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Abstract

The numerical approximation of the solution to a stochastic partial differential equation
with additive spatial white noise on a bounded domain is considered. The differential
operator is assumed to be a fractional power of an integer order elliptic differential
operator. The solution is approximated by means of a finite element discretization in
space and a quadrature approximation of an integral representation of the fractional
inverse from the Dunford—Taylor calculus. For the resulting approximation, a concise
analysis of the weak error is performed. Specifically, for the class of twice continuously
Fréchet differentiable functionals with second derivatives of polynomial growth, an
explicit rate of weak convergence is derived, and it is shown that the component of
the convergence rate stemming from the stochasticity is doubled compared to the
corresponding strong rate. Numerical experiments for different functionals validate
the theoretical results.
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1 Introduction

The representation of Gaussian random fields as solutions to stochastic partial dif-
ferential equations (SPDEs) has become a popular approach in spatial statistics in
recent years. It was observed already in [21] and [22] that a Gaussian random field
u on R? with a covariance function of Matérn type [13] solves an SPDE of the form
(k2 — A)Pu = # . Here, # is Gaussian white noise, x > 0 is a parameter determin-
ing the practical correlation range of the field, and B > d/4 controls the smoothness
parameter v of the Gaussian Matérn field via the equality v =28 — d/2.
Later, this relation was the incentive to consider the SPDE

«=MNPu=w in2 (1.1)

for Gaussian random field approximations of Matérn fields on bounded domains
2 C R, On the boundary 32, the operator k> — A is augmented with, e.g., homo-
geneous Dirichlet or Neumann boundary conditions. In [12] it was shown that by
restricting the value of 8 to 28 € N and by solving the stochastic problem (1.1) by
means of a finite element method, the computational costs of many operations, which
are needed for statistical inference, such as sampling and likelihood evaluations can
be significantly reduced. This decrease in computing time is one of the main reasons
for the popularity of the SPDE approach in spatial statistics. In addition, it facili-
tates various extensions of the Matérn model which are difficult to formulate using a
covariance-based approach, see, for instance [2,5,10,12,20].

However, the constraint 28 € N imposed by [12] restricts the value of the smooth-
ness parameter v, which is the most important parameter when the model is used for
prediction [17]. In [4] we showed that this restriction can be avoided by combining
a finite element discretization in space with a quadrature approximation based on an
integral representation of the inverse fractional power operator from the Dunford—
Taylor calculus. We furthermore derived an explicit rate of convergence for the strong
mean-square error of the proposed approximation for a class of fractional elliptic
stochastic equations including (1.1).

In practice, it is often not only necessary to sample from the solution u to (1.1),
but also to estimate the expected value E[¢(u)] of a certain real-valued quantity of
interest ¢ (u). The aim of this work is to provide a concise analysis of the weak error
[Elem)] — E[w(u}gk)]l for the approximation u%k proposed in [4]. This analysis
includes the derivation of an explicit weak convergence rate for twice continuously
Fréchet differentiable real-valued functions ¢, whose second derivatives are of poly-
nomial growth. Functions of this form occur in many applications, e.g., when integral
means of the solution with respect to a certain subdomain of & are of interest, or
when a transformation of the model is used as a component in a hierarchical model.
An example of the latter situation is to consider logit or probit transformed Gaussian
random fields for binary regression models, see, e.g., [16, §4.3.3].

We prove that, compared to the convergence rate of the strong error formulated
in [4], the component of the weak convergence rate stemming from the stochasticity
of the problem is doubled. To this end, two time-dependent stochastic processes are
introduced, which at time ¢ = 1 have the same probability distribution as the exact
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Weak convergence for fractional elliptic SPDEs 883

solution u# and the approximation uhQ’ «» respectively. The weak error is then bounded
by introducing an associated Kolmogorov backward equation on the interval [0, 1]
and applying Itd calculus.

The structure of this article is as follows: in Sect. 2 we formulate the equation of
interest in a Hilbert space setting similarly to [4] and state our main result on weak
convergence of the approximation in Theorem 2.1. A detailed proof of Theorem 2.1
is given in Sect. 3. For validating the theoretical result in practice, we describe the
outcomes of several numerical experiments in Sect. 4. Finally, Sect. 5 concludes the
article with a discussion.

2 Weak approximations

The subject of our investigations is the fractional order equation considered in [4],
LPu=g+w, 2.1

for B € (0, 1), where # denotes Gaussian white noise defined on a complete prob-
ability space (€2, <7, P) with values in a separable Hilbert space H. Here and below,
(in-)equalities involving random terms are meant to hold P-almost surely, if not spec-

ified otherwise. Furthermore, we use the notation X 4 Y to indicate that two random
variables X and Y have the same probability distribution.

Similarly to [4], we make the following assumptions: L: (L) C H — H is
a densely defined, self-adjoint, positive definite operator and has a compact inverse
L~': H — H.Inthis case, —L generates an analytic strongly continuous semigroup
(8())i=0 on H. The H-orthonormal eigenvectors of L are denoted by {e;}en and
the corresponding eigenvalues by {A;};en. These values are listed in nondecreasing
order and we assume that there exist constants «, ¢, C, > 0 such that

¥ <A <Cj* VjelN (2.2)

The action of the fractional power operator L? in (2.1) is well-defined on

A% = 9(LF) = {vf € H: |y = ILPyI3 =Y 2P, epi < oo},

jeN

which is itself a Hilbert space with inner product (¢, ¥)2p = (LPp, LBy g.
Furthermore, there exists a unique continuous extension of L? to an isometric iso-
morphism LP: H — H' 28 for all r € R, see [4, Lem. 2.1]. Here, for s > O,
the negative-indexed space H~* is defined as the dual space of H*. After identify-
ing the dual space H* of HO := H via the Riesz map, we obtain the Gelfand triple
HS < HZ H *es HS w1th continuous and dense embeddings. The norm on the
dual space H~* can be expressed by
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884 D.Bolin et al.

(&.9) _ -
lgll—s = sup Y agep)? |
d)EHY\{O} ||¢||S jGN

where ( -, -) denotes the duality pairing between H~S and H 5,119, Proof of Lem. 5.1].
With this representation of the dual norm and the growth (2.2) of the eigenvalues A ;
at hand, it is an immediate consequence of a Karhunen—Logeve expansion of the white
noise # with respect to the H- orthonormal eigenvectors {e;} ey that % has mean-
square regularity in H ™ for every s > a~ see [4, Prop. 2.3]. Consequently, (2.1)
has a solution u € Lo(Q2; H*#=) fors > o« if g € H™.

