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Abstract
This is the last part of a series of three strongly related papers in which three equivalent
structures are studied:

— Internal categories in categories of monoids; defined in terms of pullbacks relative to a
chosen class of spans

— Crossed modules of monoids relative to this class of spans

— Simplicial monoids of so-called Moore length 1 relative to this class of spans.

The most important examples of monoids that are covered are small categories (treated as
monoids in categories of spans) and bimonoids in symmetric monoidal categories (regarded
as monoids in categories of comonoids). In this third part relative simplicial monoids are
analyzed. Their Moore length is introduced and the equivalence is proven between relative
simplicial monoids of Moore length 1, and relative categories of monoids in Part I. This
equivalence is obtained in one direction by truncating a simplicial monoid at the first two
degrees; and in the other direction by taking the simplicial nerve of a relative category.

Keywords Simplicial monoid - Moore length - Internal category - Bimonoid

1 Introduction

Whitehead’s crossed modules of groups [22] received a lot of attention because of their
appearance in many different contexts; see the review articles [17-19] and the references
in them. In many of the applications they did not appear in their original form; but in the
disguise of the equivalent notion of internal groupoid in the category of groups—also called
a strict 2-group—i(see [6,7,13] for proofs of the equivalence).

Groups can be regarded as (distinguished) monoids in the cartesian monoidal category of
sets. In our antecedent papers [3] and [4] we worked out the notion of crossed module of
monoids in more general, not necessarily cartesian monoidal categories, relative to a chosen
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2 G.Bohm

suitable class of spans. The main examples described by the theory are crossed modules of
monoids in [16], groupoids in [5] and crossed modules of Hopf monoids in [1,10-12,15].

The aim of this article is to extend to this level of generality a third equivalent description of
crossed modules of groups: as simplicial groups whose Moore complex has length 1. Recall
that for any simplicial group, the Moore complex is the associated chain complex, which is
given at each degree by the joint kernel of the face maps of positive label, and the restriction
of the zero’th face map as the differential (this is part of the Dold-Kan correspondence). A
chain complex—so in particular the Moore complex—is said to have length ¢ if it is trivial
for all degrees greater than £.

We consider simplicial monoids; that is, functors from the opposite of the simplicial
category A to the category of monoids in some monoidal category C. Assuming the existence
of certain relative pullbacks (cf. [3]), in Sect. 2 we associate to a simplicial monoid a sequence
of morphisms which yields a chain complex whenever the monoidal unit of C is a terminal
(hence zero) object in the category of monoids in C. It can be seen as a generalization of the
Moore complex of a simplicial group. We also give a meaning to its length, and study the
consequences of its having some finite length n.

Section 3 contains some technical material about the invertibility of a certain canonical
morphism playing an essential role in the theory.

The main result can be found in Sect. 4 where we prove an equivalence between the
category of relative categories in the category of monoids in C (cf. [3]) and the category
of relative simplicial monoids in C whose Moore length is 1. The functors establishing the
equivalence carry transparent meanings. For obtaining a relative category from a simplicial
monoid we truncate it at the first two degrees. In the opposite direction, a simplicial monoid
is obtained from a relative category of monoids as the (relative) simplicial nerve.

In the particular monoidal category of spans over a given set, we obtain an equivalence
between the categories of certain double categories, and of certain simplicial categories. These
equivalent categories contain, as equivalent full subcategories, the category of 2-groupoids
on one hand, and the category of crossed modules of groupoids on the other hand.

In the particular monoidal category of comonoids in some symmetric monoidal category
M, we obtain an equivalence between the categories of certain category objects in the cat-
egory of bimonoids in M, and of certain simplicial bimonoids. These equivalent categories
contain, as equivalent full subcategories, the category of internal categories in the category
of cocommutative Hopf monoids in M on one hand, and the category of simplicial cocom-
mutative Hopf monoids of Moore length 1 on the other hand. This includes, in particular,
the equivalence in [8] between the category objects in the category of cocommutative Hopf
algebras over a field, and the category of simplicial cocommutative Hopf algebras whose
Moore complex has length 1.

Throughout, we freely use definitions, notation and results from [3,4]. The composition

of some morphisms A % B and B =N C in an arbitrary category will be denoted by

A LS C .Identity morphisms will be denoted by 1 (without any reference to the (co)domain

object if it causes no confusion). In any monoidal category C the monoidal product will be
denoted by juxtaposition and the monoidal unit will be /. For the monoidal product of n
copies of the same object A also the power notation A” will be used. For any monoid A in

C, the multiplication and the unit morphisms will be denoted by A2 "> A and I —> A ,
respectively. If C is also braided, then for the braiding the symbol ¢ will be used.
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Crossed Modules of Monoids IIl... 3

2 The Moore Length

Recall that a simplicial object in an arbitrary category C is a functor S from the opposite of
the simplicial indexing category to C. Explicitly, this means objects and morphisms of C in

o i
o %0 7309-
< — 00 —> <—0J—
So —o0—= 38} ~a— SpoSp-t . Sueee ()
9 - .
9 —On—1 >
an
subject to the following simplicial relations.
3,’~8j=3j_1-8i ifi<j O‘j_l-ai ifi<j
3,-~Uj= 1 1fl€{],]+1}
0j-0; =0; 0j_] ifi <j O'j-al',l ifi >j4+1

In the category of groups (and in more general semi-abelian categories [14]), a chain
complex—the so called Moore complex—can be associated to any simplicial object. The
full subcategory of those simplicial objects whose Moore complex has length 1, turns out to
be equivalent to the category of crossed modules and to the category of internal categories
in the semi-abelian category in question, see e.g. [19] (in the case of the category of groups)
and [9,21] (more generally).

However, as in [3] and [4], here we work in categories (of monoids in some monoidal
category C) where the existence of zero objects is not assumed. So the notion of chain complex
is not available. We shall see below, however, that when certain relative pullbacks exist, we
can still associate to a simplicial object S a sequence of composable morphisms (reproducing
the Moore complex whenever the monoidal unit of C is terminal in the category of monoids
in C). Although the chain condition can not be formulated at this level of generality, there
is a natural way to define the length of this sequence that we call the Moore length of the
simplicial monoid S.

The construction of this sequence of composable morphisms is based on Assumption 2.1
below.

Recall that a class S of spans in an arbitrary category is said to be admissible if it satisfies
the following two properties in ([3], Definition 2.1).

(POST) If X<4- A%y eSthen X L xL 45 v 5 ¥ eSto00, for any mor-

phisms XLX/ and ¥ 5 v .
(PRE) If XLAiY € S then XiALBLAiY € S, for any morphism

B A.

