
BIT Numerical Mathematics (2019) 59:929–968
https://doi.org/10.1007/s10543-019-00756-5

OnMilstein approximations with varying coefficients:
the case of super-linear diffusion coefficients

Chaman Kumar1 · Sotirios Sabanis2

Received: 22 November 2017 / Accepted: 5 June 2019 / Published online: 19 June 2019
© The Author(s) 2019

Abstract
A new class of explicit Milstein schemes, which approximate stochastic differential
equations (SDEs) with superlinearly growing drift and diffusion coefficients, is pro-
posed in this article. It is shown, under verymild conditions, that these explicit schemes
converge inL p to the solution of the corresponding SDEs with optimal rate.

Keywords Explicit Milstein-type scheme · Super-linear coefficients · Rate of
convergence

Mathematics Subject Classification 60H35 · 65C30

1 Introduction

Following the approach of Kumar and Sabanis [7], Sabanis [10], we extend the
techniques of constructing explicit approximations to the solutions of SDEs with
super-linear coefficients in order to develop Milstein-type schemes with optimal rate
of (strong) convergence.

Recent advances in the area of numerical approximations of such non-linear SDEs
have produced new Euler-type schemes, e.g. see [3,5,6,9–11], which are explicit in
nature and hence achieve reduced computational time when compared with the cor-
responding implicit schemes. Note that we do not claim that the superiority of the
newly developed explicit schemes over the implicit schemes is absolute. For exam-
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ple, implicit schemes may exhibit better stability properties under different scenarios,
typically when large step sizes are used or initial conditions are introduced with large
numerical values. Nevertheless, we primarily focus on strong convergence of explicit
schemes mainly due to their importance in Multi-level (and/or Markov chain) Monte
Carlo, see for example Giles [4] and Brosse et al. [2]. High-order schemes have also
been developed in this direction. In particular, Milstein-type (order 1.0) schemes for
SDEs with super-linear drift coefficients have been studied in Wang and Gan [12] and
in Kumar and Sabanis [7] with the latter article extending the result to include Lévy
noise, i.e. discontinuous paths. Furthermore, both drift and diffusion coefficients are
allowed to grow super-linearly in Zhang [13] and in Beyn et al. [1]. The latter refer-
ence has significantly relaxed the assumptions on the regularity of SDE coefficients
by using the notions of C-stability and B-consistency. More precisely, the authors in
Beyn et al. [1] produced optimal rate of convergence results in the case where the drift
and diffusion coefficients are only (once) continuously differentiable functions (see
the assumptions A-1 and A-5 precisely stated below). Our results, which were devel-
oped at around the same time as the latter reference by using different methodologies,
are obtained under the same relaxed assumptions with regards to the regularity that
is required of the SDE coefficients. Crucially, we relax further the moments bound
requirement which is essential for practical applications.

We illustrate the above statement by considering an example which appears in Beyn
et al. [1], namely the one-dimensional SDE given by

dxt = xt (1 − x2t )dt + σ(1 − x2t )dwt , ∀ t ∈ [0, T ],

with initial value x0 and a positive constant σ . Theorem 2.1 below yields that for
p0 = 14 (note that ρ = 2) one obtains optimal rate of convergence in L 2 (when
σ 2 ≤ 2

13 and p1 > 2 such that σ 2(p1 − 1) ≤ 1) whereas the corresponding result in
Beyn et al. [1], Table 1 in Section 8, requires p0 = 18 for their explicit (projective)
scheme. The same requirement, i.e. p0 = 14, as in this article is only achieved by the
implicit schemes considered in Beyn et al. [1].

Finally, we note that Theorem 2.1 establishes optimal rate of convergence results
in L p for p > 2 under the relaxed assumption of once continuously differentiable
coefficients, which is, to the best of the authors’ knowledge, the first such results in the
case of SDEs with super-linear coefficients. As an immediate consequence of this, and
for high values of p, one can prove an almost sure convergence result of the proposed
approximation scheme (2.6) to the solution of SDE (2.1). The interested reader may
consult Corollary 1 from Sabanis [10].

We conclude this section by introducing some notations which are used in this
article. The Euclidean norm of a d-dimensional vector b and theHilbert-Schmidt norm
of a d ×m matrix σ are denoted by |b| and |σ | respectively. The transpose of a matrix
σ is denoted by σ ∗. The i th element of b is denoted by bi , whereas σ (i, j) and σ ( j)

stand for (i, j)-th element and j-th column of σ respectively for every i = 1, . . . , d
and j = 1, . . . ,m. Further, xy denotes the inner product of two d-dimensional vectors
x and y. The notation �a� stands for the integer part of a positive real number a. Let D
denote an operator such that for a function f : Rd → R

d , Df (.) gives a d × d matrix
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whose (i, j)-th entry is ∂ f i (.)
∂x j for every i, j = 1, . . . , d. For every j = 1, . . . ,m, let

Λ j be an operator such that for a function g : Rd → R
d×m , Λ j g(.) gives a matrix of

order d × m whose (i, k)-th entry is given by

[Λ j g(.)](i,k) :=
d∑

u=1

g(u, j)(.)
∂g(i,k)(.)

∂xu

for every i = 1, . . . , d, k = 1, . . . ,m.

2 Main results

Suppose (Ω, {Ft }t≥0,F , P) is a complete filtered probability space satisfying the
usual conditions, i.e. the filtration is right continuous and F0 contains all P-null
sets. Let T > 0 be a fixed constant and (wt )t∈[0,T ] denotes an R

m-valued standard
Wiener process. Further, suppose that b(·) and σ(·) areB(Rd)-measurable functions
with values in R

d and R
d×m respectively. Moreover, b(·) and σ(·) are continuously

differentiable in x ∈ R
d . For the purpose of this article, the following d-dimensional

SDE is considered,

xt = ξ +
∫ t

0
b(xs)ds +

∫ t

0
σ(xs)dws, (2.1)

almost surely for any t ∈ [0, T ], where ξ is anF0-measurable random variable inRd .
Let p0, p1 ≥ 2 andρ ≥ 1 (orρ = 0) are fixed constants. The following assumptions

are made.

A- 1 E |ξ |p0 < ∞.

A- 2 There exists a constant L > 0 such that

2xb(x) + (p0 − 1)|σ(x)|2 ≤ L(1 + |x |2)

for any x ∈ R
d .

A- 3 There exists a constant L > 0 such that

2(x − x̄)(b(x) − b(x̄)) + (p1 − 1)|σ(x) − σ(x̄)|2 ≤ L|x − x̄ |2

for any x, x̄ ∈ R
d .

A- 4 There exists a constant L > 0 such that

|Db(x) − Db(x̄)| ≤ L(1 + |x | + |x̄ |)ρ−1|x − x̄ |

for any x, x̄ ∈ R
d .
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A- 5 There exists a constant L > 0 such that, for every j = 1, . . . ,m,

|Dσ ( j)(x) − Dσ ( j)(x̄)| ≤ L(1 + |x | + |x̄ |) ρ−2
2 |x − x̄ |

for any x, x̄ ∈ R
d .

Remark 2.1 Assumption A-4 means that there is a constant L > 0 such that

∣∣∣
∂bi (x)

∂x j

∣∣∣ ≤ L(1 + |x |)ρ

for any x ∈ R
d and for every i, j = 1, . . . , d. As a consequence, one also obtains that

there exists a constant L > 0 such that

|b(x) − b(x̄)| ≤ L(1 + |x | + |x̄ |)ρ |x − x̄ |

for any x, x̄ ∈ R
d . Moreover, this implies that b(x) satisfies,

|b(x)| ≤ L(1 + |x |)ρ+1

for any x ∈ R
d . Furthermore, due to Assumption A-5, there exists a constant L > 0

such that

∣∣∣
∂σ (i, j)(x)

∂xk

∣∣∣ ≤ L(1 + |x |) ρ
2

for any x ∈ R
d and for every i, k = 1, . . . , d, j = 1, . . . ,m. Also, Assumption A-3

along with the estimate |b(x) − b(x̄)| ≤ L(1 + |x | + |x̄ |)ρ |x − x̄ | obtained above,
implies

|σ(x) − σ(x̄)| ≤ L(1 + |x | + |x̄ |) ρ
2 |x − x̄ |

for any x, x̄ ∈ R
d . Moreover, this means σ(x) satisfies,

|σ(x)| ≤ L(1 + |x |) ρ+2
2

for any x ∈ R
d . In addition, one notices that

|Λ jσ(x)| ≤ L(1 + |x |)ρ+1

for any x ∈ R
d and for every j = 1, . . . ,m.

For every n ∈ N and x ∈ R
d , we define the following functions,
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On Milstein approximations with varying coefficients… 933

bn(x) := b(x)

1 + n−θ |x |2ρθ
,

σ n(x) := σ(x)

1 + n−θ |x |2ρθ
,

where θ ≥ 1
2 and, similarly, for the purposes of establishing a new, explicit Milstein-

type scheme, for every j = 1, . . . ,m, we define

Λn, jσ(x) := Λ jσ(x)

1 + n−θ |x |2ρθ
.

Throughout this article, θ is taken to be 1, which corresponds to an order 1.0 Milstein
scheme.

Remark 2.2 The case θ = 1/2 is studied in Sabanis [10], without the use ofΛn, jσ(x),
as the aim is the formulation of a new explicit Euler-type scheme. By taking different
values of θ = 1.5, 2, 2.5, . . . and by appropriately controlling higher order terms, one
can obtain analogous (to the value of θ ) rate of convergence results for higher order
schemes by adopting the approach developed in Sabanis [10], Kumar and Sabanis [7]
and in this article. One notes, of course, that further smoothness assumptions are also
required in such cases.

Let us define κ(n, t) := �nt�/n for any t ∈ [0, T ]. Moreover, let us also define

σ n
1 (t, x) :=

m∑

j=1

∫ t

κ(n,t)
Λn, jσ(x)dw

j
r =

m∑

j=1

Λn, jσ(x)(w j
t − w

j
κ(n,t))

and hence set

σ̃ n(t, x) := σ n(x) + σ n
1 (t, x)

almost surely for any x ∈ R
d , n ∈ N and t ∈ [0, T ]. The above equality holds true

when x is replaced by an Fκ(n,t)-measurable random variables, which is the case
always throughout this article.

Remark 2.3 In the following, K > 0 denotes a generic constant that varies from place
to place, but is always independent of n ∈ N and x ∈ R

d .

