
Appl. Math. Mech. -Engl. Ed., 44(5), 693–710 (2023)

APPLIED MATHEMATICS AND MECHANICS (ENGLISH EDITION)

https://doi.org/10.1007/s10483-023-3001-6

A modified single edge V-notched beam method for evaluating

surface fracture toughness of thermal barrier coatings∗

Haoran BAI, Zhanyu WANG, Sangyu LUO, Zhaoliang QU†, Daining FANG

Institute of Advanced Structure Technology, Beijing Institute of Technology,

Beijing 100081, China

(Received Mar. 23, 2023 / Revised Apr. 4, 2023)

Abstract The surface fracture toughness is an important mechanical parameter for
studying the failure behavior of air plasma sprayed (APS) thermal barrier coatings
(TBCs). As APS TBCs are typical multilayer porous ceramic materials, the direct appli-
cations of the traditional single edge notched beam (SENB) method that ignores those
typical structural characters may cause errors. To measure the surface fracture toughness
more accurately, the effects of multilayer and porous characters on the fracture toughness
of APS TBCs should be considered. In this paper, a modified single edge V-notched
beam (MSEVNB) method with typical structural characters is developed. According to
the finite element analysis (FEA), the geometry factor of the multilayer structure is re-
calculated. Owing to the narrower V-notches, a more accurate critical fracture stress is
obtained. Based on the Griffith energy balance, the reduction of the crack surface caused
by micro-defects is corrected. The MSEVNB method can measure the surface fracture
toughness more accurately than the SENB method.

Key words thermal barrier coating (TBC), surface fracture toughness, modified single
edge V-notched beam (MSEVNB) method, multilayer structure, micro-defect

Chinese Library Classification O341, O346.1
2010 Mathematics Subject Classification 74B05, 74R10

1 Introduction

Air plasma sprayed (APS) thermal barrier coatings (TBCs) are widely used in gas turbine
engines to protect hot-end components due to their excellent thermal insulation and corrosion
resistance[1]. Generally, APS TBCs are multilayer coatings, which consist of a ceramic top
coat, a metallic bond coat, and a metallic substrate[2]. The mismatch of the mechanical and
thermal properties of different layers can result in stresses in APS TBCs. The stresses could

∗ Citation: BAI, H. R., WANG, Z. Y., LUO, S. Y., QU, Z. L., and FANG, D. N. A mod-
ified single edge V-notched beam method for evaluating surface fracture toughness of thermal
barrier coatings. Applied Mathematics and Mechanics (English Edition), 44(5), 693–710 (2023)
https://doi.org/10.1007/s10483-023-3001-6

† Corresponding author, E-mail: quzl@bit.edu.cn
Project supported by the National Natural Science Foundation of China (Nos. 12172048 and
12027901) and the National Science and Technology Major Project of China (Nos. 2019-VII-0007-
0147 and 2017-VI-0020-0093)

c©The Author(s) 2023



694 Haoran BAI, Zhanyu WANG, Sangyu LUO, Zhaoliang QU, and Daining FANG

induce surface cracks in the top coats during service[3–7]. Surface cracks provide channels for
external oxygen transport. It has been observed that oxygen has the ability to swiftly permeate
the interface between the top coat and the bond coat via channels. This process can expedite
the oxidation of the bond coat, which can ultimately result in the failure of TBCs[8–12]. Thus,
studies on the failure induced by surface cracks should receive attention[13–15]. In particular,
models describing and predicting the surface fracture behavior are urgently needed. To ex-
actly describe and predict the surface fracture behavior, the surface fracture toughness, as an
important parameter for model building, should be accurately determined[16].

Based on the linear elastic fracture mechanics (LEFM) theory, many experimental meth-
ods have been developed to evaluate the surface fracture toughness of APS TBCs[17], e.g., the
dog-bone-shaped specimen tension method[18–20], the unnotched beam bending method[21–26],
the indention fracture method[27–28], the micro-cantilever bending method[29], the double can-
tilever beam (DCB) bending method[30–31], and the single edge notched beam (SENB) bending
method[25,32–33]. On account of adopting unnotched specimens, the dog-bone-shaped specimen
tension method and unnotched beam bending method are not an optimal choice for measuring
the surface fracture toughness based on the Griffith energy balance[17,34]. The indention frac-
ture method is a typical semi-analytical empirical method, and needs further development[35–37].
Due to the large plastic zone in relation to the micrometer sample size, LEFM is inapplicable
in the micro-cantilever bending method[38]. The DCB bending method is acceptable in terms
of fracture mechanics, but the specimen preparation is more difficult and expensive[39]. Owing
to its ease of operation and high stability, the SENB method is more commonly used[25,32–33].