The relative pullback of acospan A L B < C with respect to such a class S was introduced

in ([3], Definition 3.1) as a span A P aoc®cins satisfying the following properties.
B
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4 G.Bohm

— Commutativity of the diagram

A0c - ¢
B
PA\L 8
Y
A > B
f

— Universality. For any A L X % ¢ e S such that f - f' = g- g, there is a unique
morphism X " ADC which satisfies pa-h=fand pc-h=¢g.
B
— Reflection. If both

A anctptE ad cZLanctple
B B
belong to S then also ALJC L2 D L E belongs to S; and symmetrically, if
B
ELprtanc®a ad E<LDEancc
B B

belong to S then also E L p K aoc belongs to S.
B

A class S of spans in a monoidal category is said to be monoidal if it satisfies the following
two conditions in ([3], Definition 2.5).

(UNITAL) For any morphisms f and g whose domain is the monoidal unit 7,

xL 1%y es.
(MULTIPLICATIVE) Ifboth X <— A%V e Sand X' <-4’ % ¥’ € S then also

xx' 2L an S vy es.

Assumption 2.1 Let S be a monoidal admissible class of spans—in the sense of ([3], Def-
initions 2.1 and 2.5)—in some monoidal category C. For any simplicial object S in the
category of monoids in C let us use the notation of (1) and consider the following successive
assumptions.

(1) Assume that for any positive integer n there exists the S-relative pullback—in the sense
of ([3], Definition 3.1)—S\" in

(D 14
Sn+1 o)
~ 9
~ k
N\
L 124

pSn+1 Sn—1

% 3
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Crossed Modules of Monoids IIl... 5

Since 9k is compatible with the units of the monoids S,, and S, _;; and by the simplicial
relation 9,0y = 0k-0,41 for any 0 < k < n, we may apply ([3], Proposition 3.5 (1)) to
conclude on the existence of the unique morphism 8,51) := 0 01 rendering commutative
the above diagram.

(2) In addition to the assumption in item (1) above, assume that for all n > 2 there exists
the S-relative pullback S'> in

(2) 144
Sn+1
~ 5@
~ O
~

A
2 1 pi
Py s =" 31 I

1) (e)]
S( S .
+1 n -1
n 3L1> 5D n

n—1

Since 8,51) is compatible with the units of the monoids S,(ll) and S,(ll_)1 , and by the simplicial
relation 9,19 = 09, forany 0 < k < n— 1, we may apply ([3], Proposition 3.5 (1)) to
conclude on the existence of the unique morphism 8,52) = 8,&1) 01 rendering commutative
the above diagram.

(1) In addition to the assumptions in all items (1)--- (I-1) above, assume that for all n > [
there exists the S-relative pullback S,(,l) in

P.i-1
Sn+|

£
-1 u
|

(=1 (-1 (=1
S}’l+l a(l_]) Sn 8(1_1) S}’l*l :
k —(—1)

Since 8,5171) is compatible with the units of the monoids S,Elil) and S,(lljll); and by the
simplicial relation d,_—1)-0k = O-0y41—q—1) forany 0 < k <n — (I — 1), we may
apply ([3], Proposition 3.5 (1)) to conclude on the existence of the unique morphism
8,51) = 8,51_]) o1 rendering commutative the above diagram.

Example 2.2 For this example note that in any monoidal category M the monoidal unit /
carries a trivial monoid structure which is initial in the category of monoids in M. Symmet-
rically, I carries a trivial comonoid structure which is terminal in the category of comonoids
in M. Whenever M is braided, the trivial monoid and comonoid structures of / combine to a
bimonoid which is thus the zero object in the category of bimonoids in M.

If moreover M has equalizers which are preserved by taking the monoidal product with
any object, then the category of bimonoids in M has equalizers—see ([3], Example 3.3)—and
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6 G.Béhm

thus kernels. The kernel of any bimonoid morphism A L B is computed as the equalizer
in M of

Fi= a2l pll

ABA 2)
and e = A > A2 L ABA, see [2].

So let M be a symmetric monoidal category in which equalizers exist and are preserved by
taking the monoidal product with any object. Let C be the monoidal category of comonoids
in M and consider the monoidal admissible class S of spans in C from ([3], Example 2.3).
Since ¢ is the counit, the diagram

A d A2 ‘ A2
S\L £g lgs

g
A? B

ge

commutes for any bimonoid morphism g proving that
8 £
B<—A—1 €8. 3)

From Example 3.3 and Proposition 3.7 in [3] we know that all S-relative pullbacks exist in the
category of bimonoids in M; hence any simplicial bimonoid in M—that is, any functor from
A°P to the category of monoids in C—satisfies the successive assumptions of Assumption
2.1 for any positive integer. Still—say, for an easier comparison with [§]—below we present
a more explicit description of the objects S,(lk).

For any positive integer n and any 0 < k < n the desired objects S,(,k) are constructed as
the joint kernels of the morphisms {9,, d,—1, - - - , dy—k+1} in the category of bimonoids in
M; that is, as the joint equalizers

On

(k) m

Jn
Sr(lk) — 5 SnSn—18n

lul-8

in M (where the “hat notation” of (2) is used). By construction they are bimonoids. Using
the universality of the equalizer (in M) in the bottom rows, for k > 1 we construct bimonoid
morphisms in

On
DA
®) Gty " A
Sn Sn — S —_— SnSn—18n
/ | k2=
I 1ul-§
Pgk=b k-1
(k) —~ k=1 | P . . p P
/ Jn On n—k+1 n—k+1 E On—k+10n—k+10n—k+1
/ = \ =
On—1 On—2
S(k_ly)/HS /: SnSn—1S, S(kv_l) — = S a : ?S S
n n —~ . nYn— n —_ . —_ — —
s w nhjen 1@“_/ s Tt
1ul-é lul-é
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Crossed Modules of Monoids IIl... 7

(note the serial commutativity of the right-hand diagram thanks to the simplicial identities)
and show that they give rise to the S-relative pullback

S —— 1 @

Psr(lk—l)l lu

(k—1) (k—1)
S0 s
n—k+1

(k ]

. s®

From (3) we infer %> ] € 8. The square of (4) commutes since

j,Ek_fll) in the right vertical side of the commutative diagram

(k=1)

a
Pt k1) k1 (k—1)
sie=D Sn _— > Sn—l
(k=1 k
® l]'g ) lj'('*ll)
k Ji On—k+1
Sr(L ) “ Sn . Sn—l
i)
Nl
Sn “ Tf,ik‘,“

*-1)
=5

is a monomorphism. In order to check the universality of (4), take a bimonoid morphism

c-2 S,Skil) such that the exterior of the left-hand diagram of

C—_ 5
N3
AN
N
(k) 8 k—1
[ | C" sk=D
P (k—1)
Sn “ < *k-n g
g # =
On—1
Y
Sy s o \SAS S
dr(zkkzl " ! i nw et

commutes (we know that S(k DZlcSres by (3)). Then a filler g of the left-hand
diagram of (5) is constructed using the universality of the equalizer in the bottom row of
the right-hand diagram of (5). The occurring morphism j(k b
diagrams

