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Abstract

Pawlak’s classical model of rough set approximations provides an efficient tool for extracting information exactly by
employing available knowledge (i.e., known knowledge) in an information system, since many problems in rough set theory
are NP-hard and their solution process is therefore greedy and approximate. Many extensions of Pawlak’s classical model
have been proposed in recent years. Most of them are considered over one or two sets, that is, one- or two-dimensional
space or one- or two-dimensional data. Aided by relation-based rough set models, a few of these extensions are considered
over three sets. However, the real world is in three-dimensional space. Therefore, it is necessary to solve these problems
with other models, such as covering rough set models. For this purpose, we propose the TP-matroid—a matroidal structure
over three sets. Employing the family of feasible sets of a TP-matroid as the available knowledge, a pair of rough set
approximations—lower and upper approximations—is provided. In addition, for an information system defined over three
sets, assisted by formal concept analysis, we establish a pair of rough set approximations. Furthermore, two TP-matroids
are established based on the above pair of rough set approximations. The integration between the two pairs of rough set
approximations presented here is discussed. The results show that for an information system in three-dimensional space, the
rough set approximations provided here can effectively explore unknown knowledge by using available knowledge based
on the family of feasible sets of a TP-matroid.
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1 Introduction

Rough set theory, proposed by Pawlak [1, 2], addresses
the vagueness and uncertainty of data tables. Its basic
operators are known as lower and upper approximations.
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others [18-33].

Moreover, Pawlak’s classical model is also restricted by
the number of universes, which is one. Hence, another
interesting type of generalization of Pawlak’s classical
rough set model is to extend the single universe to more
than one universe, which has become a very popular topic
in recent years and has yielded fruitful results [34—40].
Among them, it is worth mentioning that based on relations,
Sun and Ma [36] generalized Pawlak’s classical rough
set model from one universe to not only two but three
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universes and considered further multi-universe cases for
fuzzy rough sets, even infinite universes. For relation-based
fuzzy rough sets, the model in [36] is perfect. However,
now, with respect to covering-based rough sets over multiple
universes, there are few articles with results as good as those
of [36], although some achievements have been made for
two different universes [41, 42]. There are differences and
connections between the two rough set models—relation-
based and covering-based [8]. Therefore, it is necessary to
consider generalizing Pawlak’s classical rough set model
from one to three sets from the perspective of the covering
rough set model.

The achievements of rough sets in application fields
are low-hanging fruit in many domains [23, 36, 43-55].
They show that the demands of practical use in many
real-life fields are one of the driving forces promoting the
development of rough set theory.

Matroid theory, proposed by Whitney [56], is used
to generalize graph theory and linear algebra [57, 58].
Since its inception, many matroidal structures have been
produced by combination with other theories, such as rough
sets [13—17, 59, 60]. Matroid theory can be employed to
solve combinatorial optimization problems due to its good
structure for greedy algorithms [57, 58]. In real life, some
information appears with matroid constraints, so problems
that involve such information need to be solved with the
assistance of matroid theory [61-65].

In what follows, the necessity of studying a covering
rough set model over a matroidal structure in reality is
illustrated through an example of the biological classifica-
tion of insects on the basis of morphology. According to
the common methods of biological classification of insects,
we can see that (1) in research on the classification of
insects from morphology, the researcher first collects the
insect specimens of some group. Next, for a family of spec-
imens from different locations, or even specimens from the
same location, combined with the morphological charac-
teristics that the researcher believes need to be considered,
the properties of the specimens in terms of these morpho-
logical characteristics are taken as the research content;
the researcher will use his or her existing insect morpho-
logical knowledge that is closest to the discussed content
to approximate the discussed content to obtain the results
that the researcher believes are most appropriate. The col-
lected specimens of the insect group are the first factor in
analysis and research, the morphological characteristics that
the researcher believes should be considered are the sec-
ond factor, and the collected locations of the specimens
in this insect group are the third factor. The three factors
belong to three different considered sets. (2) The results of
the research that the researcher believes are most appropri-
ate can be obtained only after step-by-step analysis. This is
actually a ’greedy’ process. Because matroid theory builds a

good platform for greedy algorithms, we can conclude that
the known knowledge structure of the researcher related to
the research content constitutes a matroidal structure. (3)
The approximate inference process of the researcher is also
that of approximate inference to unknown knowledge from
known knowledge; that is, the lower and upper approxi-
mations of the rough set are used to express the unknown
knowledge.

By (1) and (2), it is necessary to establish a matroidal
structure over three sets. Combining (2) and (3), we
conclude that it is necessary to study the lower and upper
approximation operators of rough sets based on a matroidal
structure over three sets.

In [36], to describe the motivation of the study, an
example given in Section 1, of a disease diagnosis decision-
making problem in a clinic, illustrates a relation-based
rough set model over three universes for realistic decision-
making problems. We will look at this problem from the
perspective of covering rough set models over three sets.
Since each disease must show many basic symptoms and
some concrete results of clinical examination, the known
knowledge of the doctor is a set consisting of three parts
for a disease d: BS is the set of basic symptoms of d, CE
is the set of concrete clinical examination results, and D is
{d}. The doctor will compare the basic symptoms and the
results of the clinical examination of the patient to known
diseases and analyze them to finally determine the most
likely disease through the approximate inference method.
The known knowledge of the doctor relative to his or her
known diseases consists of three parts: {B.S | BS is relative
to a disease d}, {CE | CE is relative to a disease d}, and
{D | D is adisease d}.

The process of comparative analysis by the doctor
determines the optimal solution from the knowledge base
of the doctor with respect to the diseases that are closest
to that of the patient. This process is greedy. Combined
with matroid theory, which provides a good platform for
greedy algorithms, the structure of the known knowledge of
the doctor is related to a matroidal structure. Approximate
inference is the doctor’s representation of unknown
knowledge with his or her known knowledge relative to
diseases, which is an approximate representation of a rough
set. We should note that if the doctor’s known knowledge
base with respect to diseases does not completely cover
the patient’s symptoms and clinical examination results,
the inference process must be absolutely approximate. For
instance, when COVID-19 first broke out in 2019, no doctor
in the world had known knowledge that covered this new
disease; only approximative knowledge was available to
make inferences regarding this new disease. This type of
inference finds an optimal solution from the doctor’s known
knowledge base with respect to diseases; that is, it is a
greedy inference. Therefore, this new disease was called
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unexplained pneumonia at the time, although doctors now
have knowledge of this disease and some ways to treat it.
Hence, it is necessary to discuss rough sets as well as covering
rough sets based on a matroidal structure over three sets.

As Ytow et al. [66] discussed, biological classification
has an intimate relation to rough set theory. We note that
both biological classification and doctors’ decision-making
are considered in three-dimensional space. Additionally,
mining valuable information from an information system
expressed in three parts is already being explored by many
researchers, such as in [36, 67, 68]. The real world is
in three-dimensional space. The human cognitive process
moves from lower dimensions to higher dimensions, from
one-dimensional to two-dimensional space and then to
three-dimensional space. Rough set theory is one of the
methods by which human beings understand the world.
Constructing a covering rough set model over three
universes, or three-dimensional space, has become an urgent
task. Completing this work is exactly in line with patterns
of human cognition. Additionally, many problems in rough
set theory are NP-hard, so solving these problems is often
greedy; that is, greedy algorithms often need to be used,
equivalently to say, matroid theory often need to be used.
Hence, it is necessary to build up a matroidal structure on
three-dimensional space, i.e., on the Cartesian product of
three sets. Using this new matroidal structure, it is also
necessary to construct approximation operators in rough set
theory that are expressed in ternary form. For this purpose,
we present the following contributions:

e First, we present a matroidal structure over three
sets—TP-matroid—and demonstrate that TP-matroid
is an extension of Whitney’s classical matroid [56—
58] under the idea of isomorphisms. Considering
approximations of rough sets in knowledge spaces [69]
with approximations in covering rough sets [11], we
provide a pair of lower and upper approximations using
the set of feasible sets of a TP-matroid.

e Second, with the help of formal concept analysis, we
explore a pair of lower and upper approximations
expressed in ternary form over three sets. Furthermore, we
construct two TP-matroids by using this pair of lower
and upper approximations. The integration of the two
pairs of approximations in this paper is also discussed.

For every structure and some of the definitions and proper-
ties presented in this paper, corresponding explanations are
given through examples, where the information tables come
from biological information systems.

There are two research goals of this paper: one is to
theoretically study rough sets, aided by matroid theory over
three sets, and the other is for the results provided here to
be used in actual practice; we provide some examples with
practical information systems.

@ Springer

The rest of this paper is organized as follows: In
Section 2, we review some basic definitions and properties
of matroids, formal concept analysis, and rough sets. In
Section 3, we first provide a matroidal structure over three
sets with ternary form, i.e., a TP-matroid, and determine
how to find rough set approximations over three sets with
a precovering TP-matroid. In Section 4, for information
data relative to formal contexts over three sets, we provide
a pair of lower and upper approximations expressed in
ternary form with the help of formal concept analysis. Using
this pair of approximations, two TP-matroids are built.
Concluding remarks are given in the last section.

2 Some notions and properties

Below, we review some basic notions used in this paper. For
more details, matroid theory is referred to in [57, 58], formal
concept analysis is seen in [70], semiconcepts are seen in
[71], poset theory is referred to in [72], and rough sets are
seen in [1, 2]. Since a data table is finite in practice, we
assume that all of the discussions are finite in this paper.

2.1 Some notations

Let U, V and W be three sets. Then we will use the
following notations in this paper for VX, X1, X» <€ U,
VY, Y, Y, CVandVZ,Z|,Z, C W.

(1) |X]| stands for the cardinality of X C U.
2 X1, Y, Z) S (X0, 12,27) X1 S X2, 1 CE

and Z; C Z,.

B) X, ", ZHNE (X2, 12, Z0) & X1 S X0, 1212
and Z; C Z,.

@ X, Nn,Z1) U (X2, Y2,7Z7) == (X3 UXo, 71 U
Y>,Z1 U Zy).

G) X1, 1,Z1) N (Xp,Y2,Z7) & (X1 NXo, Y1 N
Yo, Z1 N Zy).

6) (X1, Y1, ZD)\ (X2, Y2, Z2) :& (X1\ X2, Y1\ Y2, Z1\
Z7).

(7 |(X,Y,2)| :==|X|+|Y|+|Z|, that is, the cardinality
of (X, Y, Z).

®) X1, Y1, Zpu(X2,Y2,7Zs) :=(X1UXp, Y1 NYs,
Z1U Zy).

(9) 25 represents the power set of a set S.

(10) “FE is in unary (binary; ternary) form” means: £ :=
X(E = (X,Yj, E = (X,Y,2)), where X C
U(X,Y) < U, V) (X, Y, Z) < (U, V,W)).

(11) If there is a bijection f : U — V, then we say U and
V are isomorphic, denoted as U = V.

(12) A ‘universe’ is a nonempty set.

(13) The Cartesian product of one set (two sets; three
sets) U(U,V;U,V,W)is UU x V;U x V x



Rough set approximations based on a matroidal structure...

13085

W) and is called one- (two-; three-) dimensional
space.

Remark 1 We sometimes write y for {y} if y is a singleton
set.

2.2 Matroid

Definition 1 (1) [57, p.7][58, p.7] A matroid M is a set S
and a collection Z of subsets of S (called independent
sets) such that (i1)-(i3) are satisfied.

il) del.

(i2) XeZandY S X =Y el

(3) X,Y € ZTand |[X| < |Y]| = XUy € 7 for some
yeY\X.

(2) [57,p.11][58, p.9] Two matroids M and M; on S and
S» respectively are isomorphic if there is a bijection
¢ : §1 — §; that preserves independence. We write
M| = M> if M| and M, are isomorphic.

2.3 Formal concept analysis

Formal concept analysis (or a concept lattice), proposed by
Wille [73], is a useful and successful tool for dealing with
data represented by a kind of information table—a formal
context. It is well known that many data tables are similar
in form to formal contexts. Hence, to study rough sets and
matroids, formal concept analysis is a good tool [18-20, 26,
35, 69].

Next, we review some definitions and lemmas for formal
concept analysis.

Definition 2 (1) [70, pp.17-18] A formal context is a set
structure K := (O, P, I) such that O and P are
nonempty sets and / € O x P; the elements of O and
P are called objects and attributes, respectively, and
gIm is (g, m) € I. The derivation operators of K are
defined as follows

X € 0,y € P:X ={m e P | gim
forall g € X} and Y = {g € O | gIm for all
mevY}

(2) [71] In a formal context K = (O, P, I), a pair (X, Y)
with X € O and Y C P is called a M-semiconcept
if Y = X’. Dually, a pair (C, D) with C € O and
D C P is called a U-semiconcept if C = D’.

Lemma 1 [70, p.19] The two derivation operators in
a formal context K = (O, P, 1) satisfy the following
condition for any Aj € O (or Aj € P)where j € J and J
is an index set: (UjcjAj) = mje‘]A.//'.

Remark 2 (1) For a formal context K = (O, P, I), if
x € O (or x € P), then {x} is abbreviated as x’.

(2) We can easily find that the family of M-semiconcepts
has the dual property of that of the family of L-
semiconcepts. Hence, we only consider the family of
LI-semiconcepts and simply use semiconcept instead of
LI-semiconcept in what follows.

(3) All semiconcepts in a formal context K are denoted as
B(K).

2.4 Posets and equivalence relations

Definition 3 [58, p.45] A poset is a set S together with a
binary relation <, i.e., a partial order, such that the following
properties hold for Vx, y, z € S:

(phHx < x.

(p2)x <yandy < x => x = y.

(p3)x <yandy < z=>x <z

Definition 4 [72, pp.2-3] A binary relation € on a nonempty
set A is called an equivalence relation if it satisfies the
following three properties for Va, b, c € A:

(el) (a,a) € e.
€2) (a,b)ee= (b,a)€e.
€3) (a,b)eeand (b,c) €ee = (a,c) € e.

2.5 Rough set

Definition 5 [1,2]

(1) Let U be a universe, R € U x U be an equivalence
relation on U, and [x]g denote the equivalence class
involving the element x. For any X C U, we call
R(X)={x €U |[x]lrx € X}and R(X) = {x € U |
[x]g N X # @}, the lower and upper approximations
of X about the Pawlak approximation space (U, R),
respectively.

