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Abstract

In this work, we investigate the spectra of “flipped” Toeplitz sequences, i.e., the asymp-
totic spectral behaviour of {Y,, T,,(f)},, where T,,(f) € R"*" is a real Toeplitz matrix
generated by a function f € LY([-7, 7)), and Y, is the exchange matrix, with 1s on
the main anti-diagonal. We show that the eigenvalues of Y,,7,,( ) are asymptotically
described by a 2 x 2 matrix-valued function, whose eigenvalue functions are &£ | f. It
turns out that roughly half of the eigenvalues of Y, 7,,(f) are well approximated by a
uniform sampling of | f| over [— 7, ], while the remaining are well approximated by
a uniform sampling of — | f| over the same interval. When f vanishes only on a set of
measure zero, this motivates that the spectrum is virtually half positive and half nega-
tive. Some insights on the spectral distribution of related preconditioned sequences are
provided as well. Finally, a wide number of numerical results illustrate our theoretical
findings.
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1 Introduction

Given a Toeplitz matrix Tj,(f) € R"*" generated by a function f € L'([—m, x]),
and the exchange matrix Y, € R"*",

numerical experiments suggest that Y, 7;,(f) has eigenvalues that are distributed like
=+| f], i.e., like the eigenvalues of the matrix-valued symbol

_[or
g—[f* O] (LD)

where f* is the conjugate of f. In this paper we seek to explain this observation.

One reason for characterizing the spectra of these flipped matrices relates to the
solution of linear systems with Toeplitz coefficient matrices. Since Y, 7,,(f) is sym-
metric, the resulting linear system may be solved by the MINRES method [18,21]
or by preconditioned MINRES [16,17], with its descriptive convergence rate bounds
based on eigenvalues (see, e.g., [2, Chapters 2 and 4]). However, whilst there has
been significant interest in relating the eigenvalues and singular values of Toeplitz
sequences to generating functions, analogous results have not been proved for flipped
Toeplitz sequences and corresponding preconditioned ones.

This paper aims to fill this gap. To do so, in Sect. 2 we describe the tools we require,
specifically we introduce the class of Generalized locally Toeplitz matrix-sequences
and related properties [6]. The main results, that describe the spectra of sequences
of (preconditioned) flipped Toeplitz matrices can be found in Sect. 3. Examples that
illustrate these theoretical results are in Sect. 4.

2 Preliminaries

In this section we formalize the definition of block Toeplitz and Hankel sequences
associated to a matrix-valued Lebesgue integrable function. Moreover, we introduce a
class of matrix-sequences containing both block Toeplitz and Hankel sequences known
as the block Generalized Locally Toeplitz (GLT) class [5,6]. The properties of block
GLT sequences will be used to derive the spectral distribution of (preconditioned)
flipped Toeplitz sequences (cf. Definition 2.2).

2.1 Block Toeplitz and Hankel matrices, and their spectral distributions

Let us denote by LY([—=7, 7], s) the space of s x s matrix-valued functions f :
[, ] > C, f = [fij]f',j:1 with f;; € L'([—m, n]),i,j=1,...,s.InDefini-
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tion 2.1 we introduce the notion of Toeplitz and Hankel matrix-sequences generated
by f.

Definition 2.1 Let f € L! ([—m, ], s) and let ¢; be its Fourier coefficients

1 T .
ti=— [ f@eVdoeC,
27 J_»

where the integrals are computed component-wise. Then, the n-th s x s-block Toeplitz
matrix associated with f is the matrix of order 7 = s - n given by

n

T.(f) = [ti—j]i’jzl :

Similarly, the n-th s x s-block Hankel matrix associated with f is the following 77 x
matrix

H,(f) = [ti-‘rj—Z]:l’j:l .

The sets {T,,(f)}, and {H,(f)}, are called the sequences of s x s-block Toeplitz and
Hankel matrices generated by f, respectively. The function f is referred to as the
generating function either of {T,,(f)}, or {H,(f)}..

The generating function f provides a description of the spectrum of T,,(f), for n
large enough in the sense of the following definition.

Definition 2.2 Let f : [a, b] — C°* be a measurable matrix-valued function with
eigenvalues A;(f) and singular values o;(f),i = 1,...,s. Assume that {A,}, is a
sequence of matrices such that dim(A,) = d, — 00, asn — oo and with eigenvalues
Aj(Ap) and singular values 0 (Ay), j =1,..., dy.

