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Abstract This paper aims to explore the deformation of the collided bodies in multi-
body systems and to effectively simulate the motion path of colliding bodies. First, we
describe the geometrically nonlinear problems of materials by the total Lagrangian formu-
lation. Second, a first-order integration scheme is used to solve the dynamics equations.
An algorithm combining the bi-potential method with the node-to-point contact identi-
fication is proposed to solve the interface problems of rigid-flexible interaction collision.
To observe the collision process more intuitively, the internal software FER/VIEW is
introduced to visualize the results. The accuracy is proved by comparing the proposed
method with the analytical solution or another numerical solution. Moreover, the pro-
posed method has more numerical robustness, such as occupying less computer storage,
saving the computational cost, and broadening the application range of the bi-potential
method.
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1 Introduction

Contact is a common phenomenon in practical engineering applications, including elastic
contact, rigid contact, sliding contact, rolling contact, etc.[1–3]. Collision, a nonsmooth dy-
namic phenomenon, also belongs to the contact problems[4–5]. In the assumption based on
complete rigidity, collision is an instantaneous contact phenomenon. Therefore, colliding bodies
are usually divided into rigid or flexible bodies[6–7]. Rigid body collision[8], based on analyti-
cal mechanics, is to establish calculation models and numerical solution methods suitable for
computer program solution. In the aerospace field, the Lagrangian method is used in relative
coordinates. In the mechanical research field, the Cartesian mathematical method is used in
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absolute coordinates. As for the flexible body collision[9], the current research usually describes
the large-scale motion of bodies through floating coordinate systems. The relative positions of
each node in the flexible bodies are changing, which can be regarded as composite motions of
rigid motion and elastic deformation in moving coordinate systems.

Friction, also a nonsmooth factor, is the most significant source of structural nonlinearity on
the contact surface. Friction processes include tribological properties such as lubrication, wear,
and geometric changes of the contact surface[10]. The existence and uniqueness of the solution
to the dynamic problems involving friction are still difficult to solve. The main difficulties
of these problems lie in the inherent nonlinearity and non-differentiability of contact friction
conditions[11]. The coefficients of friction depend on many physical parameters and operating
conditions. Pennestr̀ı et al.[12] introduced eight contact friction models, such as the smooth
Coulomb model[13], the LuGre model[14], and the Dahl model[15]. However, there is no friction
model with universal adaptability. The applicable friction model needs to be selected according
to the actual conditions.

The contact law in constitutive relations between force and motion is the Coulomb friction
law and the Signorini condition, which are usually used to simulate strongly nonlinear equa-
tions involving collision and friction problems. There are many different expressions to illustrate
the contact law, such as the set-valued functions, the sub-differentials, and the variational in-
equalities. From different mathematical expressions, different numerical methods[10] can be
constructed to reveal the essential laws of contact, including the penalty function method[16],
the Lagrange multiplier method[17], the augmented Lagrangian method[18], the linear comple-
mentarity problem (LCP) method[19], etc. In recent years, there have been many studies on the
contact dynamics of multibody systems. For example, Wang et al.[20] used the cone comple-
mentarity problem (CCP) method to describe the contact problems, and made the CCP model
suitable for high sliding velocity through the prediction term. Chatterjee and Bowling[21] re-
garded the collision as a discrete event in the time domain simulation, and used an independent
pulse to represent all pulses so as to solve the uncertainty problem in multiple collision prob-
lems. Zhou et al.[22] gave the identification method of the damping coefficient based on the
LuGre friction model, which could well describe the contact problems and simplify the numer-
ical algorithm. Lee et al.[23] proposed a new framework of velocity-based iteration by using
surrogate dynamics and contact nodalization, which could effectively deal with large dimension
and multiple contact problems. Combined with the principle of Gaussian minimum constraint,
Yao et al.[24] adopted the particle swarm optimization method to handle the corresponding op-
timization model, and solved the bilateral constraints in the collision problems by the Gaussian
optimization method.

The bi-potential method, proposed by De Saxcé and Feng[25–26], is also a numerical method
for solving contact problems. At present, the bi-potential method has been applied to collision
problems between rigid bodies and contact problems between flexible bodies. Regarding the
category of collision bodies, the current research mainly focuses on the following three situations,
i.e., the collision between rigid multibodies[20], the collision between flexible multibodies[27], and
the collision between flexible bodies and constrained rigid bodies[28]. However, the collision
between moving rigid bodies and flexible bodies has been relatively less studied. When the
deformation of the colliding body has little or no effect on the results, the colliding body can
be regarded as a rigid body. Here, it is no longer necessary to mesh the colliding body, which
can greatly improve the efficiency of solutions and save the computational cost.

