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Abstract In this paper, we analytically study vibration of functionally graded piezo-
electric (FGP) nanoplates based on the nonlocal strain gradient theory. The top and
bottom surfaces of the nanoplate are made of PZT-5H and PZT-4, respectively. We em-
ploy Hamilton’s principle and derive the governing differential equations. Then, we use
Navier’s solution to obtain the natural frequencies of the FGP nanoplate. In the first
step, we compare our results with the obtained results for the piezoelectric nanoplates in
the previous studies. In the second step, we neglect the piezoelectric effect and compare
our results with those obtained for the functionally graded (FG) nanoplates. Finally, the
effects of the FG power index, the nonlocal parameter, the aspect ratio, and the length-
to-thickness ratio, and the nanoplate shape on natural frequencies are investigated.
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1 Introduction

In the past four decades, microelectromechanical systems have been widely used in engineer-
ing. Examples of the systems are beams, plates, shells, and gears. The problem of predicting
mechanical properties of nano/micro structures is an important subject in physics and engineer-
ing due to their potential applications. With the fast development of technology, the nano/micro
structures have received considerable attention of researchers during the last decadel'®!. The
structures have been employed into many areas like actuators, bio-engineering, nanocomposite
and nanoelectromechanical devices.

With advances to nanotechnology, nanoelectromechanical systems (NEMSs) have been fab-
ricated and employed in industry due to their superior features. Due to interesting features of
NEMSs such as electrical, optical, and other properties, the systems have better applications
compared with microelectromechanical systems. In the NEMSs, the size-dependent effect plays
an important rolel® 8!, The significant size-dependent effect has been authenticated in nanoscale
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structures. For example, Li et al.l? used nonlocal strain gradient models in examining the size-
dependent effects on the static and dynamical behaviors of micro/nano structures. Also, Zhu
and Lil'% formulated the longitudinal dynamic problem of a size-dependent elasticity rod by
utilizing an integral form of the nonlocal strain gradient theory.

There are several methods to study the size-dependent mechanical properties of micro/nano-
scale structures. Examples of the methods are continuum mechanical theories, experimental
methods, and molecular dynamic (MD) simulations. Hitherto, many authors have used MD
simulations, atomistic models, and the classical continuum elasticity theory to determine the
mechanical response in the NEMSs. Also, modified continuum models have been extensively
used in the studies of nanomechanics!!* 12,

The inhomogeneous materials made of at least two constituent phases are called functionally
graded materials (FGMs). Both the compositional profile and the material properties of FGMs
vary smoothly and continuously!3 151, FGMs have received tremendous amount of interest in
the past few years due to their major potential in applications such as biomedical implants
and heat exchanger tubes!™. Hitherto, many works have been done on FGMs in the last
decade. For example, Li et al.l'®l studied the bending, buckling, and vibration behaviors of
axially functionally graded (FG) nanobeams. The FG nanoplates have been employed in many
applications like NEMSs!'7 19 The wave propagation of FG nanoplate under nonlinear thermal
loading was studied by Ebrahimi et al.?%l. For more details, the readers can refer to Refs. [21]~
[25].

Piezoelectric materials have their excellent properties. The materials can be employed in
piezoelectric transducers, ultrasonic, and smart systems and structures!?¢ 29, The FGM is a
kind of piezoelectric materials which is used for removing the stress concentrations and inter-
facial debonding[3 32!,

It is to be noted that the mechanical properties of piezoelectric materials are size dependent.
Therefore, we can use various continuum theories to study physical properties of piezoelectric
materials. Examples of the theories are the nonlocal strain gradient theory, the surface elasticity,
and the couple-stress theory®> 35, Many works have been performed on the piezoelectric
materials using the aforementioned theories®647].

Our studies show that, despite some recent investigations on vibration behaviors of function-
ally graded piezoelectric (FGP) nanoplates, this problem based on the nonlocal strain gradient
theory has not been studied so far. Thus, our motivation is to compare this theory with other
models and the correctness of this theory.

In this paper, we study the free vibration of an FGP nanoplate based on the nonlocal strain
gradient theory. We assume that the electric potential is zero along the edges of the surface
electrodes. We use Hamilton’s principle and derive the governing equations. Then, we solve
analytically the equations and determine the natural frequency of the FGP nanoplate.

