
Vol.:(0123456789)

Flow, Turbulence and Combustion (2024) 112:1191–1213
https://doi.org/10.1007/s10494-024-00537-3

1 3

RESEARCH

On the Definition of Reaction Progress Variable in Exhaust 
Gas Recirculation Type Turbulent MILD Combustion 
of Methane and n‑Heptane

Khalil Abo‑Amsha1 · Hazem S. A. M. Awad1 · Umair Ahmed1 · Nilanjan Chakraborty1 · 
Nedunchezhian Swaminathan2

Received: 19 September 2023 / Accepted: 19 February 2024 / Published online: 22 March 2024 
© The Author(s) 2024

Abstract
Three-dimensional Direct Numerical Simulations of Exhaust Gas Recirculation (EGR)-
type Moderate or Intense Low Oxygen Dilution (MILD) combustion of homogeneous mix-
tures of methane- and n-heptane–air have been conducted with skeletal chemical mecha-
nisms. The suitability of different choices of reaction progress variable (which is supposed 
to increase monotonically from zero in the unburned gas to one in fully burned products) 
based on the mass fractions of different major species and non-dimensional temperature 
have been analysed in detail. It has been found that reaction progress variable definitions 
based on oxygen mass fraction, and linear combination of CO, CO2, H2 and H2O mass 
fractions (i.e. c

O2
 and c

c
 ) capture all the extreme values of the major species in the range 

between zero and one under MILD conditions. A reaction progress variable based on fuel 
mass fraction is found to be unsuitable for heavy hydrocarbons, such as n-heptane, since 
the fuel breaks down to smaller molecules before the major reactants (products) are com-
pletely consumed (formed). Moreover, it has been found that the reaction rates of c

O2
 and 

c
c
 exhibit approximate linear behaviours with the heat release rate in both methane and 

n-heptane MILD combustion. The interdependence of different mass fractions in the EGR-
type homogeneous mixture combustion is considerably different from the corresponding 
1D unstretched premixed flames. The current findings indicate that the tabulated chemistry 
approach based on premixed laminar flames may need to be modified to account for EGR-
type MILD combustion. Furthermore, both the reaction rate and scalar dissipation rate of 
c
O2

 and c
c
 are found to be non-linearly related in both methane and n-heptane MILD com-

bustion cases but the qualitative nature of this correlation for n-heptane is different from 
that in methane. This suggests that the range of validity of SDR-based turbulent combus-
tion models can be different for homogeneous MILD combustion of different fuels.
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1  Introduction

Moderate or Intense Low Oxygen Dilution (MILD) combustion has been identified as 
one of the promising technologies for ensuring high energy efficiency and low emissions 
(Cavaliere and de Joannon 2004). In MILD combustion, the reactants are preheated above 
their autoignition temperature (Cavaliere and de Joannon 2004), and this preheating is 
often obtained by recirculating the hot flue gas back into the combustion chamber (Tsuji 
et al. 2003). Moreover, the maximum temperature rise in MILD combustion also remains 
smaller than the self-ignition temperature of the reacting mixture (Cavaliere and de Joan-
non 2004; Tsuji et al. 2003). MILD combustion offers advantages in terms of providing a 
uniform temperature distribution, extremely low NOx and CO emissions and high thermal 
efficiency. All these advantageous features make MILD combustion an attractive proposi-
tion for gas turbines and process applications (Cavaliere and de Joannon 2004; Tsuji et al. 
2003). However, the oxygen concentration in gas turbine combustion is often much greater 
than the values required for MILD combustion and thus a large amount of exhaust gas 
needs to be recirculated to obtain an optimum ultra-lean, diluted, and preheated mixture. 
This acts to reduce energy density and temperature rise, which adversely affect the thrust-
weight/power-weight ratio of gas turbine combustors. Moreover, high velocity and low 
O2 concentration make the ignition and flame stabilisation difficult and under these con-
ditions, blowout and flame quenching become highly likely for aero- and land-based gas 
turbines (Duwig et al. 2008). These challenges currently prohibit MILD combustion from 
being used widely in gas turbines, and in most cases, applications of MILD combustion are 
found in process-heating sectors. Thus, an improved fundamental understanding of MILD 
combustion is urgently needed to take advantage of this promising methodology at a time 
when the necessity of high efficiency and low emission has never been greater (Duwig 
et al. 2008).

To date, several experimental (Cavaliere and de Joannon 2004; Tsuji et al. 2003; Duwig 
et  al. 2008, 2012; Suzukawa et  al. 1997; Dally et  al. 2002, 2004; Plessing et  al. 1998; 
Özdemir and Peters 2001; Christo and Dally 2005; Medwell et al. 2007; Oldenhof et al. 
2011) and numerical (Coelho and Peters 2001; Aminian et al. 2011; van Oijen 2013; Mina-
moto et  al. 2013, 2014; Minamoto and Swaminathan 2014a, b, 2015; Doan et  al. 2018; 
Swaminathan 2019; Awad et al. 2021; Abo-Amsha and Chakraborty 2023) investigations 
focussed on the physics of MILD combustion, and the advancements in high-performance 
computing has enabled Direct Numerical Simulations (DNS) of MILD combustion (van 
Oijen 2013; Minamoto et  al. 2013, 2014; Minamoto and Swaminathan 2014a, b, 2015; 
Doan et  al. 2018; Swaminathan 2019; Awad et  al. 2021; Abo-Amsha and Chakraborty 
2023). These analyses provide valuable insights into the physics of the MILD combus-
tion process and help to explain the differences between MILD combustion and the con-
ventional combustion processes in terms of reaction zone thickness and its morphology 
(Minamoto et  al. 2013, 2014; Minamoto and Swaminathan 2014a, b, 2015; Doan et  al. 
2018; Swaminathan 2019; Awad et  al. 2021; Abo-Amsha and Chakraborty 2023). How-
ever, most of the analyses of MILD combustion were conducted for simple fuels such as 
H2 (van Oijen 2013), CH4 (Duwig et  al. 2008, 2012; Suzukawa et  al. 1997; Dally et  al. 
2002, 2004; Plessing et al. 1998; Özdemir and Peters 2001; Christo and Dally 2005; Med-
well et al. 2007; Minamoto et al. 2013, 2014; Minamoto and Swaminathan 2014a, b, 2015; 
Doan et al. 2018; Swaminathan 2019; Awad et al. 2021), C2H4 (Dally et al. 2004) and C3H8 
(Dally et  al. 2004) while limited attention is given to the MILD combustion of heavier 
hydrocarbons (e.g. C7H16 ) (Ye et al. 2017; Abo-Amsha and Chakraborty 2023), which are 
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often used in industrial furnaces and gas turbines. Therefore, it is useful to compare the 
MILD combustion processes for simple fuels such as CH4 and a heavy hydrocarbon such as 
n-heptane C7H16 (as it is often used in industrial applications) to assess whether the physi-
cal insights gained and the resulting models developed based on MILD combustion of CH4 
are applicable for heavier hydrocarbons (e.g. n-heptane). In this respect, it is worthwhile to 
consider the choice of reaction progress variable that can be used in the parameterisation 
of MILD combustion of these two fuels, and thus allows for the identification of a meth-
odology applicable to MILD combustion of different fuels (Duwig et al. 2007; Ihme and 
See 2012; Chen et al. 2017; Göktolga et al. 2017; Romero-Anton et al. 2020; Huang et al. 
2022). It is worth noting that a single reaction progress variable may not be sufficient to 
fully characterise the MILD combustion process since it is not able to capture fuel crack-
ing, radical pool build-up and pollutant formation. However, the reaction progress variable 
can play a useful role in modelling the overall progress of the chemical conversion in the 
context of RANS and LES of MILD combustion (Duwig et al. 2007; Ihme and See 2011; 
Chen et al. 2017; Göktolga et al. 2017; Romero-Anton et al. 2020; Huang et al. 2022). In 
fact, the reaction progress variable is used commonly as one of the input parameters for the 
tabulated chemistry (Duwig et al. 2007; Göktolga et al. 2017; Romero-Anton et al. 2020; 
Huang et al. 2022) and presumed PDF (Ihme and See 2011; Chen et al. 2017) approaches 
employed for MILD combustion. Moreover, this approach was used in several studies on 
premixed and partially premixed combustion (Proch et al. 2017). This aspect is particularly 
important because it is not straightforward to define a reaction progress variable in a mul-
tispecies system (Papapostolou et al. 2019; Keil et al. 2021), but identification of a suitable 
reaction progress variable is necessary from the point of view of generating flamelet and 
tabulated chemistry-based closures for conventional and MILD combustion processes (de 
Swart et al. 2010; Ihme and See 2011; Aminian et al.2012; Lamouroux et al. 2014; Abtahi-
zadeh et al. 2015; De and Dongre 2015; Langella et al. 2016; Sorrentino et al. 2017).