Lemma 2.1 Let Assumptions A-3 to A-5 hold, then

|bn(x)| ≤ min(Kn
1
2 (1 + |x |), |b(x)|)

|σ n(x)|2 ≤ min(Kn
1
2 (1 + |x |2), |σ(x)|2)

|Λn, jσ(x)| ≤ min(Kn
1
2 (1 + |x |), |Λ(x)|)

for every n ∈ N, x ∈ R
d and j = 1, . . . ,m where the positive constant K does not

depend on n.
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Proof Clearly, Assumptions A-3 to A-5 give Remark 2.1 which are used throughout
the proof of this lemma. Recall the definition of bn(x),

bn(x) := b(x)

1 + n−θ |x |2ρθ

for every n ∈ N, x ∈ R
d and θ ≥ 1/2. For any θ ≥ 1/2, by noticing that the

denominator of bn(x) is greater than 1, one can write

|bn(x)|2θ = |b(x)|2θ
(1 + n−θ |x |2ρθ )2θ

≤ |b(x)|2θ
1 + n−θ |x |2ρθ

for any n ∈ N and x ∈ R
d . Also, notice from Remark 2.1 that |b(x)| ≤ L(1+|x |)ρ+1

for any x ∈ R
d which further gives,

|bn(x)|2θ ≤ L
(1 + |x |)2θ(ρ+1)

1 + n−θ |x |2ρθ
= Lnθ (1 + |x |)2θρ

nθ + |x |2ρθ
(1 + |x |)2θ

≤ L22θρ−1nθ 1 + |x |2θρ
nθ + |x |2ρθ

(1 + |x |)2θ ≤ L22θρ−1nθ (1 + |x |)2θ

for every n ∈ N and x ∈ R
d . By raising the power 1/(2θ) on both the sides, one

obtains

|bn(x)| ≤ Kn1/2(1 + |x |) (2.2)

where K := (L22θρ−1)1/(2θ), for every n ∈ N and x ∈ R
d . Also, since in the definition

of bn(x) above, the denominator is always greater than one, hence,

|bn(x)| ≤ |b(x)| (2.3)

for every n ∈ N and x ∈ R
d . On combining the estimates in (2.2) and (2.3), one

obtains,

|bn(x)| ≤ min(Kn
1
2 (1 + |x |), |b(x)|)

for every n ∈ N and x ∈ R
d .

The same proof will work for Λn, jσ(x) because Λ jσ(x) has same polynomial
growth as b(x) (see Remark 2.1). Also, similar proofs can be constructed for σ n(x)
by raising the power to 4θ instead of 2θ . Again, recall definition of σ n(x),

σ n(x) := σ(x)

1 + n−θ |x |2ρθ
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for every n ∈ N, x ∈ R
d and θ ≥ 1/2. For any θ ≥ 1/2, by noticing that the

denominator of σ n(x) is greater than 1, one can write

|σ n(x)|4θ = |σ(x)|4θ
(1 + n−θ |x |2ρθ )4θ

≤ |σ(x)|4θ
1 + n−θ |x |2ρθ

for any n ∈ N and x ∈ R
d . Also, notice that due to Remark 2.1, |σ n(x)| ≤ L(1 +

|x |) ρ
2 +1 which gives

|σ n(x)|4θ ≤ Lnθ (1 + |x |)2θρ
nθ + |x |2ρθ

(1 + |x |)4θ ≤ L22θρ−1nθ 1 + |x |2θρ
nθ + |x |2ρθ

(1 + |x |)4θ

≤ L22θρ−1nθ (1 + |x |)4θ

for every n ∈ N and x ∈ R
d . By raising the power 1/(4θ) on both the sides, one

obtains

|σ n(x)| ≤ Kn1/4(1 + |x |) (2.4)

where K := (L22θρ−1)1/(4θ), for every n ∈ N and x ∈ R
d . Also, since in the definition

of σ n(x) above, the denominator is always greater than one, hence,

|σ n(x)| ≤ |σ(x)| (2.5)

for every n ∈ N and x ∈ R
d . On combining the estimates in (2.4) and (2.5), one

obtains,

|σ n(x)| ≤ min(Kn
1
4 (1 + |x |), |σ(x)|)

for every n ∈ N and x ∈ R
d . This completes the proof.

We propose below a new variant of the Milstein scheme with coefficients which
vary according to the choice of the time step. The aim is to approximate solutions of
non-linear SDEs such as Eq. (2.1). The new explicit scheme is given below

xnt = ξ +
∫ t

0
bn(xnκ(n,s))ds +

∫ t

0
σ̃ n(s, xnκ(n,s))dws (2.6)

almost surely for any t ∈ [0, T ].
The main result of this article is stated in the following theorem.

Theorem 2.1 Let Assumptions A-1 to A-5 be satisfiedwith p0 ≥ 2(3ρ+1) and p1 > 2.
Then, the explicit Milstein-type scheme (2.6) converges in L p to the true solution of
SDE (2.1) with a rate of convergence equal to 1.0, i.e. for every n ∈ N

sup
0≤t≤T

E |xt − xnt |p ≤ Kn−p, (2.7)
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936 C. Kumar, S. Sabanis

when p = 2. Moreover, if p0 ≥ 4(3ρ + 1), then (2.7) is true for any p ≤ p0
3ρ+1

provided that p < p1.

Remark 2.4 One observes immediately that for the case ρ = 0, one recovers, due
to Assumptions A-1 to A-5 and Theorem 2.1, the classical Milstein framework and
results (with some improvement perhaps as the coefficients of (2.1) are required only
to be once continuously differentiable in this article).

Remark 2.5 In order to ease notation, it is chosen not to explicitly present the calcula-
tions for, and thus it is left as an exercise to the reader, the case where the drift and/or
the diffusion coefficients contain parts which are Lipschitz continuous and grow at
most linearly (in x). In such a case, the analysis for these parts follows closely the clas-
sical approach and the main theorem/results of this article remain true. Furthermore,
note that such a statement applies also in the case of non-autonomous coefficients in
which typical assumptions for the smoothness of coefficients in t are considered (as,
for example, in [1]).

The details of the proof of the main result, i.e. Theorem 2.1, and of the required
lemmas are given in the next two sections.

3 Moment bounds

It is a well-known fact that due to Assumptions A-1 to A-3, the p0-th moment of the
true solution of (2.1) is bounded uniformly in time.

Lemma 3.1 Let Assumptions A-1 to A-3 be satisfied. Then, there exists a unique solu-
tion (xt )t∈[0,T ] of SDE (2.1) and the following holds,

sup
0≤t≤T

E |xt |p0 ≤ K .

The proof of the above lemma can be found in many textbooks, e.g. see Mao [8]. The
following lemmas are required in order to allow one to obtain moment bounds for the
new explicit scheme (2.6).

Remark 3.1 Another useful observation is that for every fixed n ∈ N and due to
Remark 2.1, the p0-th moment of the new Milstein-type scheme (2.6) is bounded
uniformly in time (as in the case of the classical Milstein scheme/framework with
SDE coefficients which grow at most linearly). Clearly, one cannot claim at this point
that such a bound is independent of n. However, the use of stopping times in the
derivation of moment bounds henceforth can be avoided.

Lemma 3.2 Let Assumption A-5 be satisfied. Then,

E |σ n
1 (t, xnκ(n,t))|p0 ≤ K (1 + E |xnκ(n,t)|p0) ≤ K E(1 + |xnκ(n,t)|2)p0/2

for any t ∈ [0, T ] and n ∈ N.

123



On Milstein approximations with varying coefficients… 937

Proof On using an elementary inequality of stochastic integrals and Hölder’s inequal-
ity, one obtains

E |σ n
1 (t, xnκ(n,t))|p0 = K E

∣∣∣
m∑

j=1

∫ t

κ(n,t)
Λn, jσ(xnκ(n,s))dw

j
s

∣∣∣
p0

≤ Kn− p0
2 +1E

∫ t

κ(n,t)
|Λn, jσ(xnκ(n,s))|p0ds

which due to Remark 2.1 gives

E |σ n
1 (t, xnκ(n,t))|p0 ≤ Kn− p0

2 +1E
∫ t

κ(n,t)
n

p0
2 (1 + |xnκ(n,s)|p0)ds

and hence the proof completes.

The following corollary is an immediate consequence of Lemma 3.2 and
Remark 2.1.

Corollary 3.1 Let Assumption A-5 be satisfied. Then

E |σ̃ n(t, xnκ(n,t))|p0 ≤ Kn
p0
4 (1 + E |xnκ(n,t)|p0) ≤ Kn

p0
4 E(1 + |xnκ(n,t)|2)

p0
2

for any n ∈ N and t ∈ [0, T ].

Lemma 3.3 Let Assumptions A-1 to A-5 be satisfied. Then, the explicit Milstein-type
scheme (2.6) satisfies the following,

sup
n∈N

sup
0≤t≤T

E |xnt |p0 ≤ K .

Proof By Itô’s formula on the functional (1 + |x |2)p/2 for x ∈ R
d , one obtains

(1 + |xnt |2)p0/2 = (1 + |ξ |2)p0/2 + p0

∫ t

0
(1 + |xns |2)p0/2−1xns b

n(xnκ(n,s))ds

+ p0

∫ t

0
(1 + |xns |2)p0/2−1xns σ̃ n(s, xnκ(n,s))dws

+ p0(p0 − 2)

2

∫ t

0
(1 + |xns |2)p0/2−2|σ̃ n∗(s, xnκ(n,s))x

n
s |2ds

+ p0
2

∫ t

0
(1 + |xns |2)p0/2−1|σ̃ n(s, xnκ(n,s))|2ds,

and then on taking expectation along with Schwarz inequality,
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E(1 + |xnt |2)p0/2 ≤ E(1 + |ξ |2)p0/2 + p0E
∫ t

0
(1 + |xns |2)p0/2−1(xns − xnκ(n,s))b

n(xnκ(n,s))ds

+ p0E
∫ t

0
(1 + |xns |2)p0/2−1xnκ(n,s)b

n(xnκ(n,s))ds

+ p0(p0 − 1)

2
E

∫ t

0
(1 + |xns |2)p0/2−1|σ̃ n(s, xnκ(n,s))|2ds

for any t ∈ [0, T ] and n ∈ N. Then, one uses |z1 + z2|2 = |z1|2 +
2

∑d
i=1

∑m
j=1 z

(i, j)
1 z(i, j)2 + |z2|2 for z1, z2 ∈ R

d×m to obtain the following estimates,

E(1 + |xnt |2)p0/2 ≤ E(1 + |ξ |2)p0/2 + p0E
∫ t

0
(1 + |xns |2)p0/2−1(xns − xnκ(n,s))b

n(xnκ(n,s))ds

+ p0
2

E
∫ t

0
(1 + |xns |2)p0/2−1{2xnκ(n,s)b

n(xnκ(n,s)) + (p0 − 1)|σ n(xnκ(n,s))|2}ds

+ p0(p0 − 1)

