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Abstract An error in [4, Theorem 4.1, 4.5, Corollary 4.5] is corrected. There, in the
Monte Carlo error bounds for front tracking for scalar conservation laws with random
input data, 2-integrability in a Banach space of type 1 was assumed. In providing
the corrected convergence rate bounds and error versus work analysis of multilevel
Monte Carlo front-tracking methods, we also generalize [4] to g-integrability of the
random entropy solution for some 1 < g < 2, allowing possibly infinite variance of
the random entropy solutions of the scalar conservation law.
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248 N. H. Risebro et al.

1 Multilevel Monte Carlo Error Analysis

The statement and proof of Theorem 4.1 in [4] should account for the type of Banach
space in which the discretization scheme is analyzed. To render the presentation self-
contained, we recapitulate the relevant definitions as used, e.g., in [2]. For a general
Banach space E, the type of the Banach space is defined as follows (see, e.g., [3, Page
246])).

Definition 1.1 Let 1 < p < oo, and Z;, j € N, be a sequence of Bernoulli—
Rademacher random variables. A Banach space E is said to be of rype p if there
is a type constant C > 0 such that for all finite sequences (x‘,')j-v:] CE,N €N,

1/p

N
> Zix
j=1

N
<c > lxlz
E Jj=1

Every Banach space is of type 1; L”-spaces are of type min{p, 2} for 1 < p < oo
(see [3]). The following result from [3, Proposition 9.11] for Banach spaces of type p
is the basis of the MLMC-FT error analysis.

Proposition 1.1 [2, Prop. 2.4] Let E be a Banach space of type p with type con-
stant C;. Then, for every finite sequence (Yj)y: | of independent random variables in
LP(82; E) with zero mean, one has

p

e[ ISon| | <corsegmm.

For the front-tracking error analysis, we need strengthen the assumptions from [4]
to either the physical or computational domain is bounded (as, e.g., in the periodic
setting) or that all realizations of the random initial data are compactly supported in
R?, with support contained in one common bounded domain D.

2 MLMC-FT convergence analysis

We recapitulate notation and basic estimates from the convergence analysis from
[4, Section 4.4]. In doing so, we take into account the type of the Banach spaces
appearing in the error analysis which was disregarded in [4]. This results in estimates
of the combined multilevel Monte Carlo front-tracking (MLMC-FT, for short) errors
which differ from those in [4, Theorem 4.5, Corollary 4.5] in that more general g-
integrability for some 1 < g < 2 of the random entropy solutions is considered, and
that convergence rates of the front-tracking errors are now estimated in L? for some
p > g > 1. We can write
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Efu()] — EXMC L] = E [u(t) - uL(t)] +E [uL(t)] — gMLMC [ML(z)] .
Hence,

HIE [u(t)] — EMMC [uL(t)]

L4(82;LP (RY))

= [Etu) - Bl @)

L4($2;LP (RY))

=A+ B.

L MLMCy. L
+ [Brt @1 = EYMCLl ) .

We estimate the two terms A and B. For the first one, we use the monotonicity of the
expectation and the deterministic front-tracking error estimate:

<

A = [Eru) - Bt o)

L s/p
t) — t <Cs,/",
() —u( )”L](Q;LP(]Rd)) - L

LP(RY)
where the second inequality follows from the bound on the deterministic approxi-
mation error of the FT in L?(R?). Here, §; is the FT discretization parameter at
refinement level L. In nonadaptive approximations of the flux, §; = 2718y, where
80 > 0 denotes the discretization parameter for the coarsest level. For front tracking,
and for Lipschitz regular flux functions, s = 1 [1]. To bound the term B, we set
u=l:=0and Au® = u’ —u 1.

e e] ot

q

La($2;LP (RY))

L4($2;LP (RY))

=0 j= L9($2;LP (RY))
. q
azsgile L M E [Auz] — AubsJ
= Csuppu Z Z T
=0 j=1 L4($2; L4 (R4))
Define . .
yhi E[Au ]—Au J