In the case of blunt machined notches, the SENB method will overestimate the fracture
toughness[39–40]. Thus, the single edge V-notched beam (SEVNB) bending method is developed,
which is suitable for fracture toughness evaluations because of the narrower notches[39–40]. In
the SEVNB method, the following equation is usually used to calculate the fracture toughness:

KIc = fσc

√
πa, (1)

where KIc is the critical stress intensity factor of Mode I, f is a dimensionless geometry factor
that depends on the specimen configuration, σc is the critical fracture stress, and a is the initial
depth of the V-notch. The SEVNB specimens could obtain more accurate critical fracture
stress than the SENB specimens because of the narrower notches[41]. The SEVNB method
is originally designed for dense bulk materials, and is mainly used in advanced ceramics[39].
However, since APS TBCs are typical multilayer and porous materials, applying the SEVNB
method directly to APS TBCs may cause errors. Hence, typical structural characters in TBCs
should be considered during the tests. Considering the multilayer structure of APS TBCs and
different properties of each layer, the dimensionless geometry factor f should be recalculated
and determined. Besides, there are various micro-defects, including micro-cracks and micro-
pores, in the top coat to achieve good thermal insulation[2], and the presence of micro-defects
can reduce the area of crack surface and lead to underestimated fracture toughness according
to the Griffith energy balance. Thus, those factors should be considered during the evaluation
of surface fracture toughness for APS TBCs.

In this paper, a modified single edge V-notched beam (MSEVNB) method is applied and the
effects of typical structural characters are considered to accurately measure the surface fracture
toughness of APS TBCs. The results measured by the MSEVNB method are more accurate
than those measured by the traditional SENB method.

2 Materials and methods
2.1 Materials and specimens

In this study, 8% (mole fraction) yttria stabilized zirconia (8YSZ) TBCs provided by United
Coatings Technology Co., Ltd. (Beijing, China), were selected and characterized. The APS
TBCs consist of a nickel-based superalloy substrate (GH3030), a metallic bond coat (NiC-
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oCrAlY), and a ceramic top coats (8YSZ). To improve the interfacial adhesion between the
bond coats and substrates, the substrate surface was sandblasted. Then, NiCoCrAlY powders
were sprayed onto the substrates by the APS technique, and the average thickness of the bond
coats was 100 µm. Finally, top coats with different thicknesses, including 400µm, 600 µm, and
900µm, were prepared. After spraying, the TBCs were cut into beam specimens with the
dimensions of 20 mm × 2 mm × 3 mm (length×width×height), 20 mm × 2 mm × 2.7mm, and
20 mm × 2 mm × 2.5mm, as shown in Fig. 1(a). Some specimens were classified as the basic
group, which was used to measure the elastic modulus, residual stress, and ultimate strength.

To measure the surface fracture toughness of TBCs, notches were introduced into the beam
specimens with the dimensions of 20 mm×2 mm×3 mm by a diamond cutter. A through-width
notch at the midpoint of the length direction was introduced into the top coat, and the notch
depth was (450 ± 20) µm. In order to study the difference between the MSEVNB method and
the SENB method, two types of specimens were produced. Depending on Gogotsi et al.[41],
the MSEVNB specimens were machined by the diamond cutter with V-notches, and the notch
root radius R was 10 µm. According to Ref. [33], the SENB specimens had straight-through
notches, and the notch root radius R was 50 µm. The MSEVNB specimens were classified as
the experimental group, while the SENB specimens were classified as the control group, as
shown in Fig. 1(b).

To verify the accuracy of the MSEVNB method, the freestanding MSEVNB specimens with
the dimensions of 20 mm×0.9 mm×2mm were obtained by dissolving the substrates and bond
coats of the beam specimens. Notches with the depth of 900µm and the root radius of 10µm
were introduced. Those freestanding specimens were classified as the verification group-1, as
shown in Fig. 1(c).
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Fig. 1 Schematic of (a) beam specimens, (b) SENB and MSEVNB specimens, and (c) freestanding
MSEVNB specimens (color online)

To verify the independence of the top coat thickness hTC on the surface fracture toughness
measured by the MSEVNB method, the notches with the depth of (300±20) µm were introduced
into the beam specimens with the dimensions of 20 mm × 2 mm × 2.7mm, and those with
the depth of (200 ± 20) µm were introduced into the beam specimens with the dimensions of
20 mm × 2 mm × 2.5mm. The notch root radius R was set as 10 µm. These two types of
MSEVNB specimens were classified as the verification group-2 and the verification group-3,
respectively.