— We say that {A,}, is distributed as f over [a, b] in the sense of the eigenvalues,
and we write {A,}, ~». (f, [a, b)), if

dn

lim 3 FG.(A) =
=1

n—oo d,
J

b s .
1 / D i F()Ll(f(t)))dt, @1
b—a /), s

for every continuous function F' with compact support. In this case, we say that f
is the symbol of {A,},.

— Wesay that {A,}, is distributed as f over [a, b] in the sense of the singular values,
and we write {A,}, ~+ (f, la, b)), if

d

. 1 n
Jim - Zl F(oj(A) =

]:

; 2.2
N

b N8 ,
1 / Zi=1F(Gz(f(t)))dt
b—al,

for every continuous function F with compact support.
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466 M. Mazza, J. Pestana

Remark 2.1 If f is smooth enough, an informal interpretation of the limit relation (2.1)
(resp. (2.2)) is that when n is sufficiently large, then d,, /s eigenvalues (resp. singular
values) of A, can be approximated by a sampling of A1 (f) (resp. o1(f)) on a uniform
equispaced grid of the domain [a, b], and so on until the last d,, /s eigenvalues (resp.
singular values), which can be approximated by an equispaced sampling of A (f)
(resp. o5 (f)) in the domain.

Remark 2.2 Both Definitions 2.1 and 2.2 can be generalized to the case where f :
[—m, )¢ — C°*,d > 1. In this case a Toeplitz (resp. Hankel) sequence associated
to f is referred to as multilevel block Toeplitz (resp. Hankel) sequence. Theorems
2.2-2.3 and Proposition 2.2 hold true for d > 1, as well.

For Toeplitz matrix-sequences, the following theorem (due to Szeg6, Tilli, Zama-
rashkin, Tyrtyshnikov, ...) holds.

Theorem 2.1 (see [8,20,22]) Let {T,(f)}, be a Toeplitz sequence generated by f €
L]([—n, w]). Then, {T,(f)}, ~o (f.[—m, w]). Moreover, if f is real-valued, then

In the case where f is a Hermitian matrix-valued function, the previous theorem
can be extended as follows:

Theorem 2.2 (see [20]) Let f € L'([—x, 7], s) be a Hermitian matrix-valued func-
tion. Then, {Tn(f)}n ~A (fs [—m, 7]).

We end this subsection with a theorem that is a useful tool for computing the
spectral distribution of a sequence of Hermitian matrices. For the related proof, see
[11, Theorem 4.3]. From now on, the conjugate transpose of the matrix A is denoted
by A*.

Theorem 2.3 Let {X,,}, be a sequence of matrices, with X,, Hermitian of size d,,, and
let { P,},, be a sequence such that P, € C%*% PP, =15, 8, <dyandd,/d, — 1
asn — 00. Then {Xy}, ~;. f ifand only if {PX,, Py} ~1 f.

2.2 Block generalized locally Toeplitz class

In the sequel, we introduce the block GLT class [5], a *-algebra of matrix-sequences
containing both block Toeplitz and Hankel matrix-sequences. The formal definition of
block GLT matrix-sequences is rather technical and involves somewhat cumbersome
notation: therefore we just give and briefly discuss a few properties of the block GLT
class, which are sufficient for studying the spectral features of (preconditioned) flipped
Toeplitz matrices.

Throughout, we use the following notation

{An}n ~cLr k(x,0), k:[0,1] x [, 7] — CF,
to say that the sequence {A,}, is a s x s-block GLT sequence with GLT symbol

K(x,0).
Here we list four main features of block GLT sequences.

@ Springer



Spectral properties of flipped Toeplitz matrices and... 467

GLT1 Let {A,}, ~cir K withk : G — C, G = [0,1] x [—m, ], then
{A,}n ~& (k, G). If the matrices A, are Hermitian, then it also holds that
{Antn ~a (k, G).

GLT2 The set of block GLT sequences forms a x-algebra, i.e., it is closed
under linear combinations, products, inversion, conjugation. In formulae,
let {A,}n ~arr k1 and {B,}, ~GLr k2, then

{d Ay + BBntn ~crr aki + Bra, o, B €C;

{AnBy}n ~GLT K1K2;

{A;l}n ~GLT Kl_l provided that « is invertible a.e.;

{Ax}, ~aLr &7

GLT 3 Any sequence of block Toeplitz matrices {7,,(f)}, generated by a function
f e L'([—7m, ], s)isas x s-block GLT sequence with symbol « (x, ) =
1@).

