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Abstract
The category of internal groupoids (in an arbitrary category) is shown to be equivalent to the
full subcategory of so called involutive-2-links that are unital and associative.
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The purpose of this note is to show that the category of internal groupoids in an arbitrary cate-
gory is equivalent to the full subcategory of involutive-2-links that are unital and associative.
An involutive-2-link consists of a morphism together with two intertwined involutions on its
domain. This approach to internal groupoids contrasts with the one in which a groupoid is
seen as a reflexive graph equipped with a multiplicative structure (as e.g. in [5]). Here, the
underlying reflexive graph is seen as a unique structure (provided it exists) associated with
an involutive-2-link, thus recapturing once again a geometric and differential perspective [3],
as briefly explained in [6]. Moreover, since the ambient category is arbitrary, this approach
is suitable to study Lie groupoids.

Theorem 1 Let C be any category. The category of internal groupoids is equivalent to the
full subcategory of unital and associative involutive-2-links.

The category of involutive-2-links, internal to an arbitrary category C, consists of triples
@,p,m: A— B) where m: A — B is any morphism in C, whereas 6, p: A — A are
such that 0> = ¢? = 1, and 098 = @Hp. A morphism of involutive-2-links, from
@,p,m: A— B)to(0/,¢',m': A’ — B’),isapairof morphisms (f: A — A’,g: B — B’)
such that f0 =0'f, fo=¢ fandm'f = gm.

Definition 1 Let C be any category. An involutive-2-link structure in C, say (6, ¢, m: Cy —
Cy), is said to be:

(1) associative when the pair (m¢, m6) is bi-exact (see diagram (7) bellow with 71 = mg
and mp = m#) and the induced morphisms mj, my: C3 — C3, determined by (see
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diagram (8))

Tymy =mpy, T2m| =T2pP2
Tymy =T pl, T2My = mpy
are such that mm; = mmy.

(2) unital when the two pairs of morphisms (m, m6), (m, me) are jointly monomorphic and
there exist morphisms e, ex: C; — C3 such that

mey = l¢, =mep (1)
Oex = ez, ge1 = e 2
mlper, = mebeq 3)
mbeymo = mpeymé )
mBeym = mbeymo (®)]

meeom = meeyme. (6)

A pair of parallel morphisms (or a graph) is said to be bi-exact if when considered as a
span it can be completed into a commutative square which is both a pullback and a pushout
and moreover, if considered as a cospan, it can be completed into another commutative square
which is both a pullback and a pushout. In other words, a graph such as

2

&) — Ci @)

is bi-exact precisely when there exist pi, p2, d, c as displayed

-0 ®)

|
P1l lm
A

I
ﬂll lc
d A

Ci—-—->Cy

such that both squares are commutative and simultaneously a pullback and pushout. Such
squares are also called exact squares, bicartesian squares, Dolittle diagrams or pulation
squares [1].

The functor, say F, from the category of internal groupoids to the category of involutive-
2-links, defined via the assignment

i
() 4 "

1

with 0 = (im(, m), ¢ = (m, imy) is full and faithful. This functor takes an internal groupoid
(see e.g. [2], Section 7.1), forgets its underlying reflexive graph, keeps the multiplicative
structure m: Cy — Cp and contracts the morphisms iw; and im; in the form of the two
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endomorphisms 6, ¢: C» — C,. As a consequence,

me =mwy, mb =m (10)
T =m, m6O=Iim (1)
Top =imp, M0 = m. (12)

Conditions 6% = ¢? = Ic, and OO = @O¢ are easily verified and it is easy to see that
the functor is faithful. In order to see that the functor F is full let us consider two internal
groupoids, say C and C’, as illustrated in diagram (13) below. Let us assume the exis-
tence of a morphism of involutive-2-links from F(C) to F(C’), that is, a pair of morphisms
fi: Ci — C},withi = 1,2 such that 6’ fo = 260, ¢'fo = frp and m’ f = fim, with
0, 9,0, ¢ the respective involutions associated with F(C) and F(C”). We need to show that
the pair (f2, f1) can be extended to a morphism of internal groupoids

N ) d
G 7:,% C eﬁ* C"o (13)
le , fll I fo
™ a v

_—
C) —m'> C) === C}).