The classifications and dimensions of all the specimens are listed in Table 1, where L, B,
and H are the length, width, and height of the beam specimens, respectively, hTC is the top
coat thickness, a is the notch depth, and N is the number of the specimens per group.
2.2 In-situ three-point bending (3PB) tests

In-situ 3PB tests were performed by an in-situ scanning electron microscope (in-situ SEM),
as shown in Fig. 2. The specimens were loaded by a mini in-situ mechanical testing system
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Table 1 Classifications and dimensions of all the specimens

Group L/mm B/mm H/mm hTC/mm a/µm R/µm N

Basic group 20.0 2.0 3.0/2.7/2.5 0.9/0.6/0.4 – – 7/7/7

Experimental group 20.0 2.0 3.0 0.9 450 10 10

Control group 20.0 2.0 3.0 0.9 450 50 10

Verification group-1 20.0 0.9 2.0 2.0 900 10 10

Verification group-2 20.0 2.0 2.7 0.6 300 10 10

Verification group-3 20.0 2.0 2.5 0.4 200 10 10

Displacement Displacement
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Force
sensor

Load

Lead screw

Load SEM
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Computer
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(a) (b)

S
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Fig. 2 Schematic of the in-situ 3PB device in (a) top view and (b) side view (color online)

(Qiyue, MINI-MTS) integrated with an SEM (Zeiss, Sigma 300). Loads were measured by a
load sensor with 1 000N range and 0.5N resolution. Displacements were measured by a grating
ruler with 10mm range and 0.2µm resolution. Both sensors were calibrated by a standard
sample before the tests. Sigma 300 has a secondary electron imaging resolution of 10 nm, and
can observe the crack tip clearly. Specimens were first placed on a specialized 3PB fixture
with a span width of 16mm. Before the in-situ 3PB tests, the micromorphology around the
notch root was observed by the SEM. Then, a 0.5µm/s displacement rate was used to load
the specimens. To obtain the initiation and propagation process of crack near the notch root,
the loading process paused for SEM imaging when the indenter moved every 1 µm. The load-
displacement curves were obtained from the data recorded by the load sensor and grating ruler.
Meanwhile, the micrographs of crack initiation and propagation process were also obtained.
To measure the critical fracture stress σc and the ultimate strength σb, the critical loads were
accurately determined according to the micrographs and load-displacement curves. The data
collected were corrected for the instrument compliance.
2.3 X-ray diffraction (XRD) measurements of residual stress

It is well-known that there is residual stress in APS TBCs due to thermal mismatch[42]. The
residual stress may lead to overestimation or underestimation of the critical fracture toughness
σc and ultimate strength σb. To accurately determine σc and σb, the residual stress parallel to
the surface direction σres should be measured[33,42]. XRD, as a fast and reliable non-destructive
testing technology, has no specific requirements on specimen size and shape, and is suitable for
the measurement of micro-area stress. It has been widely used to measure residual stress in
TBCs. In this study, σres was determined by an X-ray stress analyzer (Stresstech Oy, XSTRESS
3000) according to Teixeira et al.[43], and beam specimens were used.
2.4 X-ray computed tomography (X-CT) measurements of porosity

The top coat prepared by the APS technique has a typical porous structure, which may
affect the measurement of the fracture area and lead to errors in the measurement of fracture
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toughness[44]. The micro-defects in the top coat should be quantitatively characterized. X-CT
is a non-destructive testing technology for studying the internal structure. A freestanding top
coat was polished to the size of 0.5 mm × 0.5 mm × 2mm and measured by a submicron X-ray
microscopy (Zeiss, Xradia 520 Versa). The spatial resolution was set as 800 nm. The data
gathered by X-CT were processed by Avizo 2019. The micro-defects in the top coats were
visualized, and the porosity was statistically calculated.

