6.2) and
(6.4) for one realisation of the path, where weuse hy = 5/16, hy = 1/80, k = 1/256
for “coarse” solutions U, and UC, and we treat the fine approximations U and U as
the exact solution. The errors for the SPDEs (6.1) and (6.3) track each other closely.

InFig. 9, we use another approach to show the error by taking the difference between
the solutions with mesh sizes and time steps (A, hy, k) and (hy/2, hy/2, k/4). We
show the error both for one path, as well as L; in probability (EL[|Uf(t, xo, yo) —
U(t, x0, y0)|*1)'/?, where Ej is the empirical mean with L = 100 Monte Carlo
samples.

7 Conclusions

We studied a two-dimensional parabolic SPDE arising from a filtering problem. We
proved mean-square stability and convergence for a semi-implicit Milstein discreti-
sation scheme in terms of L; in probability, and pointwise as well as L, in space (as
defined previously). To reduce the complexity, we also implemented an ADI version
of the scheme, and provided corresponding convergence results.

Further research is needed to analyse almost sure convergence, which is of interest
for filtering applications and does not follow directly from our analysis.

Another open question is a complete analysis of the numerical approximation of
initial-boundary value problems (as opposed to problems posed on R¢) for the con-
sidered SPDE, when the regularity at the boundary is lost. For example, for the 1-d
SPDE with constant coefficients on the half-line,
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(a) Solutions U from (6.1) and U from (6.3) at (x0,¥0)»
with hy = 5278 by =0.2x278, k=478,
and ¢ from 0.015.

(b) Numerical error for U, from (6.1) and U, from (6.3)
at (x0,y0), with hy =5/16, hy = 1/80, k = 1/256,
and ¢ from 0.03.

Fig.8 Single path realisation of the solution at (x(, yo) over time, of SPDE (6.1) with variable coefficients

and (6.3) with frozen coefficients
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N WA OO N ©® ©
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[
— (Bl|Us(t, 0, 30) — Ue
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t

0 0.1 0.2 0.3 0.4 0.5

t

(a) Numerical error at (xo,yo) between (6.1) and (6.3), (b) Numerical error at (xo,yo) between (6.1) and

using a single path, and ¢ from 0.015.

(6.3),taking the L, average with 100 Monte
Carlo samples, and ¢ from 0.03.

Fig. 9 Numerical error at (xq, yo) by taking difference between (hy, hy, k) and (hy /2, hy /2, k/4) to the
schemes (6.2) and (6.4), where hy = 5/32, hy = 1/160, k =1/1024

v 1 8%v

dv=—pu—dt + -—dr —
v=pgdid oamdi- Ve

v(t,0) =0,

dv
0x

dM;, (t,x) € (0, T) x RT,

with initial condition v(0,-) € H', the second derivative can be unbounded, i.e.,
v(t,) ¢ H 2 This and more general forms have been studied in [6,28]. In such cases,
the assumptions on Galerkin approximations in papers previously mentioned such as
in [2,4] are not established in the literature, hence a new approach for the numerical

analysis is to be developed.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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