-g renders commutative the
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8 G.Béhm

-(k—1) —1)

g -1y g 1 Jn
C Ry —— S, s%=b ’ S,
-1
\ \Lan k+1
_ k— 1
JED 9; S( (k=1 | On—k+1
R
Sy S0 1Sy STV e Sy = S
" Tl Onon—1on " e e TSN

forn —k 4+ 1 < i < n. Thus since it is a comonoid morphism, it equalizes the parallel
morphisms of the right-hand diagram of (5). The so constructed morphism g renders com-
mutative the left-hand diagram of (5) since the right column and the bottom row of the
left-hand commutative diagram in

~ ps(k—l) ~
c g sk > sk= c g s® )
\ 8
8 -(k—1) - (k)
) Jn Jn
1) Jn ) 14 (k k=1 j(k 1)
sy Sy S S =5,

k—1
I

W
are equal monomorphisms. Finally g is the unique filler of the left-hand diagram of (5); as if
also & makes the left-hand diagram of (5) commute then also the right-hand diagram of (6)
commutes. Since j, i isa monomorphism, this proves 2 = g. In order to see that the span (4)
satisfies the reflection property of ([3], Definition 3.1) on the right, take bimonoid morphisms

sV e .
D 2 cX S,(,k) such that D 2 c X S,(lk) — S,(f Des ; equivalently, the large
square on the left of the diagram

8

C C? < Cc?
e

5 psP 1
ilpsm

@® 1p S}(Ik 1) k 1; lj'gk—l)
C? p DS, DSy — 5 DS,
14

L

B 1<(k7|)
S(k 1) Yn

commutes. Since DS, DS, is a monomorphism, this is equivalent to the com-

( )
s® !

mutativity of the exterior diagram. Since also D DS, is a monomorphism, this

is further equivalent to hg-c-§ = hg-§; thatis, to D 2 C —> S(k)

left follows symmetrically.

€ S. Reflectivity on the

Proposition 2.3 Let S be a monoidal admissible class of spans in some monoidal cate-
gory C and let S be a simplicial monoid in C which satisfies the successive conditions
in Assumption 2.1 for any positive integer. For any positive integer n, the morphisms
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Crossed Modules of Monoids IIl... 9

P .(n—1) B(nfl)
. (n) _Sn (n—1) %
Dp_1 := 5, Sn

commutative the diagram

Sr(l”__ll) (where S,(,O) = S, and a(g‘” := dg) render

(n+1) Dy ()
Spp1 — S

(n—1)
I T‘ S)‘L—l .

In particular, whenever the monoidal unit I is a zero object in the category of monoids in C,
there is a chain complex

D1 +1 Dy, Dy—1 D 1 Do
gl sy - sib So. )

Proof The morphisms D, are clearly well-defined and they render commutative
Dﬂ

(n+1) (n) (n)
Sn-H P ) Sn+1 ) Sn

N 0,
+1 - 0 _
l’I\L ! 3V N&Hl) Pyl l)l
(n) (n—1) (n—1)
_— _—
[ ———>5) Sin’ o S
\ / ’ D1
P (n—1) A(n—1)
5§ 3
n—1 1 (n—1)
S,g ) 80”
(n—1)
o
(n—1) (n—1)
I u S}’l—l S}’l—l

m}

Example 2.4 The definition of cartesian monoidal category includes the fact that the monoidal
unit is a terminal object, which is therefore a zero object in the category of monoids.
Thus Proposition 2.3 implies the well-known fact that any simplicial monoid in a cartesian
monoidal category admits a Moore complex (7).

Example 2.5 1f M is a symmetric monoidal category in which equalizers exist and are pre-
served by taking the monoidal product with any object, then we know from Example 2.2
that Assumption 2.1 holds for any simplicial bimonoid in M (that is, for any functor from
A°P to the category of monoids in the category of comonoids in M). Since in the category
of bimonoids in M the monoidal unit is the zero object, we conclude by Proposition 2.3 that
any simplicial bimonoid in M admits a Moore complex (7).

Definition 2.6 Let S be a monoidal admissible class of spans in some monoidal category C.
We say that a simplicial monoid S in C has Moore length [ if the successive conditions in

Assumption 2.1 hold for any positive integer and I —> S,(,") and S,(,") PLT are mutually
inverse isomorphisms for all n > [.

Lemma 2.7 Let S be a monoidal admissible class of spans in some monoidal category C.
For a simplicial monoid S in C of Moore length |, there are mutually inverse isomorphisms

- S,(,"_i) and S,(,”_i) PLy for any non-negative integer i and anyn > i + 1.
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10 G.Béhm

Proof We proceed by induction on i.
Fori = 0 and n > [ the claim holds by definition.
Assume that it holds for some fixed value of i and all n > [ +i.
If n > 1 +i + 1 then in the S-relative pullback in the inner square of

PI

S(nfifl)

®

~ P(n:l)

~

pPI
s<" Ry |
S(n i—1)
u

(n—i—1) (n—i—1)
S 3(” i—1) Sn 1
i+1

the right column is an isomorphism by the induction hypothesis. We claim that so is then the
left vertical of the inner square. By the monoidality of S, I =1 =1 € S, hence by ([3],

Lemma 3.4 (2))also S~V — §=i=D 2L | S The exterior of (8) commutes by the
commutativity of

S}gn—i—l) p1 I
P1
31(111 ljl / \Lu
S(n i—1) S(n i—1)

where the bottom triangle commutes by the induction hypothesis. Then by the universality of

the S-relative pullback in (8) there is a unique morphism pS_‘}‘*"*” in (8). Itis the right inverse
( 1) P (rt i—1) ( _ ) P
of Pgon-i-n by construction and also the left inverse since S, i- StV 1

are Jomtly monic and the following diagrams commute

1 (n—i) (n—i—1) 551" =
pséu—i—l) Sy Sn — S,

(n i—1)
l”&‘,”"” / \
—i—1) §o=i=h S0

Using that also 1 —> S,(,"_i) is an isomorphism by the induction hypothesis, so is the com-

P (n—i—1)
i Sy i —i— .
posite morphism [/ . S,(l" 9 S,(l" DR L S,(," i=1) , and this completes

the proof. O

Lemma 2.8 Let S be a monoidal admissible class of spans in some monoidal category C and

let S be a simplicial monoid in C for which the successive conditions of Assumption 2.1 hold
(k)

Sil

for any positive integer. If there is some non-negative integer k for which [ X and
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Crossed Modules of Monoids Ill... 1

s P S+D

LT are mutually inverse isomorphisms for all n > k, then also 1 2 and

S(k+1) LT are mutually inverse isomorphisms for all n > k.