(2) Let U/R = {[x]r | x € U}. Every element in U/R
is called R-basic category. X C U is called an R-
definable if X is the union of some R-basic categories;
otherwise, X is R-undefinable.

Lemma 2 [1,2] Let (U, R) be a Pawlak approximation
space.

(1) The lower and upper approximations can be described
by the following an equivalent form:
RX =U{Y eU/R|Y C X}, RX = J{Y ¢
U/R|YNX # 0}
(2) X C U is R-definable < R(X) = R(X).

Definition 6 (1) [11] Let U be a universe, and C be a
family of subsets of U. If no subsets in C are empty
and | JC = U, then C is called a covering of U. (U, C)
is called a covering approximation space.
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(2) [74] Let Q be a universe. A knowledge structure is
denoted by a pair (Q, K), where KX < 2€. The only
special assumption about K is that it must contain the
empty set and the full set Q.

Considering the definition of a covering approximation
space in Definition 6, we can state that the expression of
Definition 6(1) over three sets is given below, where at least
one of U, V and W is a universe.

Let C be a family of subsets of (U, V, W); ie., C €
C=C= (XY, Z) C (U,V,W). If none of the subsets
inCis (4,0,0) and | JC = (U, V, W), then C is called a
covering of (U, V, W). (U x V x W, C) is called a covering
approximation space.

In the coming Example 2 in Section 3, we will see that
J\ (@, 8, ¥) is a covering of (U, V, W).

We generalize the definition of a knowledge structure in
Definition 6 from one set to three sets.

Definition 7 Let U, V and W be three sets such that at least
oneof U, V and W is auniverse. Let K C {(X,Y, Z) | X C
U, Y CV,Z C W}land K # @. Then, (U x V x W, K)
is called a knowledge space and x € K is called basic
knowledge.

Comparing Definition 6(2) with Definition 7, we see that
Definition 7 is a generalization of Definition 6(2) since X
need not satisfy #, U x V x W € K in Definition 7,
but the corresponding condition is included in Definition
6(2).

Yao et al. [11] pointed out that when generalizing
Pawlak’s approximations, one task is to specify a subset
of these properties that new approximation operators
are required to preserve. Hence, according to Pawlak’s
approximations, Yao et al. [11] and Yao [74] presented
generalized definitions for lower and upper approximation
operators, respectively. Considering Definitions 5, 6 and 7,
Lemma 2, and the discussion in [11, 74] with the expression
of approximations for knowledge spaces in [69], we can
present the following definition:

Definition 8 Let S be a universe. Suppose that (S, .J)
is a knowledge space in which 7 € 25 and J # 0.
Then, APR and APR, where APR,APR : 25 —
25, are a pair of lower and upper approximations on
25 if and only if APR and APR satisfy the following
conditions with a partial order < defined on 25 for any
XCSs:

(1) APR(X) <X <APR(X),

2) XeJ & APR(X)=X=APRX).

@ Springer

3 Rough set approximations produced
by a new matroidal structure—TP-matroid

To combine rough sets and matroids, we first need to
generalize the construction of matroids from one set to three
sets, in particular, three universes. Then, we can explore
rough set approximations with the new matroidal structure.

3.1 Relationships between TP-matroids
and matroids

We generalize the definition of a matroid from one set to
three sets.

Definition 9 (1) Let U, V and W be three sets such
that at least one of U, V and W is not empty. Let
TZ C {(X,Y,2) | (X,Y,Z) C (U,V,W)}; ie,
we have a collection of subsets of U x V x W
(called feasible sets) such that (I1)-(I3) are satisfied
forV(X;,Y;,Z;) S (U,V,W)(j =1,2).

Iy TI #40.

I2) X1.Y1,Z)E(X2,Y2,Z22) € TLT = (X1, Y1,Z)) € TL.

(I3) Let (X;,Y;,Z;) € TZ (j = 1,2). If at least one
of X7, Y> and Z, is not empty, and |(X1, Y1, Z1)| <
|(X2, Y2, Z2)|, then (X1, Y1,Z1) U (x2,y2,22) €
TZ holds for some (x2,y2,z2) € (X2,Y2,7Z2) \
(X1, Y1, Z1) such that at least one of x», y» and z5 is
not empty.

Then, (U x V x W, TZ) is called a three-partial
matroid, abbreviated as TP-matroid.

2) Let (U x V x W,T7Z) be a TP-matroid. If
T = {(X,,Y,,Z)),y € Y} satisfies |J X, =

yeY
U, JY,=Vand |J Z, = W, then (U x V x
yeY yeY
W, T1I) is called a precovering TP-matroid.

(3) Two TP-matroids (U; x Vi x Wy, TZ;) and (Up x
Vo x W, T1) are isomorphic if there is a bijection
¥ Up x Vi x Wi — U x Vp x W, that preserves
feasibility. We write (U; x V| x W, TZ;) = (Uy x
Vo x Wo, TD) if (U x Vi x Wi, TZy) and (Up x
Vy x Wp, T1,) are isomorphic.

Remark3 (1) Let U be a set of collected insect
specimens, V be a set of considered morphological
characteristics, and W be a set of locations of the
collected specimens in U. Let (U x V x W, TZ) be
a TP-matroid, and let (X, Y1, Z1), (X2, Y», Z3) C
(U,V,W). Suppose X1 € Xp and Zy C Z».
Biologists will consider the common characteristics
Y of X C U when they analyze the set X of
specimens during classification. Then, X1 C X
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Table 1 Characteristics of stridulatory files

Specimen The number of teeth in the The number of teeth in the Source/specimen, origin (scanning

distal part proximate part electron microscope, SEM)
Japonica 1 4(9) 61 Kim (2009): Korea, SEM
Japonica 2 6 57-60 CH7421-2: Korea (n = 2)
Japonica 3 6 66 Wu (2010): China

will imply ¥; 2 Y if Yjis the set of common

characteristics of X; (j = 1, 2). This follows from

(X1, Y1, Z)) C (X2, Y, Z>). That is, the order ‘C’

in (I2) is reasonable in some practical cases.

(2) We first explain some terms in Definition 9.
(2.1) A matroid M in Definition 1 is defined on one set.
That is, the background set of Mconsists of one
‘part’. The background set of a TP-matroid (U x V x
W, TI) in Definition 9 consists of three ‘parts’—-
U, V and W. In other words, (U x V x W, TI) is an
extension of the matroid from one set to three sets.
Hence, (U x V x W, T7T) is called a three-partial
matroid or simply a TP-matroid.
Definition 6(1) and Example 2 below show that
for a TP-matroid (U x V x W,TZ), even if
UTZ = (U,V,W), TZ may not be a covering
of (U, V, W) since (4,9, 9) € TZ holds for some
TP-matroids, such as that in Example 2. However,
TI\ @, ®,?)isacovering of (U, V,W)if|UTZ =
(U, V, W). Therefore, it is suitable to call this a
‘precovering’ TP-matroid as described in Definition
9(2). Comparing items (1) and (2) in Definition 9, we
assert that the structure of a precovering TP-matroid
is a special case of the structure of the TP-matroid.
(3) We will analyze the existence of (x3, y2, z2) such
that at least one of x», y» and z; is not empty if
(X1, Y1, ZD)| < [(X2, Y2, Z2)| in (I3).

Let U, V and W be three sets such that
one of U,V and W is a universe. Suppose that
(X;,Y;,Z;)) CU xV xW(j = 1,2) satisty the
requirement that at least one of X», Y, and Z; is
nonempty. Then, we confirm that:

(X1, Y1, ZD| < |(X2, Y2, Z2)| = F(x2, y2,22) €
(X2, Y2, Z3) \ (X1,7Y1,Z1), where at least one of
X2, ¥2 and z3 is not empty.

2.2)

The reason for this is as follows:

Table 2 Mathematical expression of Table 1

by by
aj 4(9) 61 c1
ar 6 57-60 cl
as 6 66 )

We know that |(Xj, Y;, Zj)| = |X]| + |Yj| + |Zj| (=
1, 2). Since at least one of X7, Y> and Z; is not empty, this
implies (X2, Y2, Z2)| # 0. Therefore, |X>| # 0, |Y2| # 0
and |Z3| # 0 hold.

If |(X1,Y1,2Z)| < |(X2,Y2,Z)|, we assert that one
of | X1] < |Xaol, |Y1] < |Y2] and |Z{| < |Z3| holds. If
this assertion is not true, then |X,| < |Xq[, |Y2| < |Yi]
and |Z;| < |Zy]. This implies |X2| + |Y2| + |Z2] <
|X1] + |Y1| + |Z1]|, a contradiction of the known condition
(X1, Y1, ZD| < [(X2, Y2, Z2)I.

Suppose |X1| < |X2| # 0. Then there is an xp €
Xo \ X1 # 0 satisfying xp # . Therefore, (x3, @, 0) €
(X2, Y2, Z2)\ (X1, Y1, Z1) holds, and (x3, @, 0) # (9, @, 9)
is correct.

Similarly, for |Y1| < |Y2| # O or |Z| < |Z>| # O, the
needed results are correct.

The following example shows the existence of a TP-
matroid.

Example 1 Table 1 is an expression of some biological
information in [75, Table 4].

Let a; := japonica j, (j = 1,2, 3), by :="The number
of teeth in the distal part’, b, :="The number of teeth
in the proximate part’, ¢; :=‘Korea’, and ¢, :=‘China’.
Then, we obtain the mathematical expression of Tables 1 in
Table 2.

Let U={ay,ay, a3}, V={by, b} and W = {c1, c2}. Let 77T =
{({a1, a2}, b1, c1)} Ul(ay, b1, 9), (a;, by, c1), (aj, (b1, b2}, 9), (aj,
{b1, b2}, c1), G = 1,2} AW, b1, ), 4, by, c1), (D, {b1, b2},
0), (@, {b1, bz}, c1)}U{ (a1, a2}, b1, ), ({a1, a2}, {b1, b2},
?), ({a1, a2}, {b1, b2}, c1)}. Then, we may easily check that
T satisfies (I1)-(I3). Therefore, using Definition 9(1), we
find that (U x V x W, TZ) is a TP-matroid.

Here, forVX C U,VY C VandVZ C W, (X,Y,Z) €
TZ means that in researching the japonica population with
the biological information shown in Table 1, one of the basic
knowledge items of the biologists is that X, the japonica
that comes from location Z, must have characteristics Y. For
example, (X = {a1, a2}, Y = {b1}, Z = {c1}) € TZ means
that the biologist believes the japonica collected in ¢; must
possess the common characteristic b .

Simply, we denote 77T as {(X,,Y,,Z,),y € T}. We

find that 7Z satisfies | X, = {a1, a2} c U, U Y, = (b1, b2} =
yeYr yeY
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vand |J Z, = {c1} € W. Considering Definition 6(1)
yeY
and Definition 9(2), we may easily confirm that

(1) TZ,ie,TZ\ @, 0,0),since (4,0,0) € TZ,isnota
covering of (U, V, W).

(2) (U xV x W, T1I) is not a precovering TP-matroid.

(3) We also see that the set of specimens of the insect
group is U = {ai, a, a3}, the set of morphological
characteristics that the biologist believes need to be
considered is V = {b1, b>}, and the set of locations of
the collected specimens is W = {c1, ¢3}. The available
knowledge of the biologist in Example 1 is 7Z.

The next example will show the existence of a precovering
TP-matroid.

Example 2 Let U,V and W be given as in Example 1.
Let 7 = {(X,Y,Z2) < (U, V,W) | |X] = 1|Z] <
1} = {(ai,bj,cr),i = 1,2,3;j = 1,2k = 1,2} U
{(ai, (b1, ba}, cr), i = 1,2,3;k = 1,2 U{4, bj, cx), j =
1,2;k=1,2}U

{B,Ab1, ba} k), k= 1,2 U0, b;,0),] = 1,
{B,Ab1, b2}, DY U {(ai, by, 0),i = 1,2,3;j =1
{(a;, {b1,b2},0),i =1,2,3}U{(a;,D,cr),i =1,2,3; k=
1,2y U{(@,8,cx), k = 1,2} U {(a;,9,9),i = 1,2,3} U
{0, 9, ?)}. Then we may easily find that

(1) (U xV xW,J)isaTP-matroid by Definition 9(1).

2) J\ @,0,9) is a covering of (U, V, W) since J \
@, @, 9) satisfies (T \ (@, 8, ¥)) = (U, V, W) using
Definition 6(1).

(3) (U xV x W,J) is a precovering TP-matroid since
UJ =UWI\ @,0,9) = (U, V, W) by Definition 9(2).

(4) The known knowledge of the biologist in Example 2 is
JonUxV xW.

Remark 4 We next compare the definitions of a matroid and
TP-matroid.

I) The comparisons of the structures between the two
definitions are shown in Table 3.

Using Table 3, we find results (1) and (2).

(1) Let S = U x V x W. Then, (S,7Z) is not a
matroid if (U x V x W, TZ) is a TP-matroid, since
TT < 2Y x 2V x 2W according to Definition 9(1).
If (S, T7) is a matroid, then 7Z C 25 = 2UxVxW,
It is easy to see that 2UXV*W £ U » oV » oW

Table 3 Compare the structures between a matroid and a TP-matroid

@)

2.1

2.2)

(2.3)

3

in general. For instance, in Example 1, [2VXV*W =
2lar.az.ashx{br.bahx{er.ca} £ U x 2V x2W =
2lanaz.as} o oibr.ba} o plerc} implies 2U*V*W
2V x 2V x 2% . That is, the range of the family Z of
independent sets of a matroid and that of the family
TZ of feasible sets of a TP-matroid are different in
general.

We next compare some relations between the
restricted conditions of the matroid and TP-matroid.
(i1) means that # € Z. Therefore, it follows that
T #0.

Considering Example 1, we know (4, @, 0) ¢ TZ
for some TP-matroid. This indicates that (I1) cannot
determine 7 Z. It only confirms that 7Z # (.

Hence, (il) is a special case of (I1).

Conditions (i3) and (I3) have some similarity. The
similarity suggests that there is a close relation
between the matroid and TP-matroid.

Let (U x V x W, TZ) be defined as in Example 1.
Let T, = {,b;, (j = 1,2)} € 2". We know that
M, = (V, 1) is a matroid using Definition 1(1).