3 Results and discussion

3.1 Property measurement of APS TBCs
3.1.1 Elastic moduli of top coat and substrate

The elastic moduli of the top coat and substrate are important parameters, and should
be accurately evaluated in the measurement of fracture toughness. Commonly, bond coat is
regarded as one part of substrate, because it is much smaller than substrate in thickness and
has similar mechanical properties[1]. The TBC specimens were simplified as a double-layer
composite beam. Based on the Euler beam theory[45], the elastic modulus of substrate ESUB

can be calculated from the slope of linear section in the load-displacement curve according to

ESUB =
S3

4Bh3
SUB

∆P

∆δ
, (2)

where S is the span of the 3PB fixture, B is the width of specimens, hSUB is the thickness of the
substrate, P is the load, and δ is the displacement. ∆P/∆δ is the slope of linear section in the
load-displacement curve. A typical load-displacement curve during the 3PB tests on substrate
is shown in Fig. 3(a). The value of ESUB is determined as (167.92 ± 5.21)GPa.

According to the composite beam theory[46], the elastic modulus of the top coat ETC can
be written as

ETC =
S3

16B
∆P
∆δ − ESUB((h1 − hTC)3 + (H − h1)

3)

h3
1 − (h1 − hTC)3

, (3)

where δP is the slope of linear section in the load-displacement curve obtained from the 3PB
tests on beam specimens, hTC is the thickness of the top coat, and H is the height of the
specimens. h1 is the distance from the neutral axis to the surface of the top coat, and[46]

h1 =
ESUBh2

SUB − ETCh2
TC

2ESUBhSUB + 2ETChTC
+ hTC. (4)

A typical load-displacement curve during the 3PB tests on beam specimens is shown in Fig. 3(b).
Combining Eqs. (3) and (4), the value of ETC is determined as (29.31 ± 2.08)GPa.
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3.1.2 Residual stress in top coat
The residual stress near the crack tip should be considered when determining the critical

fracture stress[33]. Then, the residual stress σroot
res parallel to the interface direction near the

notch root in the top coat was measured. Due to the penetration ability of X-rays, the XRD
method can only measure the sub-surface residual stress σtop

res . To determine the residual stress
near the notch root σroot

res , XRD combined with layer stripping along the height of the top coat
was applied[47]. Take the beam specimen with the height of 0.9mm as an example. The residual
stress along the thickness of the top coat is plotted in Fig. 4. It is found that tensile stress exists
within the top coat, and decreases with the increasing grinding thickness. The residual stress
near the notch root σroot

res is determined as (4.0 ± 2.2)MPa.
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Fig. 4 Residual stress along the top coat thickness (hTC = 0.9 mm) (color online)

3.2 Surface fracture toughness of APS TBCs measured by MSEVNB method
To demonstrate the MSEVNB method in detail and show the difference between the SENB

method and the MSEVNB method, the specimens in the experimental and control groups are
chosen in this section.
3.2.1 Geometry factor influenced by multilayer structure

The geometry factor f of the bulk material can be expressed in two forms. These two forms
can be mutually converted, and the trends are opposite with the increase in a/H . In this paper,
the form of geometry factor corresponding to the critical fracture stress is chosen (a detailed
interpretation of the geometry factor f is given in Appendix A). For example, Fett[48] has given
the following equation of bulk material with S/H = 16/3:

f(x) = 1.123− 3.40x + 7.00x2 − 8.90x3 + 5.12x4, (5)

where x = a/H . In Refs. [25] and [33], the dimensionless geometry factor f of the bulk material
was directly used to evaluate the fracture toughness of the TBCs, where the multilayer structure
of the TBCs was ignored. Different from bulk materials, TBCs are typical multilayer materials
with different elastic properties. To obtain a more accurate geometry factor f∗, the multilayer
structure of TBCs should be considered.

The geometry factor can be determined by the finite element analysis (FEA) with the J-
integral method[38]. On the basis of the LEFM, the fracture toughness can be expressed as

KIc =

√

JIcETC

1 − v2
TC

. (6)

Combining Eqs. (1) and (6) yields

f =
1

σc

√

JIcETC

πa(1 − v2
TC)

, (7)
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where JIc is the critical contour integral, and can be calculated by the FEA, which will be
discussed in the next paragraph in detail. ETC, vTC, and a are given values in the FEA model.
σc is the critical fracture stress, and can be determined by (a detailed derivation of σc is given
in Appendix B)

σc =
12ETCPcS(h2 − a)