Proof We need to show that under the standing assumptions the inner square of

8

X/\
N8
AN
\

I:I
f

u u

(k) (k)
S” B(k) Sn—l
n—k

is an S-relative pullback for all n > k. Commutativity of this square is immediate by the
unitality of the morphism in the bottom row and S,(lk) <L I =1 € S by the unitality of S.
For the universality observe that since the verticals are isomorphisms by assumption the exte-

rior of our diagram commutes if and only if g is equal to X . S(k) S(k) Ry -

X $ S,(,k) iy ;if and only if f isequal to X Ly S,(,k) . Hence the (obviously
unique) filler is g. The top row of the inner square is the identity morphism. Therefore the
reflection property in ([3], Definition 3.1) of relative pullback trivially holds. O

Corollary 2.9 Let S be a monoidal admissible class of spans in some monoidal category C.
For a simplicial monoid S in C which satisfies the successive conditions of Assumption 2.1
for any positive integer, the following assertions are equivalent.

(i) S has Moore length I.

(i) I S,(ll'H) and S,SZ'H) PLT are mutually inverse isomorphisms for alln > .

Proof Statement (i) implies (ii) by Lemma 2.7, and (ii) implies (i) by Lemma 2.8. O

3 Invertibility of Some Canonical Morphisms

Asin [([4], Theorems 1.1, 2.1 and 3.10), also in the forthcoming equivalence between relative
categories and certain simplicial monoids a crucial role is played by the invertibility of some
canonical morphisms discussed in this section.

Consider a monoidal admissible class of spans in an arbitrary monoidal category C. Take a
simplicial monoid S as in (1) in C for which the successive conditions in Assumption 2.1 hold
for any positive integer. For any non-negative integer n, for0 <i <nandfor0 <k <n-—i,

we define a morphism S, W 7 S (k)l iteratively as follows.

° al.(o) = 0j.
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12 G.Bohm

(k)

e For0 < k <n —i we define 0, as the unique filler in

k) pi
Sn < b
~ 1
~
(k) pI
e
Pgk=1) Sn+1 1
n
P (ke 1)l lu
n+l
(k—=1) (k—=1) (k=1)
Sn 5 =D St k=D Sn
1

(n4+1)—(k=1)

Itis well-defined by the simplicial identity 0¢,+1)—(k—1)0i = 0;0,—k—1) and the unitality

(k—1)

of o; , see ([3], Proposition 3.5).

With these morphisms ai(k) at hand, we introduce for any positive integern and0 < k <n
the morphisms

(k)
PO, —
gkt g Sk
- n n—1

Yo : (52 s 5, ©9)

Note that they are natural in the following sense. For a simplicial monoid morphism
{ S, — S, }u>0, let us define inductively the morphisms f, := fpandfor0 < k < n the

unique morphism f,, which renders commutative

Sr(tk) P1
)
~ n
N
S/(k) Pi )i
n —_—
Psl(lkfl)
Psr/l(kfl) u
S(k 1) S/(k—l) S/(k—l)
(k o o/t n—1 -
I n—k+1

(This definition makes sense—see ([3], Proposition 3.5)—since { f;,},>0 is a morphism of
simplicial monoids by assumption, hence so is { f,fk_l)},,zo and therefore

(k=1)
)
— n—k+1 —
S,(lk 1) S,(,k 1l) u I

fék‘”l " ”l

k—1 k—1
S;/z( ) S/(_1 )
a/(k—l) n
n—k+1

%I
u
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Crossed Modules of Monoids Ill... 13

commutes.) These morphisms and y(, i) fit into the commutative diagram

Y(n.k)
Do — e T ok
sitUs, o S ——= 5,0 (10)
P o) Op——1
f;f””f,,“;)ll " s o

1(k)
P (k) Oy —k—1
Sn /(k) m /(k)
(S —"—=8,".

k//

’
Yin.ky

S’/l(kH)Srfl(f)1

Lemma 3.1 Consider a monoidal admissible class of spans in an arbitrary monoidal category
C. Take a simplicial monoid S as in (1) in C for which the successive conditions in Assumption
2.1 hold for any positive integer. If for some positive integer n and some 0 < k < n — 1 the
morphism Y, k) of (9) is invertible then also y—1 k) is invertible.

Proof Tt follows by the commutativity of both diagrams
Y(n k) Yn—1,k)

/\
k+1) o(k k k k+1) o(k k k
s s S —=s VS, ——— (5P =52

n—1 m

(k)
P (k) Oy —1—k P k) Oy_n—k
1) o (k Sn (k) o (k) ® k1) & Sn= ok k
a5 ® ™5 o Gl 0 s®g® o®
(k) (k)

I S () oy STy m
Suct Splg ———> (Snfl)2 =82 Sn Sult (Sn )2 —= S
Y(n—1,k) Y(n,k)

1D
forany 0 < i < n — k — 1 together with the simplicial identity d;-0; = 1 that y(,—1 k) has
the inverse

® 0 b w8 (o
Snfl S" S” Snfl Snfl Sn72'
m}
Note that in addition to the diagrams of (11), y(, k) renders commutative also
Y(n,k)
SIS ——= 550, —— (5{9) ——= 5 (12)
Pl 1";51{—)1—k "
R l 32/1)1&'—\ lar(rk)kl o \Lar(tk)kl
(k+1) o(k) k) \2 (k)
Snfl Snfl Py 1 (Snfl) m Snfl and
Sn—l
V(n,k)
s Us, S8 ——— 5 ——= 50
Py ! 1”;(111)17/(
prl l la,(,k)kl lar(zk)k 3,@/( laék)k
(k) ul k) \2 k) \2 m (k)
Snfl (Snfl) - (Snfl) Snfl'
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14 G.Bohm

Proposition 3.2 Let S be a monoidal admissible class of spans in some monoidal category
C. For a simplicial monoid S in C of Moore length I, the following assertions hold.

(1) The morphism y, iy of (9) is invertible for alll < k < n.
(2) For any n > [ the following are equivalent.

() Y@, of (9) is invertible.

0,01
(ii) S}Elll e S,gl) is invertible.
a(“ U(” 0,51,) _
(iii) The morphisms S,(llll s S,(ll) , S,(llll L S,gl) A S,(llzl ot S,(ll)

are equal isomorphisms. Their inverse is equal to Bél) = 81(1) =...= 8,(21.