Let X1 =0,Xo =0 CU,Y = {b1,br},Yr, =
(b1} CV,Zi =@, and Z, = @ C W. Then, we
consider the following two cases:

In one case,

(*1) (i2) is correct for Z,. If (I2) holds for Z»,
then {by, by} C by = {b1, bo} € I, holds, which
contradicts {b1, by} & I».

Thus, (*1) implies that (i2) cannot be replaced by
12).

In the other case,

(*2) (I2) is correct for TZ. If (i2) holds
for TZ, then (B, b2, 0) < (@,{b1,b2},0) €
TI = (@, by, € TI holds, which contradicts
@, by,0) & TT.

Hence, (*¥2) means that (I2) cannot be replaced by
(12).

The above two cases show that (i2) and (I2) are
independent.

II) To continue the discussion of the definitions of

matroid and TP-matroid, we can obtain more results
for their relations as follows in (3)-(6).
We may easily prove V = ¢ x V x . We can
also easily demonstrate M| = (U x V x 0, T1, =
{@,X,0) | X € I»}) to be a matroid such that
M = M>.

dimension of ground set

range of family of independent(feasible) set

restricted conditions

(S, T), a matroid one

(U x V x W, TZT), a TP-matroid three

25
2U x 2V x 2W

(AD-(3)
1)-a3)
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Suppose that every matroid is a TP-matroid.

Then, M; is a TP-matroid. In fact, we know that
M is not a TP-matroid since (4, {b1, b}, ) C
@,9,0) & @,{b,br},0) € TI,. Hence, even
under isomorphisms of sets and matroids, M is not
a TP-matroid. In other words, a matroid may not be
a TP-matroid even up to isomorphism.

(4) Suppose that every TP-matroid is a matroid. From
Example 1, we know
({ay, ax}, {b1, b2}, c1) € TZ, where (U x V x
W,TZ) is defined as in Example 1. By (i2),
we obtain (X,Y,Z) € ({a1,az}, {b1, b2}, c1) =
(X,Y,Z) € TZ,; in particular, ({ay, a2}, by, c1) €
TZ which contradicts Example 1. Thus, not every
TP-matroid is a matroid.

(5) The above items (3) and (4) imply that the TP-matroid
is a new structure that is different from the matroid.

(6) Let My = (U, Iy = {¥}) and M3 = (W, 13 =
{@}), where U and W are defined as in Example 1.
Using Definition 1(1), M| and M»>3 are matroids.
Let M = (My1, My, My3),ie, M = (U xV x W, T =
(XxOxP| X eIntU@xYx@|Y ehiU{@xDxZ)|
Z € Ip;}). Then, we obtain that M is not a TP-
matroid since (@, {b1, b2}, 0) C @,8,0) € T A
(@, {b1, bp},?) € T. This result indicates that the
TP-matroid is not a combination of three matroids. It
is a new matroidal structure over three sets.

Remark 5 If TZ is the family of feasible sets of a TP-
matroid (U x V x W, TZ),then (U x V x W, TZ) can be
seen as a knowledge space by Definition 7 with 7Z as the
family of basic knowledge. Examples 1 and 2 indicate that
in biology, some known knowledge on U x V x W may be
used to construct the family of feasible sets of a TP-matroid
(UxVxW,P),where P ="TZin Example l and P = J
in Example 2, respectively.

Xu et al. [69] depicted a knowledge space for one
universe as one of two types of knowledge structures is
a knowledge space and closed under set union. Hence, to
extend the rough set model of a knowledge space from one
universe to three universes, the known knowledge should
have a property similar to being closed under set union.
Hence, we give the following definition.

Definition 10 Let U, V and W be three sets such that at
least one of U, V and W is a universe and A € 2V x 2V x
2V If (X1, Y1, Z1), (X2, Ya, Z5) € Asatisfy (X1, Y, Z1)U
(X2, Ya, Z») € A, then, A is called U-closed.

Remark 6 (1) Let TZ be as in Example 1. Using
Definition 10, we may easily show that 7Z is U-

closed, although 7Z is not a covering of (U, V, W) as
shown in Example 1.

(2) Let (U xV x W, J) be as in Example 2. Using
Definition 10, we know that 7 is not LI-closed since
(ai, b1, c1) U (a2, b2,¢c1) = ({ar,a2},9,¢c1) ¢ T,
although J is a covering of (U, V, W) as shown in
Example 2.

(3) (1) and (2) above imply that the definition of LI-closed
is independent from that of covering.

We will continue to discuss some relationships between
matroids and TP-matroids.

Lemma 3 Let U be a universe.

(1) If (U x @ x@,TI) is a TP-matroid, then (U, TZ(1))
is a matroid in which TZ(1) ={X | (X, 9, 0) € TL}.

(2) Let (U,T) be a matroid and U # @. If I(3) =
{(X,Y,Z2) C (U,0,9) | X € T}, then (U x @ x
@, Z(3)) is a TP-matroid.

The first property of Lemma 3 can be easily verified by
Definition 1(1). The second property can be easily proven
by Definition 9. These proofs are omitted.

Here, we stress the fact that 7Z as given in Example 1
is L-closed, and J as given in Example 2 is not Li-closed.
This fact implies that the family of feasible sets of a TP-
matroid cannot always have the property of being L-closed.
Combined with (U x#x @, Z(3)) in Lemma 3(2), we believe
the family of independent sets of a matroid (U, Z) does not
always have the property of being Li-closed; that is, Z is not
U-closed. This result is the same as in the discussion of Z in
classical matroid theory [57, 58]. It also hints that there is
an intimate relation between matroids and TP-matroids.

Using Lemma 3, we may easily obtain (U, Z(3)(1)) =
(U,Z(3)) since Z(3)(1) = (X | X,0,9) € Z(3)}.
Furthermore, we obtain the following lemma.

Lemma 4 Let U; be a universe (j =1,2,3,4).

(1) Let (Ui x@x @, TZy) and (Uy x @ x @, T1L,) be two
TP-matroids satisfying (U1 x@x @, TLy) = (Up x 0 x
@, TIy). Then, (Uy, TZi(1)) = (Ua, TI»(1)) holds.

(2) Let (Us,13) and (Uy, 14) be two matroids such that
Uz, I3) = (U, Z4). Then, (U3 x @ x B,13(3)) =
(Usg x @ x @, T4(3)) holds.

Lemma 4 can be easily verified with Definitions 1(2) and
9(3) and Lemma 3. The proof is omitted.

Remark 7 Lemma 3 implies that a matroid on a universe

U corresponds to a TP-matroid on U x ¥ x ¥, and
every TP-matroid on U x @ x @ corresponds to a matroid
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on U. Lemma 4 implies that under isomorphism, the
correspondences are unique.

Combining Lemmas 3 and 4, we may obtain the
following theorem.

Theorem 1 The correspondence between a matroid (U, T)
and a TP-matroid (U x B x ¥, L(3)) is a bijection between
Si = {(U,T) | U is a nonempty set} and S; = {(U x
@ x @,Z(3)) | U is a nonempty set} up to isomorphism for
matroids and up to isomorphism for TP-matroids.

Remark 8 Since the structure of a TP-matroid (U x @ x
#, TZ) is only a special kind of TP-matroid, combining
this expression and Theorem 1, we determine that under
isomorphism of matroids and isomorphism of TP-matroids,
the definition of a TP-matroid is a generalization of
the definition of a matroid. Hence, the TP-matroid is a
matroidal structure over three sets.

3.2 Approximations generalized by TP-matroids

Section 3.1 generalizes the definition of a matroid from one
set to three sets. Examples 1 and 2 imply that sometimes,
the basic knowledge of some researchers is constructed
by the feasible sets of a TP-matroid. In addition, some
problems are solved by some matroidal structures [61-65,
76, 77]. Hence, we hope to solve some problems with
the new matroidal structure—the TP-matroid. We note that
utilizing a set of basic knowledge (or known knowledge)
to infer unknown knowledge is a good and natural strategy.
In fact, this inference corresponds to rough set theory.
Using matroidal structures has already yielded many results
on rough sets, and vice versa. Hence, it is necessary to
explore the central content of rough sets approximation
operations with the assistance of TP-matroids.

Considering Definitions 5, 6 and 7, Lemma 2 and
Remark 6(1), we provide the following definitions.

Definition 11 Let (U x V x W, TZ) be a TP-matroid. Let
(A,B,C)C (U, V,W).

(1) low(A,B,C) = {(X,Y,2) € TT | (X,Y,Z) C
(A, B, O)}.

(2) upr(A,B,C) = {(X,Y,Z) e TT | XN A # @ or
YNB#WorZNC # 0}

(3) apr(A,B,C) =

( U X, N Y, U 2);
(X.Y,Z)elow(4,B,C)  (X.Y,Z)elow(A,B.C)  (X.Y,Z)elow(A,B,C)

(4) If one of A,B and C is empty, then define
apr(A, B,C) = (U, 9, W).
If any of A, B and C is not empty, then define
apr(A,B,C) =

@ Springer

( U (X N A, Y n
(X,Y,Z)eupr(A,B,C) (X,Y,Z)eupr(A,B,C)
B), U (ZN0O)).

(X,Y,Z)eupr(A,B,C)

Remark 9 We now analyze Definition 11. Let (U x V x
W, TI) be a TP-matroid.

(1) We analyze items (1) and (3) in Definition 11 as
follows.
By Definition 9(1), TZ satisfies (I1) and (I2).
From (I1), we can suppose (Xo, Yo, Zo) € TZ.
Then, (4, V,¥) T (Xo, Yo, Zo) and (I2) together
imply (4, V,0) € TZ. In addition, (4,V,0) C
(A, B, C) holds for any (A, B,C) € (U,V,W).
This means that (4, V, @) € low(A, B, C). There-
fore, low(A, B, C) # @ holds. This implies that the
definition of apr (A, B, C) is well defined.
(2) We analyze items (2) and (4) in Definition 11 as
follows.
By Definition 3, we may easily obtain that
({A,B,C)| (A,B,C) C (U, V,W)},E)is aposet
with (U, @, W) as the maximum element. As a gen-
eralization of the upper approximation expressed in
Lemma 2, we define apr(X, Y, Z) = (U, @, W) for
(X,Y,Z) € (U,V,W) if one of X,Y and Z is
empty, in particular, if X = U,Y =W and Z = W.
Hence, apr(X, Y, Z) = (U, @, W) is reasonable in
Definition 11 if one of X, Y and Z is empty.
Because we have “A # 0, B # 0,C # (" =
“BNV #£@since BC V”,and (3, V,0) € TZ, we
obtain (@, V, ) € upr(A, B, C) if any of A, B and
C is not empty. This means that apr (A, B, C) is well
defined for the case of A # @, B # ¥ and C # (0.
Let U be the set of collected insect specimens of
a group, V be the set of considered morphological
characteristics, and W be the set of sources of
collected specimens in U.

2.1)

2.2)

Let U = (. This means that a specimen could not
be obtained, so no insect specimens were collected for
research. This case is not valuable for biologists to research.

If V = . This means that there are no morphological
characteristics to be considered for the collected specimens.
This will not occur in biological research, since any
specimen must possess some morphological characteristics
to be considered.

If W = . This means that the sources of all the collected
insect specimens in U are unknown. However, biologists
generally know where the researched specimens were col-
lected from. Even in special cases in which the source of a
specimen is unknown, biologists will try to infer the source
of the specimen. Hence, W #  holds if U # @.
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The above analysis shows that U # @,V # (J and
W # @ generally hold in scientific research.

In addition, if (A, B, C) < (U, V, W) is considered by
biologists, then in general, we have A # (), B # (J and C #
?. Hence, if any of A, B and C is not empty for (A, B, C) C
(U, V, W), then biologists infer the properties of (A, B, C)
using their known knowledge 7Z, for example, known
specimens, known morphological characteristics or known
locations, to approximate (A, B, C). This implies that the
suppositionof X NA #PorYNB #PorZNC # Pin
upr(A, B, C) is reasonable. Furthermore, apr(A, B, C) is
effective.

Lemma 5 Let (U x V x W,TZI) be a precovering TP-
matroid. Then, upr(A, B, C) # @ holds for V(A, B, C) C
(U, V, W) such that one of A, B and C is not empty.

The proof of Lemma 5 can be found in the Appendix.

Remark 10 We analyze the supposition in Lemma 5 on the
basis of biological ideas.

Let U be a set of collected insect specimens of a group, V
be the set of the considered morphological characteristics,
and W be the set of locations of the collected specimens
in U. Let (U x V x W,TZ) be a TP-matroid, and let
(A,B,C)C (U, V,W).

(1) Using the set 7Z of basic biological knowledge to
approximate (A, B, C) is a common method in biologi-
cal research. If A = B = C = {J, then according to the
discussion in Remark 9(2), this case is not valuable for
biologists. Therefore, we assume that at least one of
A, B and C is not empty. That is, biologists pay much
more attention to (A, B,C) C U x V x W\ (4, 4, 9).

(2 Ifanx,=BnY,=Ccnz,=¢forany (x,.Y,,2,) € TZ,
then no known knowledge exists in 7Z to infer
the properties of (A, B, C). During actual biologi-
cal research, some known knowledge generally exists
to infer the properties of (A, B, C), or approximate
(A, B,C). Hence, (U x V x W, TZ) should be pre-
covering. That is, the supposition of the precovering
of (U xV x W,7TZ)in Lemma 5 is suitable for bio-
logical research and more generally for research in
real life.

We explore some properties of apr and apr as
characterized in Definition 11 to decide whether apr and
apr are a pair of lower and upper approximationsTdined
on 2V x 2V x 2W according to Definition 8.

Lemma 6 Let (U x V x W, TZI) be a TP-matroid. Let apr
and apr be given as in Definition 11. Then, the following
statements are correct for V(A, B, C) € (U, V, W).

(1) If one of A, B and C is empty, then (A, B,C) C
apr(A, B, C) holds.

(2) Let (U x V x W, TI) be precovering. If any of A, B
and C is not empty, then (A, B,C) C apr(A, B, C)
holds.

(3) Ifany of A, B and C is not empty and (U x V x
W, T1I) is precovering, then (A,B,C) € TI =
apr(A, B,C) = (A, B, C) holds.

4 If(A,B,C) € TZ and (A, B,C) = (U,d, W), then
apr(A, B,C) = (A, B, C) holds.

(5) IfTZTisU-closed, then apr(A, B,C) = (A, B,C) =
(A,B,C) € TT holds.

