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Abstract In choosing a numerical method for the long-time integration of reversible
Hamiltonian systems one must take into consideration several key factors: order of the
method, ability to preserve invariants of the system, and efficiency of the computation.
In this paper, 6th-order composite symmetric general linear methods (COSY-GLMs)
are constructed using a generalisation of the composition theory associated with
Runge—Kutta methods (RKMs). A novel aspect of this approach involves a nonlinear
transformation which is used to convert the GLM to a canonical form in which its
starting and finishing methods are trivial. Numerical experiments include efficiency
comparisons to symmetric diagonally-implicit RKMs, where it is shown that COSY-
GLMs of the same order typically require half the number of function evaluations,
as well as long-time computations of both separable and non-separable Hamiltonian
systems which demonstrate the preservation properties of the new methods.

Keywords Symmetric composition - General linear methods - Reversible Hamilto-
nian systems

Mathematics Subject Classification 65D30 - 65P10 - 65L.06

1 Introduction

The long-time numerical integration of reversible Hamiltonian systems has been a
subject of interest for many years. For the special case of a second-orderseparable
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Hamiltonian system, the class of symmetric second-order multistep methods have
been identified as excellent candidates for integration, as they are explicit, high-order,
and preserve invariants of the system over long-times [14, Ch. XV], [18]. However,
for non-separable Hamiltonian systems, these methods are generally not applicable.
Thus, one would usually consider a symmetric (or possibly symplectic) Runge—Kutta
method (RKM) as an alternative. It is well-known that structure-preserving RKMs are
necessarily implicit, which inevitably limits their long-time efficiency. The impact of
implicitness can be mitigated to some extent by considering the class of symmetric
diagonally-implicit RKMs (DIRKSs). Here, since the methods are essentially compo-
sitions of the implicit midpoint rule (IMR) [19], the computational cost amounts to
the number of its stages multiplied by the cost of IMR.

Alternatively, one could consider selecting a method from the class of symmetric
general linear methods (GLMs). In recent work, it has been shown that these methods
can preserve quadratic and Hamiltonian invariants over long-times without suffering
from the parasitic instability associated with multistep methods [5-7]. Furthermore,
these methods can be designed such that they consist of a mixture of implicit and
explicit stage equations, suggesting they have the potential to outperform symmetric
DIRKSs, in terms of cost for a given order.

The choice of method will also depend on its order and computational efficiency. At
present, symmetric GLMs are mostly limited to 4th-order [6,17], with the exception
of the method presented in [7] that is of 6th-order. Beyond this, the construction of
higher-order methods is difficult. In this paper, we present a construction process that
is based on the theory of composition for one-step methods (OSMs), such as RKMs,
which in the past has been applied to generate composite symmetric (COSY) methods
of arbitrarily high order [10,12,16,20,21]. In particular, we generalise the following
OSM-composition formula (see e.g. [14, Ch. I1.4]) to GLMs:

YUn(50) = @1 © Payh © -+ 0 Ppy © Pazh © B,y © Py (¥0), (1.1

where ¢, denotes the OSM and ¢ := qb:}l denotes its adjoint. In addition, we also
consider the GLM generalisation of the following composition

Yr(¥0) = Payh © -+ © Panh © Py (Y0), (1.2)

which is frequently used with symmetric methods of even order p € N. Notable
examples include the triple jump composition:

1

Zm, a2=1—2051, (]3)

Vi (¥0) := Pah © Pash © Payn(Y0), a1

and the Suzuki 5-jump [20]:

1
T 44D
ar =1 —4o;. (1.4)

Yr(¥0) := @a1h © Payh © Pash © Gaih © Payn(Yo), o
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The main challenge with constructing a COSY-GLM is understanding how its inputs
change between each method evaluation. For OSMs, this is not an issue as there is only
one input which approximates the exact solution. However, GLMs possess multiple
inputs, each of which takes the form of a B-series. For the special case where these are
in Nordsieck form, an appropriate re-scaling of each input is sufficient to guarantee
an order increase [17, Ch. 5]. In this paper, we address the issue of general inputs by
introducing a nonlinear transformation that puts the GLM into a canonical form. Here,
canonical is taken to mean that the resulting method has trivial starting and finishing
methods given by its preconsistency vectors u and wH. As a result, its inputs are
essentially a Kronecker product of the preconsistency vector # and an approximation
to the exact solution. Thus, the method behaves in this respect as if it were a OSM
and the theory of composition can be straightforwardly applied to generate high-order
COSY-GLMs.

This paper is organised as follows: In Sect. 2 we give an introduction to GLMs. In
Sect. 3 we introduce a transformation that puts a GLM into a canonical form. In Sect. 4
we use the canonical transformation to develop composition formulae for GLMs. In
Sect. 5, we test our GLM-composition formula by constructing 6th-order COSY-
GLMs. Efficiency comparisons are then made between these methods and symmetric
DIRKSs of the same order. Finally, several long-time Hamiltonian experiments are
performed to demonstrate the preservation properties of the methods.

2 General linear methods

Throughout the paper, we assume numerical methods are applied to the following
autonomous, initial value problem (IVP)

d
Ey(t)zf(y(t)), yO0) =y, t€[0,T], T>0,

where f : X — X, and the solution y : R — X is expressed in terms of the flow map
¢ : X — X and initial data yg such that

y(@) = ¢ (y0).