ESUBB((h2 − hTC)3 − (h2 − H)3) + ETCB((h2 − a)3 − (h2 − hTC)3)
, (8)

where Pc is the critical load when crack emerges at the notch root. h2 is the distance from the
neutral axis to the surface of the top coat in notched specimens. Similar to the derivation of
h1 in Eq. (4), h2 is expressed as

h2 =
ESUBh2

SUB − ETC(hTC − a)2

2ESUBhSUB + 2ETC(hTC − a)
+ hTC. (9)

Based on the FEA results and Eqs. (7)–(9), the geometry factor can be obtained. In this
study, collapse elements are used to simulate the singularity of crack tip in the FEA[48–49]. Two-
dimensional (2D) FEA models with different values of x are established in ABAQUS 2020. The
materials are set to be pure elastic and isotropic. The elastic modulus and Poisson’s ratio of the
substrate are set as 167.92GPa and 0.285[1], respectively. The elastic modulus and Poisson’s
ratio of the top coat are set as 29.31GPa and 0.21[1], respectively. The notch is set as one seam,
and the elements around the crack tip are divided into the spiderweb including 5 contours. To
simulate the 1/

√
r strain singularity of the crack tip based on the LEFM, the nodes at the

crack tip are normally tied, and the mid-side nodes are moved to the 1/4 points, as shown
in Fig. 5(a). 6-node quadratic plane strain triangle elements (CPE6) are used to discretize
the crack tip, while 8-node biquadratic plane strain quadrilateral elements (CPE8) are used for
other elements[38]. The displacement rate control mode is adopted, and the displacement rate is
set as 0.5 µm/s. The model geometry and stress distribution around the crack tip are presented
in Fig. 5(b). The results of contour integral at different a/H are also plotted in Fig. 5(c).

To verify the accuracy of the FEA results, the shape factor of the bulk materials with
S/H = 16/3 is calculated and expressed as

f#(x) = 1.089− 3.71x + 11.23x2 − 25.53x3 + 27.43x4. (10)

Compared with f given by Fett[48], f# is close to it. It demonstrates that the geometry factor
calculated by the FEA is effective. The geometry factor considering the multilayer structure of
TBCs f∗ is plotted in Fig. 5(d), and is expressed as

f∗(x) = 1.055 − 2.74x + 11.76x2 − 36.59x3 + 38.98x4. (11)

It is found that f is about 11% lower than f∗ when x = 0.15 and a =450µm. According
to Eq. (1), if the geometry factor of the bulk material is directly used in TBCs, the fracture
toughness would be underestimated by 11%.
3.2.2 Critical fracture stress influenced by notch root radius

When crack emerges at the notch root, after taking the residual stress into consideration,
the critical fracture stress σc is determined by

σc =
12ETCPcS(h2 − a)

ESUBB((h2 − hTC)3 − (h2 − H)3) + ETCB((h2 − a)3 − (h2 − hTC)3)
+ σroot

res . (12)

After measuring the residual stress, in-situ 3PB tests are carried out to determine the critical
fracture stresses σc of the MSEVNB and SENB specimens. During the tests, the critical
fracture load Pc was determined by SEM images and load-displacement curves, as shown in
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Fig. 5 Determination of the geometry factor of APS TBCs by the FEA: (a) formation of collapse
elements, (b) model geometry and stress distribution around the crack tip where SUB repre-
sents substrate and TC represents top coat, (c) results of contour integral at different a/H ,
and (d) geometry factors as a function of a/H (color online)

Fig. 6. It can be seen that the load-displacement curves of the MSEVNB and SENB specimens
are straight lines after crack initiation in the top coat (see Figs. 6(a) and 6(b)). It is because
the height and elastic modulus of the substrate are larger than those of the top coat, and
the substrate is still in linear elastic segment when cracks extend in top coat during the 3PB
tests. As a result, the load-displacement curves mainly present the linear mechanical behavior
of the substrate. Then, the critical fracture loads Pc of the MSEVNB and SENB specimens
are determined as (44.13±3.60)N and (80.54±6.80)N, respectively. According to Eqs. (9) and
(12), the corresponding critical fracture stress σVN

c of the MSEVNB specimens is determined as
(34.46±2.10)MPa, while the corresponding critical fracture stress σN

c of the SENB specimens is
determined as (55.34±3.83)MPa. As a result, the critical fracture stress could be overestimated
by 60.59% when using the SENB specimens with the notch root radius of 50 µm to replace the
MSEVNB specimens with the notch root radius of 10µm.