(6) apr(A,B,C)C (A, B,QC).

(1) (A,B,C)eTI= apr(A, B,C) = (A, B, ().

The proof of Lemma 6 can be found in the Appendix.

Remark 11 Let U be the set of collected insect specimens
in a group, V be the set of considered morphological
characteristics, and W be the set of the sources of collected
specimens in U. Let X; C U (j = 1,2). LetY; C V
be the set of common morphological characteristics for any
x € X;j(j = 1,2). Then, the common morphological
characteristics of X; U X, must be contained in Y] N
Y>. With the increase in the number of locations, the
chance of collecting specimens will increase. Thus, for
(X, Y;,Z;)) € (U,V,W)(j = 1,2), the definition of
(X1, Y1, ZD)U(X2, Y2, Z2) = (X1 UXo, Y1NY2, Z1 U Zy)
is useful in biology. Furthermore, the restricted condition of
TZ is U-closed is similar to some ideas in biology. Hence,
the supposition that 77 is L-closed in Lemma 6(5) is in line
with typical biological ideas.

We next use an example to illustrate Definition 11 and
Lemma 6.

Example 3 Let (U x V x W, TZ) be as given in Example
1. Let A = {a3}, B = {bp} and C = {c1}. Then by
Definition 11, we obtain the following results:

) {(X,Y,2)eTZT|XNA#D}=40.

2 (X,Y,2) e TZ | YNB # 0} = {(@j,{b1,02},9),j =
1,2} U {(aj, (b1, b2}, c1), J = 1,2} U {(4, {b1, b2}, c1),
@, {b1, b2}, D), ({a1, ax}, {b1, b2}, 0), ({a1, a2}, {1, b2}, c1)}.

Q) (X.Y,2) e TZ | ZNC # ¥} = {(aj,b1,c1),
(aj, {b1, b2}, c1), (j = 1,2)} U{®,b1,c1),(@, {b1,
by}, c1), ({a1, a2}, by, c1), ({a1, a2}, {b1, b2}, c1)}.

Hence, we obtain upr(A, B,C) = {(X,Y,Z) e TZ|YNB #
MU{X,Y,Z) €e TZ | ZNC # @}, and furthermore,
apr(A, B, C) = (@, b>, c1). In addition, using Definition 11,
we obtain low(A, B, C) = {(@, {b1, b2}, 9), (@, {b1, b>}, c1)} and
therefore apr (A, B, C) = (9, {b1, b2}, c1).
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We have the following results from the above discus-
sions:

(**1)apr(A,B,C)CE (A, B, C).

(**2) (A, B, C) iz apr(A, B, C) since A = {a3} € #.

Result (**1) implies the correctness of Lemma 6(6).
Result (**2) shows that if none of A, B and C are empty,
this does not imply that (A, B, C) C apr(A, B, C). Using
Example 1, we know that (U x V x W,TZ) is not
precovering. Hence, the supposition that (U x V x W, TT)
is precovering is necessary to obtain the consequences in
Lemma 6(2) and Lemma 6(3).

Let Ay = {ai,az}, By = ¥ and C| = ¢y, where ay, a
and ¢ are defined as in Example 2. Then, we obtain the
following result:

(**3) apr(A1, B1, C1) = (A1, B1, C1) ¢ J.

Combined with Example 2, we know that J is
not U-closed. The above result (**3) implies that the
condition apr(A, B,C) = (A, B, C) is necessary for the
consequena)f (A, B, C) to be feasible in Lemma 6(5).

We next perform an analysis combining Example 1 and
Example 2 with Example 3.

Because the evolution of natural history is impossible to
repeat, entomologists often use their known entomological
knowledge to infer unknown content in their own research.
Such inference is helpful for studying the distribution of
insect populations, the formation of historical develop-
ments, and so on. It is particularly important for the targeted
collection of specimens. For instance, in Table 2, as, i.e.,
the specimen japonica 3, is collected in ¢», i.e., China. Since
the Korean Peninsula, to which Korea belongs, and China
are connected by land, the entomologists in Example 1 and
Example 2 hypothesize that if a3 is collected in ¢y, i.e.,
Korea, it may also have the characteristic b that it currently
has. This is represented by the set (A = a3, B = by, C =
c1) in Example 3. We will see that (1) using his or her known
knowledge 77Z, the entomologist in Example 1 obtains
the pessimistic result apr(A, B, C) of the hypothesis as
@, {b1, ba}, c1) and the_optimistic result apr(A, B, C) as
(@, b, c1) (see Example 3). Both the first coordinates of
apr(A, B,C) and apr(A, B, C) are (J; that is, both of
Ecorresponding sets of specimens of apr(A, B, C) and
apr(A, B, C) are (. This means that no Knjectured speci-
mens will appear. Therefore, this entomologist will not go
to Korea, i.e., c1, to collect the specimen according to his
or her hypothesis. (2) Using his or her known knowledge
J, the entomologist in Example 2 obtains the pessimistic
result apr (A, B, C) of the hypothesis as (A, B, C) and the
optimismresult apr(A, B, C)as (A, B, C). In other words,
theoretically, he or she is convinced that the hypothesis is
correct. (3) From Example 2, we find (A, B, C) € J. That
is, the known knowledge of the entomologist in Example 2
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completely covers (A, B, C), but that of the entomologist
in Example 1 does not since (A, B,C) ¢ 7TZ holds in
Example 1. This leads to the different conclusions of the
two entomologists regarding the same hypothesis. In fact,
(A,B,C) € J and (A, B,C) ¢ TZ imply that the con-
clusion of the entomologist in Example 2 is more correct
than that of the entomologist in Example 1. Therefore, the
hypothesis should be true. (4) In fact, a similar analysis can
be done for sets that can be represented in a ternary form
(X,Y,Z),where (X, Y, Z) C (U, V, W) and the three sets
U,V and W are as given in Example 1. (§) Rough sets, an
intelligent theory, are an effective tool for intelligent com-
puting. (1)-(4) above show that the method proposed here,
i.e., rough set approximation based on the TP-matroidal
structure, is helpful and usable for the study of insect sys-
tematics, which includes the classification of insects. This
also shows a practical application of the rough sets provided
in this paper. Therefore, it is necessary to further discuss the
rough set approximations provided here.

Example 4 Let (U x V x W, TZ) be a TP-matroid with
U # @or W # @ Let (U,8,W) € TZ. Then, we
obtain (X,Y,Z) € TZ for any (X,Y,Z) € (U,V,W)
since (X,Y,Z) C (U,%, W) and (I2) holds. In particular,
we obtain (4,4, ¥) € TZ. That is, TZ is the family of
all subsets of (U, V, W). Thus, it is easy to see that 77 is
U-closed and (U x V x W, TZ) is precovering.

We may easily obtain apr(U, 3, W) = apr(U, 9, W) =
(U, 3, W). We also see Mapr(@, 3,0 = (4,9, 9) and
apr(0,9,9) = (U, 8, W) #W@, ). Therefore, we have
apr(@,9,0) # apr(U, @, W) since one of U and W is not
mty. o

Remark 12 On the one hand, Example 4 examines the
correctness of Lemma 6(4). On the other hand, Example 4
shows that if one of A, B and C is empty in a precovering
TP-matroid (U x V x W, TZ) such that 7Z is U-closed,
then we cannot confirm apr(A, B, C) = apr(A, B,C) =
(A, B,C)evenif (A, B,C) € TT.

By Definition 8 with the relationships between a covering
and the feasible sets of a precovering TP-matroid, we obtain
the following theorem by Lemmas 5 and 6.

Theorem 2 Let (U x V x W, TZ) be a precovering TP-
matroid and TT be U-closed. Let (A, B,C) C (U,V, W)
satisfy A £ @, B # ) and C # (. Then,

(1) apr(A,B,C)C (A, B,C) Capr(A, B, C).
(2) (A,B.C) € TT & apr(A,B,C) = (A,B,C) =
apr(A, B, C).
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Using items (2) and (6) in Lemma 6, the proof of item (1)
is straightforward. The proof of Theorem 2(2) can be found
in the Appendix.

Using Theorem 2 and Definition 8, we find that apr
and apr are indeed a pair of rough set approximatio?
based on a precovering TP-matroid with a family of feasible
sets that is U-closed. In what follows, we describe how to
acquire information from apr and apr in Algorithms 1 and
2, respectively. In Algorithms 1 and 2, we need to visit n
feasible sets; that is, the complexity of Algorithm 1 is O (n),
as is that of Algorithm 2.

Input: U xV x W,TT = {(X;,Y:,Z),i =
1,...,n}),aprecovering TP-matroid with 7Z being L-
closed; (A, B, C), an element in 2V x 2V x 2W \
{(X.Y.2) | X=9) v =0V (Z=0N}

Output: apr(A, B, C);

1: i =0,apr(A, B,C) = (4, V, ¥);

2 Do

3: if (X;, Y, Zi) C (A, B, C) then

4: apr(A, B,C) =apr(A, B,C)U (X;, Yi, Z);

5: % o

6: apr(A, B,C) =apr(A, B, C);

7: end if -

8: i =1i+1;

9: DO whilei <=n

10: Output apr(A, B, C);

Algorithm 1 Acquiring lower approximation based on a precovering
TP-matroid.

Input: (U x V x W,TI = {(X,',Yi,Zl'),i =
1,...,n}),aprecovering TP-matroid with 7Z being L-
closed; (A, B, C), an element in 2U x 2V % 2W \
{(X,Y,2) | X=0) v =0)Vv(Z=0W}

Output: apr(A, B, C);

1. i =0,apr(A, B,C) = (4,9, 0);
2: Do

B X;NA=0&Y,NB=0&Z; NC = ) then

4: apr(A, B,C) =apr(A, B, C);

5

6

: else

apr(A,B,C) =
(A, B, C));

: end if
8:i=i+1;

9: DO whilei <=n

10: Output apr(A, B, C);

apr(A,B,C) U ((X;,Yi,Z) N

~

Algorithm 2 Acquiring upper approximation based on a precovering
TP-matroid.

Remark 13 (1) From Definition 8 and Theorem 2, we
can find that apr and apr are the lower and upper
approximations generated by the family of feasible
sets of a precovering TP-matroid (U x V x W,T1I)
such that 7Z is U-closed.

(2) Considering Remark 11, we know that the definition
of U-closed for 7Z is in line with common ideas. In
real cases, biologists and other researchers consider
(A,B,C) C (U,V,W) satisfying A # #, B £
and C # 0. Hence, the suppositions in Theorem 2 are
valuable according to the ideas of biologists and other
researchers.

(3) The outline of the process of searching the lower and
upper approximations generated by a TP-matroid in
this subsection is shown in Fig. 1.

The process in this section is as follows:
(U x V x W,TT), aTP-matroid

= apr(A, B,C),apr(A, B, C), a pair of operators
relative to the approximations, where (A, B,C) C
w,v,w).

(U x V x W, TT), aprecovering TP-matroid, and 7Z, a
U-closed family

= apr(A, B,C),apr(A, B, C), a pair of approxima-
tion opeﬁ)rs, where
(A,B,C)C(U,V,W)yand A #0,B #@,C #4.

The converse of the above process is considered in the
next section.

4 Approximations related to formal contexts

It is necessary to find matroidal structures with rough sets.
This work has been done for a single universe, such as
in [17]. The TP-matroid is established over three sets in
Section 3, and determining how to build constructions of
TP-matroids with rough set theory is now the task that we
face. Using rough set theory, the first step of this work
is to set up a pair of approximation operators. According
to Definitions 5, 6, 7 and 8, the pair of approximation
operators is based on a family of basic knowledge. We know
that rough set theory and formal concept analysis are two
important tools for dealing with data tables. This suggests
that formal concept analysis may be helpful in our work.
Therefore, in this section, we will construct TP-matroids
with the help of some rough set approximations based on a
kind of data table—a formal context.
We provide some preliminary definitions.

Definition 12 Let U = U; U U U ... U U, be a universe

satisfying U; # W and U; NU; = BG # jii,j =
1,2,...,n). Let V. = {b;,j = 1,2,...,m} and W =

@ Springer
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Fig. 1 Diagram of searching for
lower and upper approximations
from TP-matroids

lower apr

for (A,B,C) C U x V x W satisfying A # 0,B # 0 and C # 0

and upper apr approximations

/

’precovering

TP-matroid (U

X \%4 X W, TI)‘

/

N

"I‘P—matroid U x VvV x WTI )‘

covering TZ \ (0,0,0) of (U7V,W)‘

{wj,j = 1,2,...,n} be universes. Any two of U, V and
W are disjoint.

(1) Forevery wj, there is a formal contextK; = (U;, V, R))

relative to w;(j = 1,2,...,n). The derivation
operators of K; are denoted as fwj (G=12,...,n).
(2) Let{ij,ip,...,is} C€{1,2,...,n}and 1 < s < n; the

derivation operators in the formal context K;;, ;i =
;, VU,V ...UU,V,Rjii. i) are denoted as
"iyiy..is respectively, where R;j,. ;. is defined as: for
xeUyUU,U...UU;andy € V,xRji, iy &
xR;y if x € U; satisfies xR;y for some j €
{it, io, ..., Ig}.

Remark 14 Let U = LnJ Up,V,Wwand K; (j = 1,2,...,n)
j=1
be as in Definition 12.

(1) U x V x W can be decomposed into n different
spaces U; x V x w; (j = 1,2,...,n). In other
words, U x V x W is a combination of n different
spaces U; x V x w; (j = 1,2,...,n), where

n n
w,v,w)y=UJ Uu;,v, U w).
j=1 j=1
(2) We analyze the formal context given in Definition 12

as follows.

(2.1) For w; € W, there is one and only one formal
context K; = (U;, V,Rj) corresponding to w;
since Uy NU; = w; Nw; = 0BG # jii,j =
1,2,...,n).

Table 4 Some features of stridulatory files

If wi # wj, then i #™i holds since U; N
U; = ¢ implies that x is not defined for any
x e U (i # j;i,j = 1,2,...,n). Furthermore,

combining Lemma 1 and X = (J x € U;, we know
xeX

that X7 is not defined (i # j;i, j =1,2,...,n).
Let {i1,iz,...,is} <€ {L,2,...,n}. xRiji. iy
means that there is one and only one j €
{i1, 12, ..., is} such that xR;y holds in the formal
context K; = (U;, V, Rj),since UpNU,; =0 (p #
q:p.q € it ..., is}).