Many different automated approaches for defining the reaction progress variable have 
been reported in the literature (Ihme et al. 2012; Najafi-Yazdi et al. 2012; Niu et al. 2013; 
Prüfert et al. 2015; Vasavan et al. 2020; Rahnama et al. 2023). However, since the analysis 
of the choice of reaction progress variable definition in MILD combustion has not reached 
the same level of maturity as that in the case of conventional combustion, it is useful to 
consider the behaviour of the normalised species variations in MILD combustion. Such 
analysis can be considered as a first step in the identification of species subsets that form 
plausible input variables to an automated method for the optimal definition of reaction pro-
gress variables in MILD combustion, and provides the knowledge required to judge the 
output of such automated methodologies. In this context, the current study only consid-
ers definitions of the reaction progress variable based on individual major species and an 
example of species combination that has been used in the literature, while the investigation 
of automated methodologies for the definition of reaction progress variable is kept beyond 
the scope of the current work. By investigating different definitions of the reaction progress 
variable, this study aims to analyse the sensitivity of MILD combustion characteristics to 
typical progress variable definitions.

The present analysis considers DNS data of Exhaust Gas Recirculation (EGR)-type tur-
bulent MILD combustion of methane and n-heptane under comparable conditions in terms 
of turbulence intensity, its integral length scale, and O2 concentration. The simulation 
configuration is based on that used by Minamoto and co-workers (Minamoto et al. 2013, 
2014; Minamoto and Swaminathan 2014a, b, 2015) for the EGR-type MILD combustion of 
homogeneous mixtures involving methane as the fuel.
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The objectives of this study are: (1) to compare the interrelation between reaction pro-
gress variable and non-dimensional temperature in turbulent MILD combustion of meth-
ane and n-heptane; (2) to compare the interrelation between heat release rate (HRR), and 
the reaction rate of reaction progress variable along with their dependence on scalar dissi-
pation rate (SDR) of reaction progress variable in the above MILD combustion cases.

2 � Mathematical Background

In MILD combustion of homogeneous mixtures, the extent of completion of the chemi-
cal reaction can be characterised with the help of a reaction progress variable, which is 
expected to increase monotonically from zero in the unburned gases to one in fully burned 
products. The reaction progress variable can be defined in terms of a major species mass 
fraction Y� as:

where the subscripts u and b refer to the values in the unburned and fully burned gases in 
the corresponding laminar premixed flames respectively. Several previous studies (Ihme 
and See 2011; Göktolga et al. 2017; Romero-Anton et al. 2020) considered linear combina-
tions of species such as CO, CO2, and H2O to define the reaction progress variable. One 
such choice is (Ihme and See 2011):

where Y
c
= Y

CO2
+ Y

CO
+ Y

H2
+ Y

H2O
 . In this study, the behaviour of c

c
 is also analysed. 

The reaction rate of c� (as well as c
c
 ) is given as:

where 𝜔̇𝛼 is the reaction rate of the species, or the species combination, upon which the 
reaction progress variable is defined.

The progress of chemical processes can also be characterised in terms of the non-
dimensional temperature Θ = (T − T

u
)∕(T

b
− T

u
) where T

u
, T

b
 and T  are the unburned gas 

temperature, burned gas temperature and instantaneous dimensional temperature, respec-
tively. The source term associated with Θ is the normalised heat release rate defined as:

where h
s,u and h

s,b refer to the sensible enthalpies of the unburned gas and fully burned 
gas, respectively, and h0

f ,k
 is the enthalpy of the formation of species k. Under low Mach 

number, adiabatic conditions, c� becomes identical to Θ for unity Lewis number (i.e. ratio 
of thermal diffusivity to mass diffusivity) assumption. However, C7H16 has a high Lewis 
number (= 3.0) compared to methane (= 0.97). Thus, the non-unity Lewis number effects 
are expected to be stronger in n-heptane than in methane combustion. Moreover, the differ-
ences in the oxidation pathways also contribute to the differences in MILD combustion of 
methane and n-heptane.

(1)c� = (Y� − Y�,u)∕(Y�,b − Y�,u)

(2)c
c
= (Y

c
− Y

c,u)∕(Yc,b − Y
c,u)

(3)𝜔̇
c
= 𝜔̇𝛼∕(Y𝛼,b − Y𝛼,u)

(4)𝜔̇Θ = −

N∑

k=1

h
0
f ,k
𝜔̇
k
∕(h

s,b − h
s,u)
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3 � Numerical Implementation

A well-known DNS code SENGA+ (Cant 2012) is used for the simulations. In SENGA+, 
all the spatial derivatives are evaluated using a high-order finite-difference scheme (10th-
order centred scheme for the interior nodes with the order of accuracy gradually reducing 
to 4th order one-sided scheme at non-periodic boundaries). For methane-air combustion, 
a skeletal chemical mechanism involving 16 species and 25 chemical reactions (involving 
10 equilibrium reactions) (Smooke and Giovangigli 1991) has been considered. A reduced 
chemical mechanism involving 22 species and 18 reactions (Liu et al. 2004) is used for the 
n-heptane MILD simulations. The species diffusion is modelled using a constant Lewis 
number approach with each species having its own Lewis number value, which helps to 
capture differential diffusion effects. The constant Lewis numbers approach has been com-
pared with more detailed diffusion models (i.e. the mixture-averaged and multi-component 
diffusion models) for calculating ignition delay time under MILD conditions and no sig-
nificant differences were observed (van Oijen 2013).

The time-advancement of the governing equations (except for the chemical source term 
in the n-heptane simulation) has been carried out using an explicit 4th-order Runge–Kutta 
method. For n-heptane, due to the stiffness of the chemical mechanism (Liu et al. 2004), 
the species mass fractions equations have been solved using the fractional step method 
where the linear system of ODEs in the second step (which includes the chemical source 
term) was solved using a variable-coefficient solver with preconditioned Krylov iteration 
as implemented in the VODPK package (Byrne 1992). In the methane case, the chemical 
source term was dealt with explicitly. In the current simulations, the boundaries in the x
-direction are taken to be inlet and outlet, while the boundaries in the y - and z-directions 
are periodic.