Of particular interest will be Hamiltonian IVPs (see e.g. [14, Ch. I.1]):

dp@] _ —Hq(p(t),q(t))] [p(O)]_[po}
ar [q(r)]_[Hp(pa),q(r)) C g T gt TEOTL T>0

where H : X — R, is the Hamiltonian and X = R?, 4 € N.

2.1 Method definition

Anr € N-input GLM, for fixed time-step 2 € R, is written as the map M, : X" — X"
acting on inputs y"l € X" at step n € Ny such that
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Y = h(A® Ix)F(Y) + (U ® Ix)y",
MMy = h(BR Ix)F(Y) + (V ® Ix)y!", (2.1)

where ® denotes a Kronecker product, Iy is the identity matrix defined on X,

yinj Y f(Yl)

n

y Y, f(YZ)

W=7 lex, v=| "|ex’, Fmy=|" " |ex’,
yr[n] Y f(Xs)

s € N denotes the number of stages and its coefficient matrices are denoted by

A= [aij] e R, B= [bij] eR™, U= [M,’j] e R V= [Uij] e R,

. L AU
For compactness, we will refer to a GLM using its tableau: [F\‘] .

2.2 Convergence, consistency and stability

Definition 2.1 [3,4] A GLM with coefficient matrices (A, U, B, V) is said to be

(a) Preconsistent, if (1, #, w) is an eigentriple of V, such that Vu = u, why = H

and wHy = 1.

(b) Consistent, if it is preconsistent, Uy = 1 for 1 = [1,1,..., 1]'r € R* and 3
v e C'\{O} suchthat BL + Vv =u+v

(c) Stable, if it is zero-stable, i.e. sup,~q || V"|| < oo.

The convergence of a GLM is guaranteed if the method is both consistent and stable.

2.3 Starting and finishing methods

Inputs to a GLM generally take the form of B-series. Consequently, a starting method
is required to generate the starting vector y[%! and a finishing method is required to
obtain approximations to the solution y(nh).

Definition 2.2 [3,4] A starting method is defined as the map Sj, : X — X", where
Sn(vo) =y, vy ex.
A finishing method is defined as the map Fj : X" — X such that

FnoSn(yo) =yo, Yyoe€X.
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Composite symmetric general linear methods (COSY-GLMs)... 401

Both S, and Fj, can be viewed as GLMs with tableaux respectively given by

As|1s As — UrBs|Ur
). Pl e

where u, w are as in the definition for preconsistency,
As € RS Bee T, UpeC™, 1g=[1,...,1]T€R’, FeN,

and it is assumed that
Upu =15. (2.3)

Remark 2.1 If wH and Bg satisty wHBS = OT, then the finishing method is trivial,
i.e. it reduces to F, (y1"l) = (wH ® Ix)y!"l. This is desirable as the finishing method
need not perform any additional function evaluations to approximate y(nh).

The numerical method in its entirety may now be expressed as the composition

Fi o Mj 0 Sp(y0) = @un (o).

Definition 2.3 (GLM Order [3,4]) The pair (M, Sp) is of order p € N if
MoSh(y0) = Shown(y0) + C(yo)h? Tt + O (hPT2), (2.4)

where C(yp) # 01is a constant vector depending on the method and various derivatives
of f evaluated at yy.

It is worth mentioning that starting and finishing methods have found application in
a variety of areas outside of GLMs. For example, Butcher [2] uses them to achieve an
effective order increase in RKMs. Chan and Gorgey [8] apply passive symmetrizers to
the Gauss methods, where the symmetrizers are essentially finishing methods. Also,
the Gragg smoother used in extrapolation codes (see e.g. [15, Ch. I1.9]) is a finishing
method that eliminates the leading order parasitic term in the Leapfrog method.

2.4 Composition

The composition of two GLMs, Mi o M}l, can be computed using the following

tableau:
A1 0| Uy

UsaBy AUV . 2.5)
VoB1 By

where (A1, Uy, B1, V1), (A, Ua, By, V) respectively denote the coefficient matrices
of M} and M3 (see e.g. [17, Ch. 2]).
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2.5 Equivalence

Definition 2.4 [6] Consider a pair of GLMs with coefficient matrices (A1, Uy, By, V1)
and (A3, U, B, V3). Then, the two are said to be (T, P)-equivalent if there exists
an invertible matrix 7 € C"*" and an s x s permutation matrix P such that their
coefficient matrices satisfy

AU, [P 'aplPluT
B|Va| T T 'BP|T-'WT |

Permutation-based equivalence arises from the fact that F(Y) = PP~'F(Y) =
PF(P~'Y). Transformation-based equivalence arises from studying the numerical
method as a whole:

Fivo Mjj 0 8(yo) = Fiy o (TT~HMj o (TT ™S (30)
= (Fino T)T ™' My o T (T~ S) (o).

Notice that under the transformation 7', both starting and finishing methods also
undergo a transformation, with their tableaux now reading as

Asg 1s AS—UFBS|UFT
T 'Bg|T Tu |’ —wHBg [wHT |’

2.6 Symmetry

Definition 2.5 (OSM symmetry [14, Ch. 11.4]) Consider the OSM @}, : X — X and
its adjoint method @ := @:,ll : X — X.Then, & is symmetricif @, (yo) = @} (y0).
Yy e X.

