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Abstract

We define decision-making functions which arise from studying the multidimensional
generalization of the weighted Bajraktarevi¢ means. It allows a nonlinear approach to opti-
mization problems. These functions admit several interesting (from the point of view of
decision-making) properties, for example, delegativity (which states that each subgroup of
decision-makers can aggregate their decisions and efforts), casuativity (each decision affects
the final outcome except two trivial cases) and convexity-type properties. Beyond establishing
the most important properties of such means, we solve their equality problem, we introduce
anotion of synergy and characterize the null-synergy decision-making functions of this type.

Keywords Decision making function - Aggregation function - Effort function - Synergy -
Generalized Bajraktarevi¢ mean - Equality problem
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1 Introduction

The mathematical models for decision-making create challenging and important problems
binding computer science, economy, mathematics and psychology. In one of such models
there is a set D of all possible decisions and a finite number n of players (decision makers)
with their individual nonnegative weights (efforts) and decisions. Obviously, the sum of all
weights cannot be zero and thus (as a vector) it belongs to the set

W, := [0, +00)" \ {(0, ..., 0)}.

The issue is to aggregate all the individual decisions with the corresponding weights to one
(common) decision. For this purpose, we need the notion of an aggregation function on D,
which is defined to be a mapping
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o0
M: W(D) - D, where W(D):= U D" x W,.
n=1
For instance, when the set D of decisions is a convex subset of a linear space X, then the
weighted arithmetic mean A, which is defined as

x4+ Apxy
Ax, )= —m——, =x1,..., eD", A= (A1,..., y) €W,),
(00 1= = (6= (1,0, X) (et ) € W)
is a well-known aggregation function. Further examples for aggregation functions are as
follows (see for example Henson (1998)):

(1) The Primacy Effect Dpg: W(D) — D is defined by
Dpp(x, 1) :==x;, ifd; #0andAr; =0forall j e{l,...,i—1}.
(2) The Recency Effect Dgrg: W(D) — D is defined by
Dre(x, ) :=x;, ifr; #0andA; =0forall j e{i+1,...,n}.
(3) The First Dominating Decision Dppp: W(D) — D is given by
Drpp(x,X) :=x;, if Ay =max(A)andA; < A; forall j € {1,...,i—1}.
(4) The First Dominant Drp: W(D) — D is given by

Dpp(x, 1) = Dppp(x, A¥),  where Af == 4.

JXj=xi

All functions listed in (1)—(4) are reflexive, eliminative, nullhomogeneous in the weights but
not symmetric (see the relevant definitions below). Furthermore, they are all conservative (or
selective), which means that the aggregated decision is always one of the individual ones. For
a detailed study of (nonweighted) conservative aggregation functions, we refer the reader to
the recent study by Couceiro et al. (2018) and Devillet et al. (2019). The theory of means,
which seems to be an instrumental field for decision making has been surveyed and applied
in several recent and former books, see Gini (1958), Bullen (2003), Bullen et al. (1988),
Beliakov et al. (2007, 2016) and Grabisch et al. (2009).

In many settings, D is an infinite set which often refers to the position of the players in a
space before the game. An aggregation function unites the positions of all the players into one.
An individual nonnegative weight measures the impact of the decision of the corresponding
players to the final outcome. In order to introduce plausible and natural properties for aggre-
gation functions, we introduce the concept of decision-making functions on an arbitrary set
D. For this aim, we adopt the notion of weighted means (which were defined on an interval)
from the paper Pales and Pasteczka (2018) to our more general setting. An aggregation func-
tion M: W(D) — D is called a decision-making function (on D) if it satisfies the following
five conditions:

(i) M is reflexive: For all x € D and A € R, we have M(x, 1) = x.
(i) M is nullhomogeneous in the weights: For all n € N, (x1,...,x,) € D",
My ...y An) € Wy,and t € R, we have

MGty s X))y (A1, ooy ) = MG s X))y (ps s A)).

(iii)) M is symmetric: For all n € N, (x1,...,x,) € D", (A1,...,A,) € W, and for all
permutations o of {1, ..., n}, we have

M((xg(l), v Xom)s Aoy - ey A.o'(n))) = M((xl, o Xn), (A, e, )\n))-
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(iv) M is eliminative or neglective: For alln > 2, (x1,...,x,) € D" and (A1, ..., A,) €
W, with A; = 0, we have

MGty o)y rs ey An)) = M((2, 00y x), (A2, - u A)).

(v) Misreductive: Foralln > 2, (x1,...,x,) € D" withx; = xpand (Aq,..., ;) € Wy,
we have

MGty ooy xn)s Aty ey An)) = M((e2, X3, 0.0 X)), (A1 A2, A3, .. Ag)).

We also introduce the concept of the effort function, which is aiming to aggregate the
individual weights (efforts) into one positive number:

A function £: W(D) — R is called an effort function (on D) if it satisfies the following
five conditions:

(i) & is reflexive in the weights: For all x € D and A € R4, we have E(x, A) = A.
(i) Eishomogeneousintheweights:Foralln € N, (xq,...,x,) € D", (A1, ..., Ay) € Wy,
and t € Ry, we have

[ (CTTIE N (7 ST v ¥ ) L (CT TS I VS T ¥ ) B

(iii) €& is symmetric.
(iv) & is eliminative or neglective.
(v) & is reductive.

One can easily see that the map «: W(D) — R given by
a(x,A) :=Ap+---+ Ay, ()CED”,)\.:()\l,...,)\.n)GWn),

is an effort function, which we call the arithmetic effort function.