For the methane-air MILD combustion case, the unburned gas temperature is taken to 
be 1500 K for CH4-oxidiser mixtures with an O2 mole fraction of 4.8% and an equivalence 
ratio of � = 0.8 . This leads to an unstretched laminar burning velocity S

L
 of 3.20m∕s . It is 

worth noting that, at temperatures above the mixture’s autoignition temperature, the laminar 
burning velocity S

L
 value is not unique and depends on the domain size (Minamoto et al. 

2014). Thus, when calculating the values of S
L
 in this study, the domain length of the 1D 

unstretched laminar flame simulation was chosen to be similar to that of the DNS domain. 
Moreover, the values of S

L
 and the thermal flame thickness ( �

th
= (T

b
− T

u
)∕max|∇T|

L
 

with the subscript L referring to the unstretched laminar flame quantities) are reported here 
only to help identify the parametric range of the current analysis.

A mean inlet velocity U
inlet

= 30m∕s is used for the methane MILD case where the root-
mean-square (rms) turbulent velocity u′

inlet
 and integral length scale � at the inlet are taken 

to be 12.48m∕s = 4.0S
L
 and 1.7mm ≈ 2.0�

th
 , respectively. These conditions are representa-

tive of the experimental analysis by Suzukawa et  al. (1997). For the n-heptane case, the 
unburned reactant temperature is taken to be 1100K and the fuel-oxidiser mixture has an 
O2 mole fraction of 4.5% for an equivalence ratio of � = 0.8 , which is consistent with the 
experiments by Ye et al. (2017). These conditions yield an unstretched laminar burning veloc-
ity S

L
 of 0.42m∕s under atmospheric pressure. For n-heptane MILD combustion simulation 

U
inlet

= 6.0m∕s , u�
inlet

= 2.0 m∕s = 4.76S
L
 and � = 2.0mm = 1.25�

th
 are considered. These 

flow parameters are comparable to the experimental conditions reported by Oldenhof et al. 
(2011). The simulation parameters including u�∕S

L
, �∕�

th
, u�

inlet
∕U

mean
, Da = �S

L
∕u�

inlet
�
th

 
and Ka =

(
u
�
inlet

∕S
L

)3∕2(
�∕�

th

)−1∕2 are listed in Table 1. These conditions represent relatively 
similar values of turbulence intensity u�

inlet
∕S

L
 and integral length scale of turbulence �∕�

th
. 
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While a direct comparison with the exact same parameters for both methane and n-heptane is 
not feasible due to the very different chemical scales associated with the combustion of those 
two fuels, the parameters used in the current study are close enough to yield a meaningful 
comparison. Furthermore, it is worth noting that a direct quantitative comparison is not made 
in the following discussion between methane and n-heptane MILD combustion cases and thus 
the differences in simulation parameters will not influence any of the conclusions drawn in 
this paper.

The simulation domain is taken to be a cube of side L
domain

= 10mm and 20 mm for the 
methane and n-heptane MILD combustion cases, respectively. These domain sizes are compa-
rable in terms of thermal flame thickness �

th
 (i.e. domain length is equal to 14.5�

th
 and 12.5�

th
 

for methane and n-heptane cases, respectively). The thicker flame for the n-heptane case neces-
sitates a larger domain length than in the methane case for comparable values of L

domain
∕�

th
 . 

The computational domain is discretised by a uniform Cartesian grid of 252 × 252 × 252 and 
216 × 216 × 216 for methane and n-heptane cases, respectively which ensures about 15 grid 
points within �

th
 of the respective cases.

The computational grid ensures that the reaction zone thickness �
r
= �

th
∕� (with � being 

the Zel’dovich number � = T
ac
(T

ad
− T

u
)∕T2

ad
 and T

ac
 is the activation temperature based 

on the theoretical solution for premixed flame) is resolved using about 5 grid points for the 
cases considered here. It is worth noting that this resolution is estimated based on the steepest 
gradient of temperature so in reality, more grid points reside within the reaction zone (Poin-
sot and Veynante 2001). The Kolmogorov length scale is estimated as � = �

0.25(�)0.75∕u�
0.75 

(with u′ and � being the rms velocity fluctuation and integral length scale evaluated over the 
whole domain, and � being the kinematic viscosity) and assumes a value of 7.7 × 10−5m and 
1.6 × 10−4m for the methane and n-heptane cases, respectively (see Table 1).

The numerical procedure used in the current analysis is based on that developed by Mina-
moto and co-workers (Minamoto et al. 2013, 2014; Minamoto and Swaminathan 2014a, 2015) 
and involves the following steps:

1.	 The generation of a homogenous isotropic field using a pseudo-spectral method of 
Rogallo (1981) for the initialisation of turbulent velocity fluctuations.

2.	 Simulations of one-dimensional unstretched freely propagating laminar premixed flames 
corresponding to the thermochemical conditions summarised in Table 2 have been con-
ducted. The solutions of these simulations (species mass fractions) were then parameter-
ised as functions of the reaction progress variable based on O2 (i.e. Y�,L = F�(cO2,L)).

Table 1   Simulation parameters 
for methane and n-heptane cases

Case u
�
inlet

∕S
L

�∕�
th

u
�
inlet

∕U
mean

Da Ka �(m)

Methane 4.0 2.08 0.42 0.52 5.54 7.7 × 10
−5

n-heptane 4.76 1.25 0.33 0.26 9.28 1.6 × 10
−4

Table 2   Thermochemical 
conditions

Fuel X
O

2

X
CO

2

X
H

2
O

X
fuel

� T
u
(K)

Methane 4.8% 6.1% 12.1% 1.9% 0.8 1500
n-heptane 4.5% 9.7% 11.2% 0.33% 0.8 1100



1197Flow, Turbulence and Combustion (2024) 112:1191–1213	

1 3

3.	 To provide the initial scalar field based on the corresponding laminar flame solution, a 
bimodal distribution of c based on O2 mass fraction with a scalar integral length scale 
of �

c
= 1.20� is created using the methodology developed by Eswaran and Pope (1988). 

This bimodal distribution of c in the initial condition allows one to have a field contain-
ing unburnt, burnt and reacting mixtures based on the corresponding laminar flame 
solution. The initial bimodal distribution retains the variations of the scalar (in this case 
the reaction progress variable variation) for a longer period. Any other distribution such 
as Gaussian yields most of the samples around the prescribed mean leading to quicker 
homogenisation of the scalar field.

4.	 The functions developed in step 2 are then used to populate the bimodal distribution of 
c from the previous step, and thus initialising the density and scalar fields (species mass 
fractions) with atmospheric pressure and an unburned gas temperature of Tu = 1500 K 
(1100 K) for methane (n-heptane) case.

5.	 The initialised scalar fields in the previous step are then allowed to evolve with turbu-
lence without reaction for about one eddy turnover time (�∕u�) in a periodic domain 
mimicking the mixing process in an EGR-type MILD combustor. The temperature in 
the pre-processed mixture has a variation of about ±0.3% of its mean value. It is worth 
noting that, for the considered mixture compositions (see Table 2) at the corresponding 
T
u
 , the ignition delay time is much larger than the eddy turnover time resulting from 

the turbulence levels considered in this study. This remains the case despite the sizable 
radical pool present in the initial field, since it was shown that the existence of radicals 
in the reactant mixture has a limited impact on the ignition delay time in MILD combus-
tion (Sidey et al. 2014). Thus, allowing the initial scalar field to develop with turbulence 
does not affect the combustion process.