2
E

∫ t

0
(1 + |xns |2)p0/2−1|σ n

1 (s, xnκ(n,s))|2ds

+ p0(p0 − 1)E
∫ t

0
(1 + |xns |2)p0/2−1

d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))σ
n,(i, j)
1 (s, xnκ(n,s))ds

=: C1 + C2 + C3 + C4 + C5. (3.1)

Here, C1 := E(1 + |ξ |2)p0/2. For C2, one notices that it can be written as

C2 := p0E
∫ t

0
(1 + |xns |2)p0/2−1(xns − xnκ(n,s))b

n(xnκ(n,s))ds

= p0E
∫ t

0
(1 + |xns |2)p0/2−1

∫ s

κ(n,s)
bn(xnκ(n,r))drb

n(xnκ(n,s))ds

+ p0E
∫ t

0
(1 + |xns |2)p0/2−1

∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr b

n(xnκ(n,s))ds

which on the application of Remark 2.1 and Young’s inequality gives,

C2 ≤K
∫ t

0
E(1 + |xns |2)p0/2ds + K

∫ t

0
E(1 + |xnκ(n,s)|2)p0/2ds

+ p0E
∫ t

0
(1 + |xnκ(n,s)|2)p0/2−1

∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr b

n(xnκ(n,s))ds

+ p0E
∫ t

0
((1 + |xns |2)p0/2−1 − (1 + |xnκ(n,s)|2)p0/2−1)

×
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr b

n(xnκ(n,s))ds

for any t ∈ [0, T ] and n ∈ N. Further, one observes that the second term of the above
equation is zero and the third term can be estimated by the application of Itô’s formula
as below,
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C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1+|xnr |2)p0/2ds+K E

∫ t

0

∫ s

κ(n,s)
(1+|xnr |2)p0/2−2xnr b

n(xnκ(n,r))dr

×
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr b

n(xnκ(n,s))ds

+ K E
∫ t

0

∫ s

κ(n,s)
(1 + |xnr |2)p0/2−2xnr σ̃ n(r , xnκ(n,r))dwr

×
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr b

n(xnκ(n,s))ds

+ K E
∫ t

0

∫ s

κ(n,s)
(1 + |xnr |2)p0/2−2|σ̃ n(r , xnκ(n,r))|2dr

× |
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr || bn(xnκ(n,s)) | ds

for any t ∈ [0, T ] and n ∈ N. Due to Remark 2.1 along with an elementary inequality
of stochastic integrals, the following estimates can be obtained,

C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ KnE
∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2)(1 + |xnr |2)(p0−3)/2dr

∣∣∣
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr

∣∣∣ds

+ Kn
1
2 E

∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,s)|)(1 + |xnr |2)(p0−3)/2|σ̃ n(r , xnκ(n,r))|2drds

+ Kn
1
2 E

∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,s)|)(1 + |xnr |2)(p0−4)/2|σ̃ n(r , xnκ(n,r))|2dr

×
∣∣∣
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr

∣∣∣ds

for any t ∈ [0, T ] and n ∈ N. Noticing that when p0 ≤ 3, (1 + |xnr |2)(p0−3)/2 ≤ 1,
one can obtain the following estimate,

C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ K E
∫ t

0
n
3
4

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−1)/2drn

1
4
∣∣∣
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr

∣∣∣ds

+ K E
∫ t

0

∫ s

κ(n,s)
n
1− 2

p0 (1 + |xnκ(n,s)|2 + |xnr |2)(p0−2)/2n
− 1

2+ 2
p0 |σ̃ n(r , xnκ(n,r))|2drds

+ K E
∫ t

0
n
1
4

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−2)/2

|σ̃ n(r , xn
κ(n,r))|2

1 + |xn
κ(n,r)|

dr

× n
1
4
∣∣∣
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr

∣∣∣ds

123



940 C. Kumar, S. Sabanis

and then one uses Young’s inequality to obtain the following estimates,

C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ Kn
3p0

4(p0−1) E
∫ t

0

( ∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−1)/2dr

) p0
p0−1 ds

+ KnE
∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)p0/2drds

+Kn
p0

4(p0−1) E
∫ t

0

( ∫ s

κ(n,s)
(1+|xnκ(n,s)|2 + |xnr |2)(p0−2)/2

| σ̃ n(r , xn
κ(n,r)) |2

1 + |xn
κ(n,s)|

dr
) p0

p0−1 ds

+ Kn
p0
4 E

∫ t

0

∣∣∣
∫ s

κ(n,s)
σ̃ n(r , xnκ(n,r))dwr

∣∣∣
p0
ds

+ Kn− p0
4 +1E

∫ t

0

∫ s

κ(n,s)
|σ̃ n(r , xnκ(n,r))|p0drds

for any t ∈ [0, T ] and n ∈ N. Further, by the application of Hölder’s inequality and
an elementary inequality of stochastic integrals, one obtains the following estimates,

C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ Kn
3p0

4(p0−1) − p0
p0−1+1

E
∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2) p0

2 drds

+ K E
∫ t

0
n

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)

p0(p0−2)
2(p0−1)

× n
− 3p0

4(p0−1)
( | σ̃ n(r , xnκ(n,r)) |2

1 + |xnκ(n,r)|
) p0

p0−1
drds

+ Kn− p0
4 +1E

∫ t

0

∫ s

κ(n,s)
|σ̃ n(r , xnκ(n,r))|p0drds

which due to Corollary 3.1 and Young’s inequality yields

C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ K E
∫ t

0
n

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2) p0

2 dr

+ K E
∫ t

0
n

∫ s

κ(n,s)
n− 3p0

4

( | σ̃ n(r , xnκ(n,r)) |2
1 + |xnκ(n,r)|

)p0
drds
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for any t ∈ [0, T ] and n ∈ N. Now, one only requires the estimates of the last term of
C2 which can be done as follows. Due to Remark 2.1, one has

E
( | σ̃ n(r , xnκ(n,r)) |2

1 + |xnκ(n,r)|
)p0 ≤ K E

| σ n(xnκ(n,r)) |2p0
(1 + |xnκ(n,r)|)p0

+ K E
| σ n

1 (r , xnκ(n,r)) |2p0
(1 + |xnκ(n,r)|)p0

≤ Kn
p0
2 E

(1+ | xnκ(n,r) |)2p0
(1 + |xnκ(n,r)|)p0

+ K E
| ∑m

j=1

∫ r
κ(n,r) Λn, jσ(xnκ(n,u))dw

j
u |2p0

(1 + |xnκ(n,r)|)p0

and then the application of and an elementary inequality of stochastic integrals,

E
( | σ̃ n(r , xnκ(n,r)) |2

1 + |xnκ(n,r)|
)p0 ≤ Kn

p0
2 E(1+ | xnκ(n,r) |)p0

+ K E
( m∑

j=1

∫ r

κ(n,r)

|Λn, jσ(xnκ(n,u))|2
1 + |xnκ(n,u)|

du
)p0

which again due to Remark 2.1 gives,

E
( | σ̃ n(r , xnκ(n,r)) |2

1 + |xκ(n,r)|
)p0 ≤ Kn

p0
2 E(1+ | xnκ(n,r) |2)p0/2

+ K E
( ∫ r

κ(n,r)

n(1 + |xnκ(n,u)|)2
1 + |xnκ(n,u)|

du
)p0

≤ Kn
p0
2 E(1+ | xnκ(n,r) |2)p0/2 (3.2)

for any t ∈ [0, T ] and n ∈ N. By substituting the estimates from (3.2) in C2 above,
one obtains the following,

C2 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds (3.3)

for any t ∈ [0, T ] and n ∈ N. ForC3, one usesAssumptionA-2 to obtain the following,

C3 := p0
2
E

∫ t

0
(1 + |xns |2)p0/2−1{2xnκ(n,s)b

n(xnκ(n,s)) + (p0 − 1)|σ n(xnκ(n,s))|2}ds

= p0
2
E

∫ t

0
(1 + |xns |2)p0/2−1

2xnκ(n,s)b(x
n
κ(n,s)) + (p0 − 1)|σ(xnκ(n,s))|2
1 + n−1|xnκ(n,s)|2ρ+4 ds

≤ K E
∫ t

0
(1 + |xns |2)p0/2−1

1 + |xnκ(n,s)|2
1 + n−1|xnκ(n,s)|2ρ+4 ds
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which due to Young’s inequality gives,

C3 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds (3.4)

for any t ∈ [0, T ] and n ∈ N. Furthermore, by using Young’s inequality, C4 in (3.1)
is estimated as,

C4 := p0(p0 − 1)

2
E

∫ t

0
(1 + |xns |2)p0/2−1|σ n

1 (s, xnκ(n,s))|2ds

≤ K E
∫ t

0
(1 + |xns |2)p0/2ds + K E

∫ t

0
|σ n

1 (s, xnκ(n,s))|p0ds

and then on the application of Lemma 3.2, one obtains

C4 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds (3.5)

for any t ∈ [0, T ] and n ∈ N. Now, for estimating C5, one writes

C5 := p0(p0−1)E
∫ t

0
(1 + |xns |2)p0/2−1

d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))σ
n,(i, j)
1 (s, xnκ(n,s))ds

≤ K E
∫ t

0
(1 + |xnκ(n,s)|2)p0/2−1

d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))

×
m∑

k=1

∫ s

κ(n,s)
Λn,kσ n,(i, j)(xnκ(n,r))dwk

r ds

+ K E
∫ t

0
((1 + |xns |2)p0/2−1 − (1 + |xnκ(n,s)|2)p0/2−1)

×
d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))σ
n,(i, j)
1 (s, xnκ(n,s))ds

for any t ∈ [0, T ] and n ∈ N. Clearly, the first term is zero and one uses Itô’s formula
for the second term to obtain the following,

C5 ≤ K E
∫ t

0

∫ s

κ(n,s)
(1 + |xnr |2)p0/2−2xnr b

n(xnκ(n,r))dr

×
d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))σ
n,(i, j)
1 (s, xnκ(n,s))ds

+ K E
∫ t

0

∫ s

κ(n,s)
(1 + |xnr |2)p0/2−2xnr σ̃ n(r , xnκ(n,r))dwr
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×
d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))

m∑

k=1

∫ s

κ(n,s)
Λn,kσ n,(i, j)(xnκ(n,r))dwk

r ds

+ K E
∫ t

0

∫ s

κ(n,s)
(1 + |xnr |2)p0/2−2|σ̃ n(r , xnκ(n,r))|2dr

×
∣∣∣∣∣∣

d∑

i=1

m∑

j=1

σ n,(i, j)(xnκ(n,s))σ
n,(i, j)
1 (s, xnκ(n,s))

∣∣∣∣∣∣
ds

which on using Schwarz inequality and Remark 2.1 along with an elementary inequal-
ity of stochastic integrals yields,