2 Theory and model

The nonlocal stress field and strain gradient effects are related by two scale parameters!46).
Thus, the stress field is given by
0 1
o = Ufj) - VUfj)v (1)
where O'Z(]Q) and JE; ) are the zero order (classical stress) and first order stresses, respectively.
The stresses correspond to the strain €;; and the strain gradient Ve;; as

oy = /Cijkzao(lév — a'|, Go)egy (a')da’, (2)

UE;) = 12/Cijkza1(|:v — 2|, ¢1) Ve, (2')dx'. (3)



An analytical study of vibration in functionally graded piezoelectric nanoplates 1725

Here, (o = epa and (; = eja denote the nonlocal stress effects, Cj;i; is the elastic coefficient,
and [ is the strain gradient parameter.

When the nonlocal functions ag(x, 2’, ega) and aq (z, 2', e1a) satisfy the developed conditions
by Eringen, the constitutive relation of the nonlocal strain gradient theory has the following
form:

(1= (e1a)*V?)(1 = (e0a)*V?)oi;
=Cijm (1 — (e10)°V?)ew — Oijkllz(l — (e0a)*V?)V?ey. (4)

Assuming ey = e; = e, we can write the general constitutive relation in Eq. (4) as
(1= (ea)®V?) 0i; = Ciji (1 —1°V?) en. (5)

In the nonlocal piezoelasticity, the stress tensor and the electric displacement at a point x
depend on not only the strain components and electric-field components at the same point but
also another point z’ of the body. The basic constitutive equations for piezoelectric materials
based on the nonlocal strain gradient theory are given by

oij = /a(|:1c — 2|, 7)(Cijrier(a’) — egij By )da’, (6)
D, = /a(|:1c — 2’|, 7)(eimer(a’) — ZijpEx(2"))da’, (7)

where E; and D; are the electric field and the electric displacement, respectively. Also, ey;; and
Eijr are piezoelectric constants and dielectric constants, respectively, a(|z — 2’|, 7) represents
the nonlocal modulus, |z — 2’| is the distance, and 7 is the scale coefficient that includes the
small-scale factor. Based on the Eringen model, the constitutive equations (6) and (7) can be
simplified to the equivalent differential constitutive equations as follows:

oij — (e0a)*V?0i; = Cijren — exij Ex, (8)
D; — (eoa)QVQDi =ein(l — ZQVQ)EM + ZinEk. (9)

Since we employ the Cartesian coordinates in our calculations, the stress and displacement due
to the electric field use the same gradient. It is noted that the integral constitutive equations
in this work are simplified as an approximate differential formulation. Recently, Zhu and Lil'l
showed that the nonlocal differential and integral elasticity based models may not be equivalent
to each other.
2.1 FGMs

Consider a flat FGP nanoscale plate with the length, the width, and the uniform thickness
equal to l,, Iy, and h, respectively (see Fig.1).

Fig. 1 The geometry of an FGP nanoplate
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Consider that the FGP plate is made by the combination of two kinds of piezoelectric
materials. Based on the rule of mixture, the effective material property of the FGP plate (Peg)
is given byl*4]

z 1\9
PeH(Z)ZP2+(P1—P2)(E+—) , 0<g< oo,

where P; and P> are the bottom and the upper surface properties of the FGP plate, respectively.
Also, g is the FG power index.

It should be noted that for g = 0, Pog = Pi, and for g = 0o, Peg = P5.
3 Governing equations

Based on the Kirchhoff plate theory, one can write the displacement field as

Zaw()(xa Y, t)

U(Iayvzvt) = uO(Iay7t> - O ) (10)

o, 2.0) = vo(a, g, t) — 220D ()
Ay

w(xvyazat) = wO(Iayvt)a (12)

where ¢ is the time, and ug, v, and wy are the displacement components in three directions (z,
y, and z), respectively. Using the above equations, we can obtain the strains as

8u() 8211)0
Exx = % — Z—axz , (13)

67}0 (92’[1}0
T (1)

811,0 8’00 8211)0
W oy T or : 15
e = Gy T e P away (15)
Moreover, we can obtain[4547]
2V .