Proof (1) In the unitality diagram
I e ——————————— I

k+1 k k
sy g® — s

the vertical arrows are isomorphisms by Lemma 2.7. Then the bottom row is an isomor-
phism too.
(2) The equivalence of (i) and (ii) follows by the commutativity of the diagram

0]

0 On—1-1 0)
S,y S
. Y
Ps(l)an 1-1
S£IZ+1)S,(11) (S([))Z S(Z)

Yn,l)

whose left vertical arrow is an isomorphism by Lemma 2.7.

Assertion (iii) trivially implies (ii). Conversely, if 0,5 ) |, isinvertible then by the simplicial

relations its inverse is 8,(112171 = 8,5111 which is then invertible too. Again by the simplicial
relations the inverse of 8521_1 = 8}5121 is arfl_) — = (l) _;- lterating this reasoning we
conclude that (iii) holds. O

Example 3.3 For a simplicial category S (that is, a functor S from A°P to the category of
monoids in the category of spans over a fixed set in [[4], Example 1.2]), S,(,k+” is the subcate-
gory of those morphisms in S,(,k) which are taken by the functor 85/1) « to an identity morphism.
Hence for a simplicial groupoid S, the category S,(,k) is a groupoid for all 0 < k < n. In this

case all morphisms {y( )}o<k<n Of (9) are invertible by the same argument applied to the
morphism (1.3) in ([4], Example 1.2).

Example 3.4 Let M be a symmetric monoidal category in which equalizers exist and are
preserved by taking the monoidal product with any object. Let C be the monoidal category of
comonoids in M and let S be the monoidal admissible class of spans in C from ([3], Example
2.3). Take a simplicial monoid S in C (that is, a simplicial bimonoid in M) such that for all
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Crossed Modules of Monoids Ill... 15

non-negative integers n, S, is a cocommutative Hopf monoid in M. Then y, k) of (9) is
invertible for all 0 < k < n. This can be seen as follows.

Recall from Example 2.2 that S, ,Sk) is now a joint kernel in the category of bimonoids in M,
hence it is a sub bimonoid of the cocommutative bimonoid S,,. Thus S,(lk) is a cocommutative
bimonoid. Moreover, by the cocommutativity of S, its antipode is a comonoid morphism

Sn L S, forall n > 0. So we can use the universality of the equalizer in C in the bottom

row of
aﬂ

On—1
NG i /7 T
n —_—

i TS "
| u-e
Z;(1k) I Zn On Zn—1

|
On—1

v T

5P ——, : Sn—1
.(k) 3 =

u-e

to define the antipode z,(lk) forall n > 0and 0 < k < n as the restriction of z,. The
diagram of (13)is serially commutative since any bimonoid morphism between Hopf monoids
is compatible with the antipodes, thus so are in particular the parallel morphisms of the
rows. This makes S,(lk) a cocommutative Hopf monoid for all 0 < k < n. By construction
3(1‘_) O
the morphisms S,(Lk) ok S,(lk_) , and Sy(lk_)1 Ml (& are morphisms of bimonoids and
therefore of Hopf monoids.
Urfk—)k—l
Summarizing, S}g’?ﬁ<:> S,(,k) is a split epimorphism of bimonoids in M for which
conditions (1.a) and (1.b) of ([4], Proposition 1.5) hold; hence by ([4], Proposition 1.5) (see
also [20]) the corresponding morphism y(, ) in ([4], Theorem 1.1 (1.b)) is invertible.
The above assumption about the cocommutativity of each S, may look quite strong.
Note however, that for the application of ([4], Proposition 1.5) we need the assumption that
a®,
S,(Lk) —— S,(lk) s Sflk_)l belongs to the class S. By ([3], Lemma 2.4) ! this is equivalent
to the cocommutativity of S,(lk_)]. This should hold for all n > 0 and O < k < n; so in
particular for k = 0.

4 Equivalence of Relative Categories and Simplicial Monoids of Moore
Length 1

Theorem 4.1 Consider a monoidal admissible class S of spans in a monoidal cate-
gory C such that there exist the S-relative pullbacks of those cospans in C whose
legs are in S (cf. ([3], Assumption 4.1])). The equivalent categories CatMons(C) and
Xmods(C) of ([4], Theorem 3.10) are equivalent also to the category SimleonS (C) whose

! Apologies about a regrettable typo in the first line of ([3], Lemma 2.4), interchanging the symbols A and B.
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16 G.Béhm

objects are simplicial monoids in C (that, is functors S from AP to the category of monoids
in C) such that the following conditions hold.

(a) S has Moore length 1.

ad a
(b) Using the notation from (1), Sy <L S1 =35 and S} — S, 2 So belong to S.
(c) The morphisms y i) of (9) and the morphisms

on—1 pg, 1 on—1 (10e00-+00p ) (opa1)

on
gn = S\VSy —= 58} (S} )?

m

Ell
Sy
are invertible for alln > 0 and 0 < k < n.

morphisms are simplicial monoid morphisms (that is, natural transformations between the
Sfunctors from AP to the category of monoids in C).

Proof The proof consists of the construction of mutually inverse equivalence functors
between SimleonS(C) and CatMong (Q).
The functor Simleong(C) — CatMongs(C) sends an object S in (1) to the S-relative

do

category whose underlying reflexive graph is Sop —oo— S; . By construction this is an
a1

object of the category ReflGraphMong(C) in ([4], Theorem 2.1) for which the morphisms

gn of ([4], (3.3)) are invertible. By ([4], Proposition 3.8) it extends uniquely to an object of

CatMons (C) since the following diagram commutes.

580
1ps, \L
(op01)(10o0) m qgl
§2 ——— (s5iI08)? 81081 siVsy
, So So
\lealo)zlqu \nglq;] (1), (1) Ué”l/
oy loy 1
s15050 L (s T L sz - — sV,
\Llpsl 00 \Lps] Ips, 1 \Ly(z,my(z.m y‘%
S? ulll S? 00010001 S; mm 522 m S2 ps; 1
m
\ ia]alalal \
Im S? 0 S%
o ) N
2 2 2 Q2
S3 S — St = S =i
Recall from Proposition 3.2 that S, @ % S(l) and S, () S M are mutually inverse

isomorphisms. Hence the regions of the above diagram sharing the dashed arrow commute

because both q2~8é1)1 and y(2,0y are multiplicative by [[3], Lemma 1.5], with respect to the
multiplications induced by the respective distributive laws

(1) | (1)

19, Ips (opal)(1oog)
Slsél) o S]S]a) 1 52 0 0 (S1DS1)2 S1DS1 S(l)S 5(1)51
5, om e
and S1S2 52 S> 52 S1
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whose equality follows by

the commutativity of the diagrams

—1 (1
Y2,0 3"

1ps 1
Ss) 2 g2 M g, B gilg 2o sV B g0,
S
oro” a03(1) 0
/ SIS“) \1;5[ 0o ) an 1do 141, 3.8)] »
(1) 0ol 1) o m Yao=a" o) q1
58l = 58 R ———
Lps, SoS1 / P1P1 21
dpl
lpg1 ? 0
57— (5:081)? 5108;
(0o01)(100g) 50 m So
—1 )
Ipg Ya. )
N SrsM 2 25y Y g N g % g0
a10, So
Dpr 0202 02 (12) pil prl 141, 39)] I
lu
n 1o
s st S $180 —= S} S S S S|
10 p2p2 P2
1ps, §7 — ($10581)? 51051
0 0

(op01)(1000)

A morphism S L8 in Simp!'Mons(C) is sent to the morphism of reflexive graphs

F{ F
(So—=S8), S —=S|);

it is an S-relative functor by ([4], Proposition 3.9).