For a GLM, the direct analogue of this definition is quite restrictive. To see this,
consider the tableau of the GLM-adjoint method M7 := M:}ll:

-1 -1
[UV B — AlUV ] 26)

vip [ v

which can be derived as follows: Let y!"! M;l(y[”]) in the stage and update
Eq. (2.1) and solve for M;] ( y["]) to obtain the inverse method. Then, reverse the sign
of h to obtain the adjoint method.

Here, we note that the inverse and adjoint methods exist if and only if V! exists.
Furthermore, unless V is an involution, then a GLM cannot be symmetric according
to the OSM definition. However, it is possible that a GLM is equivalent to its adjoint.

Definition 2.6 (GLM symmetry [6]) A GLM is said to be (L, P)-symmetric if there
exists an » x r involution matrix L, and an s X § symmetric permutation matrix P
such that it is (L, P)-equivalent to its adjoint, i.e. if its tableau satisfies
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Composite symmetric general linear methods (COSY-GLMs)... 403

—1p_ -1
|:A|U:|_|:P(UV B — A)P|PUV L:| 27

BV |~ Lv='Bp | LV7'L
In terms of maps, the symmetry condition may be equivalently expressed as
Mp(y) = LM;(Ly), VyeX".

An important observation that should be noted is that the adjoint method requires a
different set of starting and finishing methods, namely, S_;,(yo) and F_j,(y"1). This
choice ensures that the order of the method is preserved, as is summarised by the
following lemma.

Lemma 2.1 [6] If the pair (M, Sy) is of order p then the pair (M7, S—_p,) satisfies

My 0 8-3(y0) = S—h 0 pa(y0) + (=DPV™IC)h"* + O (WP *2).
2.6.1 Symmetric starting and finishing methods

Since symmetry is defined in terms of equivalence to the adjoint method, it follows
that there must exist an alternative set of starting and finishing methods that will not
affect the order of the method [6].

Definition 2.7 [6] Consider an (L, P)-symmetric GLM with starting and finishing
methods, S, and Fj, described by the tableaux (2.2). Then, Sy, and F}, are said to be
(L, Ps)-symmetric if there exists a symmetric permutation matrix Pg such that

[As|1ls] _ |:_PSASPS|1Si|

Bs| u —LBsPS |Lu
As — UrpBs|Up —Ps(As — UpBs) Ps| PsUrp L
q El = . . 2.8)
—w" By |w w" Bg Pg | w'L

In terms of maps, condition (2.8) can be written as

Sn(yo) = LS_p(y0), Vyoe X, and Fp(y) =F_p(Ly), VyeX .

3 A canonical form for GLMs

In this section we consider equivalent methods that arise from a nonlinear change of
coordinates. As we have seen in Sect. 2.5, any change of coordinates will also transform
the corresponding starting and finishing methods. It is shown below that there exists a
nonlinear transformation that can convert the starting and finishing methods to a trivial
form, i.e. they are given by the preconsistency vectors u and wH.

Definition 3.1 A pth-order GLM is said to be canonical if its starting and finishing
methods are given by its preconsistency vectors u and wH.
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404 T. J. T. Norton

Canonical methods have the important property that their inputs are independent of
h. Thus, we can compose multiple canonical methods of different time-steps provided
only the preconsistency vectors agree.

Theorem 3.1 Every pth-order GLM My, with starting and finishing methods, Sy,
and Fj, determined by the tableaux (2.2), is equivalent to a pth-order canonical
GLM defined by the composition

Ch=T; "o MyoTy,

where Ty, Th_1 : X" — X" are respectively determined by the GLM tableaux

Ag|UFp As — UpBs|Up
[?S;T] s and |: —BS 7 i| s (3])

where As, Ur, Bs are the coefficient matrices of S, and Fy, and I is the r X r identity
matrix.

Proof Let the maps Ty, Th_1 : X" — X" be determined by the GLM tableaux (3.1).
It can be verified using the GLM-adjoint tableau (2.6), with & — —h, that the tableau
for Th_1 corresponds to the inverse method of 7},. In other words,

ThoT, ') =T, 'oTy(y) =y, forany ye X"
Now, consider a nonlinear transformation of the numerical method as a whole, i.e.
Firo M0 Sio) = Fio Ty o (Ty o Myo Ti) o (T 0 81 ) ()
= F£ o o S5 (o).
Note that the corresponding starting and finishing methods of C;, are given by
Sff = Th_1 0S8, and }'f =FnoTy,

where the tableaux for S; and Fj, are given by (2.2). Observe that the composition
Ty, o u yields a tableau of the form

As|Upu [ As|1s

B S| u “ | B S| u |’
where we have used Uru = 15 from (2.3). This agrees with the tableau for S, and
thus it follows that Sﬁ’ (yo) = u ® yp. Also observe that wHTh_1 yields a tableau of

the form
As — UrBs|Ufp
—w"Bg |w" |’

which agrees with the tableau for Fy, thus ]-',f (y) = wHy.
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Now, from the definition of GLM order (2.4) we know M}, 08, (y0) = Spo@p (vo)+
O (hP*1). After pre-multiplying by Th_1 we find

T, o Myo (Tho Ty ") 0 Si(yo) = Ty, ' o Su(wn(30)) + O(hPTh,
= Ch(uyo) = ugp (o) + O (P,

Thus, (Cp, u) is of order p, and by Definition 3.1 it follows that Cp is a canonical
method. o

Remark 3.1 In the above theorem, a different notion of equivalence is used than that
was introduced in Definition 2.4, i.e. w.r.t. a nonlinear transformation 7. However,
note that if 7, = Top = T for some T € X" *” then equivalence is defined in the usual
sense.