Y4/ are independent, zero-mean random variables. Hence, we can use [3, Prop. 9.11]
as stated in Proposition 1.1 (see also [2, Cor. 2.5]) for ¢ € (1, 2] to estimate B? by:
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BY < Couppu qZZHYM‘
=0 j=1
L M,
-2 [

L4($2;L4(R))

Auef E

)

L9(£2;L9(RY))

where C, is a constant depending on the type g of the Banach space L9. We continue
estimating the last term:

q

L
I—q 14 2,1
BY < CouppuCy Y M, HE [Au ] —adtt| s

=0

< Qum,ua,ZM1 “aut

L4($2;L9(R9))

]
< Csuppu.q (Mo

. i (Ilu%) —u®||T0 010wy . |utt ) - u(r)llimmd»))

1—q 1—q
M@ M,

=1

I—q
< Cauppug (MO —i—ZM Hu (1) — u(t )\Lq . (Rd)))

Holder 1—
= Csuppug <M0 + Clluglloo ZM - Huz(t) - u(t)‘
=1

L"(Q;L'(Rd)))

deterministic
error
estimate
<

L
1— 1-
C(suppu, ¢, luolloo » Ts Il f lyr.0) <M0 T+ M, "8~z>,

=1
where we recall that 8y is the FT flux discretization parameter atlevel ¢, £ =0, ..., L,

and that for front tracking, the convergence rate is s = 1.
Combining the estimates for terms A and B, we arrive at

HE[ EMLMC[ML]‘

L sq
My M8+ 5[) CR))

<C
L9(@:Lr (RY) —

For p = 1, the last term is minimized which results in the bound

HE[M] EMLMC[ ]

L
My ™+ M8+ 5?) )

<C
L4(2;LY(RY)) — =
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3 Choice of MC sample sizes M, and error versus work bounds

The Monte Carlo sample numbers in the error bound (2.2),1.e., My, at FT discretization
level ¢ should be chosen such that for a given error tolerance ¢, the bound for the
required computational work is optimized. We recall, from [4], the work estimates for
the deterministic front-tracking method for different scenarios:

Proposition 3.1 The computational work Wrr for the deterministic front-tracking
method behaves asymptotically as

Wer >~ §7%,
where § > 0 is the discretization parameter and w given by

1, d =1, convex flux,
)2, d =1, nonconvex flux, 3.0
W= 2d + 1, d > 1, convex flux components, ’

2d +2, d > 1, nonconvex flux components.

The computational work for the multilevel Monte Carlo front-tracking scheme behaves
asymptotically as

L
WHEMCET % Mys, ™, (3.2)
=0

with the work rate w as given in (3.1).

For a given maximal discretization level L and for prescribed overall error ¢ > 0, the
choice of sample numbers M, is obtained by optimizing the error bounds, as is by
now customary in MLMC error analysis. The following result is analogous to Lemma
4.9in [4]:

Lemma 3.1 Let{8¢}¢>0 be a strictly decreasing sequence of positive FT discretization
parameters. Assume that the work for the MLMC-FT algorithm with L discretization
levels scales asymptotically as in (3.2), that is, there exists a constant C > O which is
independent of {8¢}e¢>0 and of {My}¢=0 such that for every L > 1,

L
WHEME < 3" Mys; ™, (3.3)
=0

for w > 0, given in (3.1). Given that the MCFT error at FT discretization level L is
bounded as [cf. (2.2)]

L
Err, < C (Z M, 7188 488 4 Mg‘f) : (34
=0
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(i.e., p = 1), the optimal sample numbers My in terms of the work bound (3.3) and of
the error bound (3.4) are given by

s+w

Q‘”

My >~ MOB 8 , £=1,...,L, 3.5)
where
w—wqg _§+w wqg q%]
85, 1 + Z w
0 Jj=1 J q
My >~ Sn .
0 g — 87 0

The symbol >~ indicates equality up to a constant which may depend on the data
(uo, f) and the domain but which is independent of £ and L. If we assume in addition
that the 8y are a geometric sequence, that is, 5y = 2-ats, for some a, 8y > 0, we
obtain for L — oo that the error of the MLMC algorithm is bounded for any s > 0,
and for q € (1,2] as