GLT4 Let {A,}, ~¢ 0. We say that {A,}, is a zero-distributed matrix-sequence.
Note that for any s > 1 {A;}, ~» O, with Oy the s x s null matrix,
is equivalent to {A,}, ~¢ 0. Every zero-distributed matrix-sequence is a
block GLT sequence with symbol Oy and viceversa, i.e., {A;}, ~¢ 0 <
{An}n ~oLr Oy.

According to Definition 2.2, in the presence of a zero-distributed sequence the
singular values of the n-th matrix (weakly) cluster around 0. This is formalized in the
following result [6].

Proposition 2.1 Let {A,}, be a matrix sequence with A, of size d, with d, — 00, as
n — oo. Then {A,}n, ~s O if and only if there exist two matrix sequences {R,}, and
{E,}, such that A, = R,, + E,, and

. rank(Ry) .
lim ——— =0, lim ||E,|| =0,
n—o00 n n—oo
where | - || is the spectral norm.

We next recall a result on the spectral distribution of Hankel sequences associated to
feLl(=m 7]

Proposition 2.2 (see [3]) If {H,(f)}n is an Hankel sequence generated by [ €
L' ([=m, 7], 5), then {Hy (f)}n ~o 0.

Proposition 2.2 together with GLT4 tell us that { H, ( f)},, is as x s-block GLT sequence
with symbol Oy.

We end this preliminary section with a theorem that is very useful in the context
of GLT preconditioning. It is obtained as a straightforward extension of Theorem 1
in [7] to the block GLT case where the symbol of the preconditioning sequence is a
multiple of the identity.

Theorem 2.4 Let {A,}, be a sequence of Hermitian matrices such that {A,}, ~GLT K,
withk : G — C5, G = [0, 1] x [—m, 7], and let { P}, be a sequence of Hermitian
positive definite matrices such that { Py}, ~crt h - Is, with h : G — C, such that
h #0a.e Then

{27 Ak ~op (W, G).
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3 Spectral distribution of (preconditioned) flipped Toeplitz
sequences

To characterize the spectral distribution of Y, T;,(f) we will subdivide 7, (f) into a
2 x 2 block matrix as follows:

n—m m
T,(H=| Tn  Tap m 3.1)
121 Tn| n—m

where m = |n/2]. Note that when n = 2m, m € N, i.e., n is even, T5,,(f) is made
of four square blocks. However, when # is odd only the blocks (1, 2) and (2, 1) on
the anti-diagonal are square matrices of size m x m and n —m x n — m, respectively.
Applying Y, to T,,(f) in (3.1) gives

_ Yn—mT21 Yn—mT22
7 ‘[ YuTii  YuTio }

Furthermore, we can apply a similarity transform to Y, 7,,(f) using the matrix

m

This gives

_ |21 Yn—m Ipy)
Gn=UY,To(HU, = [ Ymle} + [YanYn_m } : (3.2)

Mﬂ T‘;

a

When n = 2m, by using the fact that Ty; = T» = T, (f) and Y, T11 Y = T,L(f),
we can split G, as follows:

_ T21Ym Tm(f)
Gom = [ Ymle] + [Tn{ f) ] : (3-3)

M, 7

In the following lemmas we prove that { M, },, ~; 0 and that {ﬁ,}n ~; (g, [—m, ])
with g as in (1.1). The proof of Lemma 3.1 is based on the idea in Proposition 3.10 in
[10].

Lemma 3.1 Let {T,,(f)}n, To(f) € R™™" be the Toeplitz sequence associated to f €
L' ([—m, 1), and let My, be defined as in (3.2) when n is odd and as in (3.3) when n
is even. Then, M,, = R,, + E,, with

. rank(Ry)
lim —— =

n— 00 n

0, lim [|E,] = 0. (3.4)
n—oo
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Moreover,
{Mn }n ~GLT,o,A 0.

Proof Let us begin with the case that n = 2m. Then, (3.3) shows that

121 Ym
M»y,, = .
" |: Y T2
Now,
I o...tp=1 tn
ooty bl
1Y, = ) A
tm .. lh—2 th—1
which is a submatrix of
o 1 ...tpy—1 tm
31 I ... t;m ty
Hu1(f) = : oo : )
Im—1| Im .. Ih—2 In—1
Im ‘tm-',-l R P
ie.,
077 T
[O o | = Huer (D + UV (35)

where U;, V| € RO+Dx2,
We want to write down a similar decomposition for Y, T12. To so do, we first note

that since 7,,(f) is real,
e

1 . * 1 T .
o= (-0 = 5 (f(e) e‘ke) a0 =5—| @ e ik dg,
—7IT —JT

which is the k-th Fourier coefficient of f*(0). Moreover, f*(0) = f(—0).
Thus,

which is a submatrix of

o [ ) f—m

Hyit(f) = tocm| tiem  tom oo o | >
Nem| I-m T-m—1 ... I1—p
I_m [l—m—1 ... H—p Iy
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so that

