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Abstract In this paper, the interactions between the transverse loads and the electrical
field quantities are investigated based on the nonlinear constitutive relation. By consid-
ering a composite beam consisting of a piezoelectric semiconductor and elastic layers, the
nonlinear model is established based on the phenomenological theory and Euler’s beam
theory. Furthermore, an iteration procedure based on the differential quadrature method
(DQM) is developed to solve the nonlinear governing equations. Before analysis, the con-
vergence and correctness are surveyed. It is found that the convergence of the proposed
iteration is fast. Then, the transverse pressure induced electrical field quantities are in-
vestigated in detail. From the calculated results, it can be found that the consideration of
nonlinear constitutive relation is necessary for a beam undergoing a large load. Compared
with the linear results, the consideration of the nonlinear constitutive relation breaks the
symmetry for the electric potential, the electric field, and the perturbation carrier den-
sity, and has little influence on the electric displacement. Furthermore, the non-uniform
pressures are considered. The results show that the distributions of the electric field quan-
tities are sensitively altered. It indicates that the electrical properties can be manipulated
with the design of different transverse loads. The conclusions in this paper could be the
guidance on designing and manufacturing electronic devices accurately.
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1 Introduction

In smart devices, piezoelectric materials play important roles due to their electromechanical
coupling properties. They have been used to manufacture various devices, such as sensors, res-
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onators, and actuators[1]. Generally, piezoelectric materials are treated as dielectrics without
electrical conduction. In fact, some of them are semiconductors, such as ZnO, GaN, and AlN.
In these materials, the piezoelectricity and semiconduction exist simultaneously. This kind of
dual physical properties attracts much attention from the scholars. Since the piezoelectric semi-
conductor materials were found, they have been used to realize acoustic wave amplification[2]

or acoustic charge transport[3]. In the past years, an important application of the piezoelectric
semiconductor is nanogenerator[4]. Based on the principle of nanogenerator that converts me-
chanical energy to electric energy, the physical mechanism of the piezoelectric semiconductor
was explained, and a new field named “piezotronics” was proposed by Wang[5]. In this field,
nanowires and nanobelts are used to design and manufacture electronic devices, e.g., the field-
effect transistors[6–7] and logic devices[8–9]. With the help of these devices, the mechanical load
can adjust carrier transportation. Besides, the development of synthesis technology enables the
element structures of piezoelectric semiconductor to be fabricated conveniently. Therefore, the
piezoelectric semiconductor possesses broad prospects in designing smart devices.

For the purpose of explaining the physical mechanism describing the mechanically adjusted
electrical properties in the piezoelectric semiconductor from the view of theory, many works
have been conducted. For instance, Zhang et al.[10–12] studied the distributions of electro-elastic
field quantities in piezoelectric fibers subject to axial and transverse loads. In their works, the
distributions for all field quantities are described analytically. As a result, the distribution rules
can be understood directly. Applying piecewise stresses, Fan et al.[13] realized the barriers and
wells in a piezoelectric semiconductor fiber, which enables us to manipulate the electrical prop-
erties with a new approach. More recently, Ren et al.[14], Fang et al.[15–16], and Xu et al.[17] have
proposed that the distributions of electro-elastic field quantities can also be adjusted through
designing non-uniform profiles. Considering the PN junction between the p-type semiconduc-
tor and n-type semiconductor, Luo et al.[18] and Guo et al.[19] concluded the mechanism of the
interaction between load and electric properties in a piezoelectric semiconductor fiber with the
PN junction. To deeply understand the physical mechanisms in piezoelectric semiconductors,
Yang et al.[20] and Fan and Chen[21] explored the effect of mechanical load on the energy band.
Composing the piezoelectric dielectrics and non-piezoelectric semiconductors together, Yang
et al.[22] proposed that the acoustic amplification can also be realized in a laminated plate.
Besides, Cheng et al.[23] studied the extension of a composite fiber. Luo et al.[24] and Fang et
al.[25] studied a bended composite fiber. Ju et al.[26] presented that the potential barriers in
composite fibers could be produced by designing the poling directions of piezoelectric layers.
Guo et al.[27] studied the electric field quantities in a composite fiber which undergoes torsional
deformation.