[BluC, 01 = EZuC, Ol g 0.1

(WMLMC)_YJ%:», s+w—wg <0,
<C (WMLMC) T log(WMLMC) s+w—wg =0,
(WMEMCW, 4e)™ @ s+w—wqg >0,

where Wy det is the work for the deterministic front-tracking algorithm with resolution
80 > 0. In particular, the error of the MLMC-FT algorithm (s = 1) scales for p = 1,
q = 2 with respect to work as

[ Bl 01 = BTt 0] g1 oy

(WMEMC)=1/2 169 (WMEMC) - d = 1, convex flux,

(WI/‘V’LMC)’]B, d = 1, nonconvex flux,

.
(WQ’H‘MC) ¥, d > 1 convex flux components,

1
(WQ/ILMC) 3+2d d > 1 nonconvex flux components.

Proof We use a Lagrange multiplier argument to determine the optimal M. Since the
assertion is about an asymptotically optimal error versus work bound, we require an
(eventually small) error tolerance ¢ > 0 and assume all constants in the error bounds
to take the value 1. This assumption results in the following asymptotic work and error
measures:

L

W=y Ms; ",
£=0

L
Erry, = Mé_q + 81‘{5 + ZMZI_‘ISE.
=1
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To minimize the overall work subject to prescribed error ¢ > 0, consider the
Lagrangian

&L = Wr — A(e — Errp),

where A is the Lagrange multiplier. Taking the derivative of . with respect to M, we
have
0. oW JE
_ L T IT],
oM, IM, oM,

’

WL

am, ¢

@_{(l—q)M 185, >0,

oM, | —q)M; ", £=0.
Hence,

—w _ {A(q — M, 85, >0,

¢ Mg —DMy?,  €=0,
or

My = { (8 — 1?)5 . £>0,
(Ur@g-1)7, £=0.

Now insert ¢ = Erry, to get an expression for A:

e =FErry =69 + (8¢(q — 1))Tq F g — 1)) T (Za‘s;u“ Vs )

1—q w(l—q) stw—wgq
=58+ (g -1 (3, ° +Za T ).

We solve this for A:

The sample numbers M, are given by

1
ur—qu)q L .H—ui]—wg q—1 N
stw
b o 5,7, £>0
A 13 s > U,
M[ = 1
w—wq stw—wq g—1
q q w
' AR 50, £=0
_ 845 0> — Y
e=8;
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and the bound for the overall work becomes

L
W= Ms;"
£=0
g N

S q +Z w—wq stw—wg
0 /1]

qs
£ =10y

1 9
( 1 )ql < w—wgqg stw—wg q-1
q § : q
= —_— + 6 M
qs 0
& =10y

Now choose ¢ >~ 5?, i.e., &= 28?, to balance the two error contributions and obtain

L stw—wgq

_ g5 w—wgq ‘;iTI
Wy =8,"" (ao" +Y 5, ¢ ) :

=1

Now let us assume again that §; =~ 2% with some & > 0, i.e., the §; are geometrically
decreasing to zero. We distinguish three cases:

1. Case s+w—wq<0(¢>q>%+l):Then

qs s+w—wgq

Wy ~6, "5, "

_ o= (stw),
=3 :

hence .
(Brrp) 4 ~ 8 ~ W, .

2. Case s +w —wq =0(& g = + 1): Then

_as

Wy ~8, " LiT,

hence
qs

W (log W) 71 ~ 5, "1

g—1 q-—1

(Errp) /4 ~ 53 ~ (WL(log W) %)_T ~W, 7 logWy.

N

3. Case s +w—wq > 0(& g < 3 + 1): Then

q
1

_gs w(l—q) _gs
~ g1 q _ q—1 o—w
Wy s, (30 ) =35, 5y,
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Note that §; " >~ Wo,qer. Hence,

g o=t
(Brrp) /4 ~ 8 ~ (W Wy )~ 7 -

For the MLMC front-tracking method, this implies according to Proposition 3.1 for
q=2

—1/2

W, / logWr, d =1, convex flux,
1

1 w, /3, d = 1, nonconvex flux,
Err,/? ~ .

W, , d > 1, convex flux components,
S

w, d > 1, nonconvex flux components.
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