0Y,T
|:O ';l)lei| = Hpy1(f") + U2V2Ts (3.6)

where U,, Vo € ROMDx2,
Thanks to (3.5) and (3.6), we can write M,, as a submatrix of

~  [Hup1(f) u v }
Mn+2 o [ Hm+](f*):| + |: U2V2T ’

Note that the first term of M,,H is a permutation of a 2 x 2-block Hankel matrix,

ie.,
~ [ro
Hm+1(f*)]n = Hi2®). 8 ‘[0 f*]

To write explicitly the permutation matrix /7, letus defineby e;, j = 1,...,2(m+1)
the j-th column of the identity matrix of size 2(m+1) and by 7j, j = 1,...,2(m+1)
the j-th column of I7. Then,

I |:Hm+l (f)

7_[]_{62] 1 j=1....m+1, 3.7)

e(j—m+1y J=m+2,...,2(m+1).

As a consequence, ]VI,,H is the sum of a permutation of Hy4» ®) plus a matrix whose
rank is fixed to 4. Thus, by Propositions 2.1-2.2, we have M;,4» = R,4+2 + E,42 with

rank (R,,12) o~
—= =0, 1 E =0.
lim — ) Jim, |Ep2ll

Therefore, we get My, = Ry, + Eoy, with Rgm and Ey;, submatrlces of R,,+2 and
E,,+2, respectively. Since rank(Ry,;) < rank(Rn+2) and || Epp || < ||E,,+2|| we have

rank (R
lim PR o i [ Eamll =0,
n—oo

n—00 n

and this completes the proof of (3.4) when r is even. To prove that (3.4) holds also
when 7 is odd, i.e., n = 2m + 1 it is enough to observe that now

| Y
Mop41 = |: Y, T |’
with

o ...hm—1 ty
... tw tptd
Y= | . . . . | = Hu1 (),

tm - .. th—2 h—1
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while
[ ) -1
YinTi2o = )
I_m—1 . f—n
which is a submatrix of
fo | -1 -2 I—m
1| 2 1 f_m—1
Hyp1 (f) = : L A
Hem| t=m t-m—1 ... D—p
I_m |l-m—1 ... D—p I1—p

so that

0 OT * T
0Y,TH ZHerl(f )+U3V3 s

where Us, V3 € R"TD*2 The above reasoning for the case n = 2m then shows that
(3.4) is true when n is odd.
Proposition 2.1 shows that
{Mn}n ~o 0

Then, GLT4 implies that {M,,}, ~gr7 0. The proof is complete once we note that
M,, is real symmetric: thanks to GLT1 this implies that {M,,}, is distributed as 0 also
in the eigenvalue sense.

The following lemma concerns the spectral distribution of the matrix-sequence
{Tn}n

Lemma3.2 Let {T,,(f)}n, Tn(f) € R""" be the Toeplitz sequence associated to f €
LY([=7, 7)), and let {T In be defined as in (3.2) when n is odd and as in (3.3) when
n is even. Then,

(To}n ~i (g, [—70, 7)), with g = []?* g]

Proof Let us assume first that n = 2m. Then,

T Tm(f)
fon = [Tn{ f) } |

By using the same permutation matrix /7 as in (3.7) with m in place of m + 1, we can
rewrite 75, as a 2 x 2-block Toeplitz matrix, i.e.,

Mo 17 = Do), with ¢ = | £, 3],

@ Springer



472 M. Mazza, J. Pestana

Due to the fact that g is an Hermitian matrix-valued function and thanks to Theo-
rem 2.2 with s = 2, we have

(Fand ~ (g, 1= w1, withg = | [, 7],

which completes the proof when 7 is even. To prove the thesis when n odd we note

that ;
=~ 0 u
T2m+l = |:l/t @mi| s

with u € R¥ je., /T\zﬂ is a principal submatrix of TZmH of order 2m x 2m. By
exploiting the fact that 7,41 is real symmetric and by using Theorem 2.3 with P, €

Rnx(nfl)
OT
=]

{?Zm = PanZm+1Pn}n ~ (g -7, 7]) = {@m—&—l}n ~y (g [—m, 7)),

we get

and the proof is complete.
We are now ready to present our main results.