It can be found that there are many studies on explaining the physical mechanisms for
piezoelectric semiconductors. However, most of them are conducted based on the linear as-
sumptions. In order to reveal the intrinsic mechanisms, some nonlinear analyses have also
been performed. For example, by adopting the perturbation method, Yang et al.[28] studied
the electrical properties, and Guo et al.[29] derived the nonlinear solutions for a piezoelectric
semiconductor with the PN junction. Zhao et al.[30] introduced the homotopy analysis method
into investigating the nonlinear behaviors. In these studies, only the extension deformation was
considered. For a piezoelectric semiconductor structure which undergoes bending deformation,
there are no relevant studies conducted due to the complex procedure establishing theoretical
model and difficult approach solving the nonlinear governing equations. In view of this, we
attempt to reveal the effects of the nonlinear constitutive relation on the interactions between
transverse loads and electrical field quantities through designing a composite structure. Besides,
an efficiency iteration method will be developed for solving the established theoretical model.

This paper is arranged as follows. After concluding the basic phenomenological theory of
piezoelectric semiconductors briefly in Section 2, the nonlinear theoretical model is established
in Section 3 based on Euler’s beam theory for a static bending case. In Section 4, the iteration
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procedure is set based on the differential quadrature method (DQM). By selecting ZnO as the
object, the effects of the nonlinear constitutive relation on the electrical field quantities are
studied in Section 5. Besides, the effects of the non-uniform pressure on the electrical field
quantities are discussed in detail. As a summary, some conclusions are drawn in Section 6.

2 Basic theory of piezoelectric semiconductor

For a material possessing piezoelectricity and semiconduction simultaneously, the constitu-
tive relations consist of the piezoelectric theory and the drift-diffusion theory in semiconductors.
As a result, the phenomenological theory of the piezoelectric semiconductor is developed. For
an n-type semiconductor, the stress Tij , the electric displacement Di, and the current density
Jn

i are expressed as[10]











Tij = cijklSkl − ekijEk,

Di = eiklSkl + εijEj ,

Jn
i = qnµn

ijEj + qdn
ijn,j ,

(1)

where cijkl, ekij , εij , µn
ij , and dn

ij represent the elastic, piezoelectric, dielectric, electron mobility,
and carrier diffusion material coefficients, respectively. q is the elementary charge, and n is the
electron concentration. Besides, the strain Sij and the electric field Ek can be expressed by the
mechanical displacement ui and the electric potential ϕ through

Sij =
1

2
(ui,j + uj,i), Ek = −ϕ,k. (2)

Besides, the coupled-field theory for the piezoelectric semiconductor includes the equation of
motion (Newton’s law), the charge equation of electrostatics (Gauss’s law), and the conservation
of charge for holes and electrons (continuity equations). For static cases, the equations are[10]

Tij,j = 0, Di,i = q(N+
D − n), Jn

i,i = 0, (3)

where N+
D is the uniform doping density in the semiconductor.

3 Mathematical description on a composite piezoelectric semiconductor

beam

Consider a double layered structure which consists of the n-type piezoelectric semiconductor
and the elastic layer, as shown in Fig. 1. The interface between the two layers is treated as
perfect, i.e., there is no slide or residual stress. Denote the total length and width by L and 2b,
respectively. The coordinate plane coincides with the geometric middle plane, and h, h0, and
−h represent the positions for the upper surface, interface, and bottom surface, respectively.
Consequently, the thicknesses for the piezoelectric semiconductor and the elastic layer are h−h0

and h + h0, respectively. To describe the thickness ratio of the piezoelectric semiconductor in
the entire structure, γ = (h − h0)/(2h) is introduced as a geometric parameter.