The evolution of the scalar fields and turbulence in step 5 acts as an auxiliary simulation 
that provides a mixture (containing unburnt, partially burnt, and fully burnt pockets) similar 
to that produced under EGR conditions. The prepared scalar field at the end of the auxiliary 
simulation (i.e. step 5) is then fed into the DNS domain at the inflow boundary, with a mean 
velocity U

inlet
 , by scanning a plane through it as used previously by Minamoto and co-workers 

(Minamoto et al. 2013, 2014; Minamoto and Swaminathan 2014a, b, 2015). Interested readers 
are referred to Awad et al. (2021) and Abo-Amsha and Chakraborty (2023) for further infor-
mation regarding the CH4 and C7H16 DNS cases, respectively.

The simulations have been conducted for 2.5 pass-through times (i.e. 2.5L
domain

∕U
inlet

) for 
both methane and n-heptane cases and statistics have been extracted after 1.0 through-pass 
time by which the initial transience has decayed. The simulation time corresponds to 11.0 and 
8.33 initial eddy turnover times, respectively. The same analysis has been conducted at 1.5 
through-pass time to check for transient effects, but the same trends were returned which indi-
cate that the analysis pursued in this paper is not time-dependent.

4 � Results and Discussion

The distributions of non-dimensional temperature Θ for methane and n-heptane cases 
are shown in Figs.  1a and b, respectively. Figures  1a and b show that in both cases Θ 
changes in a continuous manner instead of a sharp gradient between zero (representing 
unburned gas temperature) and one (representing burned gas temperature), as obtained in 
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conventional premixed flames. This is consistent with experimental observations (Plessing 
et  al. 1998; Özdemir and Peters 2001) and previous DNS (Minamoto et  al. 2013, 2014; 
Minamoto and Swaminathan 2014a, 2015) results. The instantaneous views of the c

O2 = c
∗ 

isosurface (where c∗ is the value of c
O2 corresponding to the maximum heat release rate in 

the unstretched laminar premixed flame, which is 0.6 and 0.71 for methane and n-heptane 
cases, respectively) are shown in Figs. 1c and d for methane and n-heptane cases, respec-
tively. A significant amount of self-interaction of flame elements can be seen in both cases 
from Figs. 1c and d, which is consistent with previous experimental (Plessing et al. 1998; 
Özdemir and Peters 2001; Dally et al. 2004; Christo and Dally 2005; Medwell et al. 2007; 
Duwig et al. 2012; Oldenhof et al. 2011) and computational (Minamoto et al. 2013, 2014; 
Minamoto and Swaminathan 2014a, 2015) observations. These interactions lead to the 
appearance of the thickened (or distributed) reaction zones, which are qualitatively similar 
for both cases considered here.

4.1 � Evaluation of Reaction Progress Variable Definition

The mean values of non-dimensional temperature Θ , and reaction progress variables based 
on fuel mass fraction, and the mass fractions of major species such as CO2 and H2O condi-
tional upon c

O2, for turbulent MILD methane and n-heptane combustion cases are shown in 

Fig. 1   Instantaneous views of Θ (a, b) and c
O2 (c, d) isosurfaces corresponding to the maximum heat 

release rate for the corresponding 1D laminar premixed flame for the composition listed in Table 2 for CH4 
(a, c) and C7H16 (b, d) cases
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Figs. 2a and b, respectively, along with the corresponding variations for the unstretched 1D 
laminar flame simulations with compositions listed in Table 2. The choice of 1D diluted 
laminar premixed flames as a basis for comparison was made in keeping with the procedure 
used by Minamoto and Swaminathan (2014a). This does not constitute an endorsement of 
laminar premixed flames as a suitable, or even workable, base configuration for tabulation 
approaches. In fact, when compared to the progress variable profiles in 0D homogeneous 
constant pressure reactor, the 1D simulations produce qualitatively similar behaviour for 
the progress variables based on major species. The profiles of the reaction progress vari-
ables (based on fuel, CO2 and H2O) and non-dimensional temperature as functions of c

O2 
calculated from both the 0D and 1D configurations with the initial states in Table 2 are 
shown in Appendix A. A more in-depth comparison between the progress variable behav-
iour in 0D homogeneous reactors and 1D diluted premixed flames remains beyond the 
scope of the present analysis and will not be discussed any further. Moreover, since several 
previous analyses on MILD combustion (Duwig et al. 2007; Göktolga et al. 2017; Romero-
Anton et al. 2020; Huang et al. 2022) have used tabulated chemistry approaches based on 

Fig. 2   Profiles of mean values of c
F
, c

CO2, cH2O, cc and Θ conditional upon c
O2 for CH4 (a)  and C7H16 

(b) cases. Profiles of mean values of c
F
, c

O2, cCO2, cH2O and Θ conditional upon c
c
 for CH4 (c) and C7H16 

(d)  cases. The conditions for the corresponding 1D unstretched laminar premixed flames are listed in 
Table 2 and shown by broken lines
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laminar premixed flame solutions, the following discussion will principally focus on the 
comparison of turbulent flow simulation results with the corresponding findings from 1D 
unstretched laminar flame solutions.

Figures 2a and b show that c
F
, c

CO2, cH2O, and Θ are non-linearly related to c
O2 in turbu-

lent MILD combustion cases for both methane and n-heptane. This non-linear dependence 
also exists for the corresponding unstretched 1D laminar flame simulations. The prefer-
ential diffusion due to non-unity Lewis number (i.e. Le ≠ 1.0 ) along with the differences 
in spatial distributions of these species arising from different chemical conversion rates 
give rise to this non-linearity, which is further augmented under turbulent conditions since 
the effects of preferential diffusion strengthen in the presence of curvature due to local 
focussing/defocussing of species with Le ≠ 1.0 . Although the presence of species with 
non-unity Lewis number can lead to local effects of preferential diffusion, the global effect 
of preferential diffusion is not strong to yield super-/sub-adiabatic values of major species 
mass fractions in both cases considered here. This is also valid for conventional premixed 
flames and a recent investigation by Keil et al. (2021) and Awad et al. (2022) for methane-
air premixed flames demonstrated considerable local preferential diffusion effects but reac-
tion progress variable and non-dimensional temperature does not exhibit super-/sub-adia-
batic values. Similarly, all the different choices of reaction progress variable remain bound 
between zero and one for both CH4 and C7H16 MILD combustion cases considered here.

A comparison between Figs. 2a and b reveals that the non-linearity between the scalar 
quantities presented in these figures is stronger in the n-heptane case than in the methane 
case. This is particularly evident in the profiles of c

F
 variation with c

O2 . Figures 2a and b 
show that the mean value of c

F
 attains 1.0 for a much smaller value of c

O2 in the n-hep-
tane case compared to that in the methane case. In the case of n-heptane, at high temper-
atures, C7H16 readily breaks down to smaller intermediate hydrocarbon species, whereas 
this behaviour is not predominant in the methane case. Moreover, the Lewis numbers of 
CH4 and O2 are close to unity (i.e. 0.97 and 1.10, respectively) and therefore, the varia-
tion of mean values of c

F
 conditional upon c

O2 does not depart significantly from a linear 
variation.