The symmetry property of decision-making and effort functions means that there is no
distinction between players and also their order is irrelevant for the decision. This property
has a far-reaching consequences especially for conservative functions, as it determines the
anty-symmetric preference relationon D by x > y <= x = M((x, y), (1, 1)) (cf. Devillet
(2019) for details). It was proved experimentally that this relation cannot be generalized to
multivariable choice; this phenomena is known as a decoy effect (see for example Huber et
al. (1982)).

The nullhomogeneity of M and the homogeneity of € in the weights states that if the
weights are scaled by the same factor, then the decision remains unchanged and the effort
is scaled by the same factor. The meaning of the elimination principle is that players with
zero weight do not affect the decision and the effort. One can easily check that the arithmetic
mean is a decision-making function over any convex subset of a linear space.

We introduce now an aggregation-type property which will play a significant role in the
sequel. We say that a decision-making function M on D is delegative (admits the delegation
principle or partial aggregation principle) if, for all (y, #) € W(D), there exists a pair
(vo, o) € D x R such that

M(Cx, ), (A, ) = M((x, y0), (A, o)), ((x, 2) € W(D)). (1.1)

Analogously, we can speak about the delgativity of an effort function £ on D which means
that, for all (y, u) € W(D), there exists a pair (yo, no) € D x R4 such that

E((x, y), (b, ) = E((x, y0), (A, o)), ((x, 4) € W(D)). (1.2)
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Lemma1 Let (v, n) € W(D) be fixed. If M: W(D) — D is a delegative decision-making
Sfunction, then (1.1) holds if and only if yo = M(y, n). Analogously, if E: W(D) — Ry isa
delegative effort function, then (1.2) holds if and only if o = E(y, p).

Proof Using the properties of decision making functions and applying the delegativity of M
for (x, A) = (y, u) twice, we get

My, ) = My, ¥), (1, ) = My, y0), (14, o)) = M((yo, yo), (o, o)) = Yo.
Similarly, the properties of effort functions and applying the delegativity of € yield

1 1 1
€O ) = S, ), (1, 1) = S, Y0), (1, 110)) = 5E((30, Y0). (10, 140)) = Ho-
which completes the proof of the lemma. O

Motivated by the above statement, a delegative decision-making function M and a del-
egative effort function € are called associated if, for all (y, u) € W(D), the equalities (1.1)
and (1.2) hold with (yo, o) = (M(y, ), E(y, ).

The aim of this paper is to present a construction of a broad class of decision-making
and effort functions which arise from studying the so-called weighted Bajraktarevi¢ means
(whose definition will be recalled at the beginning of Section 3). Despite of the analytical
background of this paper, we are convinced that our construction could provide useful models
for game theoretical and for decision-making problems.

Our motivation is to present a mean-type approach to studying the Farm Structure Opti-
mization Problem—cf. for example Abd El-Wahed and Abo-Sinna (2001), Czyzak (1990),
Stowiniski and Teghem (1990), Tzeng and Huang (2014) and Jiuping and Zhou (2011).

2 Observability and conical convexity

A subset S of a linear space X over Riscalledarayif S = R, :=Ryx :={Ax | A € Ry}
holds for some nonzero element x € X. If y € R,, then the unique positive numbers A for
which y = Ax holds will be denoted by [y : x].

A set Sis called a cone if itis the union of rays of X. One can see that S is a cone precisely if
itis closed under multiplication by positive scalars. The cone generated by the set S —denoted
by cone(S) — is the smallest cone containing S. It is clear that cone(S) = RS = [, g Rx-

A subset S of X over R is called observable (from the origin) if the rays generated by two
distinct elements of S are disjoint. Note that for an observable subset S, every ray contained
in cone(S) intersects S at exactly one point. Moreover, the family {R, | x € S} is a partition
of cone(S). Due to this fact, for every observable set S, one can define the projection along
rays (briefly, the ray projection) ms: cone(S) — S as follows: Forevery x € Sand y € Ry,
we have ms(y) = x. As a matter of fact, observability of S is not only sufficient but also
necessary to define such map.

We say that a function f: D — X is observable if it is injective and has an observable
image. Analogously to the previous setup, we define 7y := 7 s(p). The extended inverse of
£, denoted by £~V cone(f(D)) — D is defined by

FY = o ny

Clearly, fCD(x) = f~'(x)if x € f(D).
We say that a subset S of X is conically convex if cone(S) is a convex set and convex
hull of § does not contain the origin. Note that conical convexity is a weaker property than
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convexity: every convex set which does not contain zero is conically convex, the converse
implication is not true.

Hereafter an observable function f: D — X such that f (D) is conically convex is called
admissible.

In the next result we give a characterization of admissibility for functions defined on an
interval with a 2-dimensional range.

Theorem 1 Let I be a real interval and let f = (f1, f>) : I — RZ? be continuous. Then f
is admissible if and only if, for all distinct elements x,y € I, f(x) and f(y) are linearly
independent, that is,

fix) fi(y)
£2() £20(0)

‘ £0. @2.1)

Proof Assume first that f is admissible but (2.1) is not valid for some x, y € I with x # y.
Then the two vectors f(x) and f(y) are linearly dependent. Thus, there exist (o, 8) # (0, 0)
such that o f(x) + Bf(y) = 0. Because (0, 0) is not contained in f (), we have that
f(x) # (0,0) # f(y), hence o # 0. In the case when o < 0, we get that the rays
generated by f(x) and f(y) are the same, which contradicts the observability. If ¢ > 0,
then (0, 0) is in the segment connecting [ f(x), f(y)], which contradicts the property that
the convex hull of f(I) does not contain the origin.

Assume now that (2.1) holds for all (x,y) € A(l) := {(x,y) | x,y € I, x < y}. This
immediately shows that f (/) is observable.