Undergoing a transverse pressure at the upper surface, the coupled extension and bending
deformation is produced in the x1x3-plane. As a result, the displacements along the x1- and
x3-directions are approximated by[31–32]

u1 = u
(0)
1 (x3), u3 = u

(0)
3 (x3) + x1u

(1)
3 (x3), (4)
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Fig. 1 Sketch for a composite piezoelectric semiconductor beam (color online)

where u
(0)
3 (x3) stands for the extensional deformation, while u

(0)
1 (x3) and u

(1)
3 (x3) are the

contributions of bending deformation. Correspondingly, the axial strain S33 and the shear
strain S13 are











S33 = u3,3 = u
(0)
3,3(x3) + x1u

(1)
3,3(x3),

S13 =
1

2
(u1,3 + u3,1) =

1

2
(u

(0)
1,3(x3) + u

(1)
3 (x3)).

(5)

By adopting Euler’s beam theory, the shear deformation is negligible[31]. In this condition,
there is

u
(1)
3 (x3) = −u

(0)
1,3(x3). (6)

Then, the axial strain is rewritten as

S33 = u
(0)
3,3(x3) − x1u

(0)
1,33(x3). (7)

Besides, the electric potential, the electric field, and the carrier density are approximated
by[32]

ϕ = ϕ(x3), E3 = −ϕ,3(x3), n = n(x3). (8)

Resultantly, the one-dimensional constitutive relations for the piezoelectric semiconductor
are as follows:















T p
33 = cp

33S33 − e33E3 = cp
33(u

(0)
3,3 − x1u

(0)
1,33) + e33ϕ,3,

D3 = e33S33 + ε33E3 = e33(u
(0)
3,3 − x1u

(0)
1,33) − ε33ϕ,3,

Jn
3 = qµn

33nE3 + qdn
33n,3 = −qµn

33nϕ,3 + qdn
33n,3,

(9)

where the superscript p is introduced to mark the piezoelectric semiconductor. Similarly, the
axial stress for the elastic layer is denoted as

T e
33 = ce

33S33 = ce
33(u

(0)
3,3 − x1u

(0)
1,33), (10)

where the superscript e means the elastic material. In the simplified constitutive relations, the
effective material constants are[33]

ce
33 =

1

se
33

, cp
33 =

1

sp
33

, e33 =
d33

sp
33

, ε33 = εT
33 −

d2
33

sp
33

, (11)
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where se
33 and sp

33 are the elastic compliance, d33 is the piezoelectric constant, and εT
33 is the

dielectric constant.

In order to establish the governing equation, a differential element is considered, as shown
in Fig. 2. According to the equilibrium relations for the internal force and moment, we have[32]

N,3 = 0, Q,3 = f, M,3 − Q = 0. (12)

N

M

Q

O x3

dx3

M+dM

N+dN

Q+dQ
x1

f

Fig. 2 Differential element for the double layered structure (color online)

It can be found that the shear force Q = M,3, and the governing equations are reduced to

N,3 = 0, M,33 = f, (13)

in which the axial force N and the bending moment M can be calculated through



















































































N = 2b

∫ h0

−h

T e
33dx1 + 2b

∫ h

h0

T p
33dx1

= 2b

∫ h0

−h

ce
33(u

(0)
3,3 − x1u

(0)
1,33)dx1 + 2b

∫ h

h0

(cp
33(u

(0)
3,3 − x1u

(0)
1,33) + e33ϕ,3)dx1

= ce
33A1u

(0)
3,3 − ce

33K1u
(0)
1,33 + cp

33A2u
(0)
3,3 − cp

33K2u
(0)
1,33 + e33A2ϕ,3,

M = 2b

∫ h0

−h

x1T
e
33dx1 + 2b

∫ h

h0

x1T
p
33dx1

= 2b

∫ h0

−h

ce
33(x1u

(0)
3,3 − x2

1u
(0)
1,33)dx1 + 2b

∫ h

h0

(cp
33(x1u

(0)
3,3 − x2

1u
(0)
1,33) + e33x1ϕ,3)dx1

= ce
33K1u

(0)
3,3 − ce

33I1u
(0)
1,33 + cp

33K2u
(0)
3,3 − cp

33I2u
(0)
1,33 + e33K2ϕ,3,

(14)

where

A1 = 2b(h0 + h), K1 = b(h2
0 − h2), A2 = 2b(h − h0),

K2 = b(h2
− h2

0), I1 =
4b(h3

0 + h3)

3
, I2 =

4b(h3
− h3

0)

3
.