d(x,y,z,t) = —cos(B2)p(x,y,t) + Tozeml, (16)

where h is the thickness of the piezoelectric plate, ¢(x,y,t) is the electric potential in the mid-
plane, V5 denotes the amplitude, € is the circular excitation frequency, and 3 = 7. Applying
Eq. (16), one can obtain the electric fields as

E, = cos(ﬁz)%, E, = cos(ﬁz)g—j,

2 .
E, = —0sin(82)p + %eml.
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Based on the plane-stress assumption, we have o,, = 0, and our system is a two-dimensional
structure. Therefore, the constitutive relations are given by

Cn Ci2 Ci3 O 0 0 Exx—12V3ess
o Cha Oy Cis 0 0 0 12v?
029 12 11 13 Eyy_ Eyy
o33 | | Cis Ciz Cs3 0 0 0 €2 —1?VZe,,
012 - 0 0 0 C44 0 0 'Yzy_l2v27my
913 0 0 0 0 Css O Yoz —12V275,
023 2v72
0 0 0 0 0 OCs Yy ="V 7y
0 0 €31
0 0 €31 El
0 0
-1 0 o 683 B |, (18)
€15 0 0 E3
0 €15 0

where 044 = % (Cll — 012).
Now, using o33 in Eq. (18), we can obtain the following relation:

_]2\y2 ’
o1l A B 0 0 0 e11 — 1*VZen 0 0 e
022 ¢ D 0 0 O £99 — I°V?en9 0 0 ey E;
o2 |=10 0 E 0 0 Y2 =12V =] 0 0 0 B, 9
13 8 8 8 lg g Y13 — PV3713 e;s 0 0 E3
7% Va3 — 1°V?723 0 e O
where
C
el3 = eh3 = €31 — 0—13633, (20)
33
Cis C%y 1 - _
A=Cn-z2=0Cn, B=C=Cn-g2=0Cn E=F=G=g(Cn-Cp). (21)
Cs3 C33 2

Using the above relations and Egs. (5) and (6), we can determine the strain constitutive relations
for the piezoelectric materials based on the strain gradient theory. The relations are given by

(1 (e0a)? V?) (02 — Vo ll)) = Cii (4w — 1PV2e0) + Cia (g4 — °V2ey,) — e E., (22)

(1 - (e0a)’ V?)(0{) — Vol)) = Cua (0 — 1*V2ess) + Ci1 (eyy — 1PVZeyy) — €31 E:, (23)
(1- (eoa)? v?) (Umy - VU%)) = Cs (Voy — PV7y) (24)
where
Cos = ~(Chy — C ) C1s (25)
66 = 5( 11— Ci2), ez =ez — 0—3833

The constitutive relations for electric displacements are given by
€11 — l2V2511

292
€22 —1"V7e22

D1 0 0 0 0 €15 0 2w2 511 0 0 E1
e33—1"V7es3

Dy | = 0 0 0 0 0 e1s 2v? + 0 =22 0 FEs> . (26)

D3 €31 €31 €33 0 0 0 2 2 0 0 533 E3

Y13 —12V?y13
Y23 — 12V 323
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Employing previous relations, we now rewrite the following relations:

Dy — (e0a)’ V2D, = 11 By, (27)
D, — (epa)> V2D, = Eg9E,, (28)
D, — (ega)’ V2D, = &3 (e11 — IPVZe11) + €31 (222 — 1PVZen2) + S5 Es, (29)

Where =33 = Hgg + 033
The strain energy of the FGP plate using the nonlocal strain gradient theory is given by

U =/// (0ijei; — DiE;) dAdz
:/// (og(g(i) - Vog(glm))émdwdydz + /// — Vo 1))8yydxdydz

/// — Vo) vaydadydz — // (DyE, + DyE, + D E.)dzdyd-. (30)

Here, it is noted that we have not taken the higher-order stresses Uélz) and 01(,12) in the strain

gradient of the above equations because we have assumed that the size-dependent effects in the
thickness direction of the plate are small and thereby we have neglected them. In this regard,
recently, Li et al.l”) and Tang et al.** %9 studied the size-dependent effects in the thickness

direction of beams and plates.
Inserting Egs. (10)—(17) into Eq. (30), we obtain

o= [ et - v (52 -
o] ot - wot (%o - 8@ 7 )asdnd

ou Ov 0w
0) _ yoy(=0 L 270 _ 0
+/// (o Vomy)( By + o 2zaxay)dxdydz
_ 99 9 _ - _p. 2o e
// (Dmcos(ﬁz)ax—i—Dycos(ﬁz)ay D.Bsin(Bz)¢ — D, e )dxdydz. (31)