Since A (/) is aconvex set and f is continuous, therefore the determinant is either positive
on A([]) or negative on A (/). We may assume that it is positive everywhere on A(7). Then
the pair (f1, f2) is a so-called Chebyshev system on /. According to Bessenyei and Péles
(2003, Theorem 2), there exist two real constants « and g such that « f; + B f> is positive
over the interior of / and thus it is nonnegative over /. This implies that the curve f(I) is
contained in the closed half plain P = {(u, v) € R? | o + Bv > 0}. Consider now the unit
circle and project the curve f(7) into it. Then, by the continuity of the projection mapping,
the projection of the curve is an arc of the unit circle which is contained in P. It is obvious
that the conical hull of the curve f (/) and the conical hull of the arc are identical. On the
other hand, the property that the arc is contained in the half plain P, implies that its conical
hull is convex. This shows the conical hull of f(7) is also convex.

The origin cannot be contained in the conical hull of f(I) because then there were two
distinct points of f(I) belonging to the boundary line {(x, v) € R? | au + v = 0} such
that the origin were in the segment connecting them. This contradicts the property that every
two distinct points of f (/) are linearly independent. O

3 Generalized Bajraktarevi¢ means and their properties

In what follows, based on the concept of the generalized inverse of vector-valued functions
defined in the previous section, we will introduce a new class of means. In the 2 dimensional
case, after Theorem 3, we will point out that this concept includes the classical Bajraktarevié
means, which will be described later. Therefore, we take the liberty to call them generalized
Bajraktarevi¢ means.
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ﬂxl) + f(z2)

Fig.1 Evaluation of m = B ¢ ((x1, x2), (1, 1))

Given an admissible function f: D — X, we can define the (weighted) generalized
Bajraktarevié mean By : W(D) — D by

Br(x,A) = f(_l)(z)\kf(xk)),
k=1
meN, x=((x1,....,xp) €D", A=(A1,..., ) € W), 3.1

where the coordinates of x are the entries and coordinates of A are the corresponding weights.
We also define B7: W(D) — R by

Brlx, h) = [Zxkf(xk) : f(Bf(x»)t))i| :

k=1

which we call the effort function associated to B y.

Formally, the definition givenin (3.1) is similar (in fact, almost identical) to the definition of
weighted quasiarithmetic means. However, the generalized inverse function f(~1 is different
from f~! in general. These two inverses coincide only in the case when the range of f is
convex. Therefore, our definition provides a true extension.

Intuitively, D is the space of all possible decisions, the coordinates of the vector x are the
considered decisions, and the corresponding coordinates of A are the effort of players invested
into the option. In this way B ¢ (x, A) is the decision derived from the possible decisions and
their weights.

Example 1 To illustrate the concept of the generalized Bajraktarevi¢ mean of two elements of
D, assume that f = (fi, f»): D — R? is an admissible function and f (D) has a range like
the green curve in Fig. 1. We can see that the distinct points of f (D) belong to disjoint rays,
whence it follows that f is observable. Furthermore conv( f (D)) does not contain zero and
cone( f (D)) (being an angle domain bounded by the two black halflines) is convex. Whence
we obtain that f is admissible.

Take x1, x2 € D in order to calculate B s((x1, x2), (1, 1)). We first compute the vector
vy := f(x1)+ f(x2). Then the ray R y intersects the range f (D) at some point, say at f (m)
(where m € D). Then ¢ (y) = wy(f(x1) + f(x2)) = f(m) and, consequently,

B r((x1, x2), (1, 1) = f‘*”(f(xl) + f(xz))
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= f_l<7Tf(f(x1) + f(n))) =N fm) =m.

The corresponding effort 87 ((x1, x2), (1, 1)) is the ratio of the vectors f(x1) + f(x2) and
f (m) (on the picture, this ratio is approximately 1.7).

Lemma2 Let f: D — X be an admissible function. Then, for all n € N and (x, 1) €
D" x W, there exists exactly one pair (u, n) € D x R satisfying

nfa) =y f ). (32)
k=1

Furthermore, u = B (x, 1) and n = Br(x, 1).

Proof As f (D) is conically convex, we know that

D et Ak S (k)
ZZ:I Ak

Thus there exists n € R, such that

€ cone f (D).

'Y f () € f(D).

k=1

Moreover, as f (D) is observable, the constant 7 is uniquely determined by x and 1. Now, as
f is injective, there exists exactly one # € D such that

n
Nty ) = f (),
k=1
which is trivially equivalent to (3.2). The last assertion simply follows from the definition of
By(x, ) and Br(x, A). O

Now B is the equivalent (or aggregated) decision, S is the equivalent (or aggregated)
effort. In fact By, can be considered as the amount of goods we need to invest into a single
decision to be irrelevant between the diversed an the aggregated situation. This property is
much more transparent in view of Theorem 4.

Theorem 2 Let f: D — X beanadmissible function. Then B y is a decision-making function
and By is an effort function on D.

Proof Fix n € Nand (x, 1) € D" x W,. In view of Lemma 2 both B ¢(x, A) and B (x, A)
depend on its arguments implicitly via the sum ) ;_; A¢ f (xx). This immediately implies
that By and S are both symmetric, reductive and eliminative. The nullhomogeneity of B ¢
is obvious in view of the definition of £~ = f~1 o 7. The reflexivity properties of B s
and B are immediate consequences of the equalities

Bryv, M) = 0N =ftof) =y,
Br(y, ) = f: fBry, M= fO): FOl=4, (yeD,reRy).