The purpose of this paper is to further extend the bi-potential method to the collision
problems of the interaction between moving rigid bodies and flexible bodies. The paper is
organized as follows. Section 2 describes the constitutive model of hyperelastic materials and
introduces the total Lagrangian formulation, combined with the Newton-Raphson iteration to
solve nonlinear problems. In Section 3, based on the node-to-point contact identification, the
collision force in the local coordinate system is solved by the bi-potential method. Then, it
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is brought into the global algorithm to compute the displacements and velocities. In Section
4, the bi-potential method is extended to the nonsmooth dynamic analysis of the rigid-flexible
interaction collision, which is verified by four numerical examples. Example 1 is the collision of
a rigid body with an elastomer. Examples 2 and 3 are the collisions between a composite plate
and rigid bodies. Here, the composite plate is composed of a hyperelastic block and a rigid
plate. In the meantime, the internal software FER/VIEW[29], developed by Feng’s research
team, is used to visualize the numerical simulations so that the motion, stress, etc. can be
observed more intuitively. Last, Section 5 draws some conclusions. Additionally, Example 4 is
to solve the collision of a hyperelastomer, and verifies the conservation or dissipation of energy
for multiple collision cycles, as shown in Appendix A.

2 Nonlinear problems of finite element

The methods used to describe the relative motion and deformation of bodies are mainly
the Lagrange method and the Euler method. The Lagrange method is to track the motion of
fluid particles, so as to record the changes of physical quantities of fluid particles with time.
Its advantage is that particle dynamics in solid mechanics can be directly applied for analysis.
Thus, the Lagrange method is adopted in this paper. As shown in Fig. 1, the material coordinate
Xi is an independent variable, and the time t is a parameter variable.

x1 x1

x2

x2

x3

P0

p0P

p

dX

dx

x3

O
O

Reference configuration Current configuration

Fig. 1 Measurement of deformation

For Point p0,

xm = xm(Xi, t). (1)

For Point p,

xm + dxm = xm(Xi + dXi, t). (2)

Then,

dxm = F̃midXi, (3)

where F̃mi = ∂xm

∂Xi
is called the deformation gradient tensor. Assume that the length of dX is

dL and the length of dx is dl. Thus,

(dl)2 − (dL)2 = 2EijdXidXj . (4)

The Green-Lagrangian strain tensor is

E =
1
2
(C − I) (5)

with the stretch tensor C = F̃ TF̃ .
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In the hyperelastic constitutive law, the strain energy density function W is the scale function
of the strain tensor, and the conjugate second Piola-Kirchhoff stress tensor S can be obtained
by taking its derivative with respect to E as follows:

S =
∂W

∂E
= 2

∂W

∂C
. (6)

The fourth-order material tensor D = ∂S
∂E can also be written as

Dijkl =
∂2W

∂Eij∂Ekl
. (7)

2.1 Yeoh model of hyperelastic materials
Three kinds of nonlinearities, i.e., geometric, material, and boundary nonlinearities, exist in

hyperelastic materials when collisions occur. The constitutive models of hyperelastic materials
can be divided into two categories, i.e., (i) the deformation of hyperelastic materials is regarded
as the isotropic uniform deformation, and W is expressed as a function of the invariant of
deformation tensor, such as the Mooney-Rivlin model and the Yeoh model; and (ii) W is
expressed as a function with the principal elongation tensor as the variable, such as the Valanis-
Landel model and the Ogden model.