) dzdydz

Now, we define the forces and bending moments as

(N, N, N,) :/(ggp Volt), o) — Vo) o) — voll))de, (32)
(Mg, My, M) = / (U:(fi) - Vag(ﬁlz),aég) - VUYS?,JO(C%) - Vag(tz))zdz. (33)

Employing the above equations, the strain energy of the FGP plate can be written as

8’(1,0 81)0 8U0 8’00 82100 82100 82
N, 90y Two g, — oM, ded
// vy T y(a o) 002 e yaa)“’

- // (Dx cos(ﬁz)g—i + D, cos(ﬁz)g—z - D.g sin(ﬁz)w) dzdydz. (34)
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The kinetic energy of the FGP plate is given by
2 0v\ 2 ow
K= /// 8t (E) +(8t) )dwdydz
6u0 6’11,0 61}0 61}0 8w0 (9’[1}0
= (e e+ e e )
8’&0 8 wo 8U0 8211)0 81)0 82100 81)0 82100
I — — dad
/ / "\t ozt T ot 0wor T ot oyor T ot 8y8t) dy
8211)0 8211)0 8211)0 82100
I dad
/ / 2\ 9zot ozor  Byor 6y8t) & (35)
where
(o1 12) = [ p(:) (1,5, 2%)d (36)
Using Hamilton’s principle, i.e., [ (6U — §K)dt = 0, we obtain the following relations:
ON,  ONgy . Og
= loiip — [1 — 37
Ox Oy oo T (37)
ON,  ONgy " Dby
‘ = = oo — [1— 38
oy o oVo — 11 ) (38)
(92M (92My 2M 6u0 6’50 6211}0 6211}0
z =+ 2 e ( I — ) - 39
522 "o P anay - oWt (e * ay) (Far + 8y2) (39)
oD, .
/ ( o s(B8z) (Bz)+ D.p s1n(ﬁz))dz =0. (40)
Now, we can write the constitutive relations for forces as
Nw—(eoa)2 V2N$:/ 611 (811 — l2v2511) dz + / 612 (Eyy — 12V2gyy)dz — /gglEde, (41)
Ny—(eoa)2 V2NU:/ 612 (811 — l2v2511) dZ—f—/all (Eyy — [2V2gyy)dz — /’éigl.Ede7 (42)
1 ~ ~
Ney — (30‘1)2 VZNyy = /E(Cll - C12) (%y - lQVZ%Gy) dz (43)
Using the following relations:
u 0*w 03u *w
2 o 0 0 0 0
Ve = o~ orh + Oy20z 281728342’ (44)
O3v *w O3v O*w
2 0 0 0 0
_ _ _ 4
Veu oy : Oy* + Ox20y 28x28y2’ (45)
V2"yzy (93’1}0 63’(1,0 (93’1}0 (93’(1,0 64w0 6411}0 (46)

= 043 + oy + Oy20x + 020y Z8136y B Z(’“)y38:107
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6u0 (92’[1}0 2 63’(1,0 2(9 wWo 2 63’(1,0
=A11% — By 92 —I"An 9 + Bl 9 =1 AllayQa
0w ov 0w 93v w
2 0 0 0 2 0 2 0
+13118x282+A128_y_Bl2 37 ZA128x28 +1 125 55,2
93w 0w
2 0, ;2
—[7Aq o +1“Bi2 a3y + F319,
Ny—(eoa)2 V2

- 6u0 283u0 2 (93UQ 62w0 2(94’11}0 2 64w0
_A12(8—x -1 Ox3 - 3y23x)_312( -l -1 2)