C5 ≤ Kn
3
4 E

∫ t

0
(1 + |xnκ(n,s)|)2

∫ s

κ(n,s)
(1 + |xnr |2)(p0−3)/2dr |σ n

1 (s, xnκ(n,s))|ds

+ Kn
3
4 E

∫ t

0
(1 + |xnκ(n,s)|)2

∫ s

κ(n,s)
(1 + |xnr |2)(p0−3)/2|σ̃ n(r , xnκ(n,r))|drds

+ Kn
1
4 E

∫ t

0
(1 + |xnκ(n,s)|)

∫ s

κ(n,s)
(1 + |xnr |2)(p0−4)/2|σ̃ n(r , xnκ(n,r))|2

dr |σ n
1 (s, xnκ(n,s))|ds

and this can further be estimated as,

C5 ≤ K E
∫ t

0
n

3
4

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−1)/2dr × |σ n

1 (s, xnκ(n,s))|ds

+ K E
∫ t

0

∫ s

κ(n,s)
n

p0−1
p0 (1 + |xnκ(n,s)|2 + |xnr |2)(p0−1)/2

× n
3
4− p0−1

p0 |σ̃ n(r , xnκ(n,r))|drds

+ K E
∫ t

0
n

1
4

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−2)/2

|σ̃ n(r , xnκ(n,r))|2
1 + |xnκ(n,r)|

dr |σ n
1 (s, xnκ(n,s))|ds

for any t ∈ [0, T ] and n ∈ N. Further, one uses Young’s inequality to obtain the
following estimates,

C5 ≤ K E
∫ t

0

(
n

3
4

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−1)/2dr

) p0
p0−1

ds

+ K E
∫ t

0

∫ s

κ(n,s)
n(1 + |xnκ(n,s)|2 + |xnr |2)p0/2drds

+ K E
∫ t

0

∫ s

κ(n,s)
n

3p0
4 −p0+1|σ̃ n(r , xnκ(n,r))|drds
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+K E
∫ t

0

(
n

1
4

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)(p0−2)/2

|σ̃ n(r , xnκ(n,r))|2
1 + |xnκ(n,r)|

dr
) p0

p0−1
ds

+ K E
∫ t

0
|σ n

1 (s, xnκ(n,s))|p0ds

which on using Hölder’s inequality, Lemma 3.2 and Corollary 3.1 gives,

C5 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ K E
∫ t

0
n

3p0
4(p0−1) − p0

p0−1+1
∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)p0/2dr

+ K E
∫ t

0

∫ s

κ(n,s)
n

p0−2
p0−1 (1 + |xnκ(n,s)|2 + |xnr |2)

p0(p0−2)
2(p0−1) n

− 3p0
4(p0−1) − p0−2

p0−1+1

×
( |σ̃ n(r , xnκ(n,r))|2

1 + |xnκ(n,r)|
) p0

p0−1
drds

and then one again uses Young’s inequality to obtain,

C5 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds

+ K E
∫ t

0
n

∫ s

κ(n,s)
(1 + |xnκ(n,s)|2 + |xnr |2)p0/2drds

+ K E
∫ t

0
n− 3p0

4 +1
∫ s

κ(n,s)

( |σ̃ n(r , xnκ(n,r))|2
1 + |xnκ(n,r)|

)p0
drds

for any t ∈ [0, T ] and n ∈ N. Thus by the estimates obtained in (3.2), one has

C5 ≤ K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds (3.6)

for any t ∈ [0, T ] and n ∈ N. By substituting estimates from (3.3), (3.4), (3.5) and
(3.6) in (3.1), the following estimates are obtained,

sup
0≤s≤t

E(1 + |xns |2)p0/2 ≤ K + K
∫ t

0
sup

0≤r≤s
E(1 + |xnr |2)p0/2ds < ∞

for any t ∈ [0, T ] and n ∈ N. The proof is completed by the Gronwall’s lemma.
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4 Proof of main result

A simple application of the mean value theorem, which appears in the Lemma below,
allows us to simplify substantially the proof of Theorem 2.1. Furthermore, throughout
this section, it is assumed that p0 ≥ 2(3ρ + 1) and p1 > 2.

Lemma 4.1 Let f : Rd → R be a continuously differentiable function which satisfies
the following,

|Df (x) − Df (x̄)| ≤ L(1 + |x | + |x̄ |)γ |x − x̄ | (4.1)

for all x, x̄ ∈ R
d and for a fixed γ ∈ R. Then, there exists a constant L such that

| f (x) − f (x̄) −
d∑

i=1

∂ f (x̄)

∂ yi
(xi − x̄ i )| ≤ L(1 + |x | + |x̄ |)γ |x − x̄ |2

for any x, x̄ ∈ R
d .

Proof By mean value theorem,

f (x) − f (x̄) =
d∑

i=1

f (qx + (1 − q)x̄)

∂ yi
(xi − x̄ i )

for some q ∈ (0, 1). Hence, for a fixed q ∈ (0, 1),

| f (x) − f (x̄) −
d∑

i=1

∂ f (x̄)

∂ yi
(xi − x̄ i )|

=
∣∣∣

d∑

i=1

∂ f (qx + (1 − q)x̄)

∂ yi
(xi − x̄ i ) −

d∑

i=1

∂ f (x)

∂ yi
(xi − x̄ i )|

≤
d∑

i=1

∣∣∣
∂ f (qx + (1 − q)x̄)

∂ yi
− ∂ f (x)

∂ yi

∣∣∣|xi − x̄ i |

which on using equation (4.1) completes the proof.

Lemma 4.2 Let Assumptions A-1 to A-5 be satisfied. Then, for every n ∈ N

sup
0≤t≤T

E |σ n
1 (t, xnκ(n,t))|p ≤ Kn− p

2

for any p ≤ p0
ρ+1 .
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Proof By the application of an elementary inequality of stochastic integrals, Hölder’s
inequality, Lemma 2.1 and Remark 2.1, one obtains

E |σ n
1 (t, xnκ(n,t))|p ≤ K

m∑

j=1

E
∣∣∣
∫ t

κ(n,t)
Λn, jσ(xnκ(n,s))dw

j
s

∣∣∣
p

≤ Kn− p
2 +1E

∫ t

κ(n,t)
|Λ jσ(xnκ(n,s))|pds

≤ Kn− p
2 +1E

∫ t

κ(n,t)
(1 + |xnκ(n,s)|)(ρ+1)pds

which due to Lemma 3.3 completes the proof.

As a consequence of the above lemma, one obtains the following corollary.

Corollary 4.1 Let Assumptions A-1 to A-5 be satisfied. Then, for every n ∈ N,

sup
0≤t≤T

E |σ̃ n(t, xnκ(n,t))|p ≤ K

for any p ≤ p0
ρ+1 .

Lemma 4.3 Let Assumptions A-1 to A-5 be satisfied. Then, for every n ∈ N,

sup
0≤t≤T

E |xnt − xnκ(n,t)|p ≤ Kn− p
2

for any p ≤ p0
ρ+1 .

Proof Due to the scheme (2.6),

E |xnt − xnκ(n,t)|p ≤K E
∣∣∣
∫ t

κ(n,t)
bn(xnκ(n,s))ds

∣∣∣
p + K E

∣∣∣
∫ t

κ(n,t)
σ̃ n(s, xnκ(n,s))dws

∣∣∣
p

and then the application of Hölder’s inequality along with an elementary inequality of
stochastic integrals gives

E |xnt − xnκ(n,t)|p ≤Kn−p+1E
∫ t

κ(n,t)
|bn(xnκ(n,s))|pds

+ Kn− p
2 +1E

∫ t

κ(n,t)
|σ̃ n(s, xnκ(n,s))|pds

which on using Lemma 2.1 and Remark 2.1 yields the following estimates,
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E |xnt − xnκ(n,t)|p ≤ Kn−p+1E
∫ t

κ(n,t)
(1 + |xnκ(n,s)|)(ρ+1)pds

+ Kn− p
2 +1E

∫ t

κ(n,t)
|σ̃ n(s, xnκ(n,s))|pds

for any t ∈ [0, T ]. Thus, one uses Lemma 3.3 and Corollary 4.1 to complete the proof.

Lemma 4.4 Let Assumptions A-1 to A-5 be satisfied. Then, for every n ∈ N,

sup
0≤t≤T

E |b(xnκ(n,t)) − bn(xnκ(n,t))|p ≤ Kn−p

for any p ≤ p0
3ρ+1 .

Proof One observes that

|b(xnκ(n,t)) − bn(xnκ(n,t))| = n−1
|b(xnκ(n,t))||xnκ(n,t)|2ρ
1 + n−1|xnκ(n,t)|2ρ

≤ Kn−1(1 + |xnκ(n,t)|)3ρ+1

and hence Lemma 3.3 completes the proof.

Lemma 4.5 Let Assumptions A-1 to A-5 be satisfied. Then, for for every n ∈ N,

sup
0≤t≤T

E |σ(xnκ(n,t)) − σ n(xnκ(n,t))|p ≤ Kn−p

for any p ≤ p0
2.5ρ+1 .

Proof The proof follows using same arguments as used in Lemma 4.4.

Lemma 4.6 Let Assumptions A-1 to A-5 be satisfied. Then, for every n ∈ N,

sup
0≤t≤T

E |σ(xnt ) − σ(xnκ(n,t)) − σ n
1 (t, xnκ(n,t))|p ≤ Kn−p

for any p ≤ p0
3ρ+1 .