2.1 The Galerkin approximation

In the following, let (V1) e (0,1) be a family of subspaces of H'=9 (L'/?) with finite
dimensions Nj, := dim(V}y) and let I1,: H — V}, be the H-orthogonal projection
onto Vj,. For ¢ € H, we define the finite element approximation of v = L~!g by

vy = L,;l I, g, where Lj, denotes the Galerkin discretization of the operator L with
respect to Vp, i.e.,

Ly: Vo = Vi, (Lp¥n, $n)u = (LYn, ¢on) YVn, ¢n € Vi,
We then consider the following numerical approximation of the solution u to (2.1)
ul, = 0 (Mg + 7% 2.3)

proposed in [4, Eq. (2.18)]. It is based on the following two components:

(a) The operator Q’:g « 1s the quadrature approximation for L;ﬂ of [6]:

K+
2k sin(mr B) -1
) eZﬁW(Ith+eZWLh> . 2.4)
{=—K~—

The quadrature nodes {y; = ¢k : £ € Z, —K~ < £ < KT} are equidistant with

distance k > 0 and we set K~ := |_4/3k2-| and KT |_4(1 ﬂ)k2-|

(b) The white noise # in H is approx1mated by the square-integrable Vj,-valued
random variable #,® given by #,® := levil &j ¢ n, where ® := Wj,h}yil is
any basis of the finite element space V. The vector & = (&1, ...,§& Nh)T is multi-

variate Gaussian distributed with mean zero and covariance matrix M~!, where

M denotes the mass matrix with respect to the basis @, i.e., M;; = (¢; n, ¢ n)H.-

The main outcome of [4] is strong convergence of the approximation uhQ ¢ in (2.3)
to the solution u of (2.1) at an explicit rate. Subsequently, this work focusses on weak
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Weak convergence for fractional elliptic SPDEs 885

approximations based on uhQ > 1-€., we investigate the error

|Elp()] — Elpu? ]| 2.5)
for continuous functions ¢ : H — R.

Remark 2.1 In practice, the expected value E[(p(u}?k)] is approximated, e.g., by a
Monte Carlo method. For this, usually a large number of realizations of ¢ (u hQ ) and,

thus, of the approximation uhQ ¢ in (2.3) is needed. Each of them requires a sample

of the load vector b with entries b; := (Il,g + ”//hq), ¢;.n)n. As pointed out in [4,
Rem. 2.9], this is computationally feasible if the mass matrix M with respect to the
finite element basis @ is sparse, since the distribution of & ~ _47(0, M! ) implies that

b~ 4 (gM, bZg+Gz

where z ~ .4°(0, 1), G is the Cholesky factor of M = GG, and the vector g has
entries g; := (g, ¢ n)H.

2.2 Weak convergence

For bounding the error in (2.5), we start by introducing some more notation and
assumptions. Let & = {e;, h};vi | C V) be the H-orthonormal eigenvectors of the
discrete operator Lj, with corresponding eigenvalues {2 ; }jvi | listed in nondecreasing
order. In addition, the strongly continuous semigroup on Vj, generated by —Lj, is
denoted by (S5, (?))>0-

We define the space C>(H; R) of twice continuously Fréchet differentiable func-
tions ¢: H — R, i.e., ¢ € C>(H;R) if and only if

9 € C(H;R), Dge C(H;H), and D>¢ € C(H; Z(H)).

Here and below, using the Riesz representation theorem, we identify the first two
Fréchet derivatives Dy and D?¢ of ¢ with functions taking values in H and in £ (H),
respectively. Furthermore, we say that the second derivative has polynomial growth
of degree p € N, if there exists a constant K > 0 such that

ID*0 () lzmy < K (1+1¥115) V¥ € H. (2.6)

All the properties of the finite element discretization, of the operator L, and of
the function ¢, which are of importance for our analysis of the weak error (2.5), are
summarized in the assumption below.

Assumption 2.1 The finite element spaces (Vj)ne(0,1) C H', the operator L in (2.1),
and the function ¢ : H — R in (2.5) satisfy the following:

(i) there exists d € N such that N, = dim(V},) o< h=¢ forall h > 0;

@ Springer
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(i1) there exist constants C1, Ca > 0, hg € (0, 1), as well as exponents r, s > 0 and
q > 1 such that

q
Aj S Ajn <A —i—Clhr)Lj,

2 25499
lej —ejnlly < Cah A],

forall h € (0, hg) and j € {1, ..., Np};
(iii) the eigenvalues of L satisfy (2.2) for an exponent o with

1 : r 2s
L < _r <
35 <a_m1n{(q71)d,qd},

where the values of d € N, r, s > 0, and ¢ > 1 are the same as in (i)—(ii);
(iv) s > 2B and for 0 < 6 < o < s there exists a constant C3 > 0 such that

0—o
1(S@) — SpOTpglly < C3h’t 2 |iglls Yt >0,

for every g € H? and h € (0, hg). Here, hg and s are as in (ii);
(v) @ € C*(H;R) and D¢ has polynomial growth (2.6) of degree p > 2.

The following example shows that Assumptions 2.1(i)—(iv) are satisfied, e.g., for
the motivating problem (1.1) related to approximations of Matérn fields, if 8 > d /4,
when using continuous piecewise linear finite element bases.

Example 2.1 For k > 0 and a bounded, convex, polygonal domain ¥ C R4, consider
the stochastic model problem (1.1), i.e., the fractional order equation (2.1) for g = 0
and L = k2 — Aon H = L>(2). Furthermore, we assume that the differential
operator L is augmented with homogeneous Dirichlet boundary conditions on 0 Z. In
this case, the eigenvalues {A} jen of L satisfy (2.2) for @ = 2/d (see [8, Ch. V1.4] for
2 = (0, l)d, the result for more general domains as above follows from the min—max
principle). Consequently, the first inequality of Assumption 2.1(iii) holds if B > d /4.

In addition, if (V)pe,1) C H' = Hol(.@) are finite element spaces with continu-
ous piecewise linear basis functions defined with respect to a quasi-uniform family of
triangulations, Assumption 2.1(i) holds and Assumptions 2.1(ii), (iv) are satisfied for
r=s=q =2,see[18, Thm. 6.1, Thm. 6.2] and [19, Thm. 3.5]. Thus,

s=2>28  a=3=min{ "5 5],

and Assumptions 2.1(i)—(iv) hold for all g € (d/4, 1).

We remark that Assumptions 2.1(i)—(iii) coincide with those of [4]. The strong
L>(2; H)-convergence rate

min{d(af — 1/2),r, s} 2.7)
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Weak convergence for fractional elliptic SPDEs 887

was derived in [4, Thm. 2.10] for the approximation uhQ ¢ 10 (2.3) under a suitable

calibration of the distance of the quadrature nodes k& with the finite element mesh
size h. Furthermore, a bound for the weak-type error

2 Q0 2
||u||LZ(Q;H) - ”“h,k“Lz(Q;H)

was provided, showing convergence to zero with the rate min{d 2af — 1), r, s}, see
[4, Cor. 3.4]. In particular, the term d (2a8 — 1) stemming from the stochasticity is
doubled compared to the strong rate in (2.7).