Theorem 3.1 Let {T,(f)}n, T,,(f) € R™" be the Toeplitz sequence associated to f €
L' ([—m, 7)), and let {Y, T,,(f)}, be the corresponding sequence of flipped Toeplitz
matrices. Then,

TPl ~ e Lo withg = | £, 3] (338)

Proof To prove the thesis it is enough to put together Lemmas 3.1-3.2 and to apply
GLT2.

Remark 3.1 Notice that multiplication by Y;, does not affect the spectral distribution
in the singular value sense of the original Toeplitz sequence {7,,(f)},, that is

YT (n ~o (f, [—7, 7). (3.9

This immediately follows from the fact that since Y}, is unitary 7,,(f) and Y, 7, (f)
have the same singular values.

Remark 3.2 The same argument used for real Toeplitz matrices shows that relation
(3.9) still holds for complex Toeplitz matrices. Concerning the eigenvalue distribution,
in general we do not expect a symbol as in (3.8). For instance, if we consider the matrix
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T, (f), with f =if and f such that its Fourier coefficients are real, then by applying
Theorem 3.1 to 7,,(f), it can be easily seen that

. . - 0 f
{YnTn(f)}n ~ (gv [_7[7 7[]) s with 8= |:_f* £:| .
More detailed work for general complex Toeplitz matrices will be the subject of future
research.

Remark 3.3 Theorem 3.1 can be easily generalized to certain block Toeplitz matrices
by applying the same strategy used in this section. Specifically, given T,,(f) € R,
7 = s - n, generated by a matrix-valued function f € Ll([—n, ], s),s > 1, assume
that its Fourier coefficients {t;} ez are symmetrized by a real symmetric involutory
matrix Wy € R"*", so that Wt; = thWs, j € Z. Then

YT (F))n ~i (g, [—7, 7],

where ?n € R™*7 ?,, =Y, W;.

Based on Theorem 3.1 and on Remark 2.1, we expect that asymptotically almost
half of the eigenvalues of Y, T, (f) are well approximated by a uniform sampling of
| f| over [—m, ], while the remaining are well approximated by a uniform sampling
of —| f| over the same interval. Specifically, a certain number of outliers whose ratio is
infinitesimal in the matrix-size is allowed. When f vanishes only on a set of measure
zero, this motivates that the spectrum is virtually half positive and half negative.

Remark 3.4 Independently, a result equivalent to Theorem 3.1 has been proved in [4];
see Theorem 3.2 and Corollary 3.3 therein. The main differences between the approach
used here and the one in [4] can be summarized as follows: in [4] the authors use the
notion of approximating class of sequences, a technical tool behind the GLT construc-
tion, and they write the symbol as a scalar function (devoting some extra attention to
how to define its domain). Here we leverage the block GLT algebra as a black-box
tool and we naturally get a matrix-valued symbol with two eigenvalue functions that,
in line with Remark 2.1, immediately fits with the quasi-half positive/negative nature
of the spectrum of Y, 7,,(f).

We end this section by providing the spectral distribution of a preconditioned
sequence of flipped Toeplitz matrices.

Theorem 3.2 Let {T,(f)}n, T (f) € R™ " be the Toeplitz sequence associated to
f e LY([—n, )), let {Y, T,(f)}, be the corresponding sequence of flipped Toeplitz
matrices, and let {2,}, be a sequence of Hermitian positive definite matrices such
that { Py}, ~grt h, with h . [—m, 7] — C and h # 0 a.e. Then,

(P YT (e~ (W' g, [—7, 7). (3.10)
Proof The thesis easily follows from the combination of Theorem 2.4 with Theo-

rem 3.1 by noticing that {£?,}, ~grt h is equivalent to {Z,;}, ~aLT h - I, and
recalling that Y, T,, ( f) is real symmetric.
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o Eigs o Eigs
2L * A B 24 * A

20 40 60 80 100 i 50 100 150 200 250 300
Fig. 1 Comparison of the eigenvalues of Y, T, (f) (blue circle) with A collecting uniform samples of

ri(g) = £|f(@)],i = 1,2 (red asterisk), ordered in an ascending way, for Example 4.1 when n = 100
(left) and n = 300 (right) (colour figure online)

In the next section we give a variety of examples that validate the theoretical findings
in Theorems 3.1 and 3.2.