The tableau for the corresponding canonical method of a GLM may be obtained
using the tableau composition formula (2.5):

Ag 0 0 Ur

UBs A 0 U (32)
UrVBs UpB Ag — UpBs|UpV '

VBs B -Bs |V

Preservation of symmetry In general, performing a nonlinear change of coordinates
runs the risk of destroying certain properties of the underlying GLM. In particular,
symmetry is not preserved unless the starting and finishing methods are also symmetric.

Corollary 3.1 Suppose that My, is (L, P)-symmetric. If Sy, and Fy are (L, Ps)-
symmetric, then Cp, is symmetric.

Proof Since Sy, and Fj, are symmetric, this implies that their coefficient matrices
satisfy condition (2.8), i.e.

Ag
Ur

—PsAsPsy, Bs=—LBgsPs, Lu=u,
PsUFL, wHL =uwh.

Upon substitution into the tableaux for 7} and Th_1 we deduce that 7y, = LT_j; L and
Th_1 = LT:h1 L. Now, by the symmetry of M},, we observe that

Ch=T, 'oMyoTy =T, o LM} o LT, = (T, ' o LT, *) o C} o (T; o LTy).
However,
T oLTy =T, oLTy=T, oT_hoL=L.

Thus, the canonical method Cj, = LC;lk o L is symmetric, as required. O
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406 T. J. T. Norton

Preservation of parasitism-free behaviour: In recent work [5,6], it has been shown
that structure-preserving GLMs can be designed such that they are free from the
influence of parasitism over intervals of length O (h~2) [11]. In particular, if their
coefficient matrices and preconsistency vectors satisfy the following condition [6]:

wTBUu = 0. (3.3)

Corollary 3.2 Suppose that My, satisfies the parasitism-free condition (3.3). Then,
Cy, is also parasitism-free.

Proof From (3.2), we take the expressions for the B, U matrices of Cj and insert into
the LHS of (3.3) to find

w'VBsUpu +w " BUu — w"BsUpVu = w " BsUpu — w' BsUpu = 0,

where we have used Vu = u, wTV = wT from the definition of the preconsistency
vectors, and wTBUu = 0 since My, satisfies (3.3). Thus, Cj, is also parasitism-free. O

Example 3.1 It has been shown by Gragg [13] that the Leapfrog method,
010 1
Unp+1 = Uy—1 + 2hf (Uy,), orequivalently as a GLM, 010 1],
2110

when initialised with the Euler starter,

0] — Yo or equivalentl 0|1
y [yo + hf(yo)] > ored . ’

yields a global error expansion in even powers of /. In the context of symmetric GLMs,
we cannot directly explain this result as the Euler starter is not symmetric with respect

(1) (1)] However, we can explain

Gragg’s result using the canonical form given by (3.2):

to the L-involution of the Leapfrog method: L =

Here, we observe that the second and third stage equations are equivalent, which
implies there is a redundancy in the representation of the method. By removing one
of these redundant stages (i.e. combining the second and third columns together, then
removing the third row), we obtain the irreducible representation given by the tableau
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It can now be verified using the symmetry conditions (2.7), that the canonical method
is (L¢, Pc)-symmetric where

10 0 1
o A =[]

In addition, we observe that the starting and finishing methods, # and wH, are trivially
symmetric, i.e. Lcu = u and wH Ly = wH. Thus, the Leapfrog method written out in
full is given by

Fin o M 0 83 (v0) = wHeh o uyy,

where wH, C;, and u are all symmetric with respect to L¢. Finally, we may now apply
Theorem 14 of [6], which states that a symmetric GLM of even order p, with symmetric
starting and finishing methods, yields a global error expansion in even powers of /.

4 Composition of GLMs
4.1 Composition of canonical methods

Consider a canonical GLM Cj, with an invertible matrix V. Since inputs to canonical
methods are given by their preconsistency vector u we can consider a straightforward
generalisation of composition (1.1) to GLMs:

C;? = Czkh oCoqn o OCEzh o Cash oCElh o Cqy - 4.1

It can be shown that the conditions on «1, ..., o, B1, ..., Bk required for an order
increase agree with those used for the composition of OSMs.

Theorem 4.1 Suppose the pair (Cy,, u) is of order p € Nand its V-matrix is invertible.
Then, the pair (CA, u) is at least of order p + 1 provided

ap+p+art+potFa+ =1, (4.2)

I’+1+( 1)p’8p+1 p+1+( l)pﬂp+l —{—a,f“—i—( 1)pﬁﬂ+1 _
(43)

Proof Recall that if V is invertible then C; !, and consequently C#, exist. Thus, the
method arising from a composition of the form (4.1) also exists. Now, from Lemma 2.1,

if the pair (M, Sp) is of order p, i.e.