3.2.3 Porosity calibration coefficient induced by porosity

Unlike dense materials, the top coat material is porous. Therefore, the effects of porosity on
the fracture toughness measurement should also be considered. For bulk materials, Jelitto and
Schneider[44] have developed the equation of fracture toughness between porous materials and
dense materials. However, Jelitto’s model must obtain the fracture strength of dense material,
which could not be measured in APS TBCs. It is because TBCs with the dense top coat could
not be manufactured by APS technology. Hence, a new calibration model of porosity in APS
TBCs should be established.
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Fig. 6 Typical load-displacement curves of (a) the MSEVNB specimens and (b) the SENB specimens
and fracture processes at the notch tips of (c) the MSEVNB specimens and (d) the SENB
specimens (color online)

In view of Irwin and Dewit[34], the critical stress intensity factor KIc represents the stress
distribution at the crack tip when the crack is initiated in dense materials. Therefore, it is
difficult to express the KIc influenced by the irregular defects in a porous material. However,
the following critical energy release rate GIc is a more suitable parameter to express the fracture
toughness in porous materials[44]:

GIc =
dW

dA
, (13)

where W is the work required to create new fracture surfaces with the area A. The fracture
toughness influenced by defects could be switched to the area reduction of fracture surfaces.
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Above that, KIc could be transformed into GIc based on the LEFM by

GIc =
1 − ν

E
K2

Ic. (14)

Then, a porosity calibration equivalent coefficient is proposed, and the critical stress intensity
factor of porous materials K∗

Ic is expressed as (a detailed derivation of the porosity calibration
coefficient 1/

√
1 − ϕ is given in Appendix C)

K∗
Ic =

1√
1 − ϕ

KIc, (15)

where ϕ is the porosity of the top coat.
To quantitatively characterize the porosity, 500 2D image slices of the top coat are acquired

by X-CT. Three-dimensional (3D) volume rendering of the top coat is obtained by stacking 2D
images, as shown in Fig. 7(a). A greyscale-based interactive threshold segmentation method is
used to extract the 3D morphology of defects in the top coat, as shown in Fig. 7(b). Then, the
porosity of the top coat is counted as 19.57%. Based on Eq. (15), the corresponding porosity
calibration coefficient is determined as 1.115 0. Without considering the influence induced by
micro-defects, the surface fracture toughness may be overestimated by 13.1%, compared with
that taking the effects of micro defects into consideration.

(a) (b)

200 µm
200 µm

Fig. 7 (a) 3D volume rendering of the top coat and (b) 3D morphology of defect distribution in the
top coat (color online)

3.2.4 Surface fracture toughness measured by MSEVNB method
Considering the multilayer and porous characters, the MSEVNB method is used to measure

the fracture toughness of APS TBCs. Based on the above analysis, the expression of the
MSEVNB method can be written as

KVN
Ic =

1√
1 − ϕ

f∗σVN
c

√
πa. (16)

The expression of the SENB method is written as

KN
Ic = fσN

c

√
πa. (17)

The specimens of the experimental group and control group are tested by the in-situ SEM. Based
on Eq. (16), the surface fracture toughness of the MSEVNB specimens in the experimental
group is determined as (1.12 ± 0.06)MPa. One of the SENB specimens in the control group is
determined as (1.79±0.12)MPa. Those results are plotted in Fig. 8. It is clear that the surface
fracture toughness measured by the SENB method without considering the characters of APS
TBCs is 59.82% larger than that measured by the MSEVNB method.
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Fig. 8 Surface fracture toughness measured by the MSEVNB and SENB methods (color online)

3.2.5 Accuracy of MSEVNB method
To verify the accuracy of the MSEVNB method, another type of MSEVNB specimens is

prepared. The freestanding MSEVNB specimens are obtained by dissolving the substrate and
bond coat of beam specimens and set as the verification group-1. The typical load-displacement
curve and the fracture process at the notch tip are shown in Figs. 9(a) and 9(b).