On the other hand, C7H16 has a Lewis number significantly greater than unity (i.e. 3.0) 
which also contributes to the strongly non-linear variation of c

F
 with c

O2 in this case. In 
both methane and n-heptane MILD combustion cases, the variations of mean values of 
c
CO2 conditional upon c

O2 exhibit non-linear behaviours and a similar qualitative behav-
iour has been observed for the corresponding 1D unstretched laminar premixed flames. 
The Lewis number of CO2 is 1.39 in contrast to a Lewis number of 1.10 for O2 , which 
contributes to the non-linear interrelation between c

CO2 and c
O2 . Although the Lewis num-

ber of H2O remains close to unity (= 0.83), the variation of the mean value of c
H2O condi-

tional on c
O2 exhibits a mildly non-monotonic behaviour for both methane and n-heptane 

turbulent MILD combustion cases and qualitatively similar behaviour is observed for the 
corresponding 1D laminar unstretched laminar flame solution. This behaviour originates 
from the non-monotonic variation of H2O within the reaction zone, which has been demon-
strated in a recent analysis for CH4-air premixed flames (Keil et al. 2021).

It is important to note that highlighting the linear/non-linear behaviour of a reaction pro-
gress variable in the above discussion is merely descriptive of the profiles shown in Fig. 2 
and not meant to diminish the fact that a unique mapping of scalars onto the progress vari-
able can be achieved with either linear or non-linear progress variable behaviour as long as 
the behaviour is monotonic. This unique mapping of scalars to a progress variable is the 
essential criteria required for tabulated chemistry approaches, while linear mapping is just 
a desirable feature.
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Figures 2a and b show that the mean values of Θ conditioned upon c
O2 for both methane 

and n-heptane turbulent MILD cases, behave significantly differently to the correspond-
ing variation obtained from the 1D unstretched laminar premixed flames corresponding 
to the compositions listed in Table  2. The peak mean value of Θ conditioned upon c

O2 
remains significantly smaller than unity suggesting that the temperature rise in the case 
of MILD combustion is smaller than in the case of the corresponding 1D premixed flame. 
The variations of the mean values of Θ conditioned upon c

O2 for both methane and n-hep-
tane MILD combustion exhibit qualitatively similar non-monotonic trends which show 
a drop in the mean temperature conditioned on c

O2 from a peak value as c
O2 approaches 

unity (i.e. c
O2 → 1.0 ). It remains infeasible to categorically isolate a single reason for the 

behaviour of the non-dimensional temperature ( Θ ) in the turbulent cases. In the present 
configuration, the initial mixture for the turbulent cases is made up of reactants and prod-
ucts of the laminar premixed flame corresponding to X

O2 reported in Table 2. This initial 
mixture is designed to have a constant temperature ( T

u
 ) and a bimodal distribution of c

O2 
with peaks at c

O2 ≈ 0 and c
O2 ≈ 1.0 . Therefore, the mean oxygen concentration in the tur-

bulent MILD cases is appreciably smaller than that in the corresponding 1D unstretched 
laminar premixed flames. The reduced levels of average O2 concentration in the turbulent 
cases due to the initialisation procedure constitute a clear discrepancy between the laminar 
and turbulent cases and may help in justifying the overall reduction in temperature lev-
els in the turbulent cases since, on average, the combustion process in these cases will 
be more starved of oxygen than in the laminar ones. Moreover, a careful observation of 
Fig. 2 reveals that the drop in the mean value of Θ occurs when c

F
≈ 1.0 but while c

CO2 
continues to rise. This suggests that the drop in the mean values of Θ conditioned upon 
c
O2 at c

O2 ≳ 0.9 occurs in a region with a combination of high average concentration of 
combustion products (which increases the mixture’s specific heat), a reduced mean O2 con-
centration and almost absent fuel species. The reduced levels of fuel and O2 yield a rapid 
decrease in the heat release rate (as can be seen later from Fig. 3). The reduction in heat 
release rate at c

O2 ≳ 0.9 (or c
c
≳ 0.9 ), along with increasing mixture specific heat due to 

elevated concentration of product species such as CO2, act to reduce the temperature rise in 
the region where c

O2 ≳ 0.9 . The local distribution of Θ in the turbulent cases in the region 
c
O2 ≳ 0.9 ( c

c
≳ 0.9) can be appreciated from the scatter of Θ with c

O2 and c
c
 , which are 

shown in Appendix B for further elucidation of the aforementioned discussion. Here, it is 
worth noting that, while the average O2 concentration in the turbulent case is appreciably 
lower than that in the laminar case, locally there exists pockets within the 3D turbulent 
field that have an identical composition to that of the laminar case reactants. In fact, a wide 
range of mixture compositions are present within the 3D turbulent initial fields. This range 
spans from the composition of the laminar flames’ reactants to their products. Thus, the 
behaviour seen in the laminar cases can be accurately reflected within local subsections of 
the turbulent case, but not on average.

The observations made from Fig. 2 suggest that a reaction progress variable based on 
fuel mass fraction may not be appropriate for the analysis of turbulent MILD combustion 
of heavy hydrocarbons such as n-heptane, as the chemical reactions continue to occur, and 
the temperature continues to rise even after c

F
 attains a value of unity. This is consistent 

with the findings of numerous previous studies concerned with modelling of long-chain 
hydrocarbons. The non-monotonic variation of H2O within the reaction zone also raises 
uncertainty about the appropriateness of the usage of c

H2O as a reliable reaction progress 
variable. The preferential diffusion induced by the non-unity Lewis number of CO2 may 
also induce complexities in parameterising other quantities in terms of reaction progress 
variable because the strength of preferential diffusion may alter depending on turbulence 
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level. The drop of Θ for high values of c
O2 is not akin to conventional homogeneous mix-

ture combustion, which also raises questions regarding the usefulness of Θ as a reaction 
progress variable. Moreover, Fig.  2 indicates that considering the non-dimensional tem-
perature, in addition to the reaction progress variable, may be necessary for accurately 
describing MILD combustion, even for homogeneous mixtures.

The variation of the mean values of c
c
 conditioned on c

O2 for both cases are also shown 
in Figs.  2a and b along with the corresponding variations of c

c
 for the laminar flames 

listed in Table 2. It can be seen from Figs. 2a and b that the variations of c
c
 with c

O2 for 
both laminar and turbulent conditions remain close to each other, with c

c
 and c

O2 being 
almost linearly related. This suggests that the profiles of mean values of c

F
, c

CO2, cH2O, and 
Θ conditional upon c

c
 are expected to be similar to the profiles of these quantities condi-

tioned on c
O2 . This is substantiated by Figs. 2c and d where the profiles of mean values of 

c
F
, c

O2, cCO2, cH2O, and Θ conditioned on c
c
 are shown. A comparison between Fig. 2a, b 

and c, d confirms that the variations of mean values c
F
, c

CO2, cH2O and Θ conditional upon 
c
c
 are indeed similar to the corresponding variations conditional upon c

O2 for both methane 
and n-heptane cases.