In the present paper, we adopt the Yeoh constitutive model. The experimental data obtained
by Yeoh[30] show that the second strain invariant has little effect on the deformation when the
strain is large. Therefore, the Yeoh constitutive model can be expressed by the first strain
invariant I1 as follows:

W =
N∑

i=1

ci0(I1 − 3)i +
N∑

k=1

1
Dk

(J − 1)2k, (8)

where J is the volume ratio of post-deformation to pre-deformation. ci0 and Dk are the input
parameters. When N = 1, this model is equal to the Neo-Hookean model. Generally, N = 3
is used to reflect the advantages of the Yeoh model, which can describe the typical reverse S-
shaped stress-strain curve and can also describe the large deformation of hyperelastic materials
until failure. The stress tensor S can be derived from the potential function to the strain tensor.
Thus, by combining Eq. (6) with Eq. (8), we can obtain S as follows:

S = 2
( 3∑

i=1

ici0(I1 − 3)i−1
)
J− 2

3

(
I − I1

3
C−1

)
+

( 3∑
k=1

2k

Dk
(J − 1)2k−1

)
JC−1. (9)

2.2 Solution to nonlinear problems based on the total Lagrangian formulation
In this paper, the nonlinear problems of hyperelastic materials are described by the total La-

grangian formulation. The Green-Lagrange strain is used to express the nonlinear relationship
between the strain and the displacement. The strain energy density function of the hyperelas-
tic materials is established by combining the second Piola-Kirchhoff stress tensor. The Yeoh
constitutive model is discretized by the incremental total Lagrangian formulation. Namely, all
variables use the configuration of time t=0 as the reference configuration. The Green-Lagrange
strain[31] is expressed as

E =
(
BL +

1
2
BNL(q)

)
q, (10)

where BL is the linear strain term, BNL is the nonlinear strain term, and q is the nodal
displacement. According to the virtual displacement principle, we can obtain the weak solution
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form of the nonlinear finite element in the total Lagrangian formulation as follows:

δU = Aq̈δq +
∫

V0

SδEdV − Fextδq − Rcδq = 0, (11)

where Fext and Rc are the external force and the collision force, respectively. A is the mass ma-
trix, V0 is the volume of the reference configuration, and q̈ is the acceleration vector. However,
the damping term is not considered here. For the arbitrary δq, we can obtain the following
strongly nonlinear equation:

Aq̈ + Fint − Fext − Rc = 0. (12)

The internal force is

Fint =
∫

V0

(BL + BNL(q))TSdV. (13)

The stiffness matrix K = ∂Fint
∂q can be written as

K =
∫

V0

BT
L DBLdV +

∫
V0

S
∂BNL(q)

∂q
dV

+
∫

V0

(BT
L DBNL + BT

NLDBL + BT
NLDBNL)dV. (14)

3 Collision kinematics

3.1 Local algorithms
Collision, as a nonsmooth factor, is actually a contact problem. The nonlinearities of the

contact problems come from (i) that the surface, the position, and the state of contact are
unknown and change with time; and (ii) the contact conditions. Assume that the displacements
of the two collision bodies are u1 and u2, respectively. It is worth noting that the contact
interface is based on the node-to-point (or 1-to-2), where the right superscript 1 represents the
node on the flexible body, and the right superscript 2 is the point on the rigid body closest
to Node 1. In the local coordinate system, the relative displacement is u = u1 − u2, and the
relative velocity is u̇ = u̇1 − u̇2. Thus,{

u̇ = [u̇t u̇n]T,

r = [rt rn]T,
(15)

where r is the collision force. The right subscripts t and n represent the tangential and normal
directions, respectively. The contact conditions are divided into the normal Signorini condition
and the tangential Coulomb friction law. Considering the complementarity of the Signorini
condition, it is expressed as

Signor(u̇n, rn) : u̇n � 0, rn � 0, u̇nrn = 0. (16)

Considering the existence of friction, which is one of the nonsmooth factors, the tangential
contact condition is to judge the specific state of two bodies in contact, and the Coulomb
friction law is expressed as

Coul(u̇t, rt)

⎧⎨⎩
|rt| � μrn, |u̇t| = 0,

rt = −μrn
u̇t

|u̇t| , |u̇t| �= 0,
(17)
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where μ is the coefficient of friction. As shown in Fig. 2, a closed convex set Kμ of the Coulomb
friction cone is defined as Kμ = {r ∈ R

3 such that |rt|−μrn � 0}. Summarizing Eqs. (16)–(17),
the complete collision law has three states,⎧⎪⎪⎪⎨⎪⎪⎪⎩

no contact: r ∈ K∗
μ with r = 0, u̇n > 0,

sticking: r ∈ Kμ with u̇ = 0,

sliding: r ∈ R
3 − (Kμ, K∗

μ) with un = 0, |u̇t| �= 0, rt = −μrn
u̇t

|u̇t| ,
(18)

where K∗
μ is the polar cone of Kμ. The classical variational method involves two variational

principles concerning unilateral contact and friction. For implicit standard materials, the uni-
lateral contact and friction are coupled, which is determined by a unique bi-potential. Thus,
de Saxcé and Feng[25] proposed such a bi-potential function about the dual variable, (−u̇, r),

bc(−u̇, r) = ∪
R−

(−u̇n) + ∪
Kµ

(r) + μrn| − u̇t|. (19)