Similar to the force equilibrium, the charge equation of electrostatics can also be obtained
via considering the differential element, i.e.,

D3,3 = qA2(N
+
D − n), (15)
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where

D3 = 2b

∫ h

h0

D3dx1

= 2b

∫ h

h0

(e33u
(0)
3,3 − e33x1u

(0)
1,33 − ε33ϕ,3)dx1

= e33A2u
(0)
3,3 − e33K2u

(0)
1,33 − ε33A2ϕ,3. (16)

For the conservation of electrons, there is

Jn
3,3 = 0. (17)

Thereby, the specific expression for the governing equations can be expressed as

(ce
33A1u

(0)
3,3 − ce

33K1u
(0)
1,33 + cp

33A2u
(0)
3,3 − cp

33K2u
(0)
1,33 + e33A2ϕ,3),3 = 0, (18a)

(ce
33K1u

(0)
3,3 − ce

33I1u
(0)
1,33 + cp

33K2u
(0)
3,3 − cp

33I2u
(0)
1,33 + e33K2ϕ,3),33 = f, (18b)

(e33A2u
(0)
3,3 − e33K2u

(0)
1,33 − ε33A2ϕ,3),3 = qA2(N

+
D − n), (18c)

(−µn
33nϕ,3 + dn

33n,3),3 = 0, (18d)

where Eq. (18d) contains a nonlinear term nϕ,3, which prevents us from deriving the analytical
solutions directly. For this reason, a proper approach should be developed for searching the
exact solutions. This is one of the main tasks in this paper.

4 Iteration solutions

To deal with the nonlinear problem in the piezoelectric semiconductor, Zhao et al.[34] and
Zhang et al.[35] proposed that the iteration could be an effective method. This method has been
successfully utilized to study the nonlinear fracture problems in the piezoelectric semiconductor
plane. Consequently, the iteration is also adopted in this paper. Consider that the beam is
simply supported and subject to a uniform pressure f . Meanwhile, the electrical boundary
condition is considered as electrically isolated. Accordingly, the boundary conditions can be
expressed as[32]

{

N(0) = N(L) = 0, M(0) = M(L) = 0, u1(0) = u1(L) = 0,

D3(0) = D3(L) = 0, Jn
3 (0) = Jn

3 (L) = 0.
(19)

For simplification, we introduce the following effective parameters:

{

c1 = ce
33A1 + cp

33A2, c2 = ce
33K1 + cp

33K2, c3 = ce
33I1 + cp

33I2,

e1 = e33A2, e2 = e33K2, ε = ε33A2.
(20)

By considering the axial force boundary conditions and electric current density boundary
conditions, meanwhile, denoting the carrier density by n = n0 + ∆n, the governing equations
are rewritten as















(g11u
(0)
1,33 − g12ϕ,3),33 = f,

(g21u
(0)
1,33 − g22ϕ,3),3 = −qA2∆n,

− µn
33n0ϕ,3 − µn

33∆nϕ,3 + dn
33n,3 = 0,

(21)
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where n0 is the initial carrier density and is assumed as n0 = N+
D , and ∆n is the perturbation

carrier density[10]. Besides,

g11 =
c2c2

c1
− c3, g12 = g21 =

c2e1

c1
− e2, g22 =

e1e1

c1
+ ε.

In addition, there is u
(0)
3 = c2

c1

u10,3 −
e1

c1

ϕ0.
To obtain the nonlinear results, for the ith iteration, we rewrite the governing equations to















(g11u
(0,i)
1,33 − g12ϕ

(i)
,3 ),33 = f (i),

(g21u
(0,i)
1,33 − g22ϕ

(i)
,3 ),3 = −qA2∆n(i),

− µn
33n0ϕ

(i)
,3 − µn

33∆n(i)ϕ
(i−1)
,3 + d33n

(i)
,3 = 0,

(22)

where i > 1.
Similarly, the remaining boundary conditions are

M (i)(0) = M (i)(L) = 0, u
(0,i)
1 (0) = u

(0,i)
1 (L) = 0, D

(i)

3 (0) = D
(i)

3 (L) = 0. (23)

In addition, u
(0,i)
3 (L/2) = ϕ(i)(L/2) = ∆n(i)(L/2) = 0 are set as reference values.