Now we only need to verify the homogeneity of B, in the weights. To this end, take
additionally € R,.. By the definition of 8 and the nullhomogeneity of B ;, we have
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Br(x,13) = [wa(m f(Bylx, m»}
k=1

r[zxkf(xk) D f(By(x, A))] = 1By (x. ),

k=1

which completes the proof. O

Theorem3 Let f = (fi1, f2): I — R2 be a continuous function such that f> is nowhere zero

and f1/ f is strictly monotone. Then f is admissible and, forn € N, x = (x1,...,x,) € I",
and A = (A, ..., Ap) € Wy,
1/ cod
B(x, 1) = (ﬁ) ( VG + -+ nf1<xn>>’ 33)
12 A fa(x1) + - 4 A fa(xn)

kle(xl)‘l‘""*'kan(xn)
(X, A) = . 3.4
Prix, ) £ (B (x, 0) G4

This result shows that the standard Bajraktarevi¢ means can be regarded as particular cases
of generalized Bajraktarevi¢ means. Indeed, if ¢: I/ — R is a continuous strictly monotone
function and w: I — R, is a continuous function, then with f; := we and f; = w, we
can immediately see that B 7 (x, 1) is of the form

2w () (xg)

B(p,w(xv)“) :(P71 <k=17>, (35)

i Agw(xg)
k=1
which is the so-called Bajraktarevi¢ mean, see Bajraktarevic (1958, 1963).

Proof First we show that f = (f1, f2) is admissible. In view of Theorem 1, it is sufficient
to show that (2.1) holds for all distinct elements x, y of /. Indeed,

fix)y A
L&) L)

which is nonzero by our assumptions.
To prove the identity (3.3), let n € N and a pair (x, A) € I" x W, be fixed. According to
Lemma 2, tha pair (u, n) := (By(x, 1), Br(x, 1)) is the unique solution of the equation

nf@) =xrifxi)+ -+ inf(xn).
This (vector) equation is equivalent to the scalar system
nfi@) = A fi(xn) + -+ An f1(x0),
nfa@) = ri fo(x1) + -+ + An f2(xn).
Dividing the first equality by the second one, side by side, we get that

fi@) _ Afilx) + - A A f1 ()
) A fax) + -+ A fa(x)
Using that f1/ f> is invertible and applying its inverse to both sides, we obtain that

_ (ﬁ)“ <Mf1(x1) + "'+)\nf1(xn)>
f2 M)+ A faln) )

— AW AO) — fi) ) = fz(x)f2<y><f‘ o _ N (”>,

L0 20)
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which shows that B ¢ (x, A) = u has the form given by (3.3). The equality

n= [Zxkf(m : f(u)} = [Zxkfzock) : fz(u)}
k=1 k=1

implies (3.4) immediately. O

Remark 1 The definition of a mean By, ,, : W(/) — I by formula (3.5) was suggested by
Bajraktarevi¢ in his seminal papers Bajraktarevi¢ (1958, 1963). Here I C R is an interval,
¢: I — Ris acontinuous strictly monotone function and w: I — R is a positive function.
If the weight function w is constant, then this expression simplifies to the classical formula
for weighted quasiarithmetic means. This is why these means were often called generalized
quasiarithmetic means or quasiarithmetic means with weight function. Nowadays, these
means are termed Bajraktarevi¢ means. This class of means was thoroughly investigated
by Aczél, Daréczy and Losonczi in their papers Aczél and Daréczy (1963), Daréezy and
Losonczi (1971), Losonczi (1971a,b) in which they studied the homogeneity property, the
equality as well as the comparison and Holder- and Minkowski-type inequalities for these
means, respectively. The characterization (or axiomatization) of Bajraktarevi¢ means was
established in the paper Piles (1987) by the first author.

Example 2 Another particular case of the above theorem is when f; and f are power func-
tionson I = Ry: fi(x) = xP and fo(x) = x9, where p, ¢ € R with p # ¢. Then

)

1

axl ot apxn \ P4
Br(x,A) = x,A) = ——=
f( W) Gp,q( , A) DX T A xd

P
ux] e P

Br(x,X) =vypqg(x,A):= (3.6)

_4q
()lef)+"'+)\nxrf) r=a

which are called the Gini mean and the Gini effort function of parameter (p, g) where p # g
(cf. Gini (1938)). For the case p = ¢, let f1(x) := x” In(x) and f>(x) := x”. Then we have

A]xf’ In(xq) + -+ + Anx? ln(xp))

Brx,A) =G X, ) = ex
£ 2 = Gpptsid) p( Axp e Aaxy

AixfIn(xey) + - 4 Axh ln(xp)>

(x,\) = X,A) = Ax”+--~+A x,p ex <— .
.Bf( ) Vp,p( ) (M 1 nXn ) €xp | (—=p) K]le-i-"'-i-)unxf,)

Example 3 In this example, we describe a situation when the image space X is three dimen-
sional and the generalized Bajraktarevi¢ mean and the related effort function still have explicit
forms. Given a manifold S := {(x, y,2) | x2 + y2 —22=—-1Az>0} C R witha

parametrization f: R? — S given by f(x,y) = (x, y, /1 +x2+ y2). Then S is observ-
able, f is admissible and the Bajraktarevi¢-type mean B s : W(R?) — R? is of the following
form (here and below n € N is fixed, x, y € R",and A € W,,):

By, ) = (Y mf i)
i=1

n n n
= f(_l)(z)xixi, Z?»iyi, Zki\/l—kxiz +y,»2>.
i=1 i=1 i=1
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Now define

n 2 n 2 n 2
A((x, y), ) = (in,/l +x2 +yl-2> - (ZA,')C,') - (inyl) .
i=1 i=1

i=1
We can easily verify that

el PIUED DULD SE ) PR

which yields

By ((x, ), 1) = ;imi,;fw :
| VA0 & VA ) m S

Br((x,y),2) = VA((x, y), 4).