No contact*

r=0

r

rt

rn

Kμ

Kμ

*r

*r=r

Sliding

Sticking

Fig. 2 Coulomb friction cone

The complete definition of Eq. (19) is

∪
R−

(−u̇n) =

{
0, u̇n � 0,

+ ∞, u̇n < 0,
(20)

where R
− = [−∞, 0]. Besides,

∪
Kµ

(r) =

{
0, r ∈ Kμ,

+ ∞, r �∈ Kμ.
(21)

If r ∈ Kμ, Eq. (19) can be expressed as

bc(−u̇, r) = μrn| − u̇t|. (22)

Then, introduce a positive coefficient ζ, which is called the bi-potential coefficient, to ensure
the numerical convergence. For any r∗, we can obtain

ζbc(−u̇, r∗) − ζbc(−u̇, r) + (r − (r − ζu̇)) · (r∗ − r) � 0. (23)

The prediction equation of the collision force is obtained from Eqs. (22) and (23) as follows:

r∗ = r − ζu̇∗, (24)
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where u̇∗ = u̇t +(u̇n +μ|− u̇t|)n. Here, ζ = 1/λ is to ensure the numerical convergence, where
λ can be the smallest eigenvalue of the local flexibility matrix for one collision node. In Fig. 2,
the predicted collision force r∗ needs to be corrected by projecting onto the Coulomb friction
cone, ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ProjKµ
(r∗) = r∗, if |r∗

t | < μr∗n,

ProjKµ
(r∗) = 0, if μ|r∗

t | < −r∗n,

ProjKµ
(r∗) = r∗ −

( |r∗
t | − μr∗n
1 + μ2

)( r∗
t

|r∗
t |

− μn
)
, else.

(25)

3.2 Global algorithms
Assume that number 1 is the contact node on the flexible body Ωf , number 2 is the point on

the rigid body Ωr closest to Node 1, and the contact interface is node-to-point. The position of
Point 2 is determined by Node 1. Thus, there is no need to calculate the interpolation matrix,
which can reduce the computational time. In the global coordinate system, the node position of
Ωf is expressed by the vector Xf , and the position of the rigid body is represented by the vector
Xr. Accordingly, the relative displacement XQ on the contact interface is XQ = XrQ − XfQ,
where the right subscript Q (= 1, 2, · · · ) is the number of collision nodes. Through the transpose
matrix T T

Q , we can obtain the displacement uQ in the local coordinate system,

uQ = PQ[XfQ XrQ]T, (26)

where

PQ =
[−T T

Q 0
0 T T

Q

]
.

Here, assume that qQ = [XfQ XrQ]T. Then, substituting the gap vector gQ = [0 gQ
n ]T

between the two collision bodies, we can obtain

uQ = PQΔqQ + gQ. (27)

Here, gQ
n is the gap of the contact surface based on the node-to-point, which is controlled by

the collision nodes on Ωf . Likewise, the relationship between the global collision force RQ
c and

the local collision force rQ is

RQ
c = P T

Q rQ. (28)

According to Eq. (12), the dynamics equation of the rigid-flexible interaction can be written as

Aq̈ = F + Rc, (29)

where F = Fext − Fint. When the collision occurs, the contact state changes abruptly, the
acceleration and the velocity are discontinuous, and excessive regularity constraints may lead
to serious errors in the numerical results, e.g., the energy instability in the numerical simulation
process is increased[32]. Thus, Moreau[33] and Jean[34] proposed a first-order algorithm for
solving such problems, ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∫ t+Δt

t

q̈dt = q̇t+Δt − q̇t,∫ t+Δt

t

Fdt = Δt((1 − γ)F t + γF t+Δt),

qt+Δt − qt = Δt((1 − ω)q̇t + ωq̇t+Δt),

(30)
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where 0 � γ � 1, and 0 � ω � 1. When γ = ω = 0.5, it is actually the implicit trapezoidal rule.
In the internal iteration procedure, the values at the time t + Δt can be replaced by the values
of the (i + 1)th iteration step. For the standard approximation of F i+1, F i+1 = F i − KiΔqi.
We know qi+1 = qi + Δqi. Then, with Eq. (30), the dynamics equation can be rewritten as