The findings from Fig. 2 suggest that c
O2 and c

c
 can capture the extreme values of all 

the major species within the range given by 0.0 ≤ c
O2 ≤ 1.0 and 0.0 ≤ c

c
≤ 1.0 . It is worth 

noting that O2 does not cause significant preferential diffusion effects as it has a Lewis 
number close to unity (= 1.10). On the other hand, a reaction progress variable definition 
based on a combination of species, such as c

c
 , brings additional complexities in specifying 

the reaction progress variable diffusivity. The treatment of the reaction progress variable 

Fig. 3   Profiles of 𝜔̇Θ × 𝛿
th
∕𝜌

u
S
L
 and 𝜔̇

c
× 𝛿

th
∕𝜌

u
S
L
 conditional upon c

O2 in the CH4 (a) and C7H16 (b) cases. 
The same plots for c

c
 in the CH4 (c) and C7H16 (d) cases. The corresponding variations from 1D unstretched 

laminar premixed flames for the conditions listed in Table 2 are shown by broken lines in Figs. 3, 4, 5, 6. 
The bars indicate standard deviation values conditional upon the reaction progress variable in Figs. 3, 5, 6
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diffusivity for a reaction progress variable based on a linear combination of different spe-
cies mass fractions is not a straightforward task and might be strongly dependent on the 
choice of transport mechanism (de Swart et al. 2010; Abtahizadeh et al. 2015). While this 
may not be an insurmountable obstacle, it does add to the complexity of the modelling pro-
cedure. It is also worth noting that while a single progress variable will not be able to cap-
ture fuel cracking, radical pool build-up and pollutant formation, both c

O2 and c
c
 are shown 

to be related to CO, CO2 and H2O formations.
The choice of reaction progress variable plays an important part in the laminar pre-

mixed flame-based tabulated chemistry approaches (e.g. de Swart et al. 2010; Lamouroux 
et al. 2014; Abtahizadeh et al. 2015). However, the observations made from Fig. 2 suggest 
that the reaction progress variable definition needs to be judiciously chosen and prefer-
ential diffusion effects due to non-unity Lewis number must be considered to extend the 
tabulated chemistry approaches based on laminar premixed flames for MILD combustion. 
Furthermore, the variations of c

F
, c

CO2, cH2O, and Θ in turbulent MILD combustion are 
significantly different to those in the 1D laminar premixed flame simulations with diluted 
mixtures corresponding to Table 2.

It is worth noting that an alternative 1D diluted laminar premixed flame simulations can 
be constructed by using the mean (i.e. volume averaged) values of species mass fractions 
after the passive scalar mixing stage of initialisation as the reactants’ mixture instead of the 
compositions given in Table 2. This approach was used in the analyses of Minamoto et al. 
(2014). However, when using these alternative 1D diluted premixed flames in the current 
analysis, the qualitative nature of the variations of c

F
, c

CO2, cH2O, and Θ is found to be simi-
lar to those for the 1D premixed flame simulation results shown in Figs. 2a–d. Thus, these 
results are not explicitly shown here for the sake of conciseness.

Based on the information obtained from Fig. 2, it is useful to analyse the interrelation 
between the reaction rate 𝜔̇

c
 with the normalised heat release rate 𝜔̇Θ to fully assess the 

potential of c
O2 and c

c
 as reaction progress variables to be used in the parametrisation of 

the reacting state under MILD conditions.

4.2 � The Behaviour of Reaction Rate and Normalised HRR

The profiles of the mean values as well as the standard deviation of 𝜔̇
c
 and 𝜔̇Θ conditional 

upon c
O2 for methane and n-heptane turbulent MILD cases are shown in Figs. 3a and b, 

respectively, along with the corresponding variations from the 1D unstretched premixed 
flames with the compositions listed in Table 2. Figures 3a and b show that both 𝜔̇

c
 and 𝜔̇Θ 

have positive mean values throughout the flame but their peak mean values for turbulent 
MILD combustion cases remain smaller and occur at larger c

O2 values compared to the 
peak values in the corresponding 1D unstretched premixed flames. The reduced peak levels 
of 𝜔̇

c
 and 𝜔̇Θ is a consequence of the conditions discussed previously when explaining the 

reduced temperature rise under MILD conditions. When comparing the behaviour of 𝜔̇
c
 

and 𝜔̇Θ in methane and n-heptane combustion, Figs. 3a and b suggest that the distributions 
of 𝜔̇

c
 and 𝜔̇Θ are qualitatively similar and the extent of reduction of their magnitudes under 

turbulent MILD conditions in comparison to that in the corresponding 1D laminar pre-
mixed flames is also comparable. However, the standard deviations of 𝜔̇

c
 are found to be 

smaller than that of 𝜔̇Θ in the n-heptane case, but they are comparable in the methane case. 
The plots corresponding to Figs. 3a and b for c

c
 are shown in Figs. 3c and d, respectively. 

A comparison between Figs. 3a, b and c, d reveals that the variations of 𝜔̇
c
 and 𝜔̇Θ with c

c
 

remain qualitatively similar to those observed for c
O2.
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It is worth noting that 𝜔̇Θ depends on the reaction rates of different species and there-
fore it is worthwhile to assess the correlation between the local values of 𝜔̇

c
 and 𝜔̇Θ to 

determine if the reaction rate of the reaction progress variable can be related to the heat 
release rate under MILD conditions. Figure  4 shows the mean values of 𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

 
conditioned on 𝜔̇

c
∕
[
𝜔̇
c

]
L,max

 (where the subscript L, max refers to the maximum value in 
the 1D unstretched laminar premixed flames corresponding to the conditions summarised 
in Table 2) for both c

O2 and c
c
 . The scatters of 𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

 with 𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 are also 
shown in Fig. 4. It can be seen from Fig. 4 that a strong positive correlation exists between 
𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

 and 𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 under turbulent MILD conditions for both methane and 
n-heptane cases, but with qualitative differences in the scatter spread for the two fuels. This 
discrepancy in scatter patterns could be due to the different reaction paths contributing to 
the heat release rate in these two fuels. The positive correlation between 𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

 
and 𝜔̇

c
∕
[
𝜔̇
c

]
L,max

 suggests that the normalised heat release rate can be expressed in terms 
of the reaction rate of a suitably chosen reaction progress variable in EGR-type MILD 
combustion.

However, Fig. 4 indicates that a predominance of finding 𝜔̇Θ∕
[
𝜔̇Θ

]
L,max

> 𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 
is observed for the n-heptane MILD case, whereas the opposite trend is observed for the 
methane MILD case. This discrepancy could be due to the differences in chemical pro-
cesses and preferential diffusion effects between methane and n-heptane. Figures 4c and 
d show that similar trends are observed for the correlation between 𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

 and 
𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 based on c
c
 compared to those for 𝜔̇

c
∕
[
𝜔̇
c

]
L,max

 based on c
O2 . However, 

Fig. 4   Variations of the mean values, along with the scatter (in the background), of 𝜔̇Θ∕
[
𝜔̇Θ

]
L,max

 
conditioned upon 𝜔̇

c
∕
[
𝜔̇
c

]
L,max

 based on c
O2 in the CH4 (a)  and C7H16 (b)  cases. The same plots for 

𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 based on c
c
 in the CH4 (c)  and C7H16 (d)  cases. Here 𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

= 𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 are 
shown by the dotted-dashed line
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comparing Figs. 4a, b with Figs. 4c, d reveals that the scatter for 𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 based on c
c
 

is smaller compared to that when 𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 is based on c
O2 . This indicates that using 

c
c
 as the reaction progress variable may yield a better correlation between 𝜔̇Θ∕

[
𝜔̇Θ

]
L,max

 
and 𝜔̇

c
∕
[
𝜔̇
c

]
L,max

 . Figure  4 also shows that the correlations between 𝜔̇Θ∕
[
𝜔̇Θ

]
L,max

 and 
𝜔̇
c
∕
[
𝜔̇
c

]
L,max

 in the diluted laminar premixed flames exhibit multiple values of 𝜔̇Θ for a 
given 𝜔̇

c
 . This is purely due to the shape of the 𝜔̇Θ and 𝜔̇

c
 profiles as shown in Fig. 3.