/
L4 ¢
A,
l‘/

First observe that f>(x,y) = (f1(x), fi(y)) since 7| fo = m'¢’ fo = m' frp = fimg =
fimy and similarly 7} fo = fim2. This means that the hypotheses 6’ f> = f20, ¢’ f» = fg
and m’ f, = fim are translated, respectively, as

(O™ ACAG) = (G, fitxy)
(A A, A = (fiey), AGTH)
f) fiy) = filxy)

from which we conclude i’ fi = f1i. Wealsohave fied(x)) = fi(x"'x) = fix™H filx) =
F10) 7 fi(x) = €/d’ fi(x) and frec(x) = €/c’ fi(x), which give

(1,ed") fi = fo(l, ed)
1,y f1 = fo(1, ec)

and permits the definition of fy either as d’ fe or as ¢’ f1e. Hence, the triple (f2, f1, fo) isa
morphism of internal groupoids from C to C’, showing that the functor F is full. Note that
this part of the proof is Yoneda invariant, that is, it would be sufficient to make it for ordinary
groupoids.

The unitary and associativity conditions of Definition 1 characterize those involutive-2-
links that are of the form F(C) for some internal groupoid C. Indeed, if (8, ¢, m) is a unital
and associative involutive-2-link, then, the fact that the pairs (m, m6) and (m, mg) are jointly
monomorphic uniquely determines the morphisms e; and e, which are required to exist by
the unitary property and must verify the axioms for an internal groupoid if interpreted as
e1(x) = (x,ed(x)) and ex(x) = (ec(x), x). Moreover, the morphism i: C; — Cj is
obtained by condition (3) either asi = mfOge; or asi = mg6e;. The morphisme: Co — C
is uniquely determined by condition (4) as such that ed = mée; and ec = mge, where d
and c are obtained as in diagram (8) with 7; = m¢ and 7, = m#. Conditions (1), (5) and
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(6) assert the contractibility of the pairs (m, m@) and (m, mg) in the sense of Beck (see [4],
p. 150). Condition (2) is a central ingredient and gives eje = eze from which the conditions
dm = dmy and cm = cmy are deduced, thus permitting to define the two morphisms m
and m» from the fact that the pair (m6, me) is bi-exact. Associativity then follows from
mm1 = mmy. The remaining details of the proof are easily obtained and an example which
extends the notion of a crossed module from groups to magmas is illustrated in [7].

Author Contributions Not applicable.

Funding Open access funding provided by FCTIFCCN (b-on). Funded by FCT/MCTES (PIDDAC):
UIDP/04044/2020; Generative Thermodynamic; Associate Laboratory ARISE LA/P/0112/2020; MATIS
(CENTRO-01-(0145, 0247)-FEDER-(000014, 069665, 039969, 003362)); POCI-01-0247-FEDER-(069603,
039958, 039863, 024533); by CDRSP and ESTG from the Polytechnic of Leiria. Special thanks are due to
IPLeiria’s Run-EU program and in particular to the kind and inspiring hospitality offered by FH Vorarlberg —
University of Applied Sciences, at Dornbirn, Austria.

Data Availability Not applicable.

Declarations

Conflict of interest There are no conflicts of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

. Banach, R.: Regular relations and bicartesian squares. Theor. Comput. Sci. 129, 187-192 (1994)
. Borceux, F,, Janelidze, G.: Galois Theories. Cambridge Studies in Advanced Mathematics, vol. 72. Cam-
bridge University Press, Cambridge (2001)

3. Ehresmann, C.: Catégories topologiques et categories différentiables, Coll. Géo. Diff. Globale Bruxelles,
pp. 137-150 (1959)

4. Mac Lane, S.: Categories for the Working Mathematician. Springer, Berlin (1998)

5. Martins-Ferreira, N.: A unified classification theorem for Mal’tsev-Like categories. Appl. Categ. Struct.
28, 323-338 (2020)

6. Martins-Ferreira, N.: What is an internal groupoid?, Preprint, (2022) arXiv:2211.12531

7. Martins-Ferreira, N.: Internal groupoids as involutive-2-links, Preprint, May (2023) arXiv:2305.13537

N —

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2211.12531
http://arxiv.org/abs/2305.13537

	On the Structure of an Internal Groupoid
	Abstract
	References