Furthermore the inverse triangle (Minkowski’s) inequality (for £!/2) applied to the vectors
(A3, (A2x?), (A2y?) implies B/ ((x,y),A) > Ay + -+ + A,. Later, in Section 7, we will
interpret this property that the synergy of f is nonnegative.

Observe that the above mean is not the standard convex combination of its argu-
ments. Indeed, for the entries (x y) = ((1,0),(0,1)) and weights A = (1,1),

we get Br((x,y),A) = ( 6 % ) which obviously does not belong to the segment
conv((0, 1), (1, 0)).

4 Aggregation-type properties
4.1 Delegativity

In this subsection we establish the delegativity of the generalized Bajraktarevi¢ means and
the corresponding effort functions, moreover, we show that these two maps are associated to
each other.

Theorem4 Let f: D — X be an admissible function. Then both B y and By are delegative
and associated.

Proof Fix m € N and (y, u) € D™ x W,,. For an arbitrary (x, A) € D" x W, according to
the Lemma 2, we have

Br((x, ), O i) (B (0x, ), Oy 1)) = Y daf ) + Y 1 f (),

k=1 j=1
Br(y, i) f (By(y, ) =Y i f(3)).

Jj=1
Then, these equalites and Lemma 2 imply

Br((x,y). O ) F(B (e, ), o)) = Y i f ) + Br (v, 1) £ (B (., 1)

k=1
= Br((x,y0), (A, 10)) f(Bf((x, y0), (A, o)),
which then yields (1.1). O
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The following result could be derived from the above theorem, but we shall provide a
direct and short proof for it.

Corollary1 Let f: D — X be an admissible function. Let n,m € N, x € D" and
AW A e W, Denote yj = Br(x, A9y and wj = Brx, k(-/))forj el{l,...,m}
Then, for all (t1, ..., tn) € Wy,

By, iAo 1, A ) = By, (k1 - i)
Brx, iAo 1) = By (v, (tipds - i) 4.1)
Proof By the definitions of yj, ..., y, and 1, ..., m, according to Lemma 2, we have
n
wif o) =Bra AN B A =32 fe) (el m).
i=1

Multiplying this equality by #; side by side, and then summing up the equalities so obtained
for j € {1,...,m}, we get

,Bf()’» (tipnrs -y tml‘vm))f(%f()’» Tty - tmim)))

= itjﬂjf(}’j) = itj (Xn:ky)f(xz')> = i ifj)‘fj) f(xi)
j=1 j=1

i=1 i=1 \j=1
=B, AV + o+ 1A By, A0 41,2 M),
This equality, by the observability of f, yields (4.1). O
The latter corollary can be also rewritten in the matrix form.

Corollary2 Let f: D — X be an admissible function. Let x € D", and A

AW, AMmy e W™ Define a vector y = (Bf(x, A<i)));n=1 € D™ and p =
(By(x, A D))™ | € R Then, forall t € Wy,

Byr(x, At) = Br(y, u-t) and Br(x, At) = Br(y, pu-1), 4.2)
where “-” stands for the coordinate-wise multiplication of the elements of W,.

4.2 Casuativity
We say that a decision making function M on D is casuative if for all (x, A) € W(D) and
for all pair (y, u) € D x (0, 400), we have

Mx, 1) = M((x, y), (b, p)) = y=M(x,1). 4.3)

Casuativity is somehow opposite to conservativity. Namely there holds the following
easy-to-see lemma.

Lemma 3 Let M be a symmetric and casuative decision-making function on D. Then for all
distinct x1, xo € D and L1, Ay € (0, +00) we have M((x1, x2), (A1, 12)) € D\{x1, x2}.

It is also reasonable to define weak casuativity in the case when the (<) implication of
(4.3) holds. Observe that there are number of weakly casuative decision making functions
which are not casuative, for example decision making functions which are induced by a
preference relation.
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Proposition 1 Generalized Bajraktarevic¢ mean B y is casuative for every admissible function
f:D—X.

Proof As By is delegative itis sufficient to show that (4.3) holds forall (x, 1) € D xR,.The
(<) part is then trivial. To prove the converse implication let x, y € D and A, i € (0, 400)
such that

Br((x.y). (b)) =By(x, 1) =x.
Thus, by Lemma 2, there exists n € R such that A f'(x) + n f(y) = nf(x). Consequently,
as u # 0 we get f(y) = ";—Af(x). Now admissibility of f implies O ¢ conv f(X) and
therefore % > (. Then observability of f yields y = x. O

This property plays an important role in the definition of effort function.

Corollary3 Let f: D — X and g: D — Y be two admissible function such that B y = By.
Then By = Bq.

Proof Let (x, 1) € W(D),setm := B r(x, 1) = B,y(x, A) and assume that d := Bg(x, 1) —
Br(x,A) # 0. Without loss of generality, we may assume that d > 0.
Take yo € D \ {m} arbitrarily. By Theorem 4 and the equality B = B¢ we have

Bp((m, o), (By(x, 1), 1)) = By((x, yo), (A, 1)) = By ((x, y0), (A, 1))
= Bg((m, yo), (Bg(x, 1), 1)) =B s((m, yo), (Bg(x, 1), 1))
= By ((m, yo,m), (By(x,2), 1,d)).

Now by casuativity of B ¢ and d > 0, we obtain
Br(m, yo), (Br(x,2), 1)) =m,

which implies yo = m, a contradiction. Therefore, d = 0, i.e., B4 (x, ) = Br(x, A). ]

5 Convexity induced by admissible functions

For an admissible function f: D — X, asubset S C D is called f-convex if, foralln € N,
(x,1) € 8" x W, we have that B¢ (x, 1) € S.