KΔqi = F
i
+ Ri+1

c , (31)

where

F
i
= (1 − γ)(F t

ext − F t
int) + γ(F t+Δt

ext − F i
int) −

1
ωΔt2

Ai(qi − qt − Δtq̇t), (32)

K
i
= γKi +

1
ωΔt2

Ai. (33)

Because Eq. (31) is a strongly nonlinear equation, the internal iteration here uses the Newton-
Raphson iteration. Once the convergence condition is satisfied, the internal iteration will ter-
minate. Then, the velocity q̇t+Δt needs to be updated by

q̇t+Δt =
(ω − 1)

ω
q̇t +

1
ωΔt

(qt+Δt − qt). (34)

In summary, for each time step, (i) determine the external force Fext; (ii) the collision force Rc

is solved by the bi-potential method; (iii) the displacement vector qt+Δt is computed by the
Newton-Raphson iterative scheme; (iv) the velocity vector q̇t+Δt is updated.

4 Numerical results

The algorithms presented above have been implemented in C++ and tested in the in-house
code FER/IMPACT. The results are visualized by the postprocessor FER/VIEW. This section
further verifies that the bi-potential method is extended to solve the collision between the
moving rigid bodies and flexible bodies. In addition, the node-to-point contact recognition
technology is adopted. The advantages of the proposed method are that the contact detection
is only affected by the flexible bodies and does not need to calculate the interpolation matrix.
We use four examples (one in Appendix A[35]) with the nonsmooth factors to verify this issue.
The time interval Δt = 10−5 s.
4.1 Example 1

One end of the elastic rod is fixed, and a rigid sphere collides with the other end of the
elastic rod at the velocity V0 = 1.5m/s. The parameters of the elastic rod are the elastic
modulus E = 210GPa, Poisson’s ratio ν = 0.3, the cross-sectional area A0 = 0.2 m2, the height
h = 0.3m, and the density ρ = 7 800kg/m3. The mass ratio αm of the elastic rod to the rigid
sphere is 0.001. The elastic rod is divided into 12 quadrilateral elements.

Zhu and Xing[36] considered two bodies which were not separated as a vibrating system in
the process of collision. The response of the system was obtained by the mode superposition
method. When the rigid sphere mass mr → ∞, αm → 0. For a rod with one end fixed, as long
as it is in the compression phase, the dimensionless collision force increases with the period of
the longitudinal wave by an amplitude of 2. Therefore, before the separation of the colliding
bodies occurs, the analytical solution equations for the displacement and collision force are

q(t) = −V0t, (35)

Rc(t) =

⎧⎪⎨⎪⎩
EA0V0

C
, 0 � t � 2h

C
,

EA0V0

C

(
1 + 2nINT∗

tC

2h

)
, t >

2h

C
,

(36)
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where nINT∗ means the number after the decimal point is omitted, the longitudinal wave prop-
agation velocity C =

√
E/ρ, and 2h/C denotes a period of wave propagation.

In Figs. 3 and 4, the longitudinal coordinates Rc and dy are, respectively, the collision
force and the vertical displacement. The results obtained by the proposed method are in
good agreement with the results obtained by the finite element software MARC. However, the
collision forces from MARC have a more obvious jump point at the initial time. In addition, the
numerical results of the compression phase are also compared with the analytical solution, and
the trend of the force is consistent. Regarding the displacement at the collided end, the results
obtained by these two numerical methods fit very well with the analytical solution. Actually, the
proposed method is closer to the analytical solution, as shown in Fig. 5. Here, ε is defined as the
relative error of these numerical methods and the analytical solution. This is because MARC
has made some corrections by introducing numerical damping for the stability of numerical
results. Therefore, the deformation displacement of MARC is relatively small. During the
modeling process, for rigid bodies with smooth arcs such as a sphere, MARC automatically
divides the curve into multiple segments for computation and solution. Because of this, MARC
has more strict requirements on the meshing of flexible bodies. If the meshing is too rough,
MARC is not easy to detect the contact pairs. The Newmark integral scheme used in MARC
may also increase the numerical instability. By contrast, the bi-potential method is easier to
detect the contact pairs. Therefore, the results from this proposed method are more stable and
accurate. In Fig. 6, the energy diagrams obtained by the two numerical methods are consistent.
At t = 0.020 4 s, the kinetic energy reaches the minimum, and the potential energy reaches the
maximum. Due to the friction coefficient μ = 0 and complete elastic collision, there is no energy
loss.