In the following, we generalize this result to weak errors of the form (2.5) for
functions ¢ : H — R, which are twice continuously Fréchet differentiable and have a
second derivative of polynomial growth. The bound of the weak error in Theorem 2.1
is our main result.

Theorem 2.1 Let Assumption 2.1 be satisfied. Let 60 > min{d 2ap — 1), s} — 2B, if
dQap — 1) > 28, and set 6 = 0 otherwise. Then, for g € H? and for sufficiently
small h € (0, ho) and k € (0, ko), the weak error in (2.5) admits the bound

2

. 7'[2 7'[2
|Elp ()] - E[¢(u,%k)]| <C (hmm{d@aﬁ—l)”’*‘} +e Th 94T+ e—ﬁfaﬁ(h)>
rz2 pd
x (1 +e T + ||g||€,“). 2.8)

Here, we set fy g(h) := h?@P=D ifaB £ 1, and f, g(h) := |In(h)|, ifap = 1. The
constant C > 0 is independent of h and k and the values of o, r,s > 0, d € N, and
p €{2,3, ...} are those of Assumption 2.1.

Remark 2.2 In the derivation of the strong convergence rate (2.7), we balanced the
error terms caused by the quadrature and by the finite element method by choosing
the quadrature step size k sufficiently small with respect to the finite element mesh
width &, namely e " 2/ @k) o h4%P | see [4, Table 1].

For calibrating the terms in the weak error estimate (2.8), we distinguish the cases
af < l,afp=1,andaf > 1. If af < 1, thendaB > d2af — 1) and we let k > 0O
be such that e/ o h98_With this choice, the error estimate (2.8) simplifies to

[Elp(0)] - Blpuf 1| = CA™™ @013 (1 g1 250) (1 4+ figllo),

For a8 > 1 (¢ = 1) we achieve the same bound if k and % are calibrated such that
e~ T2/K) o pd@aB=1) (o=7%/CK) max (1, | In(h)|} o h?). Note that the calibration for
aff < 1 coincides with the one for the strong error and that the term d(2a8 — 1) in
the derived weak convergence rate min{d (2«8 — 1), r, s} is doubled compared to the
first term of the strong convergence rate (2.7).

Remark 2.3 We emphasize that (under the same assumptions) both the strong and
weak convergence rates remain the same when approximating the solution u to

LPu =o(g+ W)
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888 D.Bolinetal.

by u}%k =0 Qf’k (Mpg+ V/hq’), where o > (0 1is a constant parameter which scales the

variance of u. This can be seen from the equality oL = Lg for L, := o~ VAL,
combined with the fact that the eigenvalues of the operator L, satisfy the growth
assumption (2.2) with the same exponent @ > 0 as the eigenvalues of L.

However, the constants c;, C, > 01in (2.2) and the constants in the error estimates
change. For instance, if (1) := ||u||§1* for p, € N, then the constant C > 0 in (2.8)
will depend linearly on o 7*.

Note that one has to consider a problem of the form

d _d
&> = MNPu=ocW for o:=oc.(4m)Tk? 2 F(Zréifgﬂ)

when approximating a Matérn field with variance o.2. Here and in what follows, I'( -)
denotes the Gamma function.

Remark 2.4 We also comment on how the error bound in (2.8) changes if instead of

the family (Qf,k)bo a different sequence of approximations {R,’in}neN of L;ﬁ is
used. If there exists a function £: N — R such that lim,_, o E(n) = 0 as well as
a constant C > 0, independent of 4 and n, such that

L, = R Dull < CE)gnln Yon € Vi,

it is an immediate consequence of the arguments in our proof that a bound of the weak
error for the approximation u f g = Rf 2 (Thg + %‘I’) is given by

[Elp@)] — Elp@? ]| < € (hmnd@p=0rs) 4 gu)2h=d 4 E@) + Em) fup ()
x (14 E@?n=% + g1 1+ liglo).

An example of such a family { Rf _nneN are the approximations of L;ﬂ proposed in [3],

which are based on rational approximations of the function x # of different degrees
neN.

3 The derivation of Theorem 2.1

The mainidea in our derivation of the weak error estimate (2.8) is to introduce two time-
dependent stochastic processes with the property that their (random) values at time
t = 1 have the same distribution as the solution « to (2.1) and its approximation u,? k
in (2.3), respectively. We then use an associated Kolmogorov backward equation and

1td calculus to estimate the difference between these values.

3.1 The extension to time-dependent processes

Recall the eigenvalue-eigenvector pairs {(Aj, e;)}jen of L as well as the parameter
o > 0determining the growth of the eigenvalues via (2.2). In what follows, we assume
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Weak convergence for fractional elliptic SPDEs 889

that g € H and 2« > 1 so that the solution u to (2.1) satisfies u € Lo(2; H). With
the aim of introducing the time-dependent processes mentioned above, we start by
defining

W) = Z,\]fﬂBj(t) ej, 1>0,
jeN
where {B}}eN is a sequence of independent real-valued Brownian motions adapted
to a filtration .% = (%;, t > 0). Owing to this construction, (WE(@), t = 0) is
an .% -adapted H-valued Wiener process with covariance operator L~2#, which is of

trace-class if 2af > 1. Since the random variables {B;(1)}ecn are independent and
identically .47 (0, 1)-distributed, the spatial white noise % satisfies

# L3 Bj(l)e; inH.
jeN

The stochastic process Y := (Y (¢), ¢t € [0, 1]) defined as the (strong) solution to
the stochastic partial differential equation

dy () =dWP@), tel0,1], Y(©) =L Pg, (3.1

therefore takes the following random value in H at time t = 1,

1
Y(1) = Y(0) +f AWPD) =L Pe+ WA L L P+ #)=u. (32
0

Its Gaussian distribution implies the existence of all moments, as shown in the
following lemma.

Lemma3.1 Letp € N, 1t € [0, 1], and Y be the strong solution of (3.1). Then the p-th
moment of Y (t) exists and, for p > 2, it admits the following bound:

E[Y O] =277 (Il s + 1 p w L 29)%). (3.3)

Here, u, :=E[|Z|P] = 27{—p r (pTH) is the p-th absolute moment of Z ~ 4 (0, 1).

Proof For p = 2, the bound in (3.3) follows from the 1t6 isometry [15, Thm. 8.7(i)]:

t
E[IY 1] =1L 7Pel} + f (L) ds = [Ig]1% 5 + 12 tr(L ),
0
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890 D.Bolinetal.