Observing Eq. (22), the initial solution ϕ
(0)
,3 is necessary. In this paper, the initial solutions

are derived based on the governing equations without semiconduction, i.e., the initial governing
equations are







(g11u
(0,0)
1,33 − g12ϕ

(0)
,3 ),33 = f (0),

(g21u
(0,0)
1,33 − g22ϕ

(0)
,3 ),3 = 0.

(24)

The relevant initial boundary conditions are

M (0)(0) = M (0)(L) = 0, u
(0,i)
1 (0) = u

(0,i)
1 (L) = 0, D

(0)

3 (0) = D
(0)

3 (L) = 0. (25)

Under the boundary conditions, the analytical solutions to Eq. (24) can be derived straightfor-
wardly, i.e.,















u
(0)
1 =

fx3

24G
(x3

3 − 2Lx2
3 + L3),

ϕ
(0)
,3 =

g21

g22

f

2G
(x2

3 − Lx3),

(26)

where

G = g11 −
g12g21

g22
.

After deriving the initial solutions, the iterative process is described as follows.

(i) Calculate the first-order derivation of the initial electric potential ϕ
(0)
,3 based on Eq. (26).

(ii) Substitute the initial values of ϕ
(0)
,3 into Eq. (22), and calculate the iteration solutions

u
(0,1)
1 , ϕ(1), and ∆n(1).
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(iii) Use the renewed iteration solutions ϕ
(i)
,3 (i > 1), and calculate the next iteration solutions

u
(0,i+1)
1 , ϕ(i+1), and ∆n(i+1).

(iv) Repeat the iterative procedure (iii) until the solutions satisfy















































∣

∣

∣

∣

∣

max(u
(0,i+1)
1 ) − max(u

(0,i)
1 )

max(u
(0,i)
1 )

∣

∣

∣

∣

∣

6 δ,

∣

∣

∣

∣

max(ϕ(i+1)) − max(ϕ(i))

max(ϕ(i))

∣

∣

∣

∣

6 δ,

∣

∣

∣

∣

max(∆n(i+1)) − max(∆n(i))

max(∆n(i))

∣

∣

∣

∣

6 δ,

(27)

where δ is the parameter controlling the calculation accuracy. Once the iteration error is smaller
than δ, the data in the ith iteration will be chosen as the final result.

It should be pointed out that the governing equations for the ith (i > 1) iteration contain the

variable coefficient ϕ
(i−1)
,3 , which brings the difficulty in deriving the analytical solution directly.

In this case, numerical methods could be an effective approach searching for the solutions. In
this paper, the DQM[36–37] is adopted. It overcomes some common programming difficulties,
such as complex algorithm and excessive use of memory and calculation time. In view of these
advantages, the DQM has been successfully used to study the piezoelectric semiconductor beam
with variable cross sections[17,38]. In the DQM, a continuous function can be approximated by
a linear sum of weighted coefficients and function values at all discrete points. According to

the discrete rule of the DQM, the transverse displacement u
(0,i)
1 , the electric potential ϕ(i), and

the perturbation carrier density ∆n(i) for the ith iteration are expressed as

[u
(0,i)
1 (ξ), ϕ(i)(ξ), n(i)(ξ)] =

R
∑

r=1

Lr[U
(i)
r , Φ(i)

r , N (i)
r ], (28)

where R is the total number of discrete points, and r indexes the sequence of discrete point. In
addition, Lr is the Lagrange interpolation polynomial.