Without multilayer structures, the residual stress in the top coat is absent, and the geometry
factor f with S/H = 8 could be provided by[48]

f(x) = 1.094− 1.91x + 3.20x2 − 2.64x3 + 0.74x4. (18)

The critical fracture stress σc is determined as (51.38 ± 0.53)MPa, and is calculated by

σVN
c =

3PcS

2B(hTC − a)2
. (19)

The surface fracture toughness of freestanding MSEVNB specimens is determined as (1.20 ±
0.12)MPa·m1/2 and plotted in Fig. 9(c), which is close to that of the MSEVNB specimens in the
experimental group. Thus, the surface fracture toughness obtained by the MSEVNB method
is valid.
3.3 General validation of MSEVNB methods
3.3.1 Independence of top coat thickness

To verify the independence of the top coat thickness on the surface fracture toughness mea-
sured by the MSEVNB method, the verification group-2 and the verification group-3 are set.
Except for the top coat thickness, the specimens of these two new groups are the same as those
in the experimental group. The residual stresses in the top coat corresponding to different
specimens are also measured, as shown in Fig. 10(a). The geometry factors of different groups
are determined by the FEA, as shown in Fig. 10(b). Typical load-displacement curves in the
verification group-2 and the verification group-3 are plotted in Figs. 10(c) and 10(d), respec-
tively. Finally, the surface fracture toughnesses of these two groups are evaluated and plotted
in Fig. 10(e). The surface fracture toughnesses are determined as (1.11 ± 0.06)MPa ·m1/2 and
(1.07 ± 0.07)MPa ·m1/2 for the verification group-2 and the verification group-3, respectively.
These values are close to (1.12 ± 0.06)MPa ·m1/2, which is obtained from the experimental
group. Thus, the surface fracture toughness measured by the MSEVNB method is independent
of the top coat thickness.
3.3.2 Independence of specimen width

To obtain the reliable surface fracture toughness, the independence of specimen width on
the surface fracture toughness measured by the MSEVNB method is also studied. The experi-
mental model proposed by Fisher abd Barsom[50] explains a possible variation of the measured
fracture toughness with specimen width. The measured values decrease with increasing the
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Fig. 9 Results of the verification group-1: (a) typical load-displacement curve, (b) fracture process
at the notch tip, and (c) surface fracture toughness (color online)

specimen width until a plateau is reached. In that plateau, the toughness appears to be rela-
tively insensitive to the specimen width, and is referred to as “plane strain fracture toughness”.
The specimen width obeys the following relationship:

B > B0 = 2.5
(KIc

σys

)2

, (20)

where σys is the yield stress of the top coat, and B0 is the critical specimen width. It is
well-known that the mechanical behavior of brittle materials does not exhibit yielding[51]. The
ultimate strength σb is generally used in place of yield strength σys in brittle materials. The
ultimate strength σb of the top coat is defined as the stress corresponding to the crack initiation
in the top coat. Similar to the derivation of the critical fracture stress σc, the ultimate strength
σb is expressed as

σb =
12ETCPbSh1

ESUBB((h1 − hTC)3 − (h1 − H)3) + ETCB(h3
1 − (h1 − hTC)3)

+ σtop
res , (21)

where Pb is the critical break load corresponding to the crack initiation in the top coat. σtop
res is

the residual stress on the surface of the top coat.
In-situ 3PB tests are conducted on the beam specimens in the basic group. The typical

load-displacement curve and SEM images at the critical break load are shown in Figs. 11(a)
and 11(b), respectively. Pb is determined as (119.45 ± 9.75)N. σtop

res is (19 ± 2.3)MPa, which
has been discussed in Fig. 5. According to Eq. (21), the ultimate strength σb is determined
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as (84.72 ± 5.03)MPa. Combining the surface fracture toughness measured by the MSEVNB
method, B0 is calculated as 0.5 µm, which is less than the specimen width (2 mm and 0.9mm
in this study). Thus, the surface fracture toughness measured by the MSEVNB method is
independent of the specimen width.

4 Conclusions

In this work, the MSEVNB method is developed to evaluate the surface fracture toughness of
APS TBCs. The typical structural characters of APS TBCs are taken into account. The effects
of multilayer and porous characters on the measured surface fracture toughness are studied
quantitatively. The main conclusions are summarized as follows.

(i) Considering the multilayer structure of APS TBCs, the geometry factor f∗ is recalculated
through the FEA, and is 9.9% higher than f , which ignores the multilayer structure.

(ii) The critical fracture stress of the MSEVNB specimens with the notch root radius of
10 µm is 37.7% lower than that obtained from the SENB specimens with the notch root radius
of 50 µm.

(iii) Considering the reduction area of the crack surface induced by micro-defects, a calibra-
tion coefficient of porosity is proposed. The surface fracture toughness measured after porosity
calibration is 11.5% higher than that obtained from the SENB method.