10

8

6

4

2

0 0.001

R
c/

N

t/s
0.002 0.003

Bi-potential method
MARC
Analytical solution

×10−7

Fig. 3 Time histories of the collision forces
for the rigid sphere in Example 1
(color online)

0.000

−0.002

−0.004

0.000 0.001

d y
/m

t/s
0.002 0.003

Bi-potential method
MARC
Analytical solution

Fig. 4 Time histories of the vertical dis-
placement at the collision end in Ex-
ample 1 (color online)

4.2 Example 2
In this example, we extend the linear material to the nonlinear material. As shown in

Fig. 7, the model consists of three parts, i.e., a rigid sphere, a hyperelastic body, and a rigid
plate. The rigid plate is constrained, and its length and height are 4m and 0.05m, respectively.
Both the rigid sphere and the hyperelastic body are unconstrained. The rigid sphere has an
initial velocity V0 = 20m/s, the diameter d = 0.1m, the initial centroid Or(0, 0.2)m, and the
mass mr = 0.007 85kg. The hyperelastic body has the length 2 m and the height 0.3m, and
it is divided into 800 quadrilateral elements with the initial centroid O(0, 0)m and the density
ρ = 1 000kg/m3. The hyperelastic body uses the Yeoh constitutive model with the material
parameters c10 = 4.0MPa, c20 = −0.5MPa, and c30 = 0.06MPa. The contact zones of this
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Fig. 5 Relative error between the results
obtained under the two numerical
methods and the analytical solution
in Example 2 (color online)
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Fig. 6 Comparison of the energy consis-
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Fig. 7 Sketch diagram of collision between rigid and hyperelastic bodies in Example 2

example are increased compared with those of Example 1. Contact zone 1 is the contact between
the rigid sphere and the hyperelastic body. Contact zone 2 is the contact between the rigid
plate and the hyperelastic body. The friction coefficients are μ1 = μ2 = 0.2.

In Fig. 8, dy is the displacement in the y-direction, which reaches the lowest position when
t = 0.001 7 s. The node C recovers to the initial position at t = 0.006 23 s, and the sphere
recovers to the initial height t = 0.004 85 s. Furthermore, the hyperelastic body gradually
separates from the rigid plate, and starts to separate from the rigid plate at the node D first.
Figure 9 depicts the stress generated by the collision, using the internal software FER/VIEW.
When the rigid sphere collides with the hyperelastic body, the transverse stress waves are
transmitted to the left and right ends. The longitudinal stress waves are transmitted downward.
In the meantime, the hyperelastic body is firstly separated from the rigid plate from the node
D, and its contact gap gradually expands to both the left and right ends. In Fig. 10, the energy
loss in the former stage is mainly from the collision of Contact zone 1, which has a relatively
larger energy loss. The energy loss in the latter stage is mainly caused by the friction of Contact
zone 2, and the energy loss in this contact zone is small, which also coincides with MARC.
4.3 Example 3

As shown in Fig. 11, this example studies the multiple collisions of multiple rigid bodies with
a hyperelastic body. Based on Example 2, this model changes from a rigid sphere to two rigid
spheres, i.e., the initial centroid coordinates Or1 (−0.2, 0.2)m, Or2 (0.2, 0.201)m, the diameters
d1 = d2 = 0.05m, the initial velocities V01 = 20m/s, and V02 = 15m/s. There are 3 contact
zones. Contact zone 1 is the contact between the rigid sphere 1 and the hyperelastic body.
Contact zone 2 is the contact between the rigid sphere 2 and the hyperelastic body. Contact
zone 3 is the contact between the hyperelastic body and the rigid plate. The coefficients of
friction are μ1 = μ2 = μ3 = 0.2.
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Fig. 9 Von Mises stress contours in Example 2 (color online)
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Fig. 11 Sketch diagram of collision between rigid and hyperelastic bodies in Example 3

Figure 12 plots the displacement in the y-direction dy of the collision nodes C and F .
The nodes C and F reach the maximum deformation displacement when t = 0.001 71 s and
t = 0.001 83 s, respectively. It can be seen that these collision nodes firstly reach the lowest
position |dy|C = 0.016 25m and |dy|F = 0.012 95m. Figure 13 plots the time histories of
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the displacement in the y-direction for two rigid spheres. It can be observed that the results
obtained by MARC are in good agreement with those by the method in this paper. The initial
velocity of the rigid sphere 1 is greater, and the initial height of the rigid sphere 2 is higher.
Thus, the sphere 1 collides firstly and returns to the initial height earlier. When the sphere 1
has not separated from the hyperelastic body, the sphere 2 has collided with the hyperelastic
body.