If p > 3, we estimate E[|Y()[5]1 < 227 (IL7Pgll%, + E[IWA@®)II5,1). By
Jensen’s inequality we have

P
—2B 2|2 —28
]E‘ij IB; ()] ‘ sE[‘ZAj
JjeN jeN

)4
2

—1
foﬁw,-(t)w}.

jeN

Thus, the distribution of { B (¢)} jen implies that E[| WA (1) || 1,1 < tP/%u,, tr(L=2P)P/2,
and assertion (3.3) follows. O

In order to define a another stochastic process Y = (?(t), t € [0, 1]) with the
property Y() 4 u}gk in H, we recall the orthonormal eigenbasis & = {e j,h}yi 1 CVa
of Lj, and define Pf: H — Vj for B € (0, 1) by

Np,
Plg="> g epnejn. (3.4)
j=1

Since V}, is finite-dimensional, the operator Qf’ ¢ Vo — Vj in (2.4) is bounded,
Qf, « € Z (V) for short, with norm

8 107 nlla
19, 2wy == sup ————
’ mevNoy  IWnlla

We now consider the following stochastic partial differential equation

d¥ () = 0 P awP@), ref0.11.  Y(0) = Q) Tg. (3.5)

Note that the reproducing kernel Hilbert space of W# is H2#. The finite rank of the
operator Qfg X Pf : H — Vj, implies that it is a Hilbert-Schmidt operator from H2P

to H. For this reason, existence and uniqueness of a (strong) solution Y to 3.5) is
evident. Furthermore, the solution process Y satisfies

1
71y = 7(0) +/0 0f P AWP (1) = 0F (Mg + 7,5,

where Vﬂhg = Zyil Bj(1)ej . To see that also 7(1) 4 uhQ,k holds in H, define the
deterministic matrix R and the random vector B by

Rij = (eindju, 1<i,j<Np  By:=(Bi(l),..., By, ()7,
i.e., By is the vector of the first N, Brownian motions at time ¢t = 1. Due to

RTR);; = Bin. Ojn)u = My,
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Weak convergence for fractional elliptic SPDEs 891

the vector & := R™!By is .4 (0, M~ !)-distributed. In addition, by [4, Lem. 2.8] the
Vj,-valued random variables

Ny, N
#E =Y Bi(Nejn and #P =) ;¢
j=I j=1
are equal in L, (S2; H). In particular, their first and second moments coincide. Since

Whg and V/hq’ are Gaussian random variables, their distributions are uniquely charac-
terized by their first two moments and we conclude that

V() =0f (Mg +#) £ 0 (Mg + #2) = ul,. (3.6)

3.2 The Kolmogorov backward equation and partition of the error
With the aim of bounding the weak error in (2.5) by means of Itd calculus, we introduce

the following Kolmogorov backward equation associated with the stochastic partial
differential equation (3.1) for Y and the function ¢ by

1 72/3
wi(t.x) + (wxx(t,x)L ) —0, 1e[0,1], xe H, w(l,x) =g
3.7

Here, wy := Dyw and wy, := D%w denote the first and second order Fréchet deriva-
tive of w with respect to x € H. It is well-known [9, Rem. 3.2.1, Thm. 3.2.3] that
the solution w: [0, 1] x H — R to (3.7) is given in terms of the stochastic process Y
in (3.1) by the following expectation

w(t, x) =Elp(x +Y (1) —Y(@))]. (3.8)

Since ¢: H — R is twice continuously Fréchet differentiable, we can furthermore
express the first two derivatives of w with respect to x in terms of ¢ and Y by

wy(t,x) =E[Dp(x +Y(1) =Y (@))], (3.9)
Wy (1, x) = E[D?p(x + Y (1) = Y(1))]. (3.10)

Let Y be the solution to (3.5). The application of Itd’s lemma [7] to the stochastic
process (w(t, Y (1)), t € [0, 1]) yields

_ - 1 - .
dw(, T(1)) = (w,(t, Yy + (wxx(t, Yanol L (0f Pl )) dr

+wet, Y(0) Q) (P WP (@), 1 e0,1], 3.11)
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892 D.Bolinetal.

where, for T € £ (H), the H-adjoint operator is denoted by 7. To simplify the
second term in (3.11), we define the operator I1,: H — V), by

Np
Mg =) (g.¢))uejn (3.12)
j=1

Note that in contrast to the H-orthogonal projection I, the operator I}, is neither
self-adjoint (l'[* #* M) nor a projection (1'[2 # I;). We then use the following

relation between I'Ih and Pf from (3.4),
PfL_ﬁg:ﬁhg Vg e H,

and express (3.11) as an integral equation for r = 1. Taking the expectation on both
sides of this equation yields

Efw(l, ¥(1))] = w(0, 0} , TTg)

1 (! > o0, of* — L~
+ EE/O tr (wxx(t, Y(®) (Qf,thHth,k - L 2/3)) dr
(3.13)

since ¥(0) = Q) , g by 3.5 and w, (1, Y (1)) = — 4 tr(wsx (1. ¥ (1)) L) by (3.7).
As a final step in this subsection, we relate the quantity of interest E[¢(u)] with
the expected value of w(l, Y (1)) and similarly for the approximation E[¢ (u}? ] and

w(l, )7(1)). For this purpose, we extend the equalities in (3.8)—(3.10) to the case that
x = & is a an H-valued random variable in the following lemma.

Lemma 3.2 Let Assumption 2.1 (v) be satisfied. Then, for every t € [0, 1] and any
Fi-measurable random variable & € Ly12(S2; H), it holds

Dfw(r, &) = B[D* e +Y(1) — Y (1) | F], k €{0,1,2}.

Proof For k = 0, this identity follows from [11, Lem. 4.1] with N = p +2,& =&
and & =Y (1) — Y (¢),since Y (1) € L,42(82; H) forall 7 € [0, 1] by Lemma 3.1 and

lox)| <1+ ||x||’11,Jr2 as a consequence of (2.6).
Furthermore, for y, z € H, we define ¢y, ¢y .: H — R by

@y(X) i= (DY(xX), M, @y, (%) i= (D?*o(X)z, V).