6’1}0 (93’1}0 (93’1}0 62’11}0 64w0 64w0
A — 2 -*——)-B — 2 — 2 F
* 11( Oy oy? 8x28y) 11( oy? oyt 8x28y2) + g,
Ny — (e0a)® V2N,
A13(8u0 n % 2 A3y 2 d3uyg 2 93y 2 93y )
Ay ox 0x20y oy? ox3 Oy?0x
—231 ((92’11}0 g2 6411}0 g2 6411}0 )
\oyox 0z3dy Oxoy?
where
(A11, B11, D11) :/011 (1,2,2°
(A12, Bi2, D12) =/ (1,2,2°
1 2
(A13, Bi3, D13) = 5 (Cr1 — C12)(1, 2, 2%)dz,
(F317H31) = /ggl(l,z)ﬂsm(ﬂz)dz
The constitutive relations for moments are given by
M, — (ega)® V2M,
3 3 2 4 4
_Bll(%_lauo_128uo)_ (8’(00_128100_12 8’(00)
ox ox3 Oy20x Ox? ozt 0x20y?
6’1}0 2(93’1}0 2 (93’1}0 62w0 2(94’11}0 2 6411}0
+B12( Oy -1 oy? -1 8x28y) B 12( Oy? - oyt - 8x28y2) + Hao,
M, — (epa) v?
- 811,0 28 Vo 2 83U0 8211)0 284100 2 84100
_312(896 - 0x®  9y20z )_ 12(6 7 ! ozt -1 8w26y2)
6’1}0 2(93’1}0 (9 Vo 62w0 2(94’11}0 2 0 wo
+B11((9_y_l 7 L oaray )- D”(ay2 ot Vo )+ Haso,

(49)

(54)

(55)
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Mgy — (eoa)2 VM,

_BB(%ILO + ?9? ¢ (?9?30 - lQaT??y - (?:30 - 128‘;&)
— 2D (gyg; i (;?;:(;Oy - (;9;('“1)”;3) (56)
The constitutive relations for electric displacements are given by
/(Dz — (e0a)*V?D,) cos(fz)dz = /Eu cosQ(ﬁz)%dz, (57)
/ (Dy — (eoa)? V2D,) cos(Bz)dz = /522 cosQ(ﬁz)%dz, (58)
/ (D, — (epa)? V2Dz)6 sin(fz)dz
= /531 (22 — I’V?e4y) Bsin(Bz)dz + /531 (eyy — 1°V?ey,) Bsin(B2)dz

- / Z3332 sin?(32)pdz. (59)

Employing the above equations, one can obtain the governing equations of an FGP nanoplate
as

E 1(811{) 8’00 128 Vo -~ 12 8311,0 _ 128 uo _ 12 83’00 )
B\ 0r T oy oy3 20 ox? 0x20y
8211)0 8 wo 28 wo 28 wo 2 84100 2
~ Ha (S 5 g P 2y Qayz)—xgg¢+xuv 6=0,  (60)
3 5 5 3 5 5 3 3
Bll(a 120_128 11;)0_212 8311{) +81}0_212 81)0 _128 v0+ 811,0 4 8’00
Oz Ox o0x30y?  0y3 0x20y> oy®  Ox0y?  0x20y
2 65’00 2 65’(1,0 64’11}0 266’[1}0 2 0 wWo 6411}0 2 6611}0 286’11}0
i, 4 )_Dll( il R v i - i 6
0x*0y y*dx ox ox 0x*0y y 0x20y ay
g 5 9wy 5 0%wy 2
25~ W oz 2 a2y §) + Ha V0
il o 0% 0%
o . 2v2 . 0 _O . 0 0
= (1= (c0)*V?) (Totio+1a (52 + ay) (G + 5 ) (61)
A11 ( 82’&0 -~ 12 84’&0 _ 12 8 uo i 02 Vo -~ 12 841)0 -~ 2841)0)
0x0y 0x3dy Oy30x  Oy? 0x20y> oyt
8311)0 85100 85100 85100 8311)0 8¢
-B — 2/ —1? —1? Fy——
11( oy? 0x20y> oy° Oxt0y + (9x26y) + Ay
82’00 82’&0 84’&0 8411,0 84’00 841)0
A — 2 2 -2 -2
+ 31((9902 ozoy T om0y ' ogtor | ot 6w26y2)
oW
=(1 - (epa)’V* )(Iovo -5 ayo), (62)
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A11(62UO g2 (94UQ _ 2(94’11,0 62’00 g2 64’00 g2 (94’1}0 )
Ox? 0x20y? ozt  Oyox 0x3dy OxOy?
-~ B11(83’LU0 _ 212 8511)0 -~ 12 8511)0 -~ 12 85100 i 8311)0 )
ox3 0x30y> oxb Ooytdr  Ox0dy?
8211,0 82’00 84’00 84’&0 84’&0 84’00 8¢
A - 2 — 2 — 2 I? Fy1—
+ 13( oyz  Oz0dy 030y Oy20x? Oy* + (9y3(9x) + ox
o
o _ 2 «—2 . _0
= (1 (800,) \% )(Iouo Il Oz )
4 Solution procedures
To solve the above equations, the solutions can be considered as
mmx\ . [Ny
Upin cos( L ) sm( I )
Uo o oo Vinn cos(mwy) sin(w)
Yo — Z Z lb la ewmnti
wo | == sin(m”) sin(@) 7
¢ = = mn la lb