Proof First, one observes that

d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu
(xn,u

t − xn,u
κ(n,t)) =

d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu

( ∫ t

κ(n,t)
bn,u(xnκ(n,s))ds

+
∫ t

κ(n,t)

m∑

j=1

σ n,(u, j)(xnκ(n,s))dw
j
s

+
∫ t

κ(n,t)

m∑

j=1

σ
n,(u, j)
1 (s, xnκ(n,s))dw

j
s

)
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=
d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu

∫ t

κ(n,t)
bn,u(xnκ(n,s))ds

+ σ
n,(k,v)
1 (t, xnκ(n,t)) +

d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu

∫ t

κ(n,t)

m∑

j=1

σ
n,(u, j)
1 (s, xnκ(n,s))dw

j
s (4.2)

for any t ∈ [0, T ]. Also, one can write the following,

σ (k,v)(xnt ) − σ (k,v)(xnκ(n,t)) − σ
n,(k,v)
1 (t, xnκ(n,t))

= σ (k,v)(xnt ) − σ (k,v)(xnκ(n,t)) −
d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu
(xn,u

t − xn,u
κ(n,t))

+
d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu
(xn,u

t − xn,u
κ(n,t)) − σ

n,(k,v)
1 (t, xnκ(n,t))

and hence due to equation (4.2), Remark 2.1 and Lemma 4.1 (with γ = (ρ − 2)/2),
one obtains

|σ (k,v)(xnt ) − σ (k,v)(xnκ(n,t)) − σ
n,(k,v)
1 (t, xnκ(n,t))|

≤ L(1 + |xnt | + |xnκ(n,t)|)
ρ−2
2 |xnt − xnκ(n,t)|2

+
∣∣∣

d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu

∫ t

κ(n,t)
bn,u
s (xnκ(n,s))ds

∣∣∣

+
∣∣∣

d∑

u=1

∂σ (k,v)(xnκ(n,t))

∂xu

∫ t

κ(n,t)

m∑

j=1

σ
n,(u, j)
1 (s, xnκ(n,s))dw

j
s

∣∣∣

for any t ∈ [0, T ]. Thus, on the application of Hölder’s inequality and an elementary
inequality of stochastic integrals alongwithLemma2.1 andRemarks 2.1, the following
estimates are obtained,

E |σ (k,v)(xnt ) − σ (k,v)(xnκ(n,t)) − σ
n,(k,v)
1 (t, xnκ(n,t))|p

≤ K E(1 + |xnt | + |xnκ(n,t)|)
ρ p
2 |xnt − xnκ(n,t)|2p + Kn−pE(1 + |xnκ(n,t)|)

ρ p
2 +(ρ+1)p

+ Kn− p
2 +1

∫ t

κ(n,t)
E(1 + |xnκ(n,t)|)

ρ p
2 |σ n

1 (s, xnκ(n,s))|pds

for any t ∈ [0, T ]. One again uses Hölder’s inequality and obtains,

E |σ (k,v)(xnt ) − σ (k,v)(xnκ(n,t)) − σ
n,(k,v)
1 (t, xnκ(n,t))|p
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≤ K {E(1 + |xnt | + |xnκ(n,t)|)
p0
2 } ρ p

p0 {E |xnt − xnκ(n,t)|
2pp0
p0−ρ p }

p0−ρ p
p0 + Kn−p

+ Kn− p
2 +1

∫ t

κ(n,t)
{E(1 + |xnκ(n,t)|)p0}

ρ p
2p0 {E |σ n

1 (s, xnκ(n,s))|
2pp0

2p0−ρ p }
2p0−ρ p

2p0 ds

for any t ∈ [0, T ]. The proof is completed by Lemmas [3.3, 4.3, 4.2].

Let us at this point introduce ent := xt − xnt for any t ∈ [0, T ].
Lemma 4.7 Let Assumptions A-1 to A-5 be satisfied. Then, for every n ∈ N and
t ∈ [0, T ],

E
∫ t

0
|ens |p−2ens (b(x

n
s ) − b(xnκ(n,s)))ds ≤ K

∫ t

0
sup

0≤r≤s
E |enr |pds + Kn−p (4.3)

for p = 2. Furthermore, if p0 ≥ 4(3ρ + 1), then (4.3) holds for any p ≤ p0
3ρ+1 .

Proof First, one writes the following,

E
∫ t

0
|ens |p−2ens (b(x

n
s ) − b(xnκ(n,s)))ds

=
d∑

k=1

E
∫ t

0
|ens |p−2en,k

s (bk(xns ) − bk(xnκ(n,s)))ds

=
d∑

k=1

E
∫ t

0
|ens |p−2en,k

s (bk(xns ) − bk(xnκ(n,s)) −
d∑

i=1

∂bk(xnκ(n,s))

∂xi
(xn,i

s − xn,i
κ(n,s)))ds

+
d∑

k=1

E
∫ t

0
|ens |p−2en,k

s

d∑

i=1

∂bk(xnκ(n,s))

∂xi
(xn,i

s − xn,i
κ(n,s))

≤
d∑

k=1

E
∫ t

0
|ens |p−1|bk(xns ) − bk(xnκ(n,s)) −

d∑

i=1

∂bk(xnκ(n,s))

∂xi
(xn,i

s − xn,i
κ(n,s))|ds

+
d∑

k=1

E
∫ t

0
|ens |p−2en,k

s

d∑

i=1

∂bk(xnκ(n,s))

∂xi

∫ s

κ(n,s)
bn,i (xnκ(n,r))dr

+
d∑

k=1

E
∫ t

0
|ens |p−2en,k

s

d∑

i=1

∂bk(xnκ(n,s))

∂xi

∫ s

κ(n,s)

m∑

l=1

σ̄ n,(i,l)(xnκ(n,r))dwl
r

=: T1 + T2 + T3 (4.4)

for any t ∈ [0, T ].
Notice that when p = 2, |ens |p−2 does not appear in T2 and T3 of the above equation.

One keeps this in mind in the following calculations because their estimations require
less computational efforts as compared to the case of p ≥ 4.
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Now, T1 can be estimated by using Lemma 4.1 (with γ = ρ − 1) as below,

T1 :=
d∑

k=1

E
∫ t

0
|ens |p−1|bk(xns ) − bk(xnκ(n,s)) −

d∑

i=1

∂bk(xnκ(n,s))

∂xi
(xn,i

s − xn,i
κ(n,s))|ds

≤ E
∫ t

0
|ens |p−1(1 + |xns | + |xnκ(n,s)|)ρ−1|xns − xnκ(n,s)|2ds

which on the application of Young’s inequality and Hölder’s inequality gives

T1 ≤
∫ t

0
E |ens |pds +

∫ t

0
E(1 + |xns | + |xnκ(n,s)|)(ρ−1)p|xns − xnκ(n,s)|2pds

≤
∫ t

0
E |ens |pds +

∫ t

0
{E(1 + |xns | + |xnκ(n,s)|)p0}

(ρ−1)p
p0

× {E |xns − xnκ(n,s)|
2pp0

p0−(ρ−1)p }
p0−(ρ−1)p

p0 ds

and then by using Lemmas [3.3, 4.3], one obtains

T1 ≤ Kn−p +
∫ t

0
sup

0≤r≤s
E |enr |pds (4.5)

for any t ∈ [0, T ].
For T2, one uses Schwarz, Young’s and Hölder’s inequalities and obtains the fol-

lowing estimates,

T2 :=
d∑

k=1

E
∫ t

0
|ens |p−2en,k

s

d∑

i=1

∂bk(xnκ(n,r))

∂xi

∫ s

κ(n,s)
bn,i (xnκ(n,r))drds

≤ K E
∫ t

0
|ens |pds + Kn−p+1

d∑

k,i=1

E
∫ t

0

∫ s

κ(n,s)
|∂b

k(xnκ(n,r))

∂xi
|p

× |bn,i (xnκ(n,r))|pdrds

which on the application of Lemma 2.1 and Remark 2.1 yields

T2 ≤ K
∫ t

0
E |ens |pds + Kn−p+1E

∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,r)|)(2ρ+1)pdrds

for any t ∈ [0, T ]. Furthermore, due to Lemma 3.3, the following estimates are
obtained,

T2 ≤ Kn−p +
∫ t

0
sup

0≤r≤s
E |enr |pds (4.6)
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for any t ∈ [0, T ]. One can now proceed to the estimation of T3. For this, one uses
Itô’s formula and obtains the following estimates,

|ens |p−2en,k
s = |enκ(n,s)|p−2en,k

κ(n,s) +
∫ s

κ(n,s)
|enr |p−2(bk(xr ) − bn,k(xnκ(n,r)))dr

+
∫ s

κ(n,s)
|enr |p−2

m∑

j=1

(
σ (k, j)(xr ) − σ̃ n,(k, j)(r , xnκ(n,r))

)
dw

j
r

+ (p − 2)
∫ s

κ(n,s)
en,k
r |enr |p−4enr (b(xr ) − bn(xnκ(n,r)))dr

+ (p − 2)
∫ s

κ(n,s)
en,k
r |enr |p−4enr (σ (xr ) − σ̃ n(r , xnκ(n,r)))dwr

+ (p − 2)(p − 4)

2

∫ s

κ(n,s)
en,k
r |enr |p−6|(σ (xr ) − σ̃ n(r , xnκ(n,r)))

∗enr |2dr

+ p − 2

2

∫ s

κ(n,s)
en,k
r |enr |p−4|σ(xr ) − σ̃ n(r , xnκ(n,r))|2dr

+ (p − 2)
∫ s

κ(n,s)

m∑

j=1

(σ (k, j)(xr ) − σ̃ n,(k, j)(r , xnκ(n,r)))|enr |p−4

×
d∑

u=1

en,u
r (σ (u, j)(xr ) − σ̃ n,(u, j)(r , xnκ(n,r)))dr

for any s ∈ [0, T ].
In the above equation, notice that when p = 2, the last five terms are zero,

|enκ(n,s)|p−2 is absent from the first term and |enr |p−2 does not appear in the second and
third terms. Hence, this on substituting in T3 and then using Schwarz inequality gives
the following estimates,

T3 ≤
d∑

k=1

E
∫ t

0
|enκ(n,s)|p−2en,k

κ(n,s)

∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds

+
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|b(xr ) − bn(xnκ(n,r))|dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

+
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−2

m∑

j=1

(
σ (k, j)(xr ) − σ̃ n,(k, j)(r , xnκ(n,r))

)
dw

j
r

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds
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+ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
en,k
r |enr |p−4enr (σ (xr ) − σ̃ n(r , xnκ(n,r)))dwr

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds

+ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−3|σ(xr ) − σ̃ n(r , xnκ(n,r))|2dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

=: T31 + T32 + T33 + T34 + T35 (4.7)

for any t ∈ [0, T ]. In order to estimate T31, one writes,

T31 := K
d∑

k=1

E
∫ t

0
|enκ(n,s)|p−2en,k

κ(n,s)

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds

= K
d∑

k=1

E
∫ t

0
|enκ(n,s)|p−2en,k

κ(n,s)

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ n,(i,l)(xnκ(n,r))dwl

r ds

+ K
d∑

k=1

E
∫ t

0
|enκ(n,s)|p−2en,k

κ(n,s)

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ
n,(i,l)
1 (r , xnκ(n,r))dwl

r ds

for any t ∈ [0, T ]. In the above, notice that first term is zero. Then, on using the
Young’s inequality, Hölder’s inequality and an elementary inequality of stochastic
integrals, one obtains,

T31 ≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds

+ K
d∑

k=1

E
∫ t

0

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ
n,(i,l)
1 (r , xnκ(n,r))dwl

r

∣∣∣
p
ds

≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds + Kn− p

2 +1E
∫ t

0

∫ s

κ(n,s)
(1 + |xnκ(n,r)|)ρ p
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× |σ n
1 (r , xnκ(n,r))|pdrds

≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds + Kn− p

2 +1
∫ t

0

∫ s

κ(n,s)
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0

× {E |σ1(xnκ(n,r))|
pp0

p0−ρ p }
p0−ρ p

p0 drds

and then by using Lemmas [3.3, 4.2], one obtains

T31 ≤ Kn−p + K
∫ t

0
sup

0≤r≤s
E |enr |pds (4.8)

for any t ∈ [0, T ]. Moreover, for estimating T32, one uses the following splitting,

b(xr ) − b̃n(xnκ(n,r)) = (b(xr ) − b(xnr )) + (b(xnr ) − b(xnκ(n,r)))

+ (b(xnκ(n,r)) − bn(xnκ(n,r))) (4.9)

and hence T32 can be estimated by

T32 :=
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|b(xr ) − b̃n(xnκ(n,r))|dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

≤ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)

(
n

1
p |enr |

)p−1
(1 + |xr | + |xnr |)ρdr

× n− p−1
p

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

+ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)

(
n

1
p |enr |

)p−2
(1 + |xnr | + |xnκ(n,r)|)ρ |xnr − xnκ(n,r)|dr

× n− p−2
p

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

+ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)

(
n

1
p |enr |

)p−2|b(xnκ(n,r)) − bn(xnκ(n,r))|dr

× n− p−2
p

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds
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which on the application of Young’s inequality gives

T32 ≤ K E
∫ t

0
n

∫ s

κ(n,s)
|enr |pdrds + Kn−p+1

d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
(1 + |xr | + |xnr |)ρ pdr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p
ds

+ Kn− p−2
2

d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
(1 + |xnr | + |xnκ(n,r)|)

ρ p
2 |xnr − xnκ(n,r)|

p
2 dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p
2
ds

+ Kn− p−2
2

d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|b(xnκ(n,r)) − bn(xnκ(n,r))|

p
2 dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p
2
ds

for any t ∈ [0, T ]. Due to Hölder’s inequality and an elementary inequality of stochas-
tic integrals, one obtains

T32≤K
∫ t

0
sup

0≤r≤s
E |enr |pds+Kn−p+1

d∑

k=1

∫ t

0

[
E

( ∫ s

κ(n,s)
(1+|xr | + |xnr |)ρ pdr

) p0
ρ p

] ρ p
p0

×
[
E

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
pp0

p0−ρ p
] p0−ρ p

p0 ds

+ Kn− p−2
2

d∑

k=1

∫ t

0

[
E

( ∫ s

κ(n,s)
(1 + |xnr | + |xnκ(n,r)|)

ρ p
2 |xnr − xnκ(n,r)|

p
2 dr

)2] 1
2

×
[
E

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p] 1

2
ds

+ Kn− p−2
2

d∑

k=1

∫ t

0

[
E

( ∫ s

κ(n,s)
|b(xnκ(n,r)) − bn(xnκ(n,r))|

p
2 dr

)2] 1
2

×
[
E

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p] 1

2
ds
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and this further implies due to Hölder’s inequality,

T32≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds+Kn−p+1

∫ t

0

[
n− p0

ρ p +1E
∫ s

κ(n,s)
(1 + |xr | + |xnr |)p0dr

] ρ p
p0

×
[
n

− pp0
2p0−2ρ p +1

E
∫ s

κ(n,s)
(1 + |xnκ(n,r)|)

pρ p0
p0−ρ p |σ̃ n(r , xnκ(n,r))|

pp0
p0−ρ p dr

] p0−ρ p
p0 ds

+ Kn− p−2
2

∫ t

0

[
n−1E

∫ s

κ(n,s)
(1 + |xnr | + |xnκ(n,r)|)ρ p|xnr − xnκ(n,r)|pdr

] 1
2

×
[
n− p

2 +1E
∫ s

κ(n,s)
(1 + |xnκ(n,r)|)ρ p|σ̃ n(r , xnκ(n,r))|pdr

] 1
2
ds

+ Kn− p−2
2

∫ t

0

[
n−1E

∫ s

κ(n,s)
|b(xnκ(n,r)) − bn(xnκ(n,r))|pdr

] 1
2

×
[
n− p

2 +1E
∫ s

κ(n,s)
(1 + |xnκ(n,r)|)ρ p|σ̃ n(r , xnκ(n,r))|pdr

] 1
2
ds

for any t ∈ [0, T ]. Again, by using the Hölder’s inequality along with Lemmas
[3.1, 3.3, 4.4], one obtains the following estimates,

T32≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds+Kn−p

∫ t

0

[
n

− pp0
2p0−2ρ p +1

∫ s

κ(n,s)
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0−ρ p

× {E |σ̃ n(r , xnκ(n,r))|
pp0

p0−2ρ p }
p0−2ρ p
p0−ρ p dr

] p0−ρ p
p0 ds

+ Kn− p−2
2

∫ t

0

[
n−1

∫ s

κ(n,s)
{E(1 + |xnr | + |xnκ(n,r)|)p0}

ρ p
p0

× {E |xnr − xnκ(n,r)|
pp0

p0−ρ p }
p0−ρ p

p0 dr
] 1
2

×
[
n− p

2 +1
∫ s

κ(n,s)
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0

× {E |σ̃ n(r , xnκ(n,r))|
pp0

p0−ρ p }
p0−ρ p

p0 dr
] 1
2
ds

+ Kn−p
∫ t

0

[
n− p

2 +1
∫ s

κ(n,s)
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0

× {E |σ̃ n(r , xnκ(n,r))|
p0 p

p0−ρ p }
p0−ρ p

p0 dr
] 1
2
ds

for any t ∈ [0, T ]. Hence, on using Lemmas [3.3, 4.3] and Corollary 4.1, one obtains,

T32 ≤ Kn−p + K
∫ t

0
sup

0≤r≤s
E |enr |pds (4.10)
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for any t ∈ [0, T ]. Further, one observes that the estimation of T33 and T34 can be
done together as described below. First, one observes that T33 can be expressed as

T33 :=
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−2

m∑

j=1

(
σ (k, j)(xr ) − σ̃ n,(k, j)(r , xnκ(n,r))

)
dw

j
r

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds

=
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−2

m∑

j=1

(
σ (k, j)(xr ) − σ̃ n,(k, j)(r , xnκ(n,r))

)

×
d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i, j)(r , xnκ(n,r))drds

which due to Schwartz inequality and Remark 2.1 yields

T33 ≤ K E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|σ(xr ) − σ̃ n(r , xnκ(n,r))|(1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

for any t ∈ [0, T ]. Similarly, T34 can be estimated as

T34 := K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
en,k
r |enr |p−4enr (σ (xr ) − σ̃ n(r , xnκ(n,r)))dwr

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds

= K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)

m∑

j=1

d∑

u=1

en,k
r |enr |p−4en,u

r (σ (u, j)(xr )−σ̃ n,(u, j)(r , xnκ(n,r)))dw
j
r

×
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r ds

= K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)

m∑

j=1

d∑

u=1

en,k
r |enr |p−4en,u

r (σ (u, j)(xr ) − σ̃ n,(u, j)(r , xnκ(n,r)))

×
d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i, j)(r , xnκ(n,r))drds

which on using Remark 2.1 gives

T34 ≤ K E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|σ(xr )
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− σ̃ n(r , xnκ(n,r))|(1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

for any t ∈ [0, T ]. For estimating T33 + T34, one uses the following splitting,

σ(xr ) − σ̃ n(r , xnκ(n,r)) = σ(xr ) − σ n(xnκ(n,r)) − σ n
1 (r , xnκ(n,r))

= (σ (xr ) − σ(xnr )) + (σ (xnr ) − σ(xnκ(n,r))

− σ n
1 (r , xnκ(n,r))) + (σ (xnκ(n,r)) − σ n(xnκ(n,r))) (4.11)

and hence obtains the following estimates,

T33+T34≤ K E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|σ(xr ) − σ(xnr )|(1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

+ K E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|
× (1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

+ K E
∫ t

0

∫ s

κ(n,s)
|enr |p−2|σ(xnκ(n,r)) − σ n(xnκ(n,r))|

× (1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

which also gives the following expressions,

T33 + T34 ≤ K E
∫ t

0

∫ s

κ(n,s)
(n

1
p |enr |)p−1n− p−1

p (1 + |xr | + |xnr |) ρ
2

× (1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

+ K E
∫ t

0

∫ s

κ(n,s)
(n

1
p |enr |)p−2n− p−2

p |σ(xnr )−σ(xnκ(n,r)) − σ n
1 (r , xnκ(n,r))|

× (1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

+ K E
∫ t

0

∫ s

κ(n,s)
(n

1
p |enr |)p−2n− p−2

p |σ(xnκ(n,r)) − σ n(xnκ(n,r))|
× (1 + |xnκ(n,r)|)ρ |σ̃ n(r , xnκ(n,r))|drds

for any t ∈ [0, T ]. Also, on the application of Young’s inequality, one obtains

T33+T34 ≤ K E
∫ t

0
n

∫ s

κ(n,s)
|enr |pds

+ Kn−p+1E
∫ t

0

∫ s

κ(n,s)
(1+|xr |+|xnr |) ρ p

2 (1+|xnκ(n,r)|)ρ p|σ̃ n(r , xnκ(n,r))|pdrds

+ Kn− p−2
2 E

∫ t

0

∫ s

κ(n,s)
|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|
p
2

× (1 + |xnκ(n,r)|)
ρ p
2 |σ̃ n(r , xnκ(n,r))|

p
2 drds
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+ Kn− p−2
2 E

∫ t

0

∫ s

κ(n,s)
|σ(r , xnκ(n,r)) − σ n(xnκ(n,r))|

p
2

× (1 + |xnκ(n,r)|)
ρ p
2 |σ̃ n(r , xnκ(n,r))|

p
2 drds

for any t ∈ [0, T ]. Moreover, one uses Hölder’s inequality to get the following esti-
mates,

T33 + T34 ≤ K E
∫ t

0
sup

0≤r≤s
E |enr |pds

+ Kn−p+1
∫ t

0

∫ s

κ(n,s)
{E(1+|xr |+|xnr |)p0} pρ

2p0 {{E(1 + |xnκ(n,r)|)p0}
2ρ p

2p0−ρ p

× {E |σ̃ n(xnκ(n,r))|
2pp0

2p0−3ρ p }
2p0−3ρ p
2p0−ρ p }

2p0−ρ p
2p0 drds

+ Kn− p−2
2

∫ t

0

∫ s

κ(n,s)

{
E |σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|p
} 1

2

×
{
E(1 + |xnκ(n,r)|)p0}

ρ p
p0 {E |σ̃ n(r , xnκ(n,r))|

pp0
p0−ρ p }

p0−ρ p
p0

} 1
2
drds

+ Kn− p−2
2

∫ t

0

∫ s

κ(n,s)