Since the inner product is bilinear and continuous with respect to both components,
we find with (3.9)—(3.10) that

(e (t, x), ) = Elgy(x + Y(1) = Y ()],
(wax (1, X)z, y)u = Elgy - (x + Y (1) = Y(1))].
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Thus, again applying [11, Lem. 4.1] for & = & and &, = Y (1) — Y (¢) as well as
N = p+1and N = p, respectively, yields

(we(t,8), )n =Eloy&1 + &) | 7] = E[DeE + Y1) = Y(O) | F], y)H,
(Wyx (1, €)z. V) = Elgy (61 + &) | F] = EID*pE + Y1) = Y()) | Filz. )

by bilinearity and continuity of the inner product. The separability of H and the
arbitrary choice of y, z € H complete the proof of the assertion for k € {1, 2}. O

Owing to Lemma 3.2 and the tower property for conditional expectations, the
stochastic process (w(t, Y (¢)), t € [0, 1]) has no drift, i.e.,

Elw(1, Y (1)] = E[p(Y (1))] = E[w(0, Y (0))] = w(0, L Fyg). (3.14)
Furthermore, it follows with (3.2) and (3.6) that

Elw(1, Y(1))] = E[p(Y (1))] = E[p@)], (3.15)
Efw(l, Y(1))] = Elp(Y (1))] = Elp(u? 1. (3.16)
Summing up the observations in (3.13)—(3.16), we find that the difference between

the quantity of interest E[¢(«)] and the expected value of the approximation ¢ (u hQ o)
can be expressed by

Elp()] — Elpuf )] = w0, L™%g) — w(0, 0} ,M)g)
1 ! ~ ~ ~ _
= EE/ e (wane, Ty () Fufi; 0f; - L72)) dr.
0
This equality implies that the weak error (2.5) admits the following upper bound

Elp)] — Elp@Z)1| < [w(©, L g) — w(©, L, T4g)]

+ w0, L, M) — w(0, 0 ,TThg)]
1 ! 5 ~B ~Px ~—BT—PBx
+ E'E/o e (w7 (04,05 - L,"T,™) ) ar| 319

N %'E/OIU (wxx(t, 70 (Z;ﬂz}:ﬁ* _ L—m)) dr

=: (D) + () + (1) + (IV),

where we set @fk = nykﬁh and Z;’g = L;ﬂﬁh.
The following subsections are structured as follows: In Sect. 3.3 we bound the

deterministic error || (L~ — L;ﬂ I1,)g|| g caused by the finite element discretization.
This result is essential for estimating the first error term (I) in (3.17). Secondly, we
investigate the terms (II) and (III) stemming from applying the quadrature operator
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Qf,k instead of the discrete fractional inverse L;ﬁ in Sect. 3.4. Finally, in Sect. 3.5
we estimate the trace in (IV) and combine all our results to prove Theorem 2.1.

3.3 The deterministic finite element error

In this subsection we focus on the deterministic error ||(L~# — L;ﬂ ITy)gll g caused
by the inhomogeneity g. More precisely, we derive an explicit rate of convergence
depending on the H?-regularity of g in Lemma 3.3 below. Subsequently, in Lemma 3.4,
we apply this result to bound the first term of (3.17).

Lemma 3.3 Suppose Assumption 2.1(iv) is satisfied. Set 0, == d(2ap — 1) — 28 and
let & > min{6,,s — 2B} if 0, > 0, and set 0 = 0 otherwise. Then there exists a
constant C > 0, independent of h, such that

L™ — L, gl < ChmMdCaB=Ds) gy (3.18)

forall g € H? and sufficiently small h € (0, hy).

Proof By applying [14, Ch. 2, Eq. (6.9)] to the negative fractional powers of L and Ly,
we find

_ 1 e
L? -1, = —f P18 @) — Sp(H)Ty) dr.
h re Jo
Thus, Assumption 2.1(iv) yields for0 < 6; < o; < s (j =1, 2) the estimate

01—01 b~y

1 0
||<L*5—L;ﬂnh)g||ﬂSh‘”ugue./ P dt+h"2||g||02/ P dr
0 1

If 6, > 0, we let ¢ > 0 be such that & = min{6,,s — 28} + ¢ and we choose
o1 = min{d2af — 1), s}, 02 := s, 01 := min{#, o1}, and 6, := 0. We then obtain
01 — o1 = min{—28 + ¢, 0} and

For 6, < 0, we instead set 01 := dQaf — 1), 07 := 5,601 := 0, 6> := 0, and we
conclude in a similar way that

L™ — L, Tglm S Ammd@B=Dsh o) (2671 +2(s —28)7D).

Since in both cases max{||gllg,, lIglls,} < llglle with 6 defined as in the statement
of the lemma, the bound (3.18) follows. O

Remark 3.1 We note that by letting 61 = 03 := 5,0 ;=5 — 28+ ¢,and 6, := 0 in
the proof of Lemma 3.3 the optimal convergence rate for the deterministic error,

L™ = L, gl < Ch*l1gll—2p-e.
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can be derived. The error estimate (3.18) is formulated in such a way that the smooth-
ness > 0of g € H? is minimal for convergence with the rate min{d 2«8 — 1), s},
which will dominate the overall weak error, stemming from the term (IV) in the par-
tition (3.17), see Lemma 3.8.

We furthermore remark that the convergence result of Lemma 3.3 is in accordance
with the result of [6, Thm. 4.3]. There the self-adjoint positive definite operator L is
induced by an H(} (2)-coercive, symmetric bilinear form A:

(Lv, w) := A(v, w) =/ a(x)Vu(x) - Vw(x)dx Vv, w e H',
9

where 0 < ap < a(x) < a1, H := L,(2), H' = HO1 (2) and Z is a bounded
polygonal domain in R?, d € {1, 2, 3}, with Lipschitz boundary. The discrete spaces
(Vi)n considered in [6] are the finite element spaces with continuous piecewise linear
basis functions defined with respect to a quasi-uniform family of triangulations. The

convergence rate for the error (L~ — L;ﬁl'lh)gHH derived in [6, Thm. 4.3] is 27,
if g e HY for6 > 2(t — B),if t > B, and O = 0 otherwise. Here, T € (0, 1] is such
that the operators

L™ H ™ (2) - H"(2) and L: H"(9) - H'7°(2)
are bounded with respect to the intermediate Sobolev spaces

Hi(2) N He(2), oel[l,2],
HO(2) := {[L2(D), H} (D)]p,2, 0 €10, 1],
[H YD), Ly(D)) 1402, 0 €[-1,0],

where H=1(2) = H~! is the dual space of HO1 (9) = H' and [-, -]o,q denotes the
real K-interpolation method.

According to this result of [6], the convergence rate 2 min{d (e — 1/2), 1} can be
achieved if g is He-regular for 0 > 6, if 0, := 2(min{d(aB — 1/2),1} — B) > 0
and 0 = 0if 6, < 0. A comparison with (3.18) in Lemma 3.3 shows that the error
estimates and regularity assumptions coincide for this particular case, since s = 2 for
the choice of finite-dimensional subspaces (V},);, in [6] specified above.

Having bounded the error between L™#g and L;ﬁ I1; g, an estimate of the first
error term (I) in (3.17) is an immediate consequence of the fundamental theorem of
calculus and the chain rule for Fréchet derivatives. This bound is formulated in the
next lemma.