2.2)

We will use an example to show the existence of the
formal contexts in Definition 12.

Example 5 Table 4 shows some of the biological informa-
tion in [75, Table 4].

Let a; := japonica 1,a; := japonica 2,a3 :=
neochlora 1, a4 := neochlora 2, as := neochlora 3, ag :=
antipoda sp. nov. 1, a7 := antipoda sp. nov. 2; by :="The
number of teeth in the distal part’, b, :=‘The number of
teeth in the proximate part’; w; := Korea, wy := China,
and w3 := Australia. Then, the mathematical expression of
Table 4 is shown in Table 5.

From Table 5, we can obtain 74, as shown in Table 6.

Using Algorithm 2 from [78] on T4, we obtain a formal
context K = ({a;,j = 1,...,7},{b1, b2}, f), where
fCia;,j=1,...,7} x {by1, by} is shown in Table 7.

Specimen The number of teeth in the distal The number of teeth in the Source/specimen, origin (scan-
part proximate part ning electron microscope, SEM)

Japonica 1 409) 61 Kim (2009): Korea, SEM

Japonica 2 6 57-60 CH7421-2: Korea (n = 2)

Neochlora 1 10 66 Shi et al. (2003): China,SEM

Neochlora 2 5 72 Shi et al. (2003): China,SEM

Neochlora 3 7 68 CH7670: China

Antipoda sp. nov. 1 12 45 CH4147: Australia

Antipoda sp. nov. 2 12 51 CH4148: Australia

@ Springer
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Table 5 Mathematical expression of Table 4 Table 7 Formal context K

by by by by
a 49 61 wi a 1 1
ap 6 57-60 wi a 1 1
a3 10 66 wy az 1 1
ay 5 72 wy as 0 0
as 7 68 wo as 1 0
ag 12 45 w3 as 0 0
ay 12 51 w3 ar 0 0

Combining Tables 5 and 7, we obtain the expression of
Table 5 with the language related to the formal context; see
Table 8.

In Tables 7 and 8, ‘1’ means that a; has b;, and ‘0’
means that ¢; does not have b; (i = 1,2,...,7;j =
1,2). Let U = {aj,j = 1,2,...,7},V = {b1, bz} and
W = {wi, wy, ws}. Then, based on w{, wy and w3, we can
obtain U; = {ay, ar}, Uy = {a3, a4, as} and U3 = {ag, a7},
respectively. Hence, we obtain the formal context K; =
(Uj, V, Rj) corresponding to w; from Table 8; see Tables 9,
10,and 11 (j = 1,2, 3).

It is easy to see that

() U=U0,U0UUs ={aj,j=12,...,75U;NU; =
GG #£ji,j=1,2,3).
(2) x € U < there is a unique j satisfying x € U; for
some j € {1, 2, 3}.
3 3 3
B) UxVxW= U(U‘/XVij)Z(U U;, Vv, U w;).
j=1 j=1 j=1
In addition, we may easily obtain K23 = (U, V, R123),
i.e., Table 12, such that for Vx € U andVy € V,xR123y &
xR;yifx € U for some j € {1, 2, 3}.

Remark 15 (1) We can use any algorithm to change the
information table expressed by 74 to a formal context
and need not always use an algorithm such as the one
in [78]. However, it is possible that the obtained formal
context will not completely match Table 6. Even so,

Table 6 A part 74 of Table 5

this does not affect the research method and results
provided in this paper.

(2) Based on the source of the specimens, Table 4 can
produce three formal contexts K; = (U;, V, R;) (j =
1, 2, 3). In fact, biologists can discuss the relationships
among specimens belonging to different locations
to determine where their predecessors come from.
Furthermore, it may be possible to find other
biological content.

Lemma 7 Let U, V, W be given as in Definition 12. Then

(1) bvin-is = pin U ..U b for any b € V and
lin, ... i} {1, ...,n}
S
@) Yiis = (U ") forany Y C V.
yeY j=1

The first property of Lemma 7 can be easily verified by
Definitions 2 and 12. The second property can be easily
verified by the combination of Lemma 1 and item (1). The
proofs of these two items are omitted.

Lemma 8 Let U,V, and W be given as in Definition
11. In the formal context Ky = (U, V, Ry), where s €
{1,2,...,n}, we define a relation ~; on U as follows:
a ~y b & a'vs = b'ws. Then, ~; is an equivalence on
Us. We use [alg, to denote a category in ~¢ containing an
element a € Us.

Table 8 Formal context language’s expression corresponding to
Table 5

by by by by
ai 4(9) 61 aj 1 1 w1
a» 6 57-60 a» 1 1 wi
a3 10 66 a3 1 1 wo
ay 5 72 ay 0 0 wo
as 7 68 as 1 0 wy
ag 12 45 ag 0 0 w3
ay 12 51 ay 0 0 w3
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Lemma 8 can be easily verified by Definition 4, and its
proof is omitted.
We will use an example to show Lemma 8.

Example 6 Let Uy, Up, U3, U, V, W, K, K, and K3 be
defined as in Example 5. Using Definition 2(1) on Ky, Kj,

and K3, we obtain a,"! = {hl,bz} = a)",ay? = {by, ba,

a;"’Z = 0, a;wz = {b1}, and a6 =0 = a7 3. Combining

Lemma 8, we obtain the following results:

() onUy :[a1lr, ={a1, a2} = a2]r;;

(2) on Uy : [a3lr, = {a3}, las]lr, = {a4}, and [as]R, =
{as};

(3) onUs : [aslry = {as, a7} = [a7]Rr;.

Definition 13 Let U;, U, V, W, and K; (j =1,...,n) be
defined as in Definition 12. In K;, [a]g ; is defined as in
Lemma 8 for Va € U;(j = 1,...,n). Let (A, B,C) C
(U, V,W). Let S = {(a, by, w;,) | there are w;, €

Candb;, € B such thata € bl/:io # ) for some a €
Ui,, some iy € {l,...,n} and some [y € {1,...,m}}.
Let (US) N @, B, 0% = @, {b,,i = 1,2,...,t},9)
and (US) N @,4,C) = 4,0, {we;, j = 1,...,8}). If
(a, by, wi,) € S, then [a]Ri0 N A and [a]R,O U A are denoted
as ([a]Ri0 N A);,,0 and ([(JL]RI.0 U A);,,O, respectively. We give
the following definitions:

(1) Low(A,B,C) = {((lalr,, N Ay, biy, wip) |
(a, by, wi,) € S}
(2) UPF(A, B, C) = {(([a]R,’O ) A)blov blov wio) |

(a, by, wiy) € S}

(3) If Low(A, B,C) = @, then define APr(A, B,C) =
@,V,0).

@ If Low(A B, C) # (, then define APr(A,B,C) =

(ﬂ U([a]Rd N Ay, . B, U We,)-
i=1j=1

(5) IfUpr(A,B,C) =0, then deflne APr(A,B,C) =
u, 0, w).

©) If Upr(A B,C) £ 0, then deflne APr(A,B,C) =
(ﬂ U([a]Ra UA)p,, U br;, U Wa)-

i=1j=1
Remark 16 LetU;, U, V, W, and K; (j = 1,2,...,n) be
defined as in Definition 12. Let (A, B,C = {wij,j =
1,2,...,1C|}) <€ (U,V,W). Using Definition 13, we
obtain the following:
(1) Low(A, B,C) e C
and every x € Uj;, there is an x ¢ b"ii for any
be B(j =1,...,|C|). Combining Definition 2(1),
s
we obtain BV = #(j = 1 , |C|]). Therefore,
fwi
B Il = () holds by Lemma 7.

= ¢ means that for any w;;
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Similarly, we find that B '/ = @ and B"inicl =
@if Upr(A, B,C) = 0.

(2) Clearly, (4, V, @) is the minimum element in the poset
({X,Y,2) | (X,Y,Z) € (U,V, W)}, C) according to Def-
inition 3 and the definition of . Hence, we define
APr(A,B,C) = (#,V,%) as reasonable in the case
Low(A, B, C) = () by means of the definition of the
lower approximation operator in Yao [74]. (U, @, W)
is the maximum element in the poset ({X,Y,Z) |
(X,Y,Z) C (U, V, W)}, C) by Definition 3 and the defini-
tion of C. Hence, APr(A, B,C) = (U, ¥, W) is reason-
able in the case of Upr(A, B, C) = ¢ by the definition of
the upper approximation operator in Yao [74].

We give an example of Definition 13 and Lemma 7.

Example 7 Let U; (j = 1,2,3),U, V, and W be given as
in Example 5. Let A = {a2, a3,a6} C U, B ={b1, b} CV
and C = {wi, w2} € W. By Example 5, we know that
ay € Uy,az € Uy and ag € Us. Since C = {wy, wy}, we
only consider K and K,, which are given in Example 5.

In K; = (U;, V, R), we know that b/lwl
b/zw] = {a1, a2}.

In Ky = (Ua, V, Ry), we know that b;"? = {a3, as} and
b;wz = a;.

Thus, we obtain

S ={(a;, b1, wy),i = 1,2} U{(a;, by, wy),i = 1,2} U
{(a3, b1, wy), (as, by, w2), (a3, bz, wa)}.

By Definition 13 and Example 6, we know that [a]g, N
A =la2]p, NA =az, [a3lr,NA = a3 and [as]g, NA = 0.
Therefore, we obtain ([a2]g, N A)p, = a2, ([a2]lr, NA)p, =
az, ([az]lr, N A)p, = a3, ([as]r, N A)p, =0, and ([az]r, N
A)p, = az. Inaddition, b;; = bj and we; = w; (j = 1,2).
Thus, t = 2 and § = 2. Hence, we obtain the following:

(o1) For by: ([a2lg, N A)p, U ([a3]Rz N A)p, U ([as]g, N

Ap, =axUaz UW = {a, a3} = U (lazlr,, N A)p,-
j=1
(02) For by: ([az2]g, N A)p, U([az]lr, NA)p, = a2Uaz =
5
{a2, a3} = U (la2lr,; O A)p,.-
j=1

= {ai, az} and

s
Furthermore, we obtain () (| ([a] Ra;
i=1 j=1
{az, a3} N{az, az} = {az, a3}.

N Ap,) =

In addition, we easily find that

5
Uwy =
=1

j_
have APr(A,B,C)

{wy, wp}. Therefore, we
({az, az}, {b1, ba}, {w1, wa}).
Additionally, it is easy to see that ([ai]lg, U A)p,
([a2]g, UA)p, = {a1, a2, a3, as}, ([a1lr,UA)p, = ([a2]R,

C
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Table9 Formal context K Table 11 Formal context K3

by by by by
ai 1 | ae 0 0
ap 1 | ar 0 0

A)p, = {ai,a2,a3, a6}, ([a3lr, U A)p, = {a2, a3, as},
(laslg, U A)p, = {az, a3, as, ae}, and ([az]r, U A)p, =
{az, a3, ae}.

Considering the above, we obtain the following:

5
(001) For by: | (lalr,; U A, = a1, a2, a3, ag} U
=1

]_
{az, a3, ag} U laz, a3, as, ag} = {a1, a2, a3, as, as}.
5

(002) For by: J(lalg,; U Ay, = fa1, a2, a3, a6} U
j=1
{az, a3, a6} = {a1, a2, a3, as}.
s
Furthermore, we obtain ﬂ(U([a]Raj U Ay,) =
i=1 j=I

{a1, a2, a3, as, a6} N {a1,a2,a3,a6} = {ai, a2, a3, ae}.

t
In addition, we easily find that |J b, = {b1, by}
i=1

é _
and U we; = {wi, wp}. Hence, APr(A,B,C) =
i=1

(au, a;, as, ag}, {b1, ba}, {w, wy}) holds. From the above
results, we can obtain the following:

(1) Low(A,B,C)#@and Upr(A, B,C) # 0.

(2) APr(A,B,C)C (A,B,C) T APr(A, B, C) holds
since {az, a3} C {az,a3,a6} = A C {a1, a2, a3, as},
{b1, b2} 2 {b1,b2} = B 2 {b1, b2}, and {wy, wa} C
{wy, w2} = C € {wy, wa}.

(3) B2 = {by, by} = (b UB") N (b Uby?) =
{a1, az, as}.

Lemma 9 Let U,V, and W be given as in Definition
12. Let S, {wg,, ..., was}, {by;,i = 1,...,t}, APr,
APr be given as in Definition 13. Let Ky . o5 =

5
(Y Ua;, V, Ra,..a5)be given as in Definition 12(2), and
Jj=1
let § be given as in Definition 13. Then, we can obtain the
following results for any (A, B, C) € (U, V, W) such that
A#0D, B#0,and C #0:

(1) Low(A,B,C) # @ < Upr(A, B,C) # 0.

Table 10 Formal context K,

by by
az
ay 0 0
as 1 0

(2 Let B = {bg.i = 1,....|B]} # ¥ and C =

Twe
{we;,j = 1,....|Cl} # @. Then, bB:’ =0, G =
l,....|Bl;j = 1,...,|C]) & Low(A,B,C) =
B < Upr(A, B,C) = 0.

(3) If Low(A,B,C) # , then APr(A,B,C) N
(U, V,¥) = (ANB"™~ B, ¢)and APr(A, B, C)N
(U, 3, %) = (AU B2 @, ).

(4) APr(A,B,C) = APr(A,B,C) = (A,B,C) =
(A, B) € B(Kg,..05)-

(5) If (A, B) € B(Ky,..5), Low(A, B,C) # @, t = |B]
and 8§ = |C|, then APr(A, B,C) = APr(A, B,C) =
(A, B, C).

(6) APr(A,B,C) £ (A,B,O);
APr(A,B,C)if8 = |C|.

(A,B,C) E

The proof of Lemma 9 can be found in the Appendix.

Remark 17 Let U;,U,V, W. S wy;,j = 1,...,8},{by;,i =
1,...,1}, and Ky, o, be as in Lemma 9. Let (A, B,C) C
, v, w).

If B =, then S = (. This implies Low(A, B,C) =
and Upr(A,B,C) = 0. If C = 0, then Ky, . 4; is not
defined by Definitions 12 and 13.