In the opposite direction CatMons(C) — Sim p1 Mons (C), we send an S-relative category

B—i>=A -4 AOA toits ‘S-relative nerve’
—_— B

t

do
P1
! < — 00—
-~ on—1 <=9 —
B—z%—A-ed—ADA - Az . As -
—iol =
-
P2 —On—1 >
-~
aﬂ

where for any positive integer n we put

Ok

do :

Ok
al’t

= lmn—k—l DiDle

— IDn—lDt = Plon—1
= 1k log o1 =1 for0 <k <n
=501 = py,.

forO<k<n
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18 G.Béhm

By the functoriality of o—cf. ([3], Proposition 3.5)—they constitute a simplicial monoid
which obeys property (b) by construction and for which the morphisms g, of part (c) are
invertible. In order to see that it has Moore length 1, note first that AWM = A exists; see

B
([4], Theorem 1.1). We claim that also for any n > 0 there is an S-relative pullback

determining (A%")(". By construction A L2400 L7 € S hence by (POST) also
B

on 10i0---0i
B <

A AL A LT € S If some morphisms f and g render commutative
B

the left-hand diagram of

X § X 8
\\h \\h
N AN
ADI#[ AD Pr

1
B B
f \LPA
u

A pa u
¢1DiE~-Di

on—1

A B

AT L AS AE”
P2 pl P

then they make commute the right-hand diagram as well by the commutativity of

X ¢ I
fJ/ M/H\L
A P o=l pt )
pli ,i

A B

Whenever A7 < x 51 eSalso AL 47 L x £ 1 € Sby (POST). Hence by

the universality of the S-relative pullback in the right-hand diagram, it has a unique filler .
But the same morphism # is a filler also for the left-hand diagram by the commutativity of
both diagrams
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on 1oio---0i D
10i 00 A f AT A
X f A%” P1 A A X 8 I u B ig---0f anl.

f As

The unique filler of the right-hand diagram is the unique filler for the left-hand diagram

since any filler & of the left-hand diagram is clearly a filler for the right-hand diagram

as well. For the reflection property let us use again that 100 --- 07 is a monomorphism
1oio---oi

split by pi. Then it ¥ <= X % A7 24 A 1995 49" ¢ S then by (POST) also
B

f g PA f 8 PI .
Y <X —=> A0l — A € S.So, whenever also Y <— X — A0l — 1 € S, it fol-
B B

lows from the reflection property of the relative pullback span A Ao g (in the
B

sense of ([3], Definition 3.1)) that Y i x £ A0l € S. The reflection property on the
B

left is proven symmetrically.
With this we proved that (A7")D exists for any n > 0anditisisomorphicto A = AI:JI .

The morphism 8( )1 is the identity morphism, being defined as the unique morphism ﬁttlng
the left-hand commutative diagram of

Al pI
BoLoaw
AN
= pI
PA A0l ———— 1
1 1
| pa
A A u . ,
lDiD---Di¢ lDiD~--Di¢
AB H-A%n I%Agn—Z
dolo---ol P2.-n—1 ADI:ADI
B B

Since Al <-1=1 €8 by the unitality of S, the right-hand diagram is obviously an
B

S-relative pullback. This proves that for any n > 1

AT =AY g r=@onol

(Agnfl)“) B AEI

exists and it is isomorphic to /. Then by Corollary 2.9 S has Moore length 1. Above we
)

proved that (AB )(1) "l — (A AP 1)(1) is invertible; then so is its inverse a 2. Therefore

by Proposition 3.2 the morphism y, iy of (9) is invertible for all 0 < k < n. For anyn > 0

the morphism y, o) takes now the form
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20 G.Béhm

I~ on—1  pal (loio---0i) (iol) m
E—

(ATHD AT = = (ADD A AT (AT")? A"

in which we recognize the invertible morphism ¢,. This proves that the nerve of an object of
CatMons (C) is indeed an object of Simleons(C). A morphism

s’
(Byl%A%ADA) (B’} ' A’ %A’DA)

t f/

P a " 1,=0) which is clearly a morphism of sim-

is sent to the family ( B LY B, { A%
plicial monoids.

It remains to see that the above constructed functors are mutually inverse equivalences.
Sending an S-relative category (and S-relative functor, respectively) to its nerve and then
truncating it as above, we clearly re-obtain the S-relative category (and S-relative functor,
respectively) that we started with. Composing the functors in the opposite order, an object S

of Simp1 Mongs (Q) is sent to

B

5 Pi —aoe-

. % — 100y — on—1 -5 — on
So —o0—> S| <—d—— S]DS] -SY . Sy (14)

T —op0l = :

p2 — Gy >

<~
O

-1

ps; 1
where d = S ES] SEN (S SDI)S] o 512 S (see ([4], Proposition 3.8)) and for any
0 0

positive integer n,

Gr =19 1lggo01%  forO0<k <n
9 :=1"""103) = pr.n—1

51( = 19k lggo1™-1 for0 <k <n
O = 01017 = py,.