My, 0 Sp(%0) = Si 0 9n(yo) + T C(y) + O(hPT2),
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408 T. J. T. Norton

then the pair (M7, S_j,) satisfies
M 085 (y0) = S_ o g (yo) + (=DPRPTIVTIC(y0) + O(RPT).
For canonical methods, Sy = S—j, = u. Thus, for each j € {1, ..., k}, we have
1
Carjin(y0) = u@e;n + o RPHIC(y0) + O (hPF?),
1 _
Ch,n(wy0) = uggn + (=DPBIT P FIVTIC (o) + O(WPHD),
Composing these expressions, we find that
C5,1 © Cayn(¥0) = Cj 1, (U1 (30) + C0)P el T+ 0?2y,
= C}.(uga;n(b0)) + V' CoRP Tl 1 0T,
— 1 1
= uga;+n (60) + V' COOR (oM 4 (-7 0T
+ O(hP*),

where we have applied C¥, (y +2) = C¥,, () + V 'z + O(ahllz]), and C(¢an (y0)) =
C(yo) + O(ah).

Recursively applying the above result to each CE,- #°Ca;nintheorderof j =1,... .k
we find

k
_ 1 1
CRws) = upss_ g 00+ VTICOOR Y (@l 4 (—1rpr )
j=1
+0(hP*?).

Thus, if (4.2) and (4.3) are satisfied, it follows that the pair (C2, u) is at least of order
p+1L O

To obtain an adjoint-free composition, i.e. a GLM-generalisation of (1.2), we set
Bj =0for j =1,...,kin (4.1). This choice replaces each C;jh by V! to give

C;? = V_lcakh o0---0 V_lcazh o V_lcalh.
Notice here that the final left-hand multiplication by V ~! will not affect the order of

the method as Vu = u. In other words, if (C;:‘, u) is of order p, then (VCA, u) is also
of order p, since

Vo) = V (ugn(v0) + OGP )) = ugi(yo) + O™,
Thus, we define the adjoint-free composition of canonical GLMs as

CB = Coyno-- 0V 1Cyno V' Cyn. (4.4)
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Composite symmetric general linear methods (COSY-GLMs)... 409

Corollary 4.1 Let the assumptions of Theorem 4.1 hold. Then, the pair (CE, u) is at
least of order p + 1 provided

artax+--- o =1, 4.5)
R T\ (4.6)
Proof This follows from Theorem 4.1 with gy = --- = B; = 0, noting that
Vu=u. O

Remark 4.1 The route we have taken in deriving (4.4) is important, as a direct
application of (1.2) to canonical GLMs would fail to include the intermediate mul-
tiplications by V~!. So while the composition would be valid, an order increase
under conditions (4.5)—(4.6) would not necessarily be achieved since (4.6) would read

k p+1 j—1 _
Yj=1%—j VT =0

Preservation of symmetry Suppose now that the canonical method is (L, P)-
symmetric. Without loss of generality, we restrict our attention to compositions of
the form (4.4) as, by definition, a symmetric method is similar to its adjoint.

Corollary 4.2 Let Cy, be an (L, P)-symmetric, canonical GLM. Then, composition
(4.4) is symmetric ifo; = op_ji1, for j=1,..., k.

Proof Taking the adjoint of C2, we find

* *
(Cf?) - (Cakh ©:--0 Vﬁlcotzh o Vﬁlcalh) = C:xklh o0 VC, h° chkh'

Ok—1

By assumption, o; = ax—j41, for j =1, ..., k. Thus, this becomes
B *
(CF) =Ciupo o VCiyo Ve
Since Cj, is symmetric, we have that C, = LC; o L and LVL = vV ~!. Therefore,

*
(ChB> = (Lcakh OL)O"'O VLCazh OLVLC(xlh OL9

= LCoyp o0V CypoV 1CynoL =LCEOL,

and the method is symmetric as required. O

The above result coupled with the necessity of even order for symmetric methods
(cf. Theorem 14 of [6]) implies that the composite method will achieve an increase of
two orders, i.e. p > p + 2. Furthermore, this composition can be repeatedly applied
to generate canonical COSY-GLMs of arbitrarily high order.

Preservation of parasitism-free behaviour Consider now the case that the canonical
method is also parasitism-free.
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410 T. J. T. Norton

Corollary 4.3 Let Cy, satisfy the parasitism-free condition (3.3). Then, composition
(4.4) is also parasitism-free.

Proof Repeatedly applying the tableau composition formula of (2.5), we find that the
corresponding B, U matrices of (4.4) are respectively given by

[Bay Bay --- Bay] and [UT UT ... UuTT.

Inserting these into the LHS of (3.3), we find

k
(wTBUu) Zaj =0,
j=1

where we have applied wT BUu = 0 since Cj, is parasitism-free. Thus, composition
(4.4) is also parasitism-free. O

4.2 Composition of non-canonical methods

Consider now a composition method based on an invertible GLM with arbitrary inputs.
The corresponding composition formulae and results all extend straightforwardly from
those given in the previous section after making the substitution C;, = Th*1 oMypoTy.
In particular, the general form of (4.1) is written as

M = Ralar. Be) o M3 R (. B) © Moy © Ra(ctk, fr—1) o+ 0

Ry (@2, B2) 0 Mayn o Ralz, B1) o M 0 Ry (a1, B1) o My,

where Ra(a, b) := Ty o Ty, and for (4.4) this is

Mp = (Talh ° TJ,(Z) o My o Rp(ag, ag—1) o0 Mg,n o Rp(an, a1) o My,

“4.7)
where Rp(a, b) := Ty, 0 y -l Tbjll. In addition, the starting and finishing methods are
given by

St =88 =Sy and F = FF = Fon,

where S, and Fj, are the starting and finishing methods of the base GLM M},.