In biology research, A = ) means that no biological
specimens are considered by biologists. B = {J means that
no biological characteristics are considered by biologists.
These two cases do not have any value for biological
research. C = ) means that no locations of specimens are
chosen. This has no value for biologists since W # { and
CCWw.

Hence, in the suppositions of Lemma 9, we require A #
A, B # @ and C # 0.

Table 12 Formal context K23

aj
az
as
as
as

ae

[ T e T O e T
S O O O = = =

ar
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Theorem 3 Let U;j(j = 1,...,n),U,V, and W =
{wj, j = 1,...,n} be as given in Definition 12. Let APr
and APr, {a1, ..., as}, be as given in Definition 13, and let
Ko, ...a5 be as given in Definition 12(2).

If for any w; € W and K; = (U, V, R;) satisfies
b # () for every b € V(j € {l,...,n}), then
the following statements are correct for V(A, B,C) C
U, V,W)with A # 0@, B # @ and C # 0.

(1) APr(A,B,C) = APr(A,B,C) = (A,B,C) &
(A, B) € B(Ky,..a)- o
(2) APr(A,B,C)C (A, B,C)C APr(A, B, C).

The proof of Theorem 3 can be found in the Appendix.
Considering Definition 8 and Theorem 3, we can determine

that APr and A Pr are a pair of approximation operators.
We give an example to explain Theorem 3.

Example 8 Let Uy = {a1, a2}, Uy = {az,aq,as5}, V =
{b1, b2}, W = {wy, wy} be given as in Example 5. Let
A = {a1,az,a3}, B = {b1, by} and C = {wy, wy}. Then
by Example 7, we know the following: for wj: b/lw' =

/7 Tw. Tw
{a1, a2} = b, "; for wy: b;"* = {a3, as} and b, * = a3.

Considering the above, we obtain S = {(a,b, w) |
w € Cand b € B satisfy a € b’ # @} = {(a1, b1, wy),
(a1, by, wr), (az, b1, wy), (az, by, wy), (a3, by, wa),

(as, b1, wr), (a3, by, w2)}. Hence, we have {b,,i =
L,....t} ={b1, by} and {wy,, ..., wes} = {w1, wa}.

Using Lemma 7(2), we have B™12 = {ay,as,as}
since ¢y = 1 and s = 2. Hence, A = B*n
holds. Therefore, we confirm (A, B) € B(Kj2) and
K = (U U Uz, V, Ry2). By Lemma 9(3), we obtain

)

(Av Bv U wOlj) =
j=1

APr(A,B,C) = (A, B,C) and

I t )
APr(A,B,C) = (A, U bi;, U wa;) = (A, B, C). This
=1 =
means that APr(A, B, C) = APr(A, B,C) = (A, B, C).

Remark 18 We analyze Lemma 9 and Theorem 3.

(1) Considering Lemma 9(3), Bver-as plays an
important role in determining APr(A, B,C)
and APr(A,B,C). For a given C C W,
{we,, ..., we;} S C is known immediately. Fur-
thermore, Ky, . ¢; is found at the same time. Hence,
finding APr(A, B, C) and APr(A, B, C) relies on
finding Bver-es Combining items (4) and (5) in
Lemma 9, we know that A Pr and A Pr can character-
ize the family B(K, .. ;) of basic knowledge under
some preconditions.

@ Springer

Using Definitions 7 and 13 with Theorem 3,
we can say that APr and APr are the lower and
upper approximations with respect to formal contexts
Kay..a; for (A, B,C) € (U, V., W)\ {(X,Y,Z) <
(U, V,W) |atleastone of X, Y and Z is @}.

Therefore, under some preconditions on (U, V, W),
we provide the lower and upper approximations in a
ternary form to characterize B(Kg, .. «;)-

(2) Using Definition 8 and Theorem 3, we can say that
B(Kq,..as) is the family of basic knowledge used to
approximate (A, B,C) € (U,V,W)for A # 0, B #
¢ and C # ¢ with the rough set approximations A Pr
and APr.

(3) Using Theorem 3 and Lemma 9, we can roughly say
that the definitions of APr and A Pr in Definition 13
are the generalizations of lower and upper approxima-
tions in Definition 8 from one universe to three sets with
respect to formal contexts. We can also roughly say that
APr and APr generalize the rough set approxima-
tions in [50] from two sets to three sets with respect to
the family of semiconcepts in formal contexts.

(4) Let U; be the set of insect specimens of a group
(j = 1,...,n), V be the set of morphological
characteristics considered by biologists, and W be

n
the set of sources of specimens in U = |J Uj.
Jj=l1

By Lemma 9(2), Low(A, B,C) = () implies that
p"i = ¢ for every b € B and any w; € C.
This implies that no specimen in A has any of
the considered morphological characteristics in B for
every specimen location in C. In this case, biologists
will change their ideas, such as by changing the set
of considered morphological characteristics, since they
hope to obtain the real phylogenetic relationships or
other biological relationships among the specimens.
This requires Low(A, B, C) # (.

(5) In a formal context K, (A, B) € B(K) means that
A is the set of objects having the attributes in B. In
biology, if A is a set of insect specimens in a group and
B is a set of morphological characteristics considered
by biologists, then (A, B) € B(K) means that
every specimen in A jointly has every morphological
characteristic in B. That is, every specimen in A jointly
has the set of ancestral morphological characteristics
in B if the biologists are studying biological properties
such as phylogenesis for A. This demonstrates the
importance of discussing B(K) and of researching
APr(A,B,C) = APr(A,B,C) = (A,B,C)
according to Theorem 3.

In Section 3.2, we discuss how to construct a pair of
approximation operators with the basic knowledge 7T7Z,
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which is the feasible set of a TP-matroid. Now, we consider
the converse, i.e., how to establish a TP-matroid with respect
to the rough set approximation operators A Pr and A Pr.

Theorem 4 Let U;(j = 1,..., m, UV, W and Kgy, o5 be
described as in Definition 12, in which {ay,...,as}
is as given in Definition 13. Let (A, B,C) -
,Vv, W) satisfy Low(A,B,C) * #. Define
TI(APr(A,B,C) = {X,Y,Z2) < (U, V,W) |
(X,Y,Z) T APr(A,B,C)} and TZ(APr(A,B,C)) =
{(X,Y,2) C (U V,W) | (X,Y,Z) T APr(A, B,(O)}.
Then, (U x V x W,TZ(APr(A,B,C)) and
(U xV x W, TZ(APr(A, B, C))) are two TP-matroids.

Theorem 4 can be easily verified by combining
Definition 9 and Definition 13, and its proof is omitted.

We discuss some properties of the two TP-matroids given
in Theorem 4.

Theorem 5 Let U = | Uj,V,W,Ko.a;5- TZ (APr(A, B,
=1

C)) and TZ(APr(A, B, C)) be given as in Theorem 4,
in which (A, B,C) C (U, V, W) satisfies A # 0, B #
B, C # @ and Low(A, B,C) # (. Then, we have the
following:

(1) TZI(APr(A,B,C)) € TZI(APr(A, B,0)).

(2) IfK; = (U;j,V,Rj) satisfies b™i % @ for every
beV(j=1,...,n) then (A, B) € B(Ky,. o) ©
TI(APr)(A, B,C)) =TI(APr(A,B,CQC)).

The proof of Theorem 5 can be found in the Appendix.
Remark 19 (1) Example 7 shows APr(A,B,C) ¥

(A,B,C) and APr(A,B,C) # APr(A, B, C) for
some (A, B, C) C (U, V, W). This implies

TI(APr(A,B,C)) # TI(APr(A,B,C)) since
APr(A,B,C) ¢ TI(APr(A,B,C)) holds by
Example 7 and the definition of TZ(APr(A, B, C))
for (A,B,C) < (U,V,W) in Example 7. This
demonstrates that the converse of Theorem 5(1) is not
correct and shows the importance of Theorem 5(2).

(2) Theorem 5 implies that the set of semiconcepts
in the formal context K, q; is characterized by
the families of feasible sets of two TP-matroids
U x V x W, TZ(APr(A,B,C))) and (U x
V x W,TZ(APr(A, B, C))). The two TP-matroids
are determined by the lower and upper approxima-
tions APr(A, B, C) and m(A, B, C), respectively.
These facts indicate that studies of TP-matroids and
approximation operators will have similar positions in
research on knowledge-based fields. They also demon-
strate the intimate relationships between matroid the-
ory and rough set theory.

(3) A sketch of the process of searching for TP-matroids
in formal contexts is shown in Fig. 2.

In this paper, we present two pairs of operators related
to rough set approximations over three sets: (apr,apr)
and (APr, APr). Next, we will explore the relationships
between (apr,apr) and (APr, APr), and we aim to
determine under what conditions they are the same.
Considering Remark 18(3) and Theorems 3, 4 and 5, we can
obtain the following corollary.

Corollary 1 LetU = U U...UU,, V, W = {wy, ..., w,}
and K; be defined as in Definition 12 (j = 1,...,n). Let
(A,B,C) C (U,V,W)satisfy A # 0, B # @ and C # (.
Let S,{by;,i = 1,...,t},{wg,, ..., Wa;}, APr, APr be
as given in Definition 13, and let Ky, o5 be as given in
Definition 12.

Fig.2 Diagram of searching for
TP-matroids in formal contexts ‘

TI(APr(A,B,C))and TZ(APr(A, B, C)): two TP-matroids ‘

T

‘ APr(A,B,C)and APr(A, B, C): lower and upper approximations, respectively ‘

/

N

‘ A pair operators: APr(A, B,C), APr(A, B,C) ‘ ‘ If Low(A,B,C) #0,A#0,B#0,C #0 ‘
¥

A

Formal contexts: K; = (U;, V,R;) (j =1,...,

n),and(A, B, C) C (U, V, W)

T

Three universes: U = |J U;, (U; NU; =0 (i # j;4,7 =1,...,n)),

=1
V:{bj,jzjl,...,m}andW:{wj,jzl,...,n};
UNnv=0Unw=vVnw =0.
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Suppose that S is a covering of (U, V,W). If K; =
(Uj, V, Rj) satisfies b # W forevery b € V(j =
1, ..., n), then the following statements are correct.

(1) Let apr and apr be the rough set approximations
geneﬁd by
(U x V x W, TZ(APr(A, B, (C))) as given in
Definition 11. Then, they satisfy apr(A, B,C) =
apr(A,B,C) = APr(A, B, C).
(2) Let (apr, apr) be the pair of rough approximations

generated by (U x V x W, TZ(APr(A, B, C))) as
giviin Definition 11. Then, (A, B) € B(Ky,..«;) &
@pr(A, B,C) = apr(A, B, C) = apr(A, B,C) =

apr(A, B,C) = APr(A, B,C) = APr(A,B,C) =
(A, B, O).

The proof of Corollary 1 can be found in the Appendix.
We will use an example to illustrate Corollary 1.

Example 9 Let Uy = {ai,a}, Uy = {az,as},V =
{b1,b2}, and W = {wj, wy} be given in Example 5.
It is clear that (1) b # @ forevery b € V(j =
1,2) and (2) aided by Example 8, we obtain S =
{(a,b,w) | w € C and b € B satisfy a € bv #
0} = {(a1, by, wy), (a1, b2, wy), (az, by, wy), (a2, bz, wy),
(as, by, wy), (a3, by, w»), (as, by, wy)}. Therefore, it fol-
lows that US = (ay, az, a3, as}, {b1, ba}, {w, wy}). That
is, S is a covering of (U = U; U Uy, V, W).

Let A = {aj,a2,a3},B = {b1,bp} and C =
{w1, wy}. Considering Example 8, we may easily obtain
APr(A,B,C) = (A,B,C) = APr(A,B,C). Thus,
using Theorem 4, we obtain TZ(APr(A, B, C))
{(X,Y,Z2) € (U = U UU,V,W) | (X,Y,2)
APr(A,B,C)} = {(X,{b1,b2},2) | X € A Z C
C}. Furthermore, considering Definition 11, we confirm
that low(A, B,C) = {(X,Y,Z) € TZ(APr(A, B,C)) |
(X,Y,Z2)C (A,B,C)} =TZ(APr(A, B, C)) and
upr(A, B, C) = {(X, {b1, b2}, Z) € TZ(APr(A, B,C)) |
(XCAand X #W) or (Z C Aand Z # 0)}.

Using Definition 11, we obtain apr (A, B, C)=

( U X, N Y, U Z)
(X.Y,Z)elow(A,B,C)  (X,Y,Z)elow(A,B,C)  (X,Y,Z)elow(A,B,C)

aninmi

(U X, {b1,b2}, U 2) = (A, {b1,b2},C) = (A, B,C)
XCA zce

andapr(A,B,C)=( U X, {bi.ba}, U 2) =
X#0,XCA Z#B,Z<C

(A,B,C). Hence, we obtain Q(A,B, C) =

apr(A,B,C) = APr(A, B,C). That is, item (1) in

Corollary 1 is confirmed.

By Theorem 4, we obtain TZ(APr(A, B, C))
{(X,Y,2) < (U,V,W) | (X,Y,Z) E APr(A, B,C)
(A,B,O)} = {(X,{b1,02},2) | X < AZ

N
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C}. In view of Definition 11, we may easily obtain
ﬂ(A, B,C)=apr(A, B,C) = (A, B, C). Moreover, we

arrive atapr (A, B, C) = apr(A, B, C) = apr(A, B,C) =

apr(A,B,C) = APr(A,B,C) = APr(A,B,C) =
(ATB, C). Considering wy, = Wi, Wy, = W2, 0] =
1,ap = 2 and the formal context language expression
corresponding to (U, V, W) with Example 5, we obtain
U ={a1,ar,a3,as},V = {b1, by}, W = {w;, wy} and the
formal context K, «, in Table 13 below.

We may easily show that B™12 = (b, by})v2 =
{a1, a2, a3} = A. By Definition 2(2) and Remark 2, this
means that (A, B) € B(Kj). Therefore, item (2) in
Corollary 1 is confirmed.

Remark 20 Let U, V, and W be as given in Definition 12,
and let S be as given in Definition 13. Let (A, B,C) <
u,v,w).

(1) If there is an a9 € U satisfying a9 ¢ b0 for any
b € V and every wg € W, then (ag, b, wy) € S holds.
Therefore, S is not a covering of (U, V, W).