Note that together with the family of morphisms {g, },~0 they render commutative the fol-
lowing diagrams. For all 0 <i < n,

qn

() ¢ ! o e o

S Slu ]H — — S14 Slw — (S o ) S 0
PS1On—1 a0l ool Gol Gol

\LIE,- 15; \L l?fogi \Lgﬁ, Gi l

M yEn Ps; O Sgn+1 Gol Fol SDnJrlfi sDnJrl Gol Gol Sgn+1 ) m Sjn+1

Sl Sln Sl Sln e Sl\v Slu > - > (Sln ) > Sln
qn+1
15)
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Forl <i <n,

qn+1
(1 5" on+1 on—i  pn+1 on+1—i on+1 on+1
Sl Siﬂ %}_: Sl Siﬂ ,_?' .. '? Si‘) i” ? Si” Si{» ,_?' .. .? SE 2 =~ Siﬂ
51 0n ool 0 00 Gl (S )= m
13 19; 10; 303 373 5
TS] Gn—1 .
1y on— on ol Gl on—i on F1 Gl m on
Si )Sin —~ 5 Siu . Si«x Sin S (S;» )2 Siu
qn
(16)
and for 0 < i <1 < n the analogous one
Gn+1
M & m on+l1
Sl Siw — Sl Si“ — . — Sin Si&u — E]n+ ) Si"
Psy0n G0l Gl Gol oy ) m
13; 13 15 33 3
PS) On-1
| En—l En Gl Gl En m En
Si >S1‘ 518y sy )? Si-
n
(17)

We claim that a natural isomorphism from S to its image in (14) can be constructed iteratively
foralln > 0 as

~1 (1) (1)
Yn,0) 80 1 80 1 1

) g o (18)
e W, = SnHSn n—] ——> - ——> N 0

1 lwp1 (1) F"
stVs,_1 —= s"s;

Note that it gives w1 = 1, but non-trivial higher components. Let us prove by induction on
n the equality

. o ? ?
Sp—s s =5, ... 285 forn > 0. (19)

For n = 1 both sides yield the identity morphism thus the equality holds. If it holds for some
n > 0 then the following diagram commutes
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22 G.Bohm

Wn+1
S S IRKp——F s
bl T O On T T T T 01 On=l T 0 9 T o)
aoi Yn+1,0) 9 9 “’OJ, ll
P1
(n (IH) Sfl)Sl EINED)] P
1aol laol iwo
y
S| oo sWgy =——=sWsy —L o 5

proving (19) for all positive n. (The region marked by (IH) commutes by the induction
hypothesis.)

The morphisms wj, of (18) are composites of isomorphisms (see Proposition 3.2) hence
they are invertible. They are compatible with the units of the domain and codomain monoids
by the unitality of the constituent monoid morphisms. Multiplicativity is checked by induction
on n again. Trivially, wg = 1 is multiplicative. If w,_ is multiplicative for some n > O then
by ([3], Corollary 1.7) so are both isomorphisms

1) U(ﬁ”' ‘7(3”] 1) Y(n,0) 1) Twp— 1) on—1 n an
S8 —— s ——> 8, 81— S, and §'S,_; ——= 8,8} — 5 (20)

with respect to the multiplications induced by the respective distributive laws

) 1o u1ps, Yoo a1 a1
SuaS 0 I s T g g Mg L g,
wy—11 Ips, (o001)(100p0-+-00) m q—l lw 71
M _ e F L M5 <1>
Sn—18;" = 8] S =5 S| ———=(§7) ‘>S ‘>S S > Sn_1.

Their equality follows by the commutativity of the diagrams of Fig. 1, whose right vertical
arrows are jointly monomorphic.

Since w, is the composite of the right-hand morphism of (20) with the inverse of the
left-hand one, we conclude that it is multiplicative too.

Next we check by induction on n that {w, },>¢ is a simplicial morphism; that is,

wy on Wyt 1 on+1
Sp ——= 8y Sp41 ——= Sy 2D
i \LEI' 9, 3
on+1 on
So So
Sn+1 Wn+1 1 Sn Wn Sl

commute foralln > 0and 0 <i <nand 0 < j < n + 1. Note that the induction must be
started with n = 1 because the left-hand diagram of (24) below only makes sense for n > 0.
For n = 0 the diagrams of (21) commute because wg and w; are the identity morphisms and

& B 0;
the equalities SogSl = SogSl and S1 — So = S1 —> Sp hold fori =0, 1 by
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pringer

Um yo Ayanedrdnniy | 614

Qs

(000---00007) (1000)

tsd
w T
WS = JG) =15 Jg= S .S it
wed wequed to1 1dy
(0003-+-000) T e
oW T 0 o M T -u I—ue — [—u 9 —uq - Igi-u
e @ 1—up) T-up s w S AT a8
v [(6') 7] 11d 1id vdl o) e veve Q1 1y x\:wf
) T ) .
=tmy 0, Fmf (0*w) 7
1 “b Hm. ﬁml - ﬂ\:‘m. H%Ew =< H\:‘mxﬁwsm‘ AH@E - :@4 - :m;\: ~< :m;\:m Qmﬂ
:.,u, Hlﬁm (1) (1) w e ri—ug :m&ﬁv
T
“m
» (00000007 ) (T0100) Hm,n:
T I T T T
d,8) =19 58 0%
1)
1d 1did m,w 1td
%&
1 1 T 100 Ico Iot Iot—u
g S s S S T WSS WSS T e @S S
o0 H 0000 H 00% H A%Qom H
d (9°¢) : : : : et
%/ %00 | %00 | et \ .
! u u U~NT—U U~NT—U %01
s un S w oS T1-up S “sdry ACW S ©
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construction. For n = 1 commutativity of the diagrams of (21) is checked as follows.

T

51 = s{ls) =——=s{"s) ——= 5, Sy Sy
'VFI » q1
ul ul
a0 an ) loo  (15) 0 o1 4
1 NO) o FICR
Y2.0) 1 @ ’e0 (1) 0 (1) a
5 ss, sOs, N Sy S5 81 Nant Sigs
So So
wy wy
w2 w2

$ =508 S m 108 S =808 — stVs; — 5,08,
-1 a2 Ty -1 a0 2 g,

So Y2.,0) 8(()]) 1=8{l)1 K 42*1 vo Y2,0)
. EOANE
19) a2 s W 12) | prl prl| LG
do=p1 512 a G=p
my
S —38 51 51 Mt S S| =—= 5

Now assume that the left-hand diagram of (21) commutes for somen > Oand all0 <i < n.
By the commutativity of the diagrams

) M gt

S S0 S S7S) —= L —= S}
ntl 7 nHP ) NON Ly, S} )Si" Gny1 1
Yn+1,00 0 0
@ _ ~
oj a1 9% % loi loj  (IH) \L 15; (15) ai
(1) (&)

yil 9 "1=9;"1 PN oDy 1 on+1 on+2

(n+2,0) (1) 0 0 1) Wn+1 qn+2 5%

: D
n+2 — S +2Sn-4—l — S;5+)15n+1 _ ... ——= Sn-H T Si )Sl

n\—/l/ 1

Wn+2
Wyt qu»l
Sn+l Sn+1 i
ul ul -
Op+1 ul On+1
—1 a(1) ()
Ynt2.0) (1) 91 9y 1 ) AT M) It gpyr 12
nt2 == S, oSl ——>= - ——= 8§ S ————= S Sy —= 5
Wn+2

(where the region marked by (IH) commutes by the induction hypothesis) we conclude that
the left-hand diagram of (21) commutes for alln > Oand all0 <i < n.
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Assume next that the right-hand diagram of (21) commutes for some n > 0 and all
0 < j < n + 1. Then the following diagrams commute for all 0 < j < n.