Example 4.1 From composition (4.7), we can obtain the GLM version of the triple
jump:
M = May 0 Rp(ar, @2) © Mayn o Rp(arz, 1) o My, (4.8)

where, for M, of even order p, ] and o, are given in (1.3). Similarly, we can obtain
the GLM version of the Suzuki 5-jump:

M5 i= Mgy o Rp(ar, a1) o Mg, o Rp(ar, @)
0= Mayn 0 Rp(az, @1) o Mg,p o Rp(aq, o) o Mg p, 4.9)
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where o and o are given in (1.4).

Stage reductions: Consider the straightforward implementation of a COSY-GLM
(e.g. in its canonical form), possibly using multiple iterations, such that the resulting
method attains order pp € N. Then, the total number of stages that require evaluation
are given by

PDp—P ~ .

~2 - (s+25) when only using (4.8),

PD=P

572 - (s +2s5) when only using (4.9),

where 5 denotes the number of stages in the starting method.

Improvements to the implementation can be made by identifying and removing any
redundant stages prior to integration. For example, the nonlinear map Rp(a, b) which
is performed between method evaluations has the GLM tableau:

(As —UrBs)b 0 Ur
—UpV~'Bsb Asa|lUpV~!
—V~'Bsb  Bgsa| V7!

Suppose Ag is an 5 x § matrix, then this tableau suggests that a total of 25 stage
equations must be solved for each Rp(a, b)-evaluation. However, if we choose Ur =
]lgwi", where w; is the left eigenvector of V corresponding to eigenvalue ¢ = 1, then
in the case a = b (see Suzuki composition (4.9)) we find a reduction to s-many stages
occurs, i.e. the tableau for Rp(a, a) actually reads

Asa | UF
(I -V HBsalv-']"

As reductions of this type are both method and composition dependent, we suggest
that each (distinct) nonlinear map Rp(a, b) is implemented as an individual GLM,
with redundant stages removed. Then, compositions such as the Suzuki 5-jump (4.9)
would be performed in the fashion

S.
M = Megn o Ry o Mg 0 R3 0 My, 0 Ry o Mg, o Ri o My,

where R{ = Rp(oq,a1), Ry = Rp(ap, @1) and R3 = Rp(aq, ap) are each distinct,
and irreducible GLMs.

5 Numerical experiments

In following set of experiments, we consider compositions of methods under the triple
jump (4.8) and the Suzuki 5-jump (4.9). To indicate which specific composition is
used we adopt the naming convention T.method for the triple jump and S.method for
Suzuki 5-jump. For example, a triple jump of a method named GLM4A would be
referred to as TGLM4A.
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The numerical experiments we consider are as follows: Firstly, we computationally
verify that the proposed COSY-formulae yield an appropriate order increase. Here,
we consider compositions of 4th to 6th-order methods (see also [17, Ch. 7] for higher
order). Secondly, we perform efficiency comparisons in terms of accuracy versus
function evaluations. Here, accuracy is measured by either the trajectory error or the
maximum absolute deviation in the Hamiltonian. Finally, we investigate long-time
Hamiltonian preservation of the composition methods on several reversible Hamilto-
nian systems. In particular, we consider

(P1) Modified pendulum (see [14, Ch. XV.5]): For y = [p, q]T,

1
H(p.q) = 30" —cost@) (1- ).

(o, qo) = (2, 1).
(P2) Bead on a wire (see [1]): For y = [p, CI]T,

2

— p— _ _ 2 3
H(p.q) = A+ U @D +U(g), U(g) =0.1(q(q —2))" +0.008¢",

(po, qo) = (0.49,0).

(P3) Kepler (see [14, Ch. 1.2]): For y = [p1, p2, 41, 421",

_l 2 2y 2 2\—1
H(p1, p2,q1,q2) = 2(171 +p3)— (g7 +495)"2,

1+e
(P105 P205 410, 920) = (0, - 1—e, 0) , e=0.6.

5.1 Methods
5.1.1 Symmetric GLMs

The following GLMs are both 4th-order, (L, P)-symmetric and satsify the parasitism-
free condition (3.3):

00 oft 1 00 01 1
1 1 1 1 1

-+ Lot 1 Lol =2

S P R N P 1 0 0
§%316 %%IIOhL[IO]POOI
—x £ = EXE S where L = , P = .
_izio_l 2??0_1 o -l 01 0
3 3 3 3 6 6

GLM4A GLM4B
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In order to attain 4th-order, both GLMs must approximate the starting vector

y[0] = | nd y0h3 d3
OB =I0)

which can be achieved using the following (L, Ps)-symmetric starting method:

0 0 00

%0001 1 00 0
I 0 oo 0010
2 —

0~ Loli| W E=1g 1 0 0
0 0 00 00 0 1
s 1 _1 sl

12 6 6 12

The corresponding finishing method is given by the first component, i.e. F,(y) = yi1.