4 Numerical experiments

In this section we provide numerical evidence for the theory developed in Sect. 3. The
problems we consider represent banded and dense Toeplitz matrices, some of which
come from applications. We start by defining the following equispaced grid on [0, 7 ]:

Then, we denote by A; and A, the set of all evaluations of A;(g), A2(g) (resp.
A (h_lg), M (h™ 1 g))yonI";andby A the union A{UA; ordered in an ascending way. In
the following examples we numerically check relation (3.8) (resp. (3.10)) by compar-
ing the eigenvalues of Y, T, (f) (resp. &2, 'Y, T,,(f)) with the values collected in A. In
Examples 4.1-4.4 we also compare the eigenvalues of ¥, T,,(f) directly with the spec-
trum of g. Note that it suffices to consider only [0, 7] in place of [—m, 7] because the
eigenvalue functions of the considered symbols are even. This is clear for the unprecon-
ditioned case since T, (f) is real and so A;(g) = &|f(0)| = £|f*(©0)| = £| f(—0)|.
The preconditioned case will be discussed in Example 4.7.

Example 4.1 Our first example is the banded Toeplitz matrix generated by f(6) =
2 + ¢!, We see from Fig. 1 that, even for small matrices, the sampling of the eigen-
value functions of g collected in A accurately describes the eigenvalues of Y, 7, (f).
Also Fig. 2a confirms a good matching between the eigenvalues of Y, T,,(f) and the
spectrum of g when n = 100.

Example 4.2 Next, we consider a dense Toeplitz matrix that arises from the discretiza-
tion of space-fractional diffusion problems. Specifically, they occur when solving
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~~~~~ Sen o Eigs
S Spectrum of g| |

o Eigs _ 066
Spectrum of g P e

“Sag,
Seq

S
SSogey,

Seg,
~SQg .
.....

o Eigs
Spectrum of g

o Eigs
Spectrum of g

(@)

Fig.2 Eigenvalues of Y, 7}, (f) and the spectrum of g in (3.8) for Example 4.1-Example 4.4 when n = 100.
a Example 4.1, b Example 4.2, ¢ Example 4.3, d Example 4.4

steady-state, or time-dependent, fractional diffusion equations involving the Riemann—
Liouville fractional derivatives defined as follows (see, e.g., [1])

d%u(x) _ 1 i fx u(€) dé

dox® I'n—a)dx" J; (x —§&)etl-n">" @D
dux) (=" u() '
d_x® = I'(n—a)dx” / (& — x)etl-n ds,

where 7 is the integer for whichn — 1 <« <n,and x € [L, R].
After discretizing these derivatives by a shifted Griinwald-Letnikov finite difference
method [12,13], we obtain an approximation of dg:}gﬁ). For instance, when the step

. . . . o . .
size is constant, the approximation of dd “)Eﬁ) is a dense lower Hessenberg Toeplitz

matrix 7, (f), with symbol f(0) = e (1 + el™+9) a5 described in [1]. Figure 3
shows that when n = 100 the eigenvalues of the flipped Toeplitz matrix Y, 7,,(f) are
well described by the sampling of the eigenvalue functions of g collected in A, and
when n = 300 the two are visually indistinguishable. Similar results can be inferred
from Fig. 2b when comparing the eigenvalues of Y, T,,(f) directly with the spectrum
of g.
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20 40 60 80 100 50 100 150 200 250 300
Fig. 3 Comparison of the eigenvalues of Y, T, (f) (blue circle) with A collecting uniform samples of

ri(g) = £|f(@)], i = 1,2 (red asterisk), ordered in an ascending way, for Example 4.2 when n = 100
(left) and n = 300 (right) (colour figure online)

15 15

o Eigs o Eigs p
100 * A 100 * A

“10}
q

-15 ‘ ‘ ‘ ‘ -15 ‘ ‘ ‘ ‘ s
20 40 60 80 100 50 100 150 200 250 300

Fig. 4 Comparison of the eigenvalues of Y, 7, (f) (blue circle) with A collecting uniform samples of
ri(g) = £|f(@)], i = 1,2 (red asterisk), ordered in an ascending way, for Example 4.3 when n = 100
(left) and n = 300 (right) (colour figure online)

Example 4.3 This example from [9, Example 2] has dense Toeplitz matrices with
slowly decaying entries. These entries are defined by the generating function f(0) =
(2 —2cos(@))(1 +1ix). Figure 4 illustrates that even for such matrices the sampling of
the eigenvalue functions of g collected in A accurately describes the eigenvalues of
Y, T,(f). We refer the reader to Fig. 2c for the direct comparison with the spectrum
of g.

Example 4.4 In our fourth example, we choose the rational generating function

4t _q

(¢ =3) (¢ = 3)

fO) =

from [14, Example 10].