The von Mises stress contours are given in Fig. 14. The transverse waves yielded by the
collisions of the two spheres affect each other during the propagation of the stress waves. The
sphere 1 collides first, and its longitudinal wave is transmitted to the rigid plate at the fastest
velocity, and then separated from the rigid plate. When the longitudinal wave of the sphere 2 is
transmitted to the rigid plate, it will also separate from the rigid plate. Gradually, the contact
zone 3 will be completely separated. Figure 15 shows the energy diagram in 0.006 s, which
also fits well with MARC, but the total energy of MARC decreases slightly during the collision
phase. Compared with Example 2, this example has larger energy fluctuations because of two
collisions at different positions and time. When the friction coefficients of the contact zones are
different, there may be effects on the results. As shown in Fig. 16, the friction coefficients of
the contact zones are analyzed. Case 1: μ1 = 0.2, μ2 = μ3 = 0. Case 2: μ1 = μ2 = 0.2, μ3 = 0.
Case 3: μ1 = μ2 = μ3 = 0.2. The x-direction displacement of the collision nodes C and F are
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Fig. 14 Von Mises stress contours in Example 3 (color online)
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influenced by μ2, while μ3 has little effect on them. It is worth noting that μ1, μ2, and μ3 all
have influence on the collision node D, whose displacement in the x-direction decreases with
the increase in the friction coefficient.

5 Conclusions

In this paper, the bi-potential method is combined with the node-to-point contact interface
to study the nonsmooth dynamic problems of rigid-flexible interaction collision, and the small
and large deformations in the multibody systems are both considered. The trajectory of the
colliding body and the deformation of the collided body are analyzed. Finally, it is compared
with the analytical solution or commercial software MARC. It can be proved that the present
method in this paper fits well with MARC. Moreover, it is closer to the analytical solution
and easier to converge, and the selection of the parameters is simpler. At the same time, the
application range of the bi-potential method is broadened, the smooth curve of the geometric
shape of the rigid body does not need to be divided into nonsmooth segments like MARC, and
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the interpolation matrix does not need to be calculated. Besides, the proposed method keeps
better energy conservation during the numerical simulation. Therefore, it can be concluded
that the proposed method is more accurate and robust, saves the calculation cost, and occupies
less computer storage.

Further, we will optimize the program written in C++ so that the proposed method has
more obvious advantage in computational time than MARC.
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Appendix A

Example 4 is to further verify the energy conservation or dissipation of the method presented in this
paper under multiple collision cycles. The hyperelastic ball with a diameter of 0.04 m collides with the
rigid ground, the initial velocity is V0 = 0.5 m/s, the initial centroid coordinate is Or(0, 0.02) m, and the
gravitational acceleration is 9.81 m/s2. The Yeoh constitutive model is still used for the hyperelastic
ball, which is divided into 673 quadrilateral elements. Other parameters are the same as those in
Example 3.
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As shown in Fig. A1, the total energy under three time steps conforms to the law of energy con-
servation or dissipation. When the collision occurs, the energy is dissipated. With the decrease in Δt,
the energy dissipated by collision becomes less. Thus, the total energy is well conserved when the time
step is small enough. To further verify the energy correctness of the proposed method, Fig. A2 shows
the comparison of the two numerical methods with Δt = 10−5 s. ΔE = Et+Δt − Et represents the
difference in the total energy. Et+Δt is the total energy at time t + Δt, and Et is the total energy at
t. To prove the conservation of energy, ΔE � 0 needs to be satisfied[35]. As the number of collisions
increases, the errors of the two numerical methods accumulate, causing their collision interval time to
increase with the time steps. Since there is no friction, ΔE should be 0 when no collision occurs, and it
can be observed that the proposed method satisfies this criterion. Therefore, the proposed method can
guarantee energy conservation or dissipation in solving multiple collision problems, and the numerical
results are more stable than MARC.
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