Note that since both GLMs share the same starting and finishing methods, they also
share the same canonical transformation 7j. The tableaux for both 7, and Th_1 are
given respectively below

0 0 0010 0 00 010
% 0 00[10 % 00 0f10
-0 oof1o - 00 ofto
1 1 i 1 1 )
0 - & 0|10 0 -4 010
0 0 00][10 0 00 O0J10
5 1 1 5 5 1 1 5
7 75 5 1201 12 65 6 12101

where the choice Ur = 1 Se.lr has been made such that Thf1 is also explicit.

5.1.2 Symmetric RKMs

For comparison, we have chosen methods from the class of symmetric DIRKs which
are closest, in the sense of structure, to GLM4A and GLM4B, i.e. their stage equations
can be solved sequentially.

Remark 5.1 Higher-order Gauss and Lobatto methods are not considered as their stage
equations are typically solved ‘all-at-once’, i.e. in the product space X*, in conjunction

with a sophisticated iteration scheme (see e.g. [9]).

The Butcher tableaux for two 4th-order symmetric DIRKs are given as follows:
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o Triple Jump
10 2 T ~ ~ 2
—o— T.DIRK43| ~ . . . .
—#— T.DIRK45|~ g - - -
1072 | —e— T.GLM4A P PR
—8— T.GLM4B P

—_
S 7
@ . 1
w Ve
7
7
P ]
Ve
7
7
P ]
Ve
-12 - ~ -~ - - - :
10 ‘ ‘
107 107
time-step
(a)
o Suzuki
10 I )z )z 2 )z
—6&— S.DIRK43| - - - B
—+*— S.DIRK45| ~ e e g P
102 || —*— S.GLM4A - ]
—&— S.GLM4B 4
Ve
-4 e / -
10°F 5 ]
7
o Ve
g —6 Ve e -
o 10 | _ ) ]
w 4
Ve
7
-8
10°F 7 e ]
e
107" - - - ]
Ve - -
P 7 P y B s P P e
10712 \ - £ L - £
10” 10°
time-step
(b)

Fig. 1 Order diagrams. Reference lines of gradient 6 are given by diagonally dotted lines. a Triple jump
methods, b Suzuki methods
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. Triple Jump
10 ; ,
—o— T.DIRK43
—%— T.DIRK45
1072 L —e— T.GLM4A |-
N —&— T.GLM4B
1074 |
—
9 -6
5 1080
w
1078 L L \
10 | S
O\
10712 ; i
10" 10° 10°
f-evals
10° ;
| —e— s.DIRK43
|| —%— S.DIRK45
102 | —e— S.GLM4A |
| —=— s.GLM4B
107
—
e -6
5 10
w
1078
10710
10712
10* 10° 10°
f-evals
(b)

Fig.2 ¢j-error versus function evaluation diagrams for the Hamiltonian IVP from Sect. 5.2. a Triple jump,

b Suzuki
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S8 o o
v o o o
Ro oo o

an o] >

o) a1 o
DIRK43 DIRK45

Note that both DIRKSs are formed by compositions of the implicit midpoint rule.
DIRK43 is based on the triple jump with a1, oy given by (1.3) and DIRK45 is a
Suzuki 5-jump with o1, oy given by (1.4).

5.1.3 Implementation

We have ensured the update procedure is consistent across all methods. Specifically,
the stage equations are solved sequentially using fixed point iteration. The termination
criteria are given by

| Aklloo < 1072 and [|Aks1lloe > [[Akllcos Kk €N,

where Ay denotes the difference between iterates k and k + 1. Also, redundant stages
in the COSY-GLM:s have been identified and removed prior to each integration.

5.2 Order confirmation

Consider problem (P3) which is known to be 2m-periodic (see e.g. [14, Ch. 1.2.3]):
Let T = 107 and define & such that Nj, := T/ h is an integer. Then, for various values
of h, we measure the gj,-error:

en 1= | Fi o M 0 S1000) = vo .

The order of a method is then approximately given by the gradient of the corresponding
plot of log(ey,) — log(h). In Fig. 1, we demonstrate that compositions of GLM4A and
GLM4B by both the triple jump and Suzuki 5-jump can be applied to yield methods
of order p = 6.

5.3 Efficiency comparisons

Next, we investigate the computational efficiency of the COSY-GLMs. In particular, we
repeat the experiment of Sect. 5.2 and record the total number of function evaluations
made during the integration. Comparing this quantity to the ¢, error provides us with
an estimate on computational cost versus accuracy.
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Triple Jum
107 ,p P ,
\ R ERRE \ I T DIRKA3
| I N | | | | —%— T.DIRK45
100 1 ] I L 1| —e—T.GLM4A|/|
[ [ Il [ | | | —=—T.GLM4B
. [ [ [ RN
O 108 _ _1_. 1 —Lddbd o
—
o [ I IR
T \ [ RN
g0y ol
: I (. P Lo
g [ [ I I A [
E 10— T A =T
[ [ N I A [
10714 [ [ I R A [
I e e NT R
[ N AN [ R R
10-16 \ R EEEE \ Loy
10* 10° 10°
f-evals
(a)
Suzuki
107 :
—6— S.DIRK43
—*— S.DIRK45
1076 —e— S.GLM4A ||
—&— S.GLM4B
= N
g 10° T R
@ RN
]
T o N
2 10 T rITIT — T
© \
& |
€ 10" L NN
10714
10—16
10* 10° 10°
f-evals
(b)