Lemma 3.4 Let Assumptions 2.1 (iv)—(v) be satisfied and 2af > 1. Define 6 > 0 as
in Lemma 3.3. Then there exists a constant C > 0, independent of h, such that

lw(©, LPg) —w(0, L, " T,g)| < CA™MICB=D5Yg1l5 (1 4 g2

forall g € H? and sufficiently small h € (0, ho).
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Proof Since the mapping x +— w(0, x) is Fréchet differentiable, we obtain by the
fundamental theorem of calculus and the Cauchy—Schwarz inequality

|w(, L, " T,g) — w(©0, L )|
1
=| / (w0, L g +1(L, Ty — L~)g) (L, Ty — L) gy dt
0

<L, 1, = L™ P)glly sup [lwe (0, L g+ (L, T, — L™P)g)llu.
t€l0,1]

A bound for the first term is given by (3.18) in Lemma 3.3. For the second term, we
use (3.9), Y(0) = L~ g, and the polynomial growth (2.6) of D2g0 to estimate

lwe©, L Pg +1(L, " T, — L P)e)llw < ELIDe(Y (1) +1(L, P T1, — L P)g) ]

< (TEUYOIGT T+ 1gly )

for all # € [0, 1]. The boundedness (3.3) of the (p + 1)-th moment of Y (1) completes
the proof, since the trace of L™2# is finite if 28 > 1. |

3.4 The quadrature approximation

In this subsection we address the error terms (II) and (III) in (3.17), which are induced

by the quadrature approximation Qf, ¢ of L, ". To this end, we start by stating the
following result of [6, Lem. 3.4, Thm. 3.5] that bounds the error between the two
operators on Vj,.

Lemma 3.5 The approximation Qf’ i Vo= Viof L;ﬁ in (2.4) admits the bound

”2
Q) — Ly bnll < Ce™ T guller Veu € Vi,

and it is bounded, || Qp k|l 2 v,y < C’, for sufficiently small h € (0, ho), k € (0, ko),
where the constants C, C' > 0 depend only on 8 and the smallest eigenvalue of L.

In the following, we use this error estimate of the quadrature approximation Qf’ k
for bounding the second term of (3.17) in Lemma 3.6 as well as the trace occurring

in the third term of (3.17) in Lemma 3.7.

Lemma 3.6 Suppose that Assumption 2.1(v) is satisfied and that 2af > 1. Then there
exists a constant C > 0, independent of h and k, such that

z2
[w(©, ;M) — w0, 0 ,Mg)| = Ce™ T gl (1+ 11glfy™)
for all g € H and sufficiently small h € (0, hg) and k € (0, ko).
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Proof As in the proof of Lemma 3.4, we apply the fundamental theorem of calculus
and the chain rule for Fréchet derivatives. By (3.9) and Lemma 3.5 we then find

w0, Qf  Thg) — w0, L, )| < 10, — L, gl

x sup E[|D(L;, Tyg +1(Q) , — L, )Mug +Y(1) — L))
te[O 1]

ik 1 1
< e F gl (14 ENY I+ 1815

Again, the proof is completed by (3.3) and the fact that tr(L~>f) < cc. O
Lemma 3.7 Let Assumptions 2.1(i)—(iii) be satisfied. Then there exists a constant
C > 0, independent of h and k, such that

~ B —B 5 —B N R B
|tr(T(Qh K Cnx — LPLP) <cCle®Fhd+e ™ + e = fou ) ) IT N2
for every self-adjoint T € £ (H) and sufficiently small h € (0, ho) and k € (0, ko).
Here, the function fy g is defined as in Theorem 2.1.

Proof By the definition of 1 in (3.12) we have
Mpej=ejn, jell,....,Ny}, Tlpe; =0, j> Ny (3.19)

Therefore, the trace of interest simplifies to a finite sum,

Np
(T () Ohi — LI = Y [T 0f vein. @ eimn — (ML ejn. Ly ejnn]
j=1

Np
=31 — Ly e (O — Ly Ddejmn
=

Np
+23 (T — Ly, Dejn Ly ejn
j=1
=: 51 +28,, (3.20)
where the second equality follows from the self-adjointness of T € .Z(H).
The application of the Cauchy—Schwarz inequality and of Lemma 3.5 to the first

sum yield the following upper bound

Nh 2
ISt < IT Lz Y 1@« — Ly Prejullly < Ce™ T NulIT L.
j=1

72
By Assumption 2.1(i) we thus have |S;| < e_Th_d||T||g(H).
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The second sum can be bounded by
Np
B _7-By,. -B
1$20 < IT Nz | max W(Qy g = Ly ejnlli lej,,,.
]:

Finally, due to the approximation property of the discrete eigenvalues A ; 5 in Assump-
tion 2.1(ii) as well as the growth (2.2) of the exact eigenvalues A; we obtain

Aj_ﬁ < )»;’3 < c;ﬁj_"‘ﬁ and, for aff # 1, we find

_z2 1- _z -
1520 S ™5 (14 NP ) 1Tz S e (14 19PD) | T,

where we have used Lemma 3.5 and Assumption 2.1(i). If «8 = 1, we instead estimate
1S5] < e /CR (1 4+ | In(h))) |IT| ‘2. This completes the proof. o

3.5 Proof of Theorem 2.1

After having bounded the terms (I), (I), and (III) in the partition (3.17) of the weak
error in the previous subsections, we now turn to estimating the final error term (IV).
Furthermore, we bound the p-th moment of Y (1), where Y is the solution process
of (3.5). We then combine all our results and prove Theorem 2.1.

Lemma 3.8 Let Assumptions 2.1(i)—(iii) be satisfied. Then there exists a constant
C > 0, independent of h, such that

(T (L, "L, 7" — L7%))| < Chmntd@ep=DrshiT | g,
for every self-adjoint T € £ (H) and sufficiently small h € (0, ho).

Proof Similarly to (3.20) we use the self-adjointness of 7" and rewrite the trace as
w(T (L, L, 7" — L7)) = 8, + S5, where

S1:=Y (T(L," =L Pye;. L, ey, S2:= > (T (L, =L P)ej, L™Pej)n.
JeN jeN

In order to estimate the terms S7 and S», we note that for j € {1, ..., Ny}

NP =L Pejlln = 13 hejn — 27 ejlln < 107 — 2P + 27 llejn — el

By the mean value theorem, the existence oij € (A}, Aj p) satisfying A;ﬁ — )\;‘Z =

ﬁ%;ﬁ_l()»j,h — A;) is ensured. By Assumption 2.1(ii) we thus have

~ q_
||(L,;'3 — L™ PYejllp < max{BCi, /Ca} (h’x’j.‘ﬂ‘l + 12 ’3) . (3.21)
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Owing to (3.19) the series S simplifies to the finite sum
Ny,
S = Zx;ﬁ (T(Z;" =L Pej ej ).
j=1
Using (3.21) as well as Assumptions 2.1(i)—(iii), this sum can be bounded by
oL 261 $-28 i
ISU STz Y (h’xi Pl ) < AACEDLST | ),
j=1
since da(q — 1) <r and dag/2 < s by Assumption 2.1(iii).