4.3 � The Behaviour of the Scalar Dissipation Rate (SDR)

In the modelling of turbulent homogeneous mixture combustion, the mean/filtered reaction 
rate of the reaction progress variable 𝜔̇

c
 (where the overbar suggests a Reynolds averag-

ing/LES filtering operation, as appropriate) is taken to be proportional to Favre-averaged/
filtered SDR �Ñ

c
= �D�∇c ⋅ ∇c [50] where D� is the diffusivity of the species based on 

which the reaction progress variable is defined. However, these relations were originally 
proposed and validated using conventional premixed flames (Bray 1980; Chakraborty et al. 
2011). Therefore, it is necessary to assess the mean behaviour of N

c
 as well as the correla-

tion between 𝜔̇
c
 and N

c
 . The assessment of the 𝜔̇

c
 and N

c
 correlation (as opposed to Ñ

c
 ) 

remains meaningful since the density � does not change appreciably under MILD condi-
tions due to the small change in temperature.

The mean values of N
c
 conditional upon c

O2 are shown in Fig. 5a, which reveals quali-
tatively similar behaviours for methane and n-heptane cases. The peak mean value of the 
SDR under MILD conditions remains considerably smaller than the peak value obtained in 
1D unstretched premixed flames for the conditions listed in Table 2. The same qualitative 
behaviour of N

c
 has been observed when the corresponding variation is considered for c

c
 as 

can be seen in Fig. 5b. The diffusivity of c
c
 for the purpose of the evaluation of its SDR has 

been calculated based on a characteristic Lewis number given by Le
c
=
∑N−1

i=1
x
�
i
Le

i
 where 

∑N−1

i=1
x
�
i
= 1 with x′

i
 are renormalized mole fractions for all species but excluding N2 (which 

does not participate in the reaction) and Le
i
 is the Lewis number of individual species (Din-

kelacker et al. 2011). The reduction in the mean N
c
× �

th
∕S

L
 levels are a consequence of the 

Fig. 5   Profiles of N
c
× �

th
∕S

L
 conditional upon reaction progress variable for CH4 and C7H16 cases for c

O2 
(a) and c

c
 (b)
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reduced levels of |∇c| under turbulent MILD conditions. Recent studies (Awad et al. 2021; 
Abo-Amsha and Chakraborty 2023) offered explanations for the reduction of |∇c| under 
turbulent conditions in both methane and n-heptane MILD combustion and interested read-
ers are referred to Awad et al. (2021) and Abo-Amsha and Chakraborty (2023) for further 
information in this regard. The standard deviations of normalised SDR (i.e. N

c
× �

th
∕S

L
 ) 

conditioned on c
O2 or c

c
 are also shown in Fig. 5, which shows the variations around the 

mean value of SDR remain comparable for both cases considered here.
As already highlighted, it is useful to consider the correlations of both 𝜔̇Θ and 𝜔̇

c
 with N

c
 

for both c
O2 and c

c
 since SDR is often used for the closure of the reaction rate and heat release 

rate for conventional homogeneous mixture combustion (Bray 1980; Chakraborty et al. 2011). 
The mean and standard deviations of 𝜔̇

c
 conditioned on N

c
 within the range 0.01 ≤ c

O2 ≤ 0.99 
are shown in Figs.  6a and b for the methane and n-heptane cases, respectively. The corre-
sponding variations for c

c
 from both cases are shown in Figs. 6c and d, respectively.

In the methane case, both 𝜔̇Θ and 𝜔̇
c
 exhibit non-linear N

c
 dependence with positive and 

negative correlation branches, whereas both 𝜔̇Θ and 𝜔̇
c
 remain mostly positively correlated 

with N
c
 for n-heptane despite a non-linear dependence. Figure 6 shows that the standard 

deviations of 𝜔̇Θ × 𝛿
th
∕(𝜌

u
S
L
) and 𝜔̇

c
× 𝛿

th
∕(𝜌

u
S
L
) has comparable levels in all cases. This 

non-linear N
c
 dependences of 𝜔̇Θ and 𝜔̇

c
 reveals that turbulent combustion modelling using 

SDR based on the flamelet assumption (Bray 1980; Chakraborty et al. 2011), which trans-
lates to a proportional relation between 𝜔̇

c
 and N

c
 may not be valid under MILD condi-

tion. This is consistent with previous findings for turbulent MILD combustion of methane 
(Minamoto et al. 2014; Minamoto and Swaminathan 2015). Moreover, Fig. 6 suggests that 
the dependence between 𝜔̇

c
 and N

c
 in the n-heptane case is different to that in the methane 

Fig. 6   Variations of the mean values of 𝜔̇
c
× 𝛿

th
∕𝜌

u
S
L
 and 𝜔̇Θ × 𝛿

th
∕𝜌

u
S
L
 conditional upon N

c
× �

th
∕S

L
 for 

c
O2 in the range 0.01 ≤ c

O2 ≤ 0.99 for CH4 (a) and C7H16 (b) cases. The corresponding plots for c
c
 in the 

range 0.01 ≤ c
c
≤ 0.99 for CH4 (c) and C7H16 (d) cases
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case, which can be attributed to the differences in chemical pathway and/or differential dif-
fusion effects and needs further investigation in future studies.

It is worth noting that MILD combustion has its distinctive features while sharing some 
commonality with classical modes, as has been demonstrated by Minamoto and Swami-
nathan (2014b) and Awad et  al. (2021). It was demonstrated by Awad et  al. (2021) that 
the strain rate and curvature dependences of displacement speed in MILD combustion are 
much weaker than those in conventional premixed flames. The strain and curvature effects 
are typically important for Flame Surface Density (FSD) based approaches, which are 
shown to be unsuitable for MILD combustion by Minamoto and Swaminathan (2014b) and 
Awad et al. (2023) and perfectly stirred reactor-based model is more appropriate (Mina-
moto and Swaminathan 2014b; Awad et al. 2023). The strain and curvature dependence of 
flame propagation does not play a major role in the modelling of MILD combustion and 
thus it is not explored further in the current analysis.

The findings from Figs. 2, 3, 4, 5, 6 indicate that the variations of the key quantities 
such as 𝜔̇

c
, 𝜔̇Θ and N

c
 with reaction progress variable definitions given by c

O2 and c
c
 are 

qualitatively similar and c
O2 and c

c
 are well correlated. This suggests that a reaction pro-

gress variable definition based only on O2 mass fraction can offer comparable perfor-
mance to a reaction progress variable based on a linear combination of different species 
mass fractions (e.g. CO, CO2, H2 and H2O) (Ihme and See 2011; Göktolga et  al. 2017; 
Romero-Anton et al. 2020). Moreover, the Lewis number of O2 remains close to unity and 
the specification of diffusivity of c

O2 is straightforward compared to c
c
 . Thus, the reac-

tion progress variable transport equation can be solved in RANS/LES in the context of 
tabulated chemistry (de Swart et al. 2010; Ihme and See 2011; Aminian et al.2012; Lam-
ouroux et al. 2014; Abtahizadeh et al. 2015; De and Dongre 2015; Langella et al. 2016; 
Sorrentino et al. 2017) approach with less uncertainty for a formulation based on c

O2 . This 
corresponds to the findings of Hadadpour et al. (2023) who reported that, for spray com-
bustion, a reaction progress variable based on oxygen performs reasonably well without 
requiring ad-hoc modifications. Finally, the investigation of automated methodologies for 
the definition of reaction progress variable (Ihme et al. 2012; Najafi-Yazdi et al. 2012; Niu 
et al. 2013; Prüfert et al. 2015; Vasavan et al. 2020; Rahnama et al. 2023) is kept beyond 
the scope of the current work. However, the current analysis provides information on the 
normalised species mass fraction behaviours in homogeneous mixture MILD combustion, 
which can be useful for future investigations in terms of automated methodologies for the 
definition of reaction progress variable for MILD combustion processes.