Wn42
+2
0 ) e
S, — — S5 —_—— . — S — o+l —= §
"Hy S,(lRQSIH—l n1 ontl NOH RO ntl s gn dnta
(n+2,0) NORENOR (] 0 w1 I "1
0o =9 o ~ 5
9 (an 4 19 19;  (my llaj (16) o
—1 A(1) (1)
y a1 a1 n n+1
(n+1,0) 1) 0 0 (1) lwp 1) ot 1 Y
St s S o s\Vs, s 0 g
Wn41
(22)
W42

Sppp —— > st Spp] ——> 0 ——> SfDS,,Jr] _— o+l ———= Sy

= n-+2 ) i ) o5 qn+2
Yn+2.0) & 1 1 S18 " ~
lwy+ P2ont2 = 9ty
n+2 12 pil pil lp: L (41,69 l
on+1 on+l
5 5
Sn+1 Sn+1 Sn+1 Wit > Sl —_— Sl

(23)

The missing case j = n + 1 follows by the commutativity of the following diagrams whose
vertical arrows are jointly monomorphic.

on+2 §n+1 on+1 on+2 §"+] on+1
So So. So So
_—
A\ S A\ — S
oo
1 ~ On-+2
;ﬂn+ O 3EUn n
1 o 1 Wn+2
J g1 =P2nt1
> (23) Ont1
o p ot
Wy \4 5 -
1 On+1
(IH) pi| ¢ Wit
\
(19) B But2 on
N A L
Sn t N 1
In+1 s Wn
n -
d 19 b Op1=P2-n+1
Int1 (IH)
Ont1 Opt1
on+1 s Sg’1+1
N ] I
Sn+l Wt Sl n+1 Wit Sl
(24)

This proves that the right-hand diagram of (21) commutes for all stated values of n and j
and thus w is a simplicial morphism.
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Finally, naturality of w is proven by induction on n. For any simplicial monoid morphism

{S, g S, Yn=0 and n = 1 the left-hand diagram of

Wnt1

o M " o
Sp ——> 8 Sn+1 — > g0 Sy a7 1 Sn 1 sVss g 5
V1,0 “nH10m 3571 1 Wn o 91 9] i
On Ol
0 H W,
fu lf. fus1 (10) f,ffl i 1 fnl (IH) lf‘( >flrn l.fl
1on - (1) (D) , ,
B Yt 1.0) a1 a1 1w g, ol
s, T— S, s 2 g g Si“)Sr/z " Si(l)sls“ "L g

,, R R R

,
Wit

evidently commutes. If the left-hand diagram commutes for some non-negative integer n
then so does the right-hand one too. O

The functor Simp!Mons(C) — CatMons(C) in the above proof can be composed with
the functor CatMons(C) — Xmods(C) in the proof of ([4], Theorem 3.10). The resulting
equivalence functor sends an object S to

—1
m 9

D, oops
(S, SV, s Ly s 25y spst) —L 52 ) sy,

where Dy is the same morphism in Proposition 2.3.

Example 4.2 As in [4], Example 1.2, take the (evidently admissible and monoidal) class of
all spans in the category C of spans over a given set X. The equivalent categories of [4],
Example 3.11 are equivalent also to the following category.

Simp'Mon(C) whose

objects are simplicial categories S such that the object set of S, for each n > 0 is the
given set X and the following conditions hold.

(a) The Moore complex of S has length 1.
(c) The morphisms g, and y(, i) of Theorem 4.1 are invertible forall 0 < k < n (equivalently,
q1, Y(n,0) and y(,. 1) are invertible for all 0 < n).

(There is no condition (b) because we are working with the class of all spans.)
morphisms are the simplicial functors.

This category contains as a full subcategory the category of simplicial groupoids of Moore
length 1; which is therefore equivalent to the category of internal categories in the category
of groupoids; and also to the category of crossed modules of groupoids, see [[4], Example
3.11].

Example 4.3 Let M be a symmetric monoidal category in which equalizers exist and are
preserved by taking the monoidal product with any object. Take C to be the category of
comonoids in M with the monoidal admissible class S in ([3], Example 2.3) of spans in C.
The equivalent categories of ([4], Example 3.12) are also equivalent to the category
SimleonS(C) whose
objects are simplicial bimonoids S in M such that
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—~ 19;1
(a) Forall n > 0 and for 9; := S, LA S,zl LAY S,3, — 85,85,-18, for0 <i <n,
EX
/é\n—l\
I "5, wn&hﬁn (25)
1ul-s

is a joint equalizer in M (that is; the Moore complex of S has length 1, see Examples 2.2
and 2.5).

(b) 9916 = dpl-c-6 and 911-6 = 911-c-.

(c) The morphisms g, and y, i) of Theorem 4.1 are invertible for 0 < k < n (equivalently,
q1, Y(n,0) and y(,.1) are invertible for all 0 < n).

morphisms are the simplicial bimonoid morphisms.
As a simple consequence we obtain the following result in [8].

Proposition 4.4 Let M be a symmetric monoidal category in which equalizers exist and are
preserved by taking the monoidal product with any object. Take C to be the category of
comonoids in M with the monoidal admissible class S in ([3], Example 2.3) of spans in C.
The equivalent categories in ([4], Example 3.12) and in Example 4.3 have equivalent full
subcategories as follows.

N
e The full subcategory of CatMon s (C) for whose objects B =i> A <4 AUOA both A
=~ B

t
and B are cocommutative Hopf monoids in M.

e The full subcategory of Xmods (C) for whose objects (B,Y, BY Ly , Y Ly ) both

Y and B are cocommutative Hopf monoids in M.

N
e The full subcategory of ReflaGraphMon 5 (C) for whose objects B =i> A the following
‘

conditions hold.

— A and B are cocommutative Hopf monoids (with antipodes z)
— for the morphisms

5 s 1z 1i 5 1 z1 il
T—a2a2LapBaplals T2 a2 lpailpalta

the following diagram commutes.

3T .
A2 21 A2 S p2 (26)

=7 lm

A2 A

e The full subcategory of Simp' Mons (C) Jor whose objects S the following conditions
hold.

— S, is a cocommutative Hopf monoid in M for all n > 0.
— The Moore complex of S has length 1; that is, (25) is a joint equalizer in M for all
n> 1
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Proof We need to show that the category listed last is a subcategory of the category in
Example 4.3. Condition (b) of Example 4.3 becomes trivial thanks to the cocommutativity
assumption. Concerning condition (c), the morphisms ¢, are invertible by ([4], Proposition
3.13) and the morphisms y(, ) are invertible by Example 3.4. O
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