For the second term we find

Np
_ ~_ _ -2
$2=Y 3P @E — L Pyejepn— Y 27 (Tejen,
j=1 j>Np

since Z;ﬁ e; = 0for j > Nj by (3.19). Therefore, the application of (3.21) yields

Ny
_28-1 Y] -2
1S2] S NT 2y <Z <hr)v3 ’ + 12 ) + Z A ﬁ)
j=1 J>Ny
and | S| < pmin{dCap—1).r.s} I T\l 2y follows from Assumptions 2.1(i), (iii). O

Lemma 3.9 Suppose that Assumptions 2.1(i)(iii) are satisfied. Let p € N, t € [0, 1],
and Y be the strong solution of (3.5). Then the p-th moment of Y (t) exists and, for
p > 2, it admits the following bound:

~ 72 d
ENT0I5] < c(1+e 5 n% +1glf),
where the constant C > 0 is independent of h and k.

Proof Since Pf Wﬁ(t) = Zj\L Bj(t) ej p, we obtain by Lemma 3.5, for any p > 2,
that

72 Np
B[IQ), - LY P WP If] < c7e” 5By By
j=1

5 pr2 L op
PS5 NZi5
<CPe” 2 NS1Zp,

where, again, 11, := E[|Z]|”] denotes the p-th absolute moment of Z ~ .47(0, 1) and
the constant C > 0 is independent of &, k, and p. Furthermore, using 0 < A; < A; 5
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of Assumption 2.1(ii) and applying the Holder inequality gives
B[z, PP WP )14] E]ZA B0y <@ty
where tr(L™2#) < oo by Assumption 2.1(iii). Thus, we obtain for the solution Y

of (3.5) that for any 7 € [0, 1] the bound

E[I701%] = E[1Q} (Mg + Q) , — Ly HPEwh @y + L, P PP WP ))1)]
=371 (1ef (Mgl + E[IQ) , — L, ) PEWP w15 ] + E[IL,” P WP 0)15])
_ _px® 2 p YN
<3071 (1Qf Wy, I8y + CPe™ T NZ 2y + w2 5i )
holds. Finally, the assertion follows by the boundedness of Qf, « Which is uniform in
h and k, the finiteness of tr(L’zB), and Assumption 2.1(). O

Proof (of Theorem 2.1) Owing to the partition (3.17) and the estimates of the error
terms (I)—(IV) in Lemmata 3.4 and 3.6-3.8 we can bound the weak error as follows

i : _
[Ele )] ~ Elpuip])| < (hm‘“{"@“ﬂlm te ) lelo (1+11g15")

~ 2 2 _z2
+ sup E[flwex (. YO 2 ] <€_’<h_d +e F +e % fa,ﬂ(h))
tel0,1]

+ sup E[llwe(r, Y(0)) |l .oy | hmECeF=D.rs),
r€[0,1]

since wyy (¢, x) € Z(H) isself-adjointforeveryt € [0, 1]andx € H.Theapplication
of Lemma 3.2 and of the tower property for conditional expectations yield

Elllwsy (7, Y (1)) l2(y] = ELEID*0(Y (1) 4+ Y (1) — Y () Z |2y
<E[ID*(Y (1) + Y(1) — Y1) |l.2m)]-

By the polynomial growth (2.6) of D?¢ and the boundedness of the p-th moments
of Y(¢) and Y (z) in Lemmata 3.1 and 3.9, respectively, we obtain that

Elllwee (t, Y ) 2] S (1 +ELNY @151+ ELY (D151 + EOY @0)151)

S (145 4 ay).

since tr(L_z/3 ) < oo. This completes the proof of the weak error estimate in (2.8). O
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Remark 3.2 Note that, if the first and second Fréchet derivatives of ¢ are bounded,
the estimates of the Lemmata 3.1 and 3.9 are not needed and the weak error estimate
in (2.8) simplifies to

|El¢(u)] — Elpuf ]|

. 72 2 72
< c(hmm{d@“ﬁ—““} te Th e T 4+ e—ﬁfa,ﬂ(h))(l + ligllo)-

The calibration of the discretization parameters k and /& remains as described in
Remark 2.2.

4 An application and numerical experiments

In this section we validate the theoretical results of the previous sections within the
scope of a simulation study based on the model for Matérn approximations in (1.1) on
the domain 2 = (0, 1)¢ ford = 1,2,k = 0.5,andu =0on 82, ie., L = k> — A
with homogeneous Dirichlet boundary conditions. In this case, the operator L has the
following eigenvalue-eigenvector pairs [8, Ch. VI.4]:

d d
=l =2 4w Y A g =[] (V2sinin). @D

i=1 i=1

where j = (j1, ..., ja) € N is a d-dimensional multi-index. As already mentioned
in Example 2.1, these eigenvalues satisfy (2.2) foro = 2/d.

Note that, for every x € %, the solution u satisfies u(x) ~ 4(0, o (x)?). Fol-
lowing a Karhunen-Logve expansion of u with respect to the eigenfunctions {ej};cne

in (4.1), the variance o (x)? can be expressed explicitly in terms of the eigenvalues and
eigenfunctions in (4.1) by

2
c@?=E|Y 1 Gem| =) xj‘”ej(x)z, 4.2)

jeNd jeNd

where {E—‘; }j o are independent .47 (0, 1)-distributed random variables.
Considering continuous evaluation functions ¢ : L>(Z) — R of the form

pu) = / fux))dx
2

allows us to perform the simulation study without Monte Carlo sampling, since

Elp(u)] = /j ELf (u(x))] dx,
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Table 1 Numbers of finite P
element basis functions and the
corresponding numbers of Np 0.6 0.7 0.8 0.9
quadrature nodes as a function
of B d=1 511 146 226 386 866
1023 180 278 476 1069
2047 218 337 576 1293
4095 258 400 685 1538
d=2 225 24 36 60 133
961 38 58 98 218
3969 56 86 145 325
16,129 78 119 203 453

and the value of E[ f(u(x))] can be derived analytically from u(x) ~ .4(0, o (x)3).
More precisely, we choose f(u) = |u|?, p = 2,3,4,and f(u) = 20w — 0.5)),
where ®(-) denotes the cumulative distribution function for the standard normal dis-
tribution. The motivation of the latter function is given by its correspondence to a
probit transform which is often used to approximate step functions (see, e.g., [1]), in
this case 1(u > 0.5). These four functions satisfy Assumption 2.1(v) and we obtain
for the quantity of interest,

Elp(u)] = WL\/I;]W/‘@U(X)I) dx, (4.3)
if f(u) = |u|?, and
Elpw)] = /%(I) <—m> dx, “4.4)

if f(u) = ®(c(u —a)) fora e Randc > 0.
We truncate the series in (4.2) in order to approximate the variance o (x)2,

Nok Nok 2}3
2 - ) . 2
o(x)” =~ E E MG i) € e o (X7
a=l ja=1

Here, we choose Nox = 1 +2%8 ford = 1 and Nok =1 +2!" for d = 2 so that, in both
cases, N gk > Nj, for all considered finite element spaces with Ny, basis functions. This
estimate of o (x) is used at N(‘fk equally spaced locations x € Z, and the reference
solution E[g(u)] is then approximated by applying the trapezoidal rule in order to
evaluate the integrals in (4.3) and (4.4) numerically.