P SIN ( ml::c ) sin (ﬂ)

Iy

where wyy,, is the circular frequency, and m and n are the half wave numbers. Inserting Eq. (64)

into Egs. (61)—(63), we obtain

ai1 a2 013 a4 Unmn

G21 @22 Q23 Q24 Vinn _

az1 as2 033 a34 Winn

aq1 A42 A43 A44 ¢mn
where

(o R
+ 12(%)4(E)2) + Iowﬁm(l + uQ(
3

Iy

ay = (A3 — An) ((T?_:) (7_:) + 12(77_:)

) ; (65)

o O o o

(
(F) () ©7)

a3 =F31(%), (68)
= (25 (Y () () 2 () () () (25
mr 0 o mm\ 3 mmy\ /nm 2
_Ilu}?,m(r) — M Ilwmn((r) + (r) (E) )a (69)
mm\ /nmT mm\3 /nm mm\ /nmw\3
az1 =(A1z — All)((f (E) +Z2(f) (E) +l2(r) (l_) )’ (70)
2

b
== an () +0(7) + () (7)) - 4u((70) +2 ()
) () (2 ((G0) + (7)) ™)
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azs = F3 (7:) (72)

o= ()" + (D)) () +2r () () () (E))
e (57) - () + () ()')
a?,l:Bu((”;ﬁer(l )( ) +2( &) 202 ﬁ)g( ) (ﬂlm)(%f)
-k () e () + () () @
() ()Y ) () () () ()
o) —enenn (1) + () )): "
o =—Ha () + (7)) i
ose==ou () + (1)) +2((7) = (50)) +22 () ()
32 (F0) (7)) + toein (102 ((F7) + ()
+fzwmn((”i—) () = () + (5))) 0
o == () (12 () + (F )
a42__F31(lb)(1+zz((”;_:)2+(7{)2)), ()
s == Xu((7) + (7)) % Y

(44 :H31((ﬂ;:)2 + (%)2 + 12((77:)2 + (%)2)2). (81)

5 Results and discussion

Here, we have carried out our analytical calculations for the dimensionless natural frequency
Q=wl, ( z‘i_l)PZT— , of an FGP nanoplate by considering various parameters. For this purpose,

we have considered an FGP nanoplate consisting of two-phase graded piezoelectric materials
such as PZT-4 and PZT-5H. The top and bottom surfaces are PZT-5H and PZT-4, respectively.
The material properties are listed in Table 1.

Table 1 Material properties of PZT-4 and PZT-5H

. C11/ Ci2/ Ciz/ Cs3/ es1/ e33/ 211/ =33/ p/
Material .
GPa GPa GPa GCPa (Cm™2?) (Cm~2) (C-V™lm™!) (CV-lm™') (kgm™3)
PZT-4 132 71 73 115 —4.1 14.1 5.841x10~° 7.124x107° 7 500
PZT-5H 127 80 85 117 —6.62 23.2 15x10~° 13x10~° 7 600

In the first step, to check the present results, we have presented our results for the piezo-
electric nanoplate by setting ¢ = 0. The first four dimensionless frequencies of the piezoelectric
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nanoplate for different values of the nonlocal parameter u = ega/l, are listed in Table 2. In
the table, we can compare our results with those of Refs. [44] and [50]. It is seen from the table
that our results are in good agreement with those of Refs. [44] and [50]. It is observed that the
natural frequencies are reduced with enhancing the nonlocal parameter for four dimensionless
frequencies. The reason for this behavior is the decrease in the stiffness of nanostructures by
increasing the nonlocal parameter.