Observe that if I C R is an interval and f = (fi, fo): I — R2? satisfies conditions
of Theorem 3 then the mean-value property for a Bajraktarevi¢ mean can be written as
By(x,r) € J for every subinterval / € I, n € Nand (x,1) € J" x W,. This yields that
every subinterval of / is f-convex. Furthermore, in view of continuity of f, the converse
implication is also valid.

The first assertion characterizes f-convexity in terms of standard convexity.

Proposition2 Let f: D — X be an admissible function. Then S € D is f-convex if and
only if cone(f(S)) is convex.

Proof Assume first that S is f-convex. It suffices to show that for every n € N and a pair
(x,2) € §" x W, we have £ := Z:‘l:1 A f(x;) € cone(f(S)). Butmp(§) = f(Br(x, 1)),
thus & € Ry® ) € cone(f(S)).

Conversely, if cone(f(S)) is convex then, as it is positively homogeneous we obtain
ro= Z;’zl Ai f(x;) € cone(f(S)) foreveryn € Nand (x, 1) € §" x W,,. By the definition of
projection we obtain 7 /() € f(S) and therefore B (x, 1) = fCV @) = f~loms(r) € S,
which shows that S is f-convex. O
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Now we show that f-convex sets admit two very important properties of convex sets.

Lemma4 Let f: D — X be an admissible function. Then the class of f-convex subsets of
D is closed with respect to intersection and chain union.

Proof Let S be an arbitrary family of f-convex subsets of D. Fix n € N, and (x, 1) €
(NS)" x W,. Then for every S € S we have x € " and, in view f-convexity of S, we also
have B s(x, A) € S. Therefore B 7 (x, 1) € (| S which shows that (| S is f-convex.

Now take a chain Q of f-convex sets. Take n € Nand (x, A) € (| Q)" x W, arbitrarily.
Then, by the chain property of Q, there exists Q € Q such that x € Q". As Q is f-convex,
we obtain By (x, 1) € Q € |J Q. Whence | J Qis f-convex subset of D, too. O

Applying this lemma, for every admissible function f: D — X and § C D we define
f-convex hull of S as the smallest f-convex subset of D containing S and denote it by
conv (S). In the nextlemma we show that, similarly to the ordinary convex hull, this definition
can be also expressed as a set of all possible combinations of elements in S.

Lemma5 Let f: D — X be an admissible function and S < D. Then

conv s (S) = {Bs(x, 1) | (x,1) € W(S}.

Proof Denote the set on the right-hand-side of the latter equality by 7. The inclusion
T C convy(S) is the obvious implication of f-convexity of the hull. To prove the con-
verse inclusion, we need to show that 7" is f-convex.

Letm e N,y = (y1,...,ym) € T"™ and v € W,, be arbitrary. By the definition of T,
in view of reduction priciple and Corollary 2 there exists n € N, a vector x € " and A =
(A(l), oA my e W, such that y; = Br(x, Ay foralli € {1, ..., m}). Now, Corollary 2
implies that there exists 1 € R”} such that (4.2) holds. In particular for 7 := (%):ﬂz | € W,
we get

which shows that 7' is f-convex, indeed. ]

We now establish the fundamental relationship between the f-convex hull in D and the
standard convex hull in X.

Proposition3 Ler f: D — X be an admissible function and S € D. Then
conv(S) = £V (conv(£(5))). 5.1)
Proof Observe that for every y € conv (S) there exists n € N and (x, 1) € " x W, such
that y = B r(x, 1). Then
n
y= f(_1)<z)\kf(xk)> e fOV(Ry conv(£(S))) = £V (conv(£(5))).
k=1

Conversely, for every y € f(’l)(conv(f(S))) there exists n € N and (x,A) € S" x W,
with >} ¢ = Lsuchthaty = fCD(Y7, Ak f (x)). Then, by the definition of B s, we
obtain y = B ¢(x, A) € conv (S) which completes the proof. O

@ Springer



474 Annals of Operations Research (2024) 332:461-480

6 Equality of generalized Bajraktarevi¢ means

We now state our main result, which characterizes the equality of two generalized Bajrak-
tarevi¢ means. In the one-dimensional case this is a classical result due to Aczél and Daréczy
(1963) and Dardczy and Pales (1982).

Theorem 5 Let X and Y be linear spaces, D be an arbitrary setand f: D — X, g: D - Y
be admissible functions. Then By = B if and only if g = A o f for some linear map
A: X =Y.

Proof Take n € N, a pair (x,A) € D" x W,, and denote briefly y := B (x, 1) € D. By
Lemma 2, applying A side-by-side in (3.2) and using the equality g = A o f twice, we get

Br(x, )g(y) = A(Br(x, 1) f (1)) = A(ZMf(m) =Y MAF@) =) Mg(xw).
k=1 k=1

k=1

Now the converse implication in Lemma 2 implies y = B, (x, A). As x and A are arbitrary,
we obtain the equality B y = By.

To prove the converse implication assume that B ; = B,. Then by Corollary 3 we have
Br = Bg. We shall use to following claim several times in the proof:

Claim1 Letn € Nand (x,1) € D" x R" . Then
n n
Z)‘if(xi) =0  ifandonlyif ing(x,-) =0.
i=1 i=1

Proof For A = 0 the statement is trivial. From now on assume that X is a nonzero vector and
define

At = (max(0, 1), AT = (max(0, —A))’,. (6.1)

Then A" and A~ are disjointly supported with nonnegative entries, and A = AT — A ™.
By the first equality we have

DOMFa) =) A fo0).
i=1 i=1

Therefore as A is nonzero and 0 ¢ conv f (D), we obtain that both A=, AT € W,,. Further-
more by the definition m := B(x,17) = Bp(x,A") and u := Br(x, A7) = Br(x, A ).
Therefore as By = B, and By = B, we obtain

n n n
D o higla) =Y Afeta) =) A e
i=1 i=1 i=1

= Bo(x, A8 (Bg(x, A1) — Bo(x, A7) g(Bg(x, 27)) = pg(m) — pg(m) = 0.