If ag € A # @ satisfies ag ¢ b0 forany b € V
and every wg € W, then we obtain Low(A, B, C) =
Low(A\ay, B, C), and furthermore, APr(A, B, C) =
APr(A \ aog, B, C). Therefore, we determine that
TIZ(APr(A,B,C)) = TI(APr(A \ ao, B,C)).
Hence, (U x V x W, TZ(APr(A, B,C))) is not a
precovering TP-matroid.

In addition, the above results show that «y €
A # @ 1is not reasonable for the properties of
TZ(APr(A, B, C)). Therefore, in the assumptions
of Corollary 1, we suppose S to be a covering of
w, v, w).

(2) Let A # #,B # @, and C # ¢, and let S be a
covering of (U, V, W). Suppose that every K satisfies
the given condition as in Corollary 1 (j =1, ..., n).

On the one hand, according to Theorem 4, we know
that TZ(APr(A,B,C)) = {(X,Y,2) | (X,Y,Z) C
APr(A, B, C)}. Considering the proof in Corollary 1, we
know that APr(A, B,C) = (A N B™i- B, C). Let
(X1,Y1,Z1), (X2, Y2,22) € TI(APr(A, B,C)). Then,
we have (X;,Y;,Z;) & APr(A,B,C)(j = 1,2). We

Table 13 Formal context K,

ai
az

a3

—_— e
O = = =

as
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obtain (X1, Y1, Z)UW(X», Y7, Zp) = (X1UX>, Y1NY,, Z1U
Z5) T (ANB™i-%, B, C)since X; € ANB™-Y; D
Band Z; € C(j = 1,2). Thus, TZ(APr(A, B,C)) is
L-closed by Definition 10.

Analogously, we determine TI(APr(A, B,C)) to be
LI-closed according to Theorem 4 and Definition 10.

However, from the proof of Corollary 1, we know that
Low(A, B,C) # (). Taking this result and Lemma 9(3),
we conclude that APr(A, B,C) = (AN B/"’“l'--“é, B,C)C
(A,B,C) C (U,V,W)and APr(A, B,C) =

(AU B™a-a B C) Z (A,B,C)since A C AU
B/mei-as Thus, we determine that

(1) TZ(APr(A, B, C)) is not a covering of (U, V, W)
since it generally does not satisfy A N B"«1~a = U,

(12) TZ(APr(A, B, C)) is not a covering of (U, V, W)
since it generally does not satisfy A U B~ = U,

Therefore, (U x V x W, TZ(APr(A, B, C))) and (U x
V x W, TZ(APr(A, B, C))) may not be precovering TP-
matroids.

The above analysis of two cases with Corollary 1
indicates that for a TP-matroid (U x V x W,7Z) and
(A,B,C) € (U,V,W) satisfying A # @, B # (J and
C # 0, if we assume that results (1) and (2) in Theorem 2
are correct, then we cannot determine (U x V x W, T1I) to
be a precovering TP-matroid. That is, we cannot determine
the correctness of the converse proposition of Theorem 2.
Hence, we cannot use Theorem 2 in the proof of Corollary
1. This result demonstrates that the two pairs of rough
set approximations provided in this paper are different.
Each of them has its own distinguishing features. They are
two different kinds of generalizations of Pawlak’s classical
rough set approximations.

(3) Using the analysis in Remark 19(1) and Theorem 5,
we believe that in general, apr(A, B, C) # APr(A, B, C)

and apr(A,B,C) # APr(A,B,C) hold since
low(A,B,C) = {(X,Y,Z) € TZI(APr(A,B,C)) |
(X,Y,Z)E (A,B,C)}and upr(A,B,C) = {(X,Y, Z) €
TI(APr(A,B,C) | XNA # fJorYNB # @ or
ZNC # 3.
(1) APr(A,B,C) is the
(TZ(APr(A, B, 0)), B).
(42) APr(A,B,C) Z (A,B,C) = APr(A,B,C) ¢
low(A, B, C)

= @(A,B, C)N WU, 0,0 E (A, 0,0) E APr(A,B,C) N

maximum element in

t 8
U, 0,0 = (" Udalg,; U A, .0, 0),

i=1i=I
( U (X N A),4,9) C

(X,Y,Z)eupr(A,B,C)

t 8
< U([a]Ra/ UA)b,l_,(?), @) =APr(A,B,C)N (U, ¥, 1),
i=1i=1

)

(A,0,0) LC

( U (X N A),0.9) = apr(A,B,C) N
(X.,Y,Z)eupr(A,B,C)
u,,9)C APr(A,B,C)N (U, ?,9).

Corollary 1 demonstrates that if (A, B) is a semiconcept

8
in the formal context Ky, oy = (U U, V, Rq,..as), then
j=1

apr(A,B,C) = apr(A,B,C) = APr(A, B,C) holds.
Corollary 1 also shows the linkage between semiconcepts
and the two kinds of rough set approximations provided in
this paper. Since the theory of semiconcepts belongs to the
research field of formal concept analysis, we use formal
concept analysis to build TP-matroids based on a pair of
approximation operators. Therefore, the work described at
the beginning of this subsection is completed.

5 Conclusion and future work

This paper provides a new mathematical structure—the TP-
matroid. It shows that a TP-matroid is a generalization of
a matroid from one set to three sets up to isomorphism.
Furthermore, using the structure of the TP-matroid and
the covering of a set, we provide a precovering TP-
matroid over three sets. To precover TP-matroids over three
sets, we search for a pair of rough set approximations in
Section 3.2. The method used here is different from already
existing methods of establishing rough set approximations
with matroidal structures [13, 14, 17, 59, 60], since those
methods consider matroidal structures over one set, and our
structures are over three sets U, V and W; that is, their
structures are in one-dimensional space, and ours are in
three-dimensional space. In fact, one set U is a subset of
three sets (U, V, W) up to set isomorphism since U =
U, 9,9 € (U,V,W). Under this idea, we can say that
TP-matroids are a generalization of the matroids in [13, 14,
17, 59, 60]. In Section 4, we study some properties of rough
set approximations over three sets with respect to formal
contexts. All expressions here are different from those in
[34—40] since our expressions are in ternary form and theirs
are over two universes; our expressions are also different
from those in [36] since the model of rough sets in [36] is
relation-based and ours is covering-based. However, both
the results here and the research results in [34—40] are based
on some practical needs and are generalizations of Pawlak’s
classical rough set approximations. That is, the research
here may be applied in more practical studies, which is one
of the goals of this paper. Furthermore, the proposal of TP-
matroids enabling some rough set approximations to extract
information on three sets with the help of the covering idea
is a highlight of the paper.
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Using a pair of approximation operators aided by formal
concept analysis, we build up two TP-matroids. Regarding
other pairs of approximation operators such as that used
in [34] to build up TP-matroids, we hope that the ideas
presented here can assist in exploring these researches.

Im et al. [79] discussed a new matroidal structure—the
matroid cup game on R”, or on a kind of n-dimensional
space. How can TP-matroids be generalized to an n-
dimensional space Uy x ... x Uy, where U; is a set (i =

1,...,n > 3) such that at least one of U; is a universe
(i =1,...,n)? Wenow try to solve this problem as follows.
LetZ € {(X1,....Xn) | X; CUj,j =1,...,n} satisfy
the following conditions:

(nl) Z #40.

n2) Let (Xi,...,Xn),(Y1,....Y,) <€ U x ... X
U, Xi,....,X, CcC Y,....Y,) € T =
(X1,...,X,) € ZI, where (Xi,...,X,) CC
(Y1,...,Yy) ifand only if X; C Y¥;,X; D Y; for
(i,je{l,...,n);iisodd, and j is even).

(n3) Let (Xi,...,X,),1,...,Y, € Z. Then
(X1, X))l = Y Xil < Yl =
|(Y1,.... Yn)l

=301, - € Yy YN X, -0, X)) = (Y1
X1,..., Y\ X,) satisfies (X1, ..., Xp) U1, ..., ) €Z,
where (y1,...,¥V,) # @. Then, (U; x ... x U,,7Z) is a

matroidal structure, called an n-partial matroid or simply an
np-matroid.

Comparing the np—matroid with matroid cup game, we
find the following:

(1) Ui can be different, but every R; is the same as R (i =
1,...,n).

(2) The matroid cup game solves the n-cup game used
in practice. What are the practical needs of the
np—matroid?

(3) How can np—matroids be used to simulate a
continuous process such as that of Im et al. [79]?

The questions raised in (2) and (3) will be answered in
the future.

Additionally, in the future, we will consider the following
work:

(*) It is well known that matroid theory provides a good
platform for designing greedy algorithms, which are used
widely in practice. How can a greedy algorithm be designed
for a TP-matroid? How can this greedy algorithm be used to
solve some problems in rough set theory that are NP-hard?

(**) Sun and Ma [36] set up a fuzzy rough set model over
multiple universes based on relations. How can we establish
a covering-based rough set model over multiple universes

@ Springer

and explore the relationships between the covering-based
rough set model over multiple universes and that in [36]?

Appendix A
A.1: Proof of Lemma 5

Proof The precovering of (U x V x W, TZ) and Definition
9 together imply | JTZ = (U,V,W) and U # @, or
V #0,or W # @. Thus, we find AN X, #0if A # 0,
BNY, #0if B # @, andCNZ, #0if C # @, for
some (X,,,Y,,,Z,) € TZsuchthat A # Jandi = 1, or
B # @andi = 2,0r C # ¢ and i = 3. This means that
(Xy;, Yy, Zy,) € upr(A, B, C) by Definition 11(2). Thus,
upr(A, B, C) # ¢ follows. O

A.2: Proof of Lemma 6

Proof Let low(A, B,C) = {(Xy, Yy, Zy), ¢ € A} and
upr(A, B,C) =

{(Xg,Yg, Zg), B € I'}. According to |U|, |V|, |W]| <
oo, we confirm |[low(A, B, C)| < oo and |upr(A, B, C)| <
Q.

The proof of item (1) is as follows:

One of A, B and C is empty

= apr(A,B,C) = (U,0, W)

= (A,B,C)Capr(A, B,C)
and Definition of C).

(Definition 11(4))
(ACU,BD2W,CCW

The proof of item (2) is as follows:

According to Definition 11(4), the precovering of (U x
VxW,TID),A #@,B #0,C # ¢ and Lemma 5, we
obtain upr(A, B, C) # (¥ and

apr(A,B,C) =

B), U (ZgNO)).
pel’
Suppose a € A since A # . The precovering of (U x
V x W, TZ) implies a € X, for some (X,, Y,, Z,) € TZ.
This implies X, N A # @, and furthermore, (X,, Y,, Z,) €
upr(A, B, C) holds in light of Definition 11(2). Therefore,
A= UJa < U X, € U Xg holds. Thus, we obtain

(U&Xg n A, UJEg n
pel’ pel’

acA acA Bel’
Ac(U XpNA= XN A).
pell pell
Similarly, using C # ), we obtain C € |J (Zg N C).

Bel
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In addition, B 2 (Yg N B) holds for any (Xg, Yg, Zg) €

upr(A, B, C), (B € I'). Therefore, B 2 | (Yg N B) holds
pel

= upr(A,B,C) # 0
= (A,B,C) eupr(A, B,C)

sAc|JxgBc vz

Ber’ Ber’ el
:A:Am(UX;;): U(X/gﬂA),
pel’ pel’
B:Bm(U Yp) = U(YﬂmB),
pell pel’
c:cm(Uzﬁ)= U(zﬂmC)
pel’ pel’

=apr(A,B,C)=(A,B,C)

Therefore, we confirm (A, B, C) C apr(A, B, C).

The proof of item (3) is as follows:

A # 0, B # 0, C # ( and the precovering of (U x V x
W, TI)

(Lemma 5)
((A,B,C)eTZand ANA=A#0)

(Definition 11(4)).

The proof of item (4) is as follows:

“(A,B,C) = (U,0,W)" = “B = @' = “apr(A,B,C) =
(U,9, W) according to Definition 10(4))” =
“apr(A,B,C) = (A, B,C)".

The proof of item (5) is as follows:

According to Definition 11(1) and U-closed of TZ, it
is easily obtained that apr(A, B, C) € TZ by Definition
10. Thus, (A, B,C) € TZ holds since apr(A, B,C) =
(A, B, C). o

The proof of item (6) is as follows:

(Xg, Yy, Zy) € low(A, B,C) Va € A)

= (Xo, Yu, Za) E(A,B,C) Ya € A)

=>Xe CA Yy DB, Zy CCNMax e

= UXcaNe28|Jz.cC

(Definition 11(1))
(Definition of C)

aEA aEA aEN
= (|J Xa. () Ye. J Zo) S (4. B.C)  (Definition of )
aEA aEN aEAN

= apr(A,B,C)E (A, B,C) (Definition 11(3)).

The proof of item (7) is as follows:
(A,B,C)eTZT

= (A,B,C) elow(A,B,C) ((A,B,C)C (A, B, C), Definition 11(1))
= (A, B,C) = (Xq,, Yy, Zy,) for some aj € A
sAc|JXe.B2BN( ) Yo.CS|Z

aeA aeA\og aeA
= (A,B,C)C g(A, B,C) (Definition 11(3) and Definition of C)
= (A,B,C)=apr(A,B,C) (Combining item (6))

(x € N)

O

A.3: Proof of Theorem 2(2)

Proof We prove the two parts (=) and (<).

(=):Let (A, B, C) € TZ.Using Lemma 6(7), we obtain
apr(A,B,C) = (A, B, C). Combining the precovering
of (U x V x W,TZ) and Lemma 6(3), we obtain
apr(A,B,C) = (A, B, C).

(<): Letapr(A,B,C) = (A,B,C) = apr(A, B, C).
Considering Lemma 6(5), we obtain (A, B,C) e TZ. [O

A.4: Proof of Lemma 9

Proof The proof of item (1) is as follows:
Low(A,B,C) #0
< (([a]R'o N A);,,O, by, wiy) € Low(A, B, C)
for every (a, by, wi,)) € S # 0
< ((lalr,, Y A)pyy» biy, wiy) € Upr(A, B, C)
forevery (a, by, wiy)) € S # 0
< Upr(A, B,C) # 0.