Correspondingly, the values at the jth point for the kth derivatives can be expressed by

dk

dξk
[u

(0,i)
1 (ξ), ϕ(i)(ξ), n(i)(ξ)]ξ=ξj

=

R
∑

r=1

C
(k)
jr [U (i)

r , Φ(i)
r , N (i)

r ], (29)

in which C
(k)
jr is the kth weighting coefficient. Notably, the discrete points are selected in the

pattern of

ξj =
1

2

(

1 − cos
(j − 1)π

R − 1

)

. (30)

Applying the DQM to the final governing equations yields the algebraic equations with
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respect to Uj, Φj , and Nj , i.e.,















































g11

L4

R
∑

r=1

C
(4)
jr U (i)

r −

g12

L3

R
∑

r=1

C
(3)
jr Φ(i)

r = f
(i)
j ,

g21

L3

R
∑

r=1

C
(3)
jr U (i)

r −

g22

L2

R
∑

r=1

C
(2)
jr Φ(i)

r = −qA2N
(i)
j ,

−

µn
33n0

L

R
∑

r=1

C
(1)
jr Φ(i)

r − µn
33ϕ

(i−1)
r,3 N

(i)
j +

dn
33

L

R
∑

r=1

C
(1)
jr N (i)

r = 0.

(31)

At the same time, the discrete boundary conditions are


















































































U
(i)
1 = U

(i)
R = 0,

g11

L2

R
∑

r=1

C
(2)
1r U (i)

r −

g12

L

R
∑

r=1

C
(1)
1r Φ(i)

r = 0,

g11

L2

R
∑

r=1

C
(2)
Rr U (i)

r −

g12

L

R
∑

r=1

C
(1)
Rr Φ(i)

r = 0,

g21

L2

R
∑

r=1

C
(2)
1r U (i)

r −

g22

L

R
∑

r=1

C
(1)
1r Φ(i)

r = 0,

g21

L2

R
∑

r=1

C
(2)
Rr U (i)

r −

g22

L

R
∑

r=1

C
(1)
Rr Φ(i)

r = 0.

(32)

By solving the equation system which consists of Eqs. (31) and (32), the discrete solutions for

u
(0,i)
1 , ϕ(i), and ∆n(i) can be obtained. With the help of discrete solutions, the iterative process

runs successfully. Using the iterative results, the effects of the nonlinear constitutive relation
on the electrical properties in the piezoelectric semiconductor can be analyzed accurately.

5 Nonlinear electrical properties in a composite beam

In this paper, the commonly used ZnO is selected as the piezoelectric semiconductor layer.
The relevant material constants are[10,39]: sp

33 = 6.94 × 10−12 m2/N, d33 = 11.67 × 10−12 C/N,
εT
33 = 12.64ε0, ε0 = 8.854 × 10−12 F/m, q = 1.602 × 10−19 C, dn

33/µn
33 = 0.026 V, and n0 =

1021 m−3. For the elastic layer, the material is considered as quartz whose compliance coefficient
is se

33 = 9.6 × 10−12 m2/N. Besides, the geometric parameters are L = 1 200 nm and b = h =
100 nm.
5.1 Convergence and validation

Before formal analysis, the convergence and validation of the proposed iteration procedure
should be investigated. After performing trial calculation many times, and setting the discrete
point at the middle position as the reference point, R = 51 is fixed as the total number of discrete
points. By taking γ = 0.4 into account, the maximum electric potential and carrier density are
listed in Tables 1 and 2 for different iterations. In the tables, four pressures are considered.
It can be found from the calculated results that these two iterations provide enough accuracy
for a beam subject to a small pressure. By contrast, when the pressure becomes larger, more
iterations satisfying the convergence requirement are needed. Setting the error δ = 0.000 1,
it can be found that five iterations provide enough accuracy for all considered pressures. It
indicates that the convergence speed of the proposed iteration procedure is fast. Therefore, we
adopt five iterations in the following calculations.
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Table 1 The maximum values of ϕ for different iterations (unit: mV)

Iteration f = 0.001N/m f = 0.005N/m f = 0.01N/m f = 0.02N/m

1 0.199 0 0.911 6 1.626 4 2.559 5

2 0.202 9 1.005 8 1.997 0 3.979 7

3 0.202 9 1.004 0 1.983 0 3.867 3

4 0.202 9 1.004 0 1.983 4 3.874 4

5 0.202 9 1.004 0 1.983 4 3.873 8

6 0.202 9 1.004 0 1.983 4 3.873 9

Table 2 The maximum values of ∆n for different iterations (unit: ×1019 m−3)