{
E |σ(xnκ(n,r)) − σ n(r , xnκ(n,r))|p

} 1
2

×
{
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0 {E |σ̃ n(r , xnκ(n,r))|

pp0
p0−ρ p }

p0−ρ p
p0

} 1
2
drds

and then Lemmas [3.3, 4.5, 4.6] and Corollary 4.1 yield

T33 + T34 ≤ Kn−p + K
∫ t

0
sup

0≤r≤s
E |enr |pds (4.12)

for any t ∈ [0, T ]. For T35, due to (4.11),

T35 := K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|enr |p−3|σ(xr ) − σ̃ n(r , xnκ(n,r))|2dr

×
∣∣∣
∫ s

κ(n,s)

d∑

i=1

m∑

l=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

≤ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
(n

1
p |enr |)p−1(1 + |xr | + |xnr |)ρdr

× n− p−1
p

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

+ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
(n

1
p |enr |)p−3|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|2dr
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× n− p−3
p

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

+ K
d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
(n

1
p |enr |)p−3|σ(xnκ(n,r)) − σ n(xnκ(n,r))|2dr

× n− p−3
p

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣ds

which on using Young’s inequality yields,

T35 ≤ K E
∫ t

0
n

∫ s

κ(n,s)
|enr |pds + Kn−p+1

d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
(1 + |xr | + |xnr |)ρ pdr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p
ds

+ Kn− p−3
3

d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|
2p
3 dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p
3
ds

+ Kn− p−3
3

d∑

k=1

E
∫ t

0

∫ s

κ(n,s)
|σ(xnκ(n,r)) − σ n(xnκ(n,r))|

2p
3 dr

×
∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p
3
ds

and then on applying Hölder’s inequality, one obtains

T35 ≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds

+ Kn−p+1
d∑

k=1

∫ t

0

{
n− p0

ρ p +1E
∫ s

κ(n,s)
(1 + |xr | + |xnr |)p0dr

} ρ p
p0

×
{
E

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
pp0

p0−ρ p
} p0−ρ p

p0 ds

+ Kn− p−3
3

d∑

k=1

∫ t

0

{
E

( ∫ s

κ(n,s)
|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|
2p
3 dr

) 3
2
} 2

3
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×
{
E

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p} 1

3
ds

+ Kn− p−3
3

d∑

k=1

∫ t

0

{
E

( ∫ s

κ(n,s)
|σ(xnκ(n,r)) − σ n(xnκ(n,r))|

2p
3 dr

) 3
2
} 2

3

×
{
E

∣∣∣
∫ s

κ(n,s)

m∑

l=1

d∑

i=1

∂bk(xnκ(n,r))

∂xi
σ̃ n,(i,l)(r , xnκ(n,r))dwl

r

∣∣∣
p} 1

3
ds

for any t ∈ [0, T ]. Further, one usesRemark 2.1, an elementary inequality of stochastic
integrals and Hölder’s inequality to obtain the following estimates,

T35 ≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds + Kn−p

∫ t

0

{
n

− pp0
2p0−2ρ p +1

× E
∫ s

κ(n,s)
(1 + |xnκ(n,r)|)

pρ p0
p0−ρ p |σ̃ n(r , xnκ(n,r))|

pp0
p0−ρ p dr

} p0−ρ p
p0 ds

+ Kn− p−3
3

∫ t

0

{
n− 1

2 E
∫ s

κ(n,s)
|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|pdr
} 2

3

×
{
n− p

2 +1E
∫ s

κ(n,s)
(1 + |xnκ(n,r)|)ρ p|σ̃ n(r , xnκ(n,r))|pdr

} 1
3
ds

+ Kn− p−3
3

∫ t

0

{
n− 1

2 E
∫ s

κ(n,s)
|σ(xnκ(n,r)) − σ n(xnκ(n,r))|pdr

} 2
3

×
{
n− p

2 +1E
∫ s

κ(n,s)
(1 + |xnκ(n,r)|)ρ p|σ̃ n(r , xnκ(n,r))|pdr

} 1
3
ds

which due to further application of Young’s inequality gives,

T35 ≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds + Kn−p

∫ t

0

{
n

− pp0
2p0−2ρ p +1

×
∫ s

κ(n,s)
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0−ρ p {E |σ̃ n(r , xnκ(n,r))|

pp0
p0−2ρ p }

p0−2ρ p
p0−ρ p dr

} p0−ρ p
p0 ds

+ Kn− p−3
3

∫ t

0

{
n− 1

2 E
∫ s

κ(n,s)
|σ(xnr ) − σ(xnκ(n,r)) − σ n

1 (r , xnκ(n,r))|pdr
} 2

3

×
{
n− p

2 +1
∫ s

κ(n,s)
{E(1 + |xnκ(n,r)|)p0}

ρ p
p0 {E |σ̃ n(r , xnκ(n,r))|

p0 p
p0−ρ p }

p0−ρ p
p0 dr

} 1
3
ds

+ Kn− p−3
3

∫ t

0

{
n− 1

2 E
∫ s

κ(n,s)
|σ(xnκ(n,r)) − σ n(xnκ(n,r))|pdr

} 2
3

×
{
n− p

2 +1E
∫ s

κ(n,s)
{E(1+|xnκ(n,r)|)p0}

ρ p
p0 {E |σ̃ n(r , xnκ(n,r))|

p0 p
p0−ρ p }

p0−ρ p
p0 dr

} 1
3
ds
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and finally on the application of Lemmas [3.3, 4.5, 4.6] and Corollary 4.1, one obtains

T35 ≤ Kn−p + K
∫ t

0
sup

0≤r≤s
E |enr |pds (4.13)

for any t ∈ [0, T ]. Hence, on substituting estimates from (4.8), (4.10), (4.12) and
(4.13) in (4.7), one obtains

T3 ≤ Kn−p + K
∫ t

0
sup

0≤r≤s
E |enr |pds (4.14)

for any t ∈ [0, T ]. Thus, the proof is completed by combining estimates from (4.5),
(4.6) and (4.14) in (4.4).

Proof of Theorem 2.1 Let b̄n(s) := b(xs) − bn(xnκ(n,s)) and σ̄ n(s) := σ(xs) −
σ̃ n(xnκ(n,s)) and then one writes

ent := xt − xnt =
∫ t

0
b̄n(s)ds +

∫ t

0
σ̄ n(s)dws

for any t ∈ [0, T ]. By the application of Itô’s formula,

|ent |p = p
∫ t

0
|ens |p−2ens b̄

n(s)ds + p
∫ t

0
|ens |p−2ens σ̄

n(s)dws

+ p(p − 2)

2

∫ t

0
|ens |p−4|σ̄ n∗(s)ens |2ds + p

2

∫ t

0
|ens |p−2|σ̄ n(s)|2ds

for any t ∈ [0, T ]. As before, when p = 2 the third term does appear on the right
hand side of the above equation and |ens |p−2 is absent from the rest of the terms. Due
to Cauchy–Bunyakovsky–Schwartz inequality, one obtains

E |ent |p ≤ pE
∫ t

0
|ens |p−2ens b̄

n(s)ds + p(p − 1)

2
E

∫ t

0
|ens |p−2|σ̄ n(s)|2ds

for any t ∈ [0, T ]. Furthermore, one observes that for z1, z2 ∈ R
d×m , |z1 + z2|2 =

|z1|2 + 2
∑d

i=1
∑m

j=1 z
(i, j)
1 z(i, j)2 + |z2|2, which on using Young’s inequality further

implies |z1 + z2|2 ≤ (1 + ε)|z1|2 + (1 + 1/ε)|z2|2 for every ε > 0. Let us now fix
ε > 0. Hence, one can use this arguments for estimating |σ(xs)−σ(xns )|2 when using
the splitting given in equation (4.11). This along with the splitting of equation (4.9)
gives

E |ent |p ≤ pE
∫ t

0
|ens |p−2ens {b(xs) − b(xns )}ds

+ pE
∫ t

0
|ens |p−2ens {b(xns ) − b(xnκ(n,s))}ds
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+ pE
∫ t

0
|ens |p−2ens {b(xnκ(n,s)) − bn(xnκ(n,s))}ds

+ ε + 1

2
p(p − 1)E

∫ t

0
|ens |p−2|σ(xs) − σ(xns )|2ds

+ K E
∫ t

0
|ens |p−2|σ(xns ) − σ(xnκ(n,s)) − σ n

1 (xnκ(n,s))|2ds

+ K E
∫ t

0
|ens |p−2|σ(xnκ(n,s)) − σ n(xnκ(n,s))|2ds

for any t ∈ [0, T ]. Notice that the constant K > 0 (a large constant) in the last two
terms of the above inequality depends on ε. Also, one obtains the following estimates,

E |ent |p ≤ p

2
E

∫ t

0
|ens |p−2

[
ens {b(xs) − b(xns )} + (1 + ε)(p − 1)|σ(xs) − σ(xns )|2

]
ds

+ pE
∫ t

0
|ens |p−2ens {b(xns ) − b(xnκ(n,s))}ds

+ pE
∫ t

0
|ens |p−2ens {b(xnκ(n,s)) − bn(xnκ(n,s))}ds

+ K E
∫ t

0
|ens |p−2|σ(xns ) − σ(xnκ(n,s)) − σ n

1 (xnκ(n,s))|2ds

+ K E
∫ t

0
|ens |p−2|σ(xnκ(n,s)) − σ n(xnκ(n,s))|2ds.

for any t ∈ [0, T ]. Since p < p1, thus on using Assumption A-3, Lemmas [4.6, 4.7]
and Young’s inequality, one obtains

E |ent |p ≤ K E
∫ t

0
|ens |pds + Kn−p + K E

∫ t

0
|b(xnκ(n,s)) − bn(xnκ(n,s))|pds

+ K E
∫ t

0
|σ(xnκ(n,s)) − σ n(xnκ(n,s))|pds

and hence Lemmas [4.4, 4.5] give

sup
0≤s≤t

E |ens |p ≤ K
∫ t

0
sup

0≤r≤s
E |enr |pds + Kn−p < ∞ (4.15)

for any t ∈ [0, T ]. Finally, the use of Gronwall’s lemma completes the proof.