It needs to be recognised that the reaction progress variable is one of the several pos-
sible variables which are needed to parameterise a MILD combustion process. The results 
shown in Fig. 2 indicate that the non-dimensional temperature Θ needs to be considered 
in addition to the reaction progress variable for the purpose of MILD combustion param-
eterisation even for homogeneous (i.e. constant equivalence ratio) mixtures. Moreover, a 
reaction progress variable based on temperature may not adequately represent the reaction 
state of the combustion process under MILD conditions. Furthermore, the scatter of the 
key quantities such as 𝜔̇

c
, 𝜔̇Θ and N

c
 around their mean values conditioned upon reaction 

progress variable suggests that MILD combustion of homogeneous mixtures requires more 
than a single reaction progress variable to parameterise it. Further independent variables 
might be needed for parameterisation for inhomogeneous mixtures (i.e., variable equiva-
lence ratio), which is beyond the scope of the current analysis.
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5 � Conclusions

Three-dimensional DNS of EGR-type MILD combustion of homogeneous mixtures for 
methane and n-heptane, as fuels, have been conducted using skeletal chemical mechanisms. 
It has been found that a fuel mass fraction-based reaction progress variable c

F
 may not be 

appropriate for heavy hydrocarbons, such as n-heptane, as it attains a value of unity before 
other major reactants (products) are fully consumed (formed). The preferential diffusion of 
CO2 due to its Lewis number being significantly different from unity induces a significant 
non-linear variation of the CO2 mass fraction-based reaction progress variable with the reac-
tion progress variables defined based on O2 mass fraction and a linear combination of species. 
A reaction progress variable based solely on H2O mass fraction may give rise to additional 
uncertainties in terms of parameterising the reacting state because of its non-monotonic vari-
ation within the reaction zone. However, this does not mean that including H2O in a com-
bination of species upon which a rection progress variable is defined would certainly lead 
to a non-monotonic behaviour, as seen from the behaviour of c

c
 . This analysis shows that a 

reaction progress variable based on O2 mass fraction can reliably be used in the characterisa-
tion of an EGR-type MILD combustion process for both methane and n-heptane. Further-
more, the reaction rate of the O2 mass fraction-based reaction progress variable exhibits a 
strong positive correlation with the heat release rate for both methane and n-heptane MILD 
combustion. However, the interdependence of reactive scalars in the EGR-type homogeneous 
mixture combustion is found to be considerably different from that in the corresponding 1D 
unstretched laminar premixed flame. This indicates that a tabulated chemistry approach based 
on premixed laminar flames may not be valid under MILD conditions.

It is worth noting that linear combination of different species mass fractions (e.g. CO, 
CO2, H2 and H2O) (Ihme and See 2011; Göktolga et al. 2017; Romero-Anton et al. 2020) 
can also be used to define the reaction progress variable. It has been found that this reac-
tion progress variable is strongly positively correlated with O2 mass fraction-based reaction 
progress variable with a roughly linear dependence between each other for both methane 
and n-heptane cases. However, the reaction progress variable definition based on a linear 
combination of mass fractions of different species, despite yielding an improved correla-
tion between the reaction rate and heat release rate, gives rise to additional complexities 
in terms of the specification of the reaction progress variable diffusivity. The treatment of 
the diffusivity for a reaction progress variable based on a linear combination of different 
species mass fractions is not a straightforward task and might be strongly dependent on the 
choice of transport mechanism (de Swart et al. 2010; Abtahizadeh et al. 2015). The reaction 
rates and scalar dissipation rates and their interdependence for both O2 mass fraction-based 
reaction progress variable and the reaction progress variable based on a linear combination 
of CO, CO2, H2 and H2O mass fractions show qualitatively similar behaviours. The above 
information on the behaviour of the normalised mass fraction variations of individual major 
species provides the basis for future investigations involving automated methodologies for 
the definition of reaction progress variable, which is kept beyond the scope of the current 
work. Furthermore, the heat release rate and reaction rate of these reaction progress vari-
ables are found to be non-linearly related to the SDR of the reaction progress variable for 
both methane and n-heptane cases, but the qualitative behaviour is significantly different for 
these two fuels. This suggests that the range of the validity of the SDR-based reaction rate 
closure can be different for MILD combustion of different fuels.

It is important to note that a single reaction progress variable on its own might not be suf-
ficient to characterise the reaction states in MILD combustion even for homogeneous mixtures 
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(where the equivalence ratio does not change). For example, the temperature should be 
accounted for separately in homogeneous mixture MILD combustion and a reaction progress 
variable based on temperature may not be able to describe the reaction state of the combustion 
process under MILD conditions. Thus, the present analysis only assesses the relative merits of 
different reaction progress variable definitions based on a-priori DNS analysis which is a well-
established approach (e.g. Minamoto and Swaminathan 2015) to assess modelling hypotheses 
independent of other aspects. However, the practical implications of the relative merits of the 
usage of the reaction progress variable definition based on O2 mass fraction and the linear 
combination of CO, CO2, H2 and H2O mass fractions in actual RANS/LES simulations need 
to be investigated. The outcome of a RANS/LES simulation in terms of the comparison of its 
results with DNS/experimental data depends not only on the choice of the reaction progress 
variable but also on the closures of sub-grid stresses, sub-grid fluxes and the filtered reaction 
rate closure. Moreover, the modelling errors arising from these effects also interact with the 
numerical errors. Thus, the effects of the choice of the reaction progress variable cannot be 
ascertained straightforwardly based on RANS/LES simulations and this aspect is beyond the 
scope of the current analysis but will form the basis of future analyses.

Appendix A

Figure  7 shows a comparison between the non-dimensional temperature, reaction pro-
gress variables based on fuel, CO2, and H2O as functions of c

O2 calculated from both a 1D 
diluted laminar premixed flame and 0D homogeneous constant pressure, ideal gas reactor 
with the initial states in Table 2. It can be seen from Fig. 7 that, for both configurations, 
the reactions progress variables and non-dimensional temperature have qualitatively simi-
lar profiles.

Fig. 7   Profiles of c
F
, c

CO2 , cH2O and Θ conditional upon c
O2 and calculated from 1D diluted laminar pre-

mixed flame as well as 0D homogeneous constant pressure reactor for CH4 (a) and C7H16 (b) cases
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Appendix B

The behaviour of the non-dimensional temperature Θ in the turbulent MILD cases could 
benefit from an additional elucidation. It remains infeasible to categorically isolate a single 
reason for the behaviour of the non-dimensional temperature ( Θ ) in the turbulent cases 
(shown in Fig. 2). However, to illustrate the local distribution of Θ in the turbulent cases in 
the region c

O2 ≳ 0.9 ( c
c
≳ 0.9 ), the scatter of Θ with c

O2 and c
c
 are shown in Fig. 8.
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