We consider (1.1) for 8 = 0.6, 0.7, 0.8, 0.9 and use a finite element discretization
based on continuous piecewise linear basis functions with respect to uniform meshes
on 9 = [0, 1]9. We use four different mesh sizes & in each dimension d = 1, 2, and
calibrate the quadrature step size k with i for each value of 8 by k = —1/(B1Inh).
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This results in the numbers of basis functions and quadrature nodes shown in Table 1.
As already pointed out in Example 2.1, the growth exponent of the eigenvalues is in
this case @ = 2/d, and Assumption 2.1 is satisfied for r = s = ¢ = 2. This gives the
theoretical value min{48 — d, 2} for the weak convergence rate.

For the computation of E[q)(uﬁ )] we can use the same procedure as for the ref-
erence solution in order to avoid Monte Carlo simulations. For this purpose, we have
to replace o(x)? in (4.3) and (4.4) by the variance of the finite element solution,

on(x)? = Var(uhQ) «(X)). To this end, we first assemble the matrix

. K+
8 2k sin(mrB) 28y 2y, 2 -1
Q=" E_le{ie PY(M + 2 (1M + 8)) ™,

where y, := ¢k and M, S € RN *Ni gre the mass matrix and the stiffness matrix with
respect to the finite element basis {¢; h}j‘vi | with entries

Mij == (bin, ®j.) 1y 2y, Sij = (VOin, VOijn)r2), 1 =1i,j, < Np.

If we let ¢, (x) == (p1.4(X), ..., qjNh,h(X))T denote the vector of the finite element
basis functions evaluated atx € Z and b := ((Wh@, ¢j,h)L2(@))§vil ~ (0, M), the

variance oy, (x)? is given by
on(x)? = Var(u, () = Var (4,07 Q) 1b) = (%" Q) M(Q} )" ¢, (%),

The computation of o, (x)? at the same N (‘fk locations as for the reference solution again
enables a numerical evaluation of the integrals in (4.3) and (4.4) via the trapezoidal
rule for approximating E[¢ (u;% Dl

The resulting observed weak errors errp = |E[¢(u)] — IE[go(uth’k)H are shown
in Fig. 1. For each function ¢ and for each value of 8, we compute the empirical
convergence rate r by a least-squares fit of a line ¢ + rln 4 to the data set {h¢, erry}.
The results are shown in Table 2 and can be seen to validate the theoretical rates given
in Theorem 2.1 for d = 1. For d = 2, the observed rates deviate slightly from the
theoretical rates for 8 = 0.9, which is caused by the fact that we had to use coarser
finite element meshes for d = 2 than for d = 1 in order to be able to assemble the
dense matrices Qfg « € RN#XNi for performing the simulation study without Monte
Carlo simulations.

5 Conclusion

Gaussian random fields are of great importance as models in spatial statistics. A popular
method for reducing the computational cost for operations, which are needed during
statistical inference, is to represent the Gaussian field as a solution to an SPDE. In this
work, we have investigated a recent extension of this approach to Gaussian random
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Fig. 1 Observed weak errors for d = 1,2 and different values of B. The errors for the four choices of
o) = f o f(u(x)) dx are shown as functions of the mesh size / in a log-log scale. The corresponding
observed convergence rates are shown in Table 2
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Table 2 Observed (resp. theoretical) rates of convergence for the weak errors shown in Fig. 1

B
Faw) 0.6 0.7 0.8 0.9
d=1 ME 1.396 (1.4) 1.748 (1.8) 1.945 (2) 1.994 (2)
ME 1.397 (1.4) 1.753 (1.8) 1.949 (2) 1.995 (2)
lu* 1.398 (1.4) 1.754 (1.8) 1.951 (2) 1.996 (2)
®(20(u — 0.5)) 1.398 (1.4) 1.755 (1.8) 1.952 (2) 1.996 (2)
d=2 ME 0.483 (0.4) 0.800 (0.8) 1.139(1.2) 1.442 (1.6)
ME 0.442 (0.4) 0.783 (0.8) 1.145 (1.2) 1.465 (1.6)
Ju* 0.409 (0.4) 0.768 (0.8) 1.143 (1.2) 1.472 (1.6)
®(20(u — 0.5)) 0.512 (0.4) 0.782 (0.8) 1.135(1.2) 1.458 (1.6)

fields with general smoothness proposed in [4]. The method considers the fractional
order equation (2.1) and is based on combining a finite element discretization in space
with the quadrature approximation (2.4) of the inverse fractional power operator. This
yields an approximate solution uhQ 1 of the SPDE, which in [4] was shown to converge
to the solution u of (2.1) in the strong mean-square sense with rate (2.7).

In many applications one is mostly interested in a certain quantity of the random
field u which can be expressed by ¢(u) for some real-valued function ¢. For this
reason, the focus of the present work has been the weak error [E[¢(u)] — E[¢(u hQ -
The main outcome of this article, Theorem 2.1, shows convergence of this type of error
to zero at an explicit rate for twice continuously Fréchet differentiable functions ¢,
which have a second derivative of polynomial growth. Notably, the component of the
convergence rate stemming from the stochasticity of the problem is doubled compared
to the strong convergence rate (2.7) derived in [4]. For proving this result, we have
performed a rigorous error analysis in Sect. 3, which is based on an extension of the
Eq. (2.1) to a time-dependent problem as well as an associated Kolmogorov backward
equation and Itd calculus.

In order to validate the theoretical findings, we have performed a simulation study
for the stochastic model problem (1.1) on the domain 2 = (0, D? ford = 1,2 in
Sect. 4. This model is highly relevant for applications in spatial statistics, since it is
often used to approximate Gaussian Matérn fields. We have considered four different
functions ¢ and the fractional orders 8 = 0.6, 0.7, 0.8, 0.9. The observed empirical
weak convergence rates can be seen to verify the theoretical results. One of the con-
sidered functions ¢ is based on a transformation of the random field by a Gaussian
cumulative distribution function. Quantities of this form are particularly important for
applications to porous materials, as they are used to model the pore volume fraction of
the material, see, e.g., [1]. Thus, we see ample possibilities for applying the outcomes
of this work to problems in spatial statistics and related disciplines.
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