5 Numerical example

In this section, numerical experiments are implemented by using the proposedMilstein
type scheme and it is demonstrated that their findings support our theoretical results.
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5.1 First example

Consider a one-dimensional SDE which is given by

dxt = xt (1 − x2t )dt + σ(1 − x2t )dwt , (5.1)

for any t ∈ [0, 1], with initial value x0 = 2.0 and σ = 0.3. Our Milstein type scheme
of SDE (5.1) at the (l + 1)h-th gridpoint is given by, for any l = 0, 1, . . . , 2n − 1,

xn(l+1)h = xnlh + xnlh(1 − (xnlh)
2)

1 + h|xnlh |4
h + σ

1 − (xnlh)
2

1 + h|xnlh |4
Δwlh

+ σ 2 (xnlh)
3 − xnlh

1 + h|xnlh |4
((Δwlh)

2 − h) (5.2)

with h = 2−n where Δwlh := w(l+1)h − wlh . Our aim is to calculate

(E(|xexact1 − xn1 |p))1/p, p = 2, 3, (5.3)

where xexact1 is the exact solution of the SDE (5.1) and xn1 is the value of the scheme at
(l + 1)h = 1 and for step length h. Since the exact solution of the SDE is not known,
the scheme (5.2) with h∗ = 2−21 and n∗ = 21 is taken to be the true solution of SDE
(5.1). Letting

Δwi
lh∗ = wi

(l+1)h∗ − wi
lh∗ , l = 0, . . . , 2n

∗ − 1 (5.4)

to denote one particular (i.e. the i-th) realization of the driving Wiener process with
h∗ = 2−21, the corresponding sequences ofWiener increments with step size h = 2−n

and for the same realisation, where n = 6, . . . , 20, are given according to

Δwi
kh = wi

(k+1)h − wi
kh =

(k+1)N∗/N−1∑

l=kN∗/N
Δwi

lh∗ , k = 0, . . . , 2n − 1, (5.5)

where

N∗

N
= 1/h∗

1/h
= 221−n . (5.6)

Hence,

h2 = Var(Δwi
kh) = Var

⎛

⎝
(k+1)N∗/N−1∑

l=kN∗/N
Δwi

lh∗

⎞

⎠ = N∗

N
(h∗)2. (5.7)
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Let Yi := |xexact,i1 −xn,i
1 |p for the i-th path and letMn denote theMonte Carlo estimate

of E(|xexact1 − xn1 |p). Then, one defines

Vn := 1

N − 1

(
N∑

i=1

Y 2
i − NM2

n

)
(5.8)

to denote the corresponding sample variance. Thus, the 100α% confidence interval is
given by

LV
α,n = Mn −

√
Vn

(1 − α)N
,

RV
α,n = Mn +

√
Vn

(1 − α)N
, (5.9)

meaning that

lim inf
n→∞ P

(
ω ∈ Ω : LV

α,n ≤ E(|xexact1 − xn1 |p) ≤ RV
α,n

)
≥ α. (5.10)

Hence, the confidence interval for (E(|xexact1 − xn1 |p))1/p is given by

lim inf
n→∞ P

(
ω ∈ Ω : (LV

α,n)
1/p ≤ (E(|xexact1 − xn1 |p))1/p ≤ (RV

α,n)
1/p

)
≥ α. (5.11)

The numerical values for the MC estimate of (E(|xexact1 − xn1 |p))1/p, p = 2, 3 with
60,000 paths and the corresponding 95% confidence intervals (with α = 0.95) are
given in the Tables 1 and 2 below.

Figure 1 indicates that the rate ofL 2- andL 3-convergence of the scheme (5.2) is
1.0.

5.2 Second example

Consider the following one-dimensional SDE,

dxt = −xt |xt | 52 dt + xt |xt |dwt , (5.12)

for any t ∈ [0, 1], where the initial value x0 follows a Pareto distribution with density
function f (x) = (1 + ξ x)−(1+1/ξ) for x > 0 and ξ ≥ 0. Notice that E |x0|p < ∞
iff p < 1/ξ . Take ξ = 1/18 so that E |x0|p < ∞ for all p < 18 which implies
that Theorem 2.1 holds for p = 2. Our Milstein-type scheme of SDE (5.12) at the
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Table 1 L 2-error estimates of scheme (5.2) of SDE (5.1) along with confidence intervals; 60,000 paths

h
√
E |xT − xnT |2

√
LV

α,n

√
RV ,2

α,n

2−20 9.2804422e−8 9.0745628e−8 9.4818523e−8

2−19 2.77515651e−7 2.71345114e−7 2.83551939e−7

2−18 6.46843867e−7 6.32514110e−7 6.60862979e−7

2−17 1.387329766e−6 1.356766320e−6 1.417234247e−6

2−16 2.863272318e−6 2.800585733e−6 2.924615580e−6

2−15 5.821545011e−6 5.693680639e−6 5.946660694e−6

2−14 1.1735922668e−5 1.1479765118e−5 1.1986607300e−5

2−13 2.3572479941e−5 2.3056879878e−5 2.4077041169e−5

2−12 4.7252316526e−5 4.6214321427e−5 4.8267994875e−5

2−11 9.4863191116e−5 9.2771495289e−5 9.6909750383e−5

2−10 1.90145769556e−4 1.85933220584e−4 1.94266993705e−4

2−9 3.82313724983e−4 3.73833566073e−4 3.90609822582e−4

2−8 7.73551815525e−4 7.56364565903e−4 7.90365400338e−4

2−7 1.580694137454e−3 1.545660471499e−3 1.614967993245e−3

2−6 3.287376306117e−3 3.216029485139e−3 3.357207218321e−3

Rate 1.0443

Table 2 L 3-error estimates of scheme (5.2) for SDE (5.1) along with confidence intervals; 60,000 paths

h 3
√
E |xT − xnT |3 3

√
LV

α,n
3
√
RV

α,n

2−20 1.19363485e−7 1.14888003e−7 1.23526385e−7

2−19 3.56696975e−7 3.42408674e−7 3.69924020e−7

2−18 8.31018568e−7 7.98388702e−7 8.61269435e−7

2−17 1.781134560e−6 1.713241516e−6 1.844212318e−6

2−16 3.671853336e−6 3.533347061e−6 3.800631433e−6

2−15 7.474536813e−6 7.188865185e−6 7.739897084e−6

2−14 1.5050905892e−5 1.4494837584e−5 1.5568667222e−5

2−13 3.0227268264e−5 2.9087566516e−5 3.1286954439e−5

2−12 6.0631283273e−5 5.8318280012e−5 6.2780114250e−5

2−11 1.21732753401e−4 1.17062831486e−4 1.26069487266e−4

2−10 2.44274435402e−4 2.34654964209e−4 2.53190657240e−4

2−9 4.90938533017e−4 4.70734578425e−4 5.09603787663e−4

2−8 9.92974447689e−4 9.51526592940e−4 1.031223997204e−3

2−7 2.028091528002e−3 1.945079525756e−3 2.104813178236e−3

2−6 4.203676502573e−3 4.047658325797e−3 4.348900908286e−3

Rate 1.0441
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5 10 15 20
-log2(h)

-24

-22

-20

-18

-16

-14

-12

-10

-8

lo
g 2((

E
(|X

T-X
Th |p ))

1/
p
)

Reference line, Slope=-1
p=2, Slope=-1.0443
p=3, Slope=-1.0441
Confidence interval

Fig. 1 L 2- and L 3-rate of convergence of scheme (5.2) of SDE (5.1) along with confidence intervals;
60,000 paths

5 10 15 20

−20

−18

−16

−14

−12

−10

−8

−6

−4

−2

−log
2
(h)

lo
g 2((

E
|x

T
−

x Tn
|2 )1/

2 )

Reference Line, Slope=−1.0
Slope=−1.0543

(a) ξ = 1/18.

5 10 15 20
−20

−15

−10

−5

0

−log
2
(h)

lo
g 2((

E
|x

T
−

x Tn
|2 )1/

2 )

Reference Line, Slope= −1.0
p=2, Slope= −1.0939
p=3, Slope= −1.1002
p=4, Slope= −1.0946

(b) ξ = 1/35.

Fig. 2 L p-rate of convergence for scheme (5.13) of SDE (5.12) when initial value x0 follows Pareto
distribution (ξ )

(l + 1)h-th gridpoint is given by, for any l = 0, 1, . . . , 2n − 1,

xn(l+1)h = xnlh + −xnlh |xnlh |
5
2

1 + h|xnlh |5
h + xnlh |xnlh |

1 + h|xnlh |5
Δwlh + xnlh |xnlh |2

1 + h|xnlh |5
((Δwlh)

2 − h)

(5.13)

with h = 2−n where Δwlh := w(l+1)h − wlh . Figure 2a and Table 3a indicate that the
rate ofL 2-convergence of the scheme (5.13) is 1.0. The scheme (5.2) with h = 2−21

is taken to be the true solution of SDE (5.12). The number of paths is 60, 000.
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Table 3 L p-error estimates for scheme (5.2) of SDE (5.1) when initial value x0 follows Pareto distribution
(ξ )

(a) ξ = 1/18 (b) ξ = 1/35

h
√
E |xT − xnT |2 h

√
E |xT − xnT |2 3

√
E |xT − xnT |3 4

√
E |xT − xnT |4

2−20 3.82e−6 2−20 4.2648e−6 1.69361e−5 3.85166e−5

2−19 1.181e−5 2−19 1.30283e−5 5.37473e−5 1.239876e−4

2−18 2.719e−5 2−18 3.01379e−5 1.239889e−4 2.855687e−4

2−17 5.830e−5 2−17 6.29993e−5 2.576638e−4 5.948614e−4

2−16 1.1772e−4 2−16 1.299127e−4 5.360642e−4 1.2410145e−3

2−15 2.3817e−4 2−15 2.745450e−4 1.1564830e−3 2.6728298e−3

2−14 4.6434e−4 2−14 5.424517e−4 2.2812305e−3 5.2416873e−3

2−13 9.1447e−4 2−13 1.0867710e−3 4.7518196e−3 1.11401384e−2

2−12 1.78599e−3 2−12 2.1260453e−3 9.2792157e−3 2.16728168e−2

2−11 3.23109e−3 2−11 3.9335503e−3 1.67284195e−2 3.86256700e−2

2−10 5.54801e−3 2−10 6.5037893e−3 2.44399652e−2 5.28781014e−2

2−9 9.91017e−3 2−9 2.61946794e−2 1.451149744e−1 3.595569591e−1

2−8 2.534451e−2 2−8 7.56294887e−2 3.964104860e−1 9.346289017e−1

2−7 1.0489420e−1 2−7 1.264329313e−1 5.399683736e−1 1.1773671164e0

2−6 2.3601349e−1 2−6 2.072816207e−1 6.943160590e−1 1.3754166888e0

Rate 1.0543 Rate 1.0939 1.1002 1.0946

Let us now take ξ = 1/35 so that E |x0|p0 < ∞ for all p0 < 35 which implies that
Theorem 2.1 holds for p = 2, 3, 4. Figure 2b and Table 3b show that the theoretical
rate of convergence is realised in these three cases.
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