The second implication is analogous. Hence, the proof of Claim 1 is complete.

Denote the linear span of f(D) and g(D) by X¢ and Y, respectively. Let Hy C f(D)
be a Hamel base for X¢. Then one can choose a system of elements {x, | y € '} € D such
that Hr = {f(x,) |y €T}

We are now going to show that H, := {g(x,) | y € I} is a Hamel base
for Yy. Indeed, for every collection of pairwise-distinct elements yq,...,ys € T,
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the system {f(xy,),..., f(xy,)} is linearly independent and thus, by our Claim, so is
(800, 8y,

To show that it is a Hamel base for Yy, we have to prove that H, is also a generating
system. If not, then there exists an element x* € D such that H, U {g(x*)} is linearly
independent. Repeating the same argument (by interchanging the roles of f and g) it follows
that Hy U { f(x™)} is linearly independent, which contradicts that H is a generating system.

As Hy and H, are Hamel bases for X¢ and Yy, respectively, there exists a unique linear
mapping A: Xo — Yo such that

gx)=Af(x) forallx € Dr:={x, |y eTl}. (6.2)

Our aim is to extend the latter equality to all x € D. To this end, take x € D \ Dr

arbitrarily. Using that H is a Hamel base for X, we can find elements y, ...,y € I and
nonzero real numbers Ay, ..., Az such that

d
FO) =Y hif(xy).
i=1

Then Y%, & f(x,) — f(x) = 0, and by Claim 1 Y"¢_, %;¢(x,,) — g(x) = 0. Finally we
obtain

d d d
g(x) = higlry) =Y AiAf(xy) = A(inﬂxw)) = Af(x).
i=1 i=1 i=1

Therefore (6.2) holds for all x € D which completes the proof. ]

7 Synergy

Before we introduce the notion of synergy let us present some interpretation of the aggregated
effort. The initial issue of coalitions in decision making theory (and, more general, theory
of cooperation in games) is the problem how to measure the coalition quality. Intiuitively,
synergy is the difference between the aggregated effort and the sum of the individual efforts,
i.e., the arithmetic effort. For the detailed study of synergy, we refer the reader to Schulz-Hardt
and Mojzisch (2012) and references therein.

Example 4 In a toy model we have three parties in a parliament with a total number of 100
votes and three parties: Party A (1 votes), Party B (A, votes), Party C (A3 votes). Assume
that Ay > Ay > A3. The are three possible coalitions AB, AC and BC. From the point of
view of the dominant decision system (for example D rpp) each coalition above 50 votes,
is equivalent to the same number, the smallest majority which is 51. Thus we have for all
x e D*andi, j € (1,2,3) withi # j,

100 " A =51,
a(h) =1, Z;l—l t=
Zi:l Ai Zi:l Ai < 50.

Now we could compare the sum of weights with the equivalent weight in two cases:
Situation I: (A1, A2, A3) = (45, 35, 20):

sap = (A1, A2) — (ax(Xy) + a(A2)) = A3 = 20;
sac = a(r1, A3) — (@(X1) + a(A3)) = Ay = 35;
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spc = a(A2, A3) — (a(A2) + a(X3)) = A; = 45;
sapc = a(ry, A2, A3) — (@(Ay) + a(A2) + a(r3)) =0.

Obviously, each party wants to be in a coalition. However A prefers C than B (as sac > sap)
but both B and C prefer to make a coalition with each other (as spc > s4p and spc > sac)-
Consequently the coalition BC is the unique Nash equilibrium.

Situation II: (A1, A2, A3) = (55, 30, 15):

saB = a(A1, A2) — (@A) + a(X2)) = —Ax = —30;
sac = a1, A3) — (@A) +a(A3)) = —A = —15;
spe = a(A2, 23) — (@(r2) + a(r3)) = 0;

sapc = a(ry, A2, A3) — (@(A1) + a(r2) + a(r3)) = 0.

Then A does not want to make a coalition with either B or C (as the synergy is negative).
Similarly neither B nor C wants to make a coalition with A (this essentially follows from
the real situation). The coalition BC is irrelevant (which refers to the zero synergy).

Obviously, as it was announced, the examples above are instrumental to dominant decision
systems only. For more complicated decision making systems, we need to define the synergy
in a different way. In general, the synergy depends on the players’ decisions. There are
essentially two important assertions:

(1) zero synergy refers to the situation when aggregation is irrelevant to the rest of the system;
(2) positive synergy should be profitable from the point of view of a decision making system.

In our model, for an effort function &: W(D) — Ry, the E-synergy is a function
oe: W(D) — R defined as follows

oe(x,A) ==&, M) — (A1 + -+ Ap), ne€Nand (x,)) € D" x W,.

In other words, og measures the difference between the given effort and the arithmetic effort,
which is the sum of individual efforts.

If f: D — X is an admissible function and & = By, then o¢ will simply be denoted
as oy. Furthermore, in view of Corollary 3, we can see that the synergy depends only on
the mean B, that is, the equality By = B, implies 6y = o,. Therefore, we can define
o B =O0of.

This property has an important interpretation in the theory of coalitional games. The case
when the synergy is negative corresponds to the situation when there appear some distractions
in the cooperation (see Example 4.1I). The case of positive synergy refers to the situation
when the aggregated effort of the group is greater then sum of efforts of the individuals (see
Example 4.1).