(Definition 13(1))

(Definition 13(2))

The proof of item (2) is as follows:

b';"f‘ =@foreveryi=1,2,..., |Bland j =1,2,...,|C|
&S=90 (Definition of S)

< Low(A,B,C)=90 (Definition 13(1))

< Upr(A,B,C) =1 (item (1))

The proof of item (3) is as follows:

Low(A, B,C) # () and item (2) together imply that
there is a

jo € {ar,an, ..., a5} satisfying b0 # ) for some
b e B. 5
We obtain AN B2 = AN () (J b)) = AN
beB j=1
I 8 )
(MU b, 7)) = N (U (lalg,, NA)y) since Lemma 7(2)
i=1 j=1 beB j=1

@ Springer
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s s
implies B"e1e2-a = ( (|J 6"“). Thus, J we, S C
beB j=1 j=1

holds since wy; € C (j = 1,2, ..., ). Hence, in 2V %2V x
2W . the first coordinate of APr(A, B, C) is AN B a1e2-as
Moreover, we obtain that APr(A, B,C) N (U,V,0) =
(A N B™ai2-es | B () holds according to Definition 13(4)
and B C V.

Using item (1) and Low(A, B, C) # @, we know that
Upr(A, B, C) # §. Similarly to the above, using Definition
13(6), we obtain the first coordinate of APr(A, B, C) in
2U %2V x 2V is A U B'"ei@--5  Moreover, we obtain

APr(A,B,C)N(U, P, %) = (AU BY 122§ ).

The proof of item (4) is as follows:

If Low(A,B,C) = , then Upr(A,B,C) =
holds by item (1). Combining items (3) and (5) in
Definition 13, we know that APr(A, B, C) = (4, V, ¥) and
APr(A,B,C) = (U,®, W). The given APr(A, B,C) =
APr(A, B, C) implies (8, V,¥) = (U, %, W). Therefore,
U =V = W = ¢ follows. This result contradicts
the suppositions of U # @,V # @ and W # @.
Hence, we confirm Low(A, B, C) # (. We also confirm
Upr(A, B, C) # ¥ by item (1).

Considering Low(A, B, C) # @, item (3) and Definition
13 with Lemmas 7 and 8, we obtain APr(A,B,C) =

§ R
(A N B0 B, | we;) and APr(A,B,C) = (AU
=1

! B
B/verey.os U bi;, U wq,). Therefore, APr(A, B,C) =
j=1 j=1
APr(A, B, C) implies AN B "«1@2-a5 = AU B2 and
t

B=J blj-
j=1
On the one hand, APr(A, B,C) = (A, B, C) implies
AN B"aw-e = A and so A C B2 On the other
hand, AP}"(A, B, C) = (A, B, C) lmphes AUB/WO‘I"‘Z'“O‘S —
A, and so B""®1%2-%5 C A. Hence, A = B2 holds.

R )
APr(A,B,C) = (A, B, C) also implies C = | W,
i=1

so § = |C| holds. Using Definition 2(2) and Remai‘k 2, we
confirm (A, B) € B(Ky,ay...a5)-

The proof of item (5) is as follows:

By (A, B) € B(Kg,q,...as) and Definitions 2 and 12, we
obtain A = B@192-5 _ Combining Low(A, B, C) # # and
item (3) with items (4) and (6) in Definition 13, we obtain

B

APr(A,B,C) = (A, B, |J wy,) and APr(A, B,C) =
j=1

t )
(A7 U bljv U wotj)'
j=1 " j=1

Because of |B| = t and the definition of {b;,i =
t

1,2,...,t} in Definition 13, we know |Jb; = B.

i=1
According to § = |C| and the definition of {wy;, ] =

@ Springer

s
1,...,8} in Definition 13, we know that [J wy; = C.
j=1

Hence, APr(A,B,C) = APr(A,B,C) (A, B,C) is
correct.
The proof of item (6) is as follows:
We distinguish two cases in the proof.
Case 1. Low(A, B,C) = 0.
Combined with item (1), we know that

Upr(A, B,C) = . Using items (3) and (5) in Def-
inition 13, we obtain APr(A,B,C) = (@,V,9)
and APr(A,B,C) = (U,#,W). In view of
WCACU,VOBDOD@andP C C € W, we confirm
that APr(A, B,C) C (A, B,C) C APr(A, B, C).
Case2. Low(A,B,C) #40.

Using item (1) in Definition 13, we obtain the

following three results:
t

8
M N Udalg, N Ay, S A since (lalg, N
i=1j=1
Ay, S A for any (([algr,, N Ap,» by, wa;) €
Low(A,B,C)(i=1,...,t;j=1,...,6);
(2) B2B;
8
3 U we; C Csincewy; € C(j=1,...,98).
Jj=l1 ‘
Thus, APr(A, B,C) £ (A, B, C) holds according to
Definition 13(4) and the definition of C.
Additionally, considering item (1) above and Low
(A, B,C) # 0, we know that Upr(A, B, C) # (. Using
Definition 13(6), we obtain the following consequences:

(1) A C ([a]Ra,- U A)bzi for some a € Uaj and every
byG=1,....t;j=1,...,98)

)
=>AC ([a]Ra, U A)p, for every (a, by, wj) €
Jj=1 ’
Sandany b, i =1,...,t;j =1,...,8) == A C

t 4
N U dalr,; U A,
1j=1

i

~ 1

(2) Ub, € Biscorrectsinceb, e B(i =1,...,1);
i=1

8

3 c=U Wg; is correct since wy; € C(j = 1,...,9)
j=1
and § = |C].
Hence, (A, B,C) & APr(A, B, C) holds according to
Definition 13(6) and the definition of C. O
A.5: Proof of Theorem 3

Proof The condition bvi # ) for Vb € V and Vj €
{1, ..., n}yields the following:
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() 8§ = |C| holds since {wgy;,..., Wy} < C,
{ay,...,as} € {1,...,n} and the «; is arbitrary.

(2) t =|B]|holds since {b;,,i =1,...,t} € B € V and
b is arbitrary.

(3) a € b™i holds for some a € U j and some j €

{1,...,n}.

We have that (3) above implies S # @ according to the
definition of S in Definition 13. Furthermore, it follows that
Low(A, B, C) # ¥ according to Definition 13(1).

If APr(A,B,C) = APr(A,B,C) = (A, B, C), then
(A, B) € B(Ky,a,...a5) holds by Lemma 9(4).

If (A,B) € B(Kya,..4;5), then combining the above
results of Low(A, B,C) # ¢,t = |B| and § = |C| with

Lemma 9(5), we obtain APr(A, B, C) = APr(A, B, C) =
(A, B, C).

Taking the above and § = |C| with Lemma
9(6), we confirm that APr(A,B,C) & (A,B,C) C
APr(A, B, C). O
A.6: Proof of Theorem 5

Proof Low(A, B, C)
Upr(A, B,C) # 0.
The proof of item (1) is as follows:
Using Definition 13, we know that APr(A,B,C) =

(ﬂ U([a]R N Ay, B, U we;) and APr(A, B,C) =
i= ljl

(ﬂ U ([Cl]R U A, U by, U wq,). This implies
i=1j=1

t $
N Udalg, 0, <
i=1j=1 :

# () and Lemma 9(1) imply

~.

6
U “]Raj U Ay, since

i j~

(lalg,, N Ay, < (alg,,

i=1
b, €e B(i =1,...,0). Combmed with the definition of
C, we obtain APr(A, B,C) C APr(A, B, C). Hence, we

obtain:

U A)p,» and B D U by, since

(X,Y,Z2) e TI(APr(A, B, C))

= (X,Y,Z)C APr(A,B,C)  (Definition of TZ(APr(A, B, C)))
= (X,Y,Z) S APr(A, B,C) (APr(A, B,C)C APr(A, B, C))

= (X,Y,Z) e TZ(APr(A, B,C)) (Definition of TZ(APr(A, B, C)))
= TZ(APr(A,B,C)) € TI(APr(A, B,C)).

The proof of item (2) is as follows:
(=): “(A,B) € B(K;..i)" = “APr(A,B,C) =
APr(A, B, C) according to the supposition for K i (=
.,n), Low(A, B,C) # @, Lemma 9(1) and Theorem
3 = “TIZ(APr(A,B,C)) = TI(APr(A,B,QC))
according to the definitions of TZ(APr(A, B,C)) and
TZ(APr(A,B,C)".

(«<): Using the definitions of TZ(APr(A, B,C))
and TZ(APr(A, B,C)), we obtain APr(A,B,C) ¢
TZ(APr(A,B,C)) and  APr(A,B,C)) €
TI(APr(A, B, C)). Considering TZ(APr(A, B, C))
TI(APr(A, B,C)), we obtain APr(A,B,C)
TI(APr(A,B,C)) and  APr(A, B,C))
TZ(APr(A, B, C)). Hence, we infer

APr(A,B,C) C APr(A,B,C)) C APr(A,B,C).
Therefore, APr(A, B,C) = APr(A, B, C). Combining
the above with Lemma 9(3) and Low(A, B, C) # 0, we
confirm that A N B«1-is = A U Bve1-as Thus, we obtain

A g AU B/wal...a5 = AN B/u‘al,,.aa g B/w"‘lm"‘B;
B/ver-as - AU BMer-as — AN Bver-es C A.

Moreover, we obtain A = B@1-es _ That is, (A, B) €

B(Kg,...a5) holds. O

[S
€

A.7: Proof of Corollary 1

Proof 1If there exists an ag € U such that for any j and every
n

b e V,ay ¢ b™i holds, then in view of ag € U = |J Uj,

j=1
we obtain ag € Uj, for some jo € {1, ..., n}. This means
ap & b0 for any b € V since U; N Ui = 03G #

Jii,j=1,...,n). Thatis, (ag, b, wj)) ¢ S holds for any
b € V. Hence, S is not a covering of (U, V, W). This is
a contradiction to the supposition of S. In other words, for
any a € U, there must exist j, € {1,...,n}and b, € V
satisfying (a, by, w;,) € S. This implies Low (A, B, C) #
# by Definition 13(1).

The given condition that “b'i #£ ¢ for every b € V
inK; = (U;,V,Rj)(j =1,...,n)” yields the following
results:

(1) {b;,i = 1,...,t} = B holds by B C V and the
definition of {b;;,i =1, ..., t} in Definition 13.

(2) 8 = |C| holds by C € W and the definition of
{we,, .- ., Wy} in Definition 13.
Using results (1) and (2) above, we obtain LtJ b, = B

i=1
and U = C. Furthermore, we obtain of APr(A, B, C)

N(J, V W) = (@, B, C) and APr(A, B, C)N®, V, W) = (4, B, C)
from Definition 13. We obtain APr(A B SINUNNNE

(AN B2 ¢ ), and therefore, ﬂ U([a
i=l1j=1

AN B C A by Lemma 9(3) and Low(A, B, C) # .
Hence, it follows that
APr(A,B,C) =
(A, B, C).
Utilizing the definition of TZ(APr(A, B, C)) in Theo-
rem 4, we find that

a

ﬂA)b,’_ =

(A N B B C) C

@ Springer
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APr(A,B,C) € TI(APr(A,B,C)). Therefore,
APr(A,B,C) elow(A,B,C) =
{(X,Y,Z2) € TI(APr(A,B,C)) |
(A, B, C)} holds.

Combining the above and Definition 11 with
A # O,B # @ and C # (), we obtain
apr(A,B,C) = ( X, B,C). On the

(X,Y,Z)elow(A,B,C)
one hand, we have (X,Y,Z) € Ilow(A,B,C) =
“(X,Y,Z) € TI(APr(A,B,C)) and (X,Y,Z) C
(A,B,C)” = (X,Y,Z) T APr(A,B,C),Y D B,
)

(X,Y,Z2) E

Z < C,and X € () U ([alr
i=1j=1
13(4). However, APr(A,B,C) € TZI(APr(A,B,QC))
and APr(A,B,C) C (A, B,C) together imply
APr(A, B,C) € low(A, B, C). Furthermore, we obtain

Y = B, Z = C and
(X,Y,Z)elow(A,B,C) (X.Y,Z)elow(A,B,C)

8
X= UUalg, NAp,.
(X.Y,Z)elow(A,B,C) i=1j=1 / '
Thus, we obtain apr(A, B, C) = APr(A, B, C).
Additionally, by Definition 3, it is easy to see that
(TZ(APr(A, B,()),C) is a poset with APr(A, B, C) as
the maximum element. This implies that APr(A, B, C) is
the maximum element in the poset (upr(A, B, C), E) since
BNB = B # @, where upr(A, B,C) = {(X,Y,Z) €
TLZ(APr(A,B,C)) | XNA # @orYNB # (or

Z N C # @}. Therefore, we obtain U (Xn
(X.Y,Z)eupr(A,B.C)

t 4
A = N Udalr,, N4, U

i=1j=1 (X.,Y,Z)eupr(A,B,C)
and U (ZNC) = C . Hence,we confirm that
(X,Y,Z)eupr(A,B,C)
apr(A,B,C) = APr(A, B,C) according to Definition
11(4) with A # 3, B # @ and C # .

The above implies that item (1) is correct.

Next, we prove item (2).

If (A,B) € B(Kg,.. ), then by Definition 2(2) and
Remark 2, we know that A = B'ver-as Therefore, consid-
ering Lemma 9, t = |B|, § = |C| and Low(A, B, C) # #,
we obtain APr(A, B,C) = APr(A, B,C) = (A, B, C).
We also obtain TZ(APr(A, B, C)) = TZ(APr(A, B, C))
by Theorem 5. Let low(A,B,C) = {(X,Y,Z) € TI
(APr(A,B,C)) | (X,Y,Z) C (A, B,C)} and upr(A, B,C) =
(X,Y,Z) € TI(APr(A,B,C)) | XN A # @
or YNB # Wor ZNC # (). Then, we obtain
low(A, B, C) = low(A, B, C) and upr(A, B,C) = upr(A, B,C)
since  TZ(APr(A,B,C)) = TZI(APr(A,B,CQC)).
Combined with Definition 11, we determine that
apr(A,B,C) = apr(A,B,C) and apr (A,B,.C) =
W(A, B, C). Therefore, using the above and item (1), we
confirm that @pr(A, B, C) = apr(A, B,C) = apr(A, B,C) =
apr(A, B,C) = APr(A, B,C) = APr(A, B, C) — (A, B,C).

a

; N A)bl,- from Definition

(YNB) =B

@ Springer

Conversely, if the given expression is correct, then by
Theorem 3, we know that (A, B) € B(Kq,...¢;)- O
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