(iv) The surface fracture toughness of APS TBCs measured by the MSEVNB method is
determined as (1.12 ± 0.06)MPa, which is 37.4% lower than that measured by the SENB
method.

(v) It is found that the surface fracture toughness measured by the MSEVNB method is
independent of the top coat thickness and specimen width.
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Appendix A Detailed interpretation of the geometry factor f

According to Fett[48], the critical stress intensity factor of the SENB method (see Fig. A1(a)) in the
3PB tests could be expressed as

KIc = f1σ0

√
πa = f2σc

√
πa, (A1)

where σ0 is the characteristic stress and can be expressed as

σ0 =
3PcS

2BH2
, (A2)

while σc is the critical fracture stress and can be expressed as

σc =
3PcS

2B(H − a)2
. (A3)

Combining Eqs. (A1)–(A3), the geometry factor f1 corresponding to the characteristic stress can be
switched to the geometry factor f2 corresponding to the critical fracture stress through

f2 =
(

1 − a

H

)2

f1. (A4)

Those two forms of the geometry factor are plotted in Fig. A1(b). It is obvious that f1 increases while f2

decreases when a/H increases. In this paper, the form of f2 is chosen. It is because the corresponding
critical fracture stress is easy to define in the TBCs with the multilayer structure.
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Fig. A1 (a) Schematic of the SENB method; (b) geometry factors of two forms (color online)

Appendix B Derivation of the critical fracture stress

During 3PB tests, the notched specimen can be regarded as a double-layer composite beam with
the top coat thickness of (hTC − a).

The moment of the notched specimens induced by the critical load Pc can be expressed as

M =
PcS

4
. (B1)
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The moments of the substrate MSUB and the top coat MTC follow the superposition principle as
follows:

M = MTC + MSUB. (B2)

The curvature radius of the neutral axis ρ in the notched specimens can be expressed as

1

ρ
=

MSUB

ESUBISUB
,

1

ρ
=

MTC

ETCITC
, (B3)

where ITC is the moment inertia of the top coat to the neutral axis for the notched specimens, and the
moment inertia for the substrate ISUB is expressed as

ISUB = B

∫ h2−hTC

h2−H

y2dy, ITC = B

∫ h2−a

h2−hTC

y2dy. (B4)

The bending stress σTC of the top coat is given by

σTC =
MTC

ITC
y. (B5)

The critical fracture stress of the top coat σc can be determined through

σc = σTC

∣

∣

y=h2−a
. (B6)

Combining Eqs. (B1)–(B6), the critical fracture stress of the top coat σc can be indicated as

σc =
12ETCPcS(h2 − a)

ESUBB((h2 − hTC)3 − (h2 − H)3) + ETCB((h2 − a)3 − (h2 − hTC)3)
. (B7)

Similar to h1 expressed by Eq. (4)[46], the distance h2 from the neutral axis to the surface of the
top coat in the notched specimen can be determined by

h2 =
ESUBh2

SUB − ETC(hTC − a)2

2ESUBhSUB + 2ETC(hTC − a)
+ hTC. (B8)

Appendix C Derivation of the porosity calibration coefficient

The critical energy release rate GIc is usually used to characterize the fracture behavior of porous
material. GIc describes the energy balance when cracks extend in materials[52] . In dense materials, GIc

can be expressed as

GIc =
dW

dA
, (C1)

where W is the work required to create new fracture surfaces with the area of A. It is worth noting
that micro-defects in porous materials may reduce the area of the fracture surfaces. The effects of
micro-defects on the area of fracture surfaces should be considered. Given the porosity ϕ, the real area
of fracture surfaces in the porous material A∗ can be written as

A∗

A
= 1 − ϕ. (C2)

Accordingly, the critical energy release rate of the porous materials G∗

Ic can be calibrated as

G∗

Ic =
dW

dA∗

=
1

1 − ϕ
GIc. (C3)

Based on the LEFM, the relationship between GIc and KIc in dense materials could be expressed as

GIc =
1 − ν

E
K2

Ic. (C4)

A similar relationship exists in porous materials, and can be written as

G∗

Ic =
1 − ν

E
K∗2

Ic , (C5)

where K∗

Ic is the critical stress intensity factor of the porous materials. Combining Eqs. (C3)–(C5), K∗

Ic

can be rewritten as

K∗

Ic =
1√

1 − ϕ
KIc. (C6)