Table 2 Comparisons of the dimensionless natural frequencies of the FGP nanoscale plate for g = 0

Frequency ©n=20.0 pn=0.1 w=0.2 pn=0.3 pn=0.4 w=0.5
Q11, present 0.663 2 0.606 0 0.495 6 0.397 9 0.325 3 0.272 3
Q11, Ref. [50] 0.663 4 0.606 3 0.495 9 0.398 1 0.325 3 0.272 3
Q11, Ref. [44] 0.662 9 0.605 8 0.495 5 0.397 8 0.325 1 0.272 1
Q12, present 1.642 0 1.342 7 0.950 6 0.705 3 0.550 5 0.450 8
Q12, Ref. [50] 1.651 8 1.351 7 0.957 9 0.708 1 0.553 8 0.452 3
Q12, Ref. [44] 1.631 8 1.335 3 0.946 3 0.699 5 0.547 1 0.446 8
Q22, present 2.614 9 1.946 1 1.284 9 0.919 8 0.707 0 0.571 2
Qa2, Ref. [50] 2.632 8 1.968 1 1.291 1 0.924 7 0.713 0 0.578 1
Qa2, Ref. [44] 2.571 9 1.922 6 1.261 3 0.903 3 0.696 6 0.564 8
Q13, present 3.255 3 2.290 8 1.457 2 1.033 6 0.790 2 0.638 4
Q13, Ref. [50] 3.283 9 2.329 0 1.475 9 1.044 3 0.801 2 0.647 9
Q13, Ref. [44] 3.183 6 2.258 5 1.431 2 1.012 7 0.776 9 0.628 3

In the second step, we ignore the piezoelectric effect and compare our results with those
obtained by Natarajan et al.’%! for the FG nanoplate in Table 3. For this goal, we have
considered an FG nanoplate including two-phase graded materials as silicon nitride (SizNy)
and stainless steel (SUS304). The used parameters for Si3N, are p. = 2 370 kg/m?, E, =
348.43 x 10°N/m? and for SUS304 are p, = 8 166 kg/m3, E, = 201.04 x 10° N/m?. In

Table 3, we have reported the obtained dimensionless fundamental frequency = wh, /& and

compared it with Refs. [44] and [50]. It is clear from Table 3 that our results are in agreement
with those of Refs. [44] and [50].

Table 3 Comparisons of the dimensionless natural frequencies of the FG nanoplate for g = 0

Q Q Q
afly la/h (00)? e e e
Present Ref.[50] Ref.[44] Present Ref.[50] Ref.[44] Present Ref.[50] Ref.[44]

0 0.0446 0.0441 0.0458 0.108 9 0.1061 0.1127 0.106 2 0.1051 0.095 5
1 0.0410 0.040 3 0.0420 0.089 5 0.086 0 0.093 4 0.0871 0.086 0 0.087 5
1 10 2 0.0382 0.0374 0.0390 0.0802 0.0745 0.081 4 0.0802 0.0746 0.0813
4 0.0334 0.0330 0.0345 0.062 5 0.0609 0.067 0 0.061 5 0.0610 0.062 4
0 0.0114 0.0113 0.0115 0.028 1 0.027 8 0.028 6 0.0256 0.0279 0.024 0
1 0.010 2 0.010 3 0.009 8 0.023 3 0.0228 0.023 5 0.0222 0.0228 0.0220
1 20 2 0.009 6 0.009 6 0.009 8 0.0202 0.0197 0.020 4 0.0201 0.019 8 0.020 4
4 0.008 4 0.008 5 0.008 6 0.016 5 0.016 1 0.016 7 0.0172 0.016 2 0.018 0
0 0.106 9 0.1065 0.1127 0.1691 0.1615 0.1795 0.240 5 0.2430 0.236 0
1 0.088 3 0.086 3 0.093 4 0.1302 0.1208 0.1376 0.1789 0.1637 0.1957
2 10 2 0.0751 0.074 8 0.081 4 0.1069 0.1006 0.115 8 0.1551 0.1310 0.170 8
4 0.062 4 0.061 2 0.067 0 0.085 5 0.079 3 0.092 0 0.1212 0.0999 0.140 6
0 0.028 2 0.0279 0.028 6 0.0453 0.0440 0.045 8 0.0711 0.0701 0.074 4
1 0.023 3 0.0229 0.023 5 0.0336 0.0329 0.0345 0.0489 0.0464 0.0499
2 20 2 0.0201 0.019 8 0.020 4 0.279 0 0.2740 0.028 8 0.039 8 0.0371 0.0401
4 0.016 3 0.016 2 0.016 7 0.0220 0.0216 0.0227 0.029 7 0.028 3 0.030 6
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Figure 2 shows the dimensionless natural frequencies of an FGP nanoplate as a function of
the length [, for three different values of the FG power index with epa = 1. It is observed from
the figure that the natural frequency is reduced by enhancing the length of the nanoplate for
all modes. Also, the natural frequency is increased with enhancing the FG power index for a
fixed length.
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Fig. 2 The dimensionless natural frequency as a function of plate side length for different values of
the power index with epa = 1 (color online)