The eigenvalues of Y, 7,,(f) are again characterized by a uniform sampling of the
eigenvalues of g (see Fig. 5), even though the spectrum is somewhat more complicated
than in previous examples (see Fig. 2d).
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o Eigs 1
* A

. . . . 4 . . . . .
20 40 60 80 100 50 100 150 200 250 300

Fig. 5 Comparison of the eigenvalues of Y, T, (f) (blue circle) with A collecting uniform samples of
ri(g) = £|f(©)],i = 1,2 (red asterisk), ordered in an ascending way, for Example 4.4 when n = 100
(left) and n = 300 (right) (colour figure online)

Example 4.5 In this example we consider the Toeplitz sequences generated by the
symbol of the advection and mass matrices encountered, for instance, when dealing
with a Galerkin B-spline isogeometric discretization of convection-diffusion-reaction
equations (refer to [6, pp. 235-239] for a detailed discussion). More precisely, if we
denote the mesh size by n and the B-spline degree by the fixed value p, we take
{Tw+plap)tn and {14 p(mp)}, with

p
ap(®) =—2% ¢, ,(p+ 1 —k)sin(ke),
k=1

p
mp0) = ¢2pr1(p+1)+2Y dopr1(p+ 1 —k)cos(kb),
k=1

where ¢, 11 is the cardinal B-spline on knots {0, 1, ..., 2p +2}. Note that the advec-
tion Toeplitz sequence {7}, (ap)}, is made of complex (skew-symmetric) matrices
whose symbol satisfies the conditions in Remark 3.2, while the matrices of the mass
Toeplitz sequence {74, (m )}, are symmetric.

Let g be the symbol of {Y,,4 , 7,4 p(ap)}s. In Fig. 6a, we set p to 4 and we compare
the imaginary part of the eigenvalues of Y, , T4 p (a,) with a sampling of £a,|, i.e.,
with the imaginary part of A;(g), i = 1, 2 over [0, w]. We refer to the resulting set
ordered in an ascending way as A. As in all previous examples, the matching between
the two is quite good when n = 300. Similar results can be obtained when comparing
the eigenvalues of Y,y T, p(mp) with a sampling of £|m | over [0, ] (refer to
Fig. 6b).

Example 4.6 1n all previous examples, the matching between eigenvalues and the sam-
pling of the eigenvalue functions was “exact”, in the sense that there were no outliers.
In our final example we show a case where the outliers come into play. More precisely,
we show how to build sequences of matrices with a constant number of outliers that
can be chosen a priori.
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1 r r r r r 1 r
o imag(Eigs) o Eigs

x A = A
4 0.5
of
051
1 -1

50 100 150 200 250 300 50 100 150 200 250 300
(a) (b)

Fig. 6 a Comparison of the imaginary part of the eigenvalues of Y4 pTy+p(f) (blue circle) with A
collecting uniform samples of +|ap| (red asterisk), ordered in an ascending way for Example 4.5 when
f =ap, p =4,and n = 300; b comparison of the eigenvalues of Yy pTy+p(f) (blue circle) with A
collecting uniform samples of A;(g) = £|mp|, i = 1,2 (red asterisk), ordered in an ascending way, for
Example 4.5 when f = m ), p =4, and n = 300 (colour figure online)

Table 1 Outliers for

Tn+p (mp + rp,t) when: (a) n Out P Out t Out

p=31t=2,

n = 100, 200, 400, 800, 1600; 100 3 1 3 5 J

(b)n =300,7 =2, 200 3 2 4 10 14

p=1,...,5()n =300,

p=4,t=5,10,15, 20,25 400 3 3 5 15 19
800 3 4 6 20 24
1600 3 5 7 25 29

(a) (b) (c)

Let us define r,,(0) = e(’”")ig, with t+ > 1 and p > 1, and let us consider
the Toeplitz sequence {7,y ,(m + 7 1) }n, With m, as in the previous example. As
shown in Table la, with the fixed values of p = 3,¢ = 2 and varying n, we get
a constant number of outliers equal to 5. More generally, the number of outliers of
Tyyp(my +rp) equals p + t and can be decided a priori by changing either p or ¢
as illustrated in Table 1b, c.