Iteration f = 0.001N/m f = 0.005N/m f = 0.01N/m f = 0.02N/m

1 0.790 3 4.112 2 8.628 5 18.866 1

2 0.783 3 3.935 0 7.908 8 15.926 7

3 0.783 3 3.937 0 7.924 7 16.055 6

4 0.783 3 3.937 0 7.923 9 16.041 7

5 0.783 3 3.937 0 7.923 9 16.042 5

6 0.783 3 3.937 0 7.923 9 16.042 4

It should be pointed out that the thickness ratio is needed to limit in the range ensuring
that the piezoelectric semiconductor is compressed. With this limitation, the validation of the
assumptions in Eq. (8) can be guaranteed. To figure out the range, Fig. 3 gives the stress at
x1 = h0 for different thickness ratios, where f = 0.01N/m is considered. It can be observed
that γ = 0.47 is a critical value. If γ < 0.47, the piezoelectric layer always is compressed.
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Fig. 3 Axial stress T33 at x1 = h0 for different thickness ratios (color online)

In order to illustrate the correctness of calculation, Fig. 4 gives the comparison between
the results obtained by the finite element method (FEM) and the iteration for the electric
potential and the carrier density under different pressures. Here, the FEM results are calculated
with the COMSOL software. From the comparison, it can be seen that the results from the
iteration coincide with those from the FEM. As a result, the correctness of the proposed iteration
procedure in this paper is proved.
5.2 Effects of the nonlinear constitutive relation on the electrical properties

In this paper, the main object is to study the effects of the nonlinear constitutive relation
on the electric properties. For different thickness ratios γ = 0.2, 0.3, and 0.4, Fig. 5 gives the
variations of the maximum electric potential and perturbation carrier density with the increase
in the initial carrier density. In calculation, f = 0.001N/m is considered. It can be found
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that the electric potential decreases while the perturbation carrier density increases when the
thickness ratio increases. The reason for this phenomenon is the redistributed carriers tend

to screen the electric potential. To calculate the linear results, ϕ
(i)
,3 = 0 is set in the iteration

procedure. In this case, one iteration is used to calculate the linear results. Comparing the
linear and nonlinear results, it can be found that the effects of the initial carrier density on the
electric potential and perturbation carrier density are tiny in the given range. It illustrates that
the linear results can satisfy the accuracy requirement when different initial carrier densities
are investigated.

In Fig. 6, the effects of the pressure on the electric potential and perturbation carrier density
are studied. From the calculated results, we find that the electric potential and perturbation
carrier density increase linearly. When the pressure is relatively small, the differences between
the linear and nonlinear results are tiny. However, once the pressure becomes sufficiently large,
the linear results are quite different from the nonlinear ones. The calculated results indicate
that the consideration of the nonlinear constitutive relation is necessary for a structure subject
to large loads.

In Fig. 7, the distributions of the electric potential, electric field, electric displacement, and
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perturbation carrier density are given. In calculations, f = 0.02 N/m is adopted based on the
results in Fig. 6. It can be observed that the introduction of the nonlinear constitutive relation
induces the asymmetric electric potential, electric field, and perturbation carrier density. By
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contrast, the electric displacement is hardly affected. That is because the electric displacement
is dominated by the almost unchanged axial strain.

Additionally, the effects of the thickness ratio on the electrical properties are focused in
Figs. 5–7. For a small thickness ratio, the piezoelectric semiconductor layer becomes thinner.
Correspondingly, the effective stiffness decreases, and the deflection increases. Resultantly,
the effects from the nonlinear constitutive become stronger, and the asymmetric phenomenon
becomes more evident.
5.3 Effects of the non-uniform pressure on the electrical properties

For the purpose of illustrating the advantages of the proposed iteration method and deeply
studying the effects of the nonlinear constitutive relation on the electrical properties, we consider
a beam subject to non-uniform pressures in this section. Respectively, the linear pressure and
quadratic pressure are investigated, i.e.,

f = ηf0
x3

L
(33)

for the linear pressure and

f = ηf0

(x3

L

)2

(34)

for the quadratic pressure, in which η is a load parameter adjusting the variation of pressure
along the length direction, and f0 = 0.01N/m is selected as a reference pressure. In specific
calculations, the thickness ratio is γ = 0.4. Subject to these two loads, the initial displacement

u
(0)
1 and the electric potential ϕ

(0)
,3 are expressed as
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for a beam subject to a linear pressure and
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for a beam subject to a quadratic pressure.
In Fig. 8, the distributions of two pressures are exhibited for three parameters η = 1, 5, and

10. It can be seen that the pressures are zeros at the left end. At the right end, the pressures
reach the maximum values. Compared with the linear pressures, the quadratic pressures change
slowly in the range near the left end, but change rapidly in the range near the right end.