7.1 Generalized quasi-arithmetic means

In the next lemma we characterize the subfamily of zero-synergy generalized Bajraktarevi¢
means. Its single variable counterpart was proved in Pasteczka (2021).

Theorem 6 Let f: D — X be an admissible function. Then the following conditions are
equivalent:
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(i) f(D) is a convex set and

o .
Br(x,A) = f—1<2’§n”;(x’)> foralln € Nand (x, 1) € D" x W,, (7.1)
=17
in particular the right hand side is well-defined for all such pairs;
(ii) oy =0;
(iii) By is associative, that is,
By, 9), O, ) = By ((Brx, 1), y), (a(x, 1), ) (7.2)
for all pairs (x, A), (v, u) € W(D) (where a: W(D) — R stands for the arithmetic
effort function);

(iv) Equality (7.2) holds for all (x, 1) € W(D) and (y, ) € D x R;.

Proof If D is a singleton, then all of the above conditions are satisfied. Therefore, we may
assume that D has at least two distinct elements.

The implications (i) = (ii), (ii) = (iii), and (iii) = (iv) are easy to check. To
prove the implication (iv) = (i), assume that B y satisfies (7.2) for all (x, 1) € W(D) and
(y! /'L) € D x R-I—' _

Fix n € Nand a pair (x, 1) € D" x W,,. We denote briefly X := B (x, 1), A := Br(x, 1)
and @ := a(x, A). Then we have that Y7, 4; f (x;) = A f(%).

Now fix y € D\{x} and x > 0. Applying the delegativity of B ; and condition (iv), we
have

Br((x,y), (hw) =Bs((x, ), O, ) = Byr((x,y). @, w).

Consequently AfX)+ nf(y) and @ f (%) + wf(y) are on the same ray, i.e., there exists a
constant C > 0 such that

C- (M@ +nfy)=af@® +ufy),
which reduces to
0= (Ch—a)f(®) +un(C—1f(y).

As y # X, the admissibility implies that f(y) and f(X) are linearly independent. Conse-
quently, the above equality implies C = 1 and A = @. Thus,

i)\if(xi) §n Ai f(xi) "
i= i= i—1 i S (xi _
: _E 2Dy e ),

n
3y o A
i=1

which implies that f (D) is a convex set. Finally, applying f ! side-by-side, we get that (7.1)
holds. .

7.2 Gini means

We are now going to calculate the sign of the synergy for Gini means. Before we go into the
details, we recall a few properties of this family. First, itis easy to observe that G, ; = G4, for
all p, g € R.Furthermore, inacase g = 0, the Ginimean G, o equals the p-th Power mean (in
particular, it is associative). These means are monotone with respect to their parameters, more
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precisely, forall p, g, r, s € R,wehavethat§, , < G, ;ifand onlyif min(p, ¢) < min(r, s)
and max(p, ¢) < max(r, s) (cf. Daréczy and Losonczi (1971)). Finally, a Gini mean G, ; is
monotone as a mean (in each of its argument) if and only if pg < 0 (see Losonczi (1971a,b)).
We show that the sign of pq is also important in characterizing the sign of their synergy.

Proposition 4 Sign of the synergy of the Gini mean G, , coincides with that of —pq. More
precisely, for all p,q € R, n € N, nonconstant vector x € R'| and » € R, we have
sign (0, , (x, 1)) = —sign(pg).

Proof If pg = 0, then G, , is associative and thus Lemma 6 implies og,, = 0. From now
on assume that pg # 0. Fix n € N, A € R, and nonconstant vector x € R’ . Let

@p =Mx] + -+ Axy and Y, = Ax] In(xp) + -+ Auxp In(x,)  (p € R).

Assume first that p # q. As v, 4 = ¥4, p, Without loss of generality, we can assume that
p > q. Then by (3.6), we have

P 1
axl + - rpxy e AN
Vp.qg(x, A) = ! = == .

()»1x{’+---+)»nxnp)$ o
Whence, by the definition of synergy,

PN e
0911.11 (xs )‘) = Vp,q(x’ )") - ()‘1 +--+ )‘n) = (7) — ®o-

In view of the inequality p > ¢, we obtain

¢q \ 7 p p=aq 4 9q\" 72%
0g,,(x, ) >0 < <—q) > 00 = @y > @y Pp = <—) > (—) .
$p %o 2]

For pg < 0 we obtain that og, (x,4) > 0 is equivalent to (%)1/:1 < (Z—g)l/p. But
the last inequality is just the equality between power means. Thus we have og,  (x,2) > 0
whenever pg < 0.

If pg > 0O then o5, (x, ) > 0 is equivalent to (%)l/q > (Z—g)l/p. But, as p > g we
know that the converse inequality holds. So in this case we obtain og,  (x, 4) <O0.

In the last case, when p = ¢ # 0, we have

—py
0g,,(X,A) =ypp(x, ) =1+ -+ A) =g, exp( p) — o
p
Therefore
0g,,(x.1) <0 < (ppexp(L‘/’P) o <0 <« exp (LW) ¥
. @p Pp Pp

We can apply the strictly decreasing mapping R, 3 & > sign(p)&~!/? side-by-side to
obtain

1/p
0g,,(x, 1) <0 <= sign(p)exp (ﬁ) > sign(p)<(pl)
' Yp ®0

= sign(p)Fp,p(x, 4) > sign(p)Fp,0(x, A).

But the inequality on the right-hand-side holds for all p € R\ {0}, which completes the proof.
]
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Remark Observe that Gini mean has a positive synergy if the graph of y,, , is hyperbolic and
negative for parabolic graphs. In the case of hyperboloid in Example 3 the synergy was also
positive.
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