Example 4.7 Our final example shows how the spectral results in Sect. 3 can be used
to describe the convergence rate of preconditioned MINRES, which depends heavily
on the spectral properties of the coefficient matrix (see, e.g., [2, Chapters 2 and 4]).
We consider the dense Toeplitz matrix already discussed in Example 4.2 that results
from the discretization of the space-fractional diffusion problem in [15, Example 3]:

dx d+x1_ﬁ

B d /d'"Pux)
dx

):1, 0<x<l,
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with absorbing boundary conditions and 0 < B < 1, where the fractional derivative
is defined as in (4.1).
Discretizing Example 4.7 by a shifted Griinwald-Letnikov finite difference method

[12,13] with constant step size Ax = ﬁ gives the linear system

Tn(f)un = bn,

where 7, (f) is the dense lower Hessenberg Toeplitz matrix with symbol f(6) =
—e (1 + &™) (see [1]) and b, = (Ax)?7F[L,1,..., I]T. Throughout we
choose 8 = 0.3.

We either solve Example 4.7 without preconditioning, or apply a symmetric positive
definite preconditioner &,, where {#,}, ~grr h. It is outside the scope of this
manuscript to determine the best preconditioner for this problem, and so we simply
examine three choices:

o P, =T,(fr), where fr = (f + f*)/2,sothat h = fg;

o Z, =T,(f]),sothat h = |f]|, and

e the absolute value Strang circulant preconditioner &2, = |C,| described in [17]. To
compute |C, | we first form C,,, the Strang circulant preconditioner for 7, (f) [19].
Then |C,| = (C”T C,)'/? can be cheaply evaluated using fast Fourier transforms.
Since Cj, is normal its singular values must equal the eigenvalues of |C,,|. The fact
that {C,}, ~o | f| implies h = | f].

The same argument as for the unpreconditioned case immediately shows that, for
the previous three choices, / is even and so the eigenvalue functions of #~!g can be
sampled on [0, 7 ].

Figure 7 shows that the eigenvalues of Y, T,,(f) (resp. &, Ly, T.( f)) are well
described by the sampling of the eigenvalue functions of g (resp. h~!g) collected in
A, as predicted by Theorem 3.1 (resp. Theorem 3.2). Moreover, most of the eigenvalues
of the preconditioned matrices lie close to 1 and —1. This is particularly evident for
T,(| )Y, T (f). We note that |C,,| =Y, T,,(f) has a single outlying eigenvalue at
74.7 that is not plotted.

Given the eigenvalues in Fig. 7a and the fact that f has a zero at 0, it is not surpris-
ing that MINRES applied to Example 4.7 does not converge. On the other hand, from
Fig. 7b—d and since A; (h~'g) is either bounded or equal to &1, we expect that precon-
ditioned MINRES with preconditioners 7,,( fr), T,,(| f|) or |C,| will converge rapidly.
To test this, we apply (preconditioned) MINRES to Example 4.7, stopping when the
residual norm is reduced by eight orders of magnitude, i.e, when || ||2/||roll2 < 1078.
We see from Table 2 that these iteration counts are exactly what we might expect from
the above spectral results: all three preconditioners are optimal, with 7, (| f|) resulting
in the lowest iteration counts.

5 Conclusions

We have investigated the spectra of flipped Toeplitz sequences, i.e., the asymptotic
spectral behaviour of {Y,T,,(f)},, where T,(f) € R" " is a real Toeplitz matrix
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o Eigs
1A

2 10 60 80 100
(b)

1.5

0.5F 1 0.5F

-0.5+ 1 -0.5¢ o

-15 : : : : -1.5 : : : :
20 40 60 80 100 20 40 60 80 100

(© )

Fig. 7 Comparison of the eigenvalues of Y, T, (f) or &, 1 YnTu(f)) (blue circle) with A collecting the
uniform samples of the eigenvalue functions of g or 2~ g for Example 4.7 (red asterisk) when n = 100.
Note that |Cj, |_] Y T, (f) has a single outlying eigenvalue at 74.7 that is not plotted. a Unpreconditioned,
b 2, =Tu(fRr), ¢ Py =T(f]), d &, = |Cy| (colour figure online)

T i mon el

Example 4.7 100 15 7 12
300 16 8 14
500 17 8 15
1000 17 9 15
2000 18 9 17
4000 18 9 17

generated by a function f € LY([-7, 7]), and Y,, is the exchange matrix, with 1s on
the main anti-diagonal. Using the GLT machinery, we have shown that the eigenvalues
of Y,,T,,(f) are asymptotically described by a 2 x 2 matrix-valued function, whose
eigenvalue functions are | f|. When f vanishes only on a set of measure zero, this
motivates that roughly half of the eigenvalues of Y, T,,(f) are positive, while the
remaining are negative. The GLT theory allows us to describe also the asymptotic
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spectral behaviour of {7, VY, T, (f)}n, when 2, is Hermitian positive definite, and
hence predict the convergence rate of preconditioned MINRES.
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