Corresponding to two kinds of non-uniform pressures, Figs. 9 and 10 give the electric field
quantities for three load parameters, respectively. At the same time, the comparisons between
the linear and nonlinear results are performed. For two given non-uniform pressures, the abso-
lute values for the electric potential and carrier density at the right end are much larger than
those at the left end. Due to the non-uniformity of pressures, the linear results are very close to
the nonlinear one in the range near the left end. However, the differences become larger in the
range near the right end and reach the maximum. Especially for the pressures with a large load
parameter η, the differences between the linear and nonlinear results are much more obvious
than those for a pressure with a small load parameter η. Corresponding to the non-uniform
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pressures, the electric field and effective electric displacement are asymmetric, in which a large
load parameter induces a large difference between the linear and nonlinear electric fields. By



Nonlinear analysis on electrical properties in a bended composite semiconductor beam 2053

3

0

−3

−6

−9

−12

ϕ
/m

V

η=1

η=5

η=10

x3/µm

D
3/

C

(a)

Linearity Nonlinearity

0.0 0.2 0.4 0.6 0.8 1.0 1.2

32

24

16

8

η=1

η=5

η=10

x3/µm

E
3/

(k
V

·m
−

1 )

(b)

Linearity Nonlinearity

0 0.2 0.4 0.6 0.8 1.0 1.2

0

−6

−12

−18

−24

η=1

η=5

η=10

x3/µm

(c)

Linearity Nonlinearity

0.0 0.2 0.4 0.6 0.8 1.0 1.2

1.2

0.0

−1.2

−2.4

−3.6

−4.8

η=1

η=5

η=10

x3/µm

∆
n
/m

−
3

(d)

Linearity Nonlinearity

0 0.2 0.4 0.6 0.8 1.0 1.2

×10−20 ×1020

Fig. 10 Distributions of the electric potential and carrier density in a beam subject to a quadratic
pressure: (a) the electric potential, (b) the electric field, (c) the effective electric displacement,
and (d) the perturbation carrier density (color online)

comparing the electric field quantities from two pressures, the values and distributions are sen-
sitively changed. It means that the electrical properties can be manipulated through designing
the distributions of transversely non-uniform pressures. This result provides a new approach
for adjusting the electrical properties in the piezoelectric semiconductor.

6 Conclusions

In this paper, the effects of the nonlinear constitutive relation on the electrical field quanti-
ties in a composite piezoelectric beam are investigated. To describe the nonlinear electro-elastic
coupling behaviors, the governing equations are established based on the equilibrium of differ-
ential element. An iteration procedure is set for solving the nonlinear differential equations.
Compared with the results from the FEM, the correctness of the calculation in this paper is
proved. By investigating the effects of the initial carrier density, pressure, and thickness ratio
on the electrical field quantities, some conclusions are drawn as follows.

(I) The convergence of the proposed iteration procedure is fast, and five iterations provide
enough accuracy in the numerical calculations.

(II) When subject to a large transverse pressure, the effects of the nonlinear constitutive
relation on the electric field quantities are evident.

(III) The introduction of the nonlinear constitutive relation induces the asymmetry of the
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electric potential, electric field, and perturbation carrier density, but does not change the sym-
metry of the electric displacement.

(IV) By applying non-uniform transverse pressures, the distributions of the electrical field
quantities can be manipulated artificially.

The results in this paper could be the basis of analyzing and designing electronic devices
accurately. Herein, only the nonlinear constitutive relation is considered. In the future, the
geometric nonlinear problems[40] can also be investigated with a similar approach in this paper.
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