In Figs.3(a) and 3(b), we have plotted the dimensionless natural frequency of the FGP
nanoplate as a function of the aspect ratio l,/l}, for different values of FG power index with
epa = 3. The natural frequency is increased with the aspect ratio. In addition, the natural
frequency is increased with the FG power index for an aspect ratio.
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Fig. 3 The dimensionless natural frequency versus the aspect ratio l./l, for different values of the
power index (color online)

In Figs.4(a) and 4(b), we have presented the dimensionless natural frequency of the FGP
nanoplate versus the length-to-thickness ratio (I,/h) for three different values of the FG power
index and two values of the nonlocal parameters. In the figure, we have selected the length
and the width equal to [, = [, = 50 nm while the thickness varies. It is seen from the figures
that the dimensionless natural frequency is reduced with [, /h for two nonlocal parameters. It
is noted that, with enhancing [, /h, the nanoplate becomes thinner and thus it has a lesser
stiffness.

In Figs.5(a) and 5(b), the dimensionless natural frequency (fsqa = €44) is plotted as a
function of the FG power index for different values of the strain gradient effect ! and the
nonlocal parameter u. It is seen that the dimensionless natural frequency is increased with
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the strain gradient effect for the fixed nonlocal parameter. Also, by increasing the nonlocal
parameter, the values of the dimensionless natural frequency are decreased for the fixed strain
gradient effect.
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Fig. 4 The dimensionless natural frequency versus the length-to-thickness ratio l./h for different
values of the power index (color online)
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Fig. 5 The dimensionless natural frequency (fi4a = Qu4) versus the FG power index (color online)

Figure 6 shows the parameters A11, A12, and A1z as a function of the FG power index. It is
clear that the parameters have maximum values for the FG power index g, and the parameters
decrease with the increasing values of g.
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Fig. 6 Variations of the parameters A1, Ai2, and A3 as a function of the FG power index (color
online)
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Figure 7 shows the dimensionless natural frequency of the FGP nanoplate versus the surface
area (lulp) for two different shapes of square and rectangle with A = 5 nm and p = 1. Tt is
obvious that the nanoplate shape has a significant effect on the natural frequency. It is seen
that the natural frequency for the square nanoplate has larger values than the rectangular
nanoplate.
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Fig. 7 The dimensionless natural frequency versus the surface area with h = 5 nm and u =1 (color
online)

6 Conclusions

In this work, the vibration behaviors of FGP nanoplates based on the nonlocal strain gradient
theory are studied. Using Hamilton’s principle, we derive the governing differential equations
and then we solve the equations to determine the natural frequencies. We study the effect of var-
ious parameters on the natural frequency of FGP nanoplates. The conclusions are summarized
as follows.

(i) The natural frequency is a decreasing function of the nonlocal parameter.

(ii) The natural frequency is a decreasing function of the length of the nanoplate for all
modes.

(iii) The natural frequency is increased with the FG power index for a fixed length.

(iv) The natural frequency is increased with the aspect ratio I, /lp.

(v) The natural frequency is increased with the FG power index for an aspect ratio.

(vi) With enhancing I, /h, the nanoplate becomes thinner and thus it has a lesser stiffness.
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