Fig. 3 max, |H, — Ho| versus function evaluation diagrams for the Hamiltonian IVP from Sect. 5.2. a
Triple jump, b Suzuki

The results from this experiment are shown in Fig. 2. For a fixed accuracy, it can be
seen on average that COSY-GLMs require between 1.66 and 2.5 times fewer function
evaluations than the DIRK methods.
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steps
100 “““1‘91 . 1* 10*  10* 10°  10°
4.88e-3 -
0
—
O -4.88e-3 |
—
® -9.76e-3 |
T -1.46e-2
-1.95e-2 |
244e-2p e
10° 10" 10? 10° 10* 10° 108
time
(a)
steps
10° 10° 102 108 104 105 108
1.09e-5F T T T T T T T
5.45e-6 -
5 0
5 -5.45e6 -
- —1.09-5
-1.64e-5 |-
-2.18e-5 1
il L P L MR L P | L L L MR L MR
10° 10" 10? 10° 10* 10° 108
time
(b)

Fig. 4 Modified pendulum: 7 € [0, 106], h = 0.5. a T.GLM4B: Hamiltonian preservation, b S.GLM4B:
Hamiltonian preservation

In addition to &j, error versus function evaluations, we also consider the maximum
deviation of the absolute Hamiltonian error, i.e.

T
rn’?X|H(.Vn)_H(y0)|v ne{la-'-vﬁ}’
versus function evaluations. These results are given in Fig. 3. Similar to before, for
a fixed accuracy it can been seen that COSY-GLMs require approximately half the
number of function evaluations when compared against the DIRK methods.

5.4 Long-time hamiltonian preservation

Lastly, we investigate the long-time preservation of the Hamiltonian for problems
(P1)—(P3) using a COSY-GLM. As the results on computational efficiency indicate
that compositions of GLM4A and GLM4B perform similarly, we restrict our attention
to compositions of only GLM4B as this requires fewer function evaluations for a fixed
time-step.

The results given in Figs. 4, 5 and 6 show that COSY-GLMs approximately preserve
the Hamiltonian over long-times. Also, Fig. 6 shows that quadratic invariants such as
angular momentum, i.e. L : R* > R,
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steps
10° 10" 102 10° 10* 10° 10°
5.466_7 [ T T T T T T
3.64e-7 |
g 1.82e-7 -
[0) 0F
T -1.82e-7F
-3.64e-7 [
-5.46e-7
Lol s MR s Lol s M| s Lol s L s MR
10° 10’ 102 103 10* 10° 10°
time
(a)
steps
10° 10" 102 10° 10* 10° 10°
1.48e-8 [ '
. 9.89e-9
9 495e-9
o 0
T -4.95e-9
-9.89e-9
-148e-8 1 R — R
10° 10" 102 10° 10* 10° 10°
time
(b)

Fig. 5 Bead on a wire: ¢t € [0, 106], h = 0.25. a T.GLM4B: Hamiltonian preservation, b S.GLM4B:
Hamiltonian preservation

L(p1, p2,q1,92) '=q1p2 — q2p1,

are also approximately preserved. Furthermore, we observe that parasitic instability
has yet to manifest itself despite the use of coarse time-steps.

6 Conclusion

A composition technique for generating composite symmetric general linear methods
(COSY-GLMs) of arbitrarily high order has been developed and then applied to cre-
ate new methods of order 6. The process involves using a canonical transformation
that alters the starting and finishing methods of a GLM to be in terms of only the
preconsistency vectors # and w. The new methods have been shown to be suitable for
the long-time integration of reversible Hamiltonian systems that are either separable
or non-separable. In particular, numerical experiments have been performed which
show that the methods approximately preserve the Hamiltonian and other invariants
for the duration of the computation. Furthermore, these methods have been found to
be computationally more efficient than symmetric diagonally-implicit Runge—Kutta
methods (DIRKS) of the same order, typically requiring half the number of total func-
tion evaluations for a fixed accuracy.

@ Springer



420

T. J. T. Norton

H. error

L. error

error

H

L. error

10°

steps

0
-1.17e-10 |-
-2.34e-10 |-
-3.51e-10 |-
-4.68e-10
-5.85e-10 |-

-7.02e-10

107" 10°

10" 10?

time

(a)

steps
10°

10°

10*

0
-1.56e-11 |-
-3.12e-11
-4.68e-11 |-
-6.23e-11
-7.79e-11 |-
-9.35e-11 |-

10°

10 102

10°
time

(b)

steps

0k
-2.84e-10 B
-5.68e-10 |-
-8.52e-10
-1.14e-9 -
-1.42e-9 -

-1.70e-9 -

10°

10°

10 102

10"

102 108
time

(0

steps

10*

0
-2.19e-11 |-
-4.38e-11 -
-6.57e-11 |
-8.76e-11 |-
-1.09e-10

-1.31e-10 |

107"

10°

10"

] 102 108
time

(d)

Fig.6 Kepler:t € [0, 10*-7]. a T.GLM4B: Hamiltonian preservation with i = &=

250°

104

b T.GLM4B: angular

momentum preservation with 27 = 2757—0 , ¢ S.GLM4B: Hamiltonian preservation with 4 = l”m d S.GLM4B:

angular momentum preservation with 1 = g5
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