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Abstract
We investigate quality and pricing decisions for two competing firms in an e-marketplace
with online customer reviews. Through developing two-stage game-theoretical models and
comparing the equilibriums, we examine the optimal choice among different alternative
product strategies: static strategy, adjusting the price, adjusting the quality level, and adjusting
both the quality and price dynamically. Our results show that the existence of online customer
reviews tends to encourage firms to increase quality and charge low prices in the early stage,
and decrease quality and raise prices in the later stage. Moreover, firms should choose the
optimal product strategies depending on the impact of customers’ private assessment of
product quality from the product information disclosed by firms on the overall perceived
product utility and customer uncertainty about the perceived degree of product fit. After our
comparisons, the dual-element dynamic strategy is more likely to outperform other strategies
financially. Furthermore, we extend our models to examine how the optimal choice of quality
and pricing strategies will change if the competing firms have asymmetric initial online
customer reviews. From the extended analysis, a dynamic pricing strategy may generate
better financial performance than the dynamic quality strategy, which is different from the
finding in the basic scenario. Firms should choose the dual-element dynamic strategy, the
dynamic quality strategy, the dual-element dynamic strategy coupled with dynamic pricing,
and the dynamic pricing strategy in sequence as the impact of customers’ private assessment
of product quality on the overall perceived product utility and theweight that the second-stage
customers place on their private assessment increase.
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1 Introduction

Customers’ purchasing behaviors have continued to shift to e-markets over recent years.
With the increased popularity of e-commerce platforms such as Amazon and Tmall, there
has been a significant growth in online retailing. In China, Tmall broke the sales record
with more than 540 billion RMB in transactions at the “Double Eleven shopping festival”
in 2021.1 The COVID-19 outbreak in 2020, countries have taken many non-pharmaceutical
interventions to mitigate its spread, such as widespread lockdown, stay-at-home orders, and
closing of educational institutes and non-essential businesses (Gupta et al., 2021). Due to the
physical retail stores have had to close or follow strict social distancing rules, the COVID-19
pandemic has accelerated customers’ purchasing behaviors in online markets (Bhatti et al.,
2020). For example, in Singapore, the government launched a mobile application that utilizes
Bluetooth signals to ensure that the infected individuals (and those who came in contact with
them) are self-quarantining themselves. During the self-quarantine and self-isolation, there
has been a continuous shift in customer spending in favor of online shopping, such as the rapid
popularity of live-streaming e-commerce in China. Therefore, the COVID-19 pandemic has
accelerated the shift online as more and more business activities of firms are transitioning to
online platforms. AdobeDigital Economy Index reveals that, comparedwith the pre-COVID-
19 era, U.S. e-commerce sales increased by approximately 49% in April 2020 and 60% in
May 2020 (Adobe, 2020). Euromonitor expects that even in Russia, where e-commerce is
weak, e-commerce sales would grow by more than 40% this year (News, 2020). In China,
during the online shopping festival of 2020 Singles Day (over 11 days), the total orders
on Tmall.com (the Chinese e-commerce giant) reached 498.2 billion RMB, which nearly
doubled the previous year’s 268.4 billion RMB (CNBC, 2020). Although online shopping
provides convenience and efficiency, a typical feature of online shopping is that customers
increasingly rely on online customer reviews to make informed purchasing decisions, as they
cannot physically touch or try products before purchasing them (Chen &Xie, 2008; He et al.,
2018; Kuksov & Xie, 2010). Online customer reviews provide an evaluation of a product,
in the form of text, images, and even videos, from the perspective of other customers who
have bought the product. Such information is a useful supplement to the product information
provided by sellers. Thus, given the information asymmetry between customers and sellers,
a customer can better judge the true quality of products and whether the products fit his/her
needs in the presence of online reviews (Kwark et al., 2014). Therefore, online reviews
affect the customers’ purchase choices of the products. A recent survey reports that 88% of
customers consult online reviews before making product purchases (DeMers, 2015).

The above reflects that online reviews have a significant impact on customers’ purchasing
decisions, and inevitably they will affect the product policy (quality and price) of firms (Jiang
& Yang, 2019; Kwark et al., 2014). Intuitively, firms especially new market entrants may be
strongly motivated by online customer reviews to provide high-quality products as this can
improve online word-of-mouth (WOM) and hence stimulate future demand. A high quality
level leads to increased costs, which has an impact on firms’ pricing decisions. To balance
the costs and benefits, a firm’s quality strategy is often accompanied by a pricing policy
(Zhao & Zhang, 2019). When more online customer reviews are shared and accumulated
online, firms may choose to adjust their quality and price according to the market feedback
from the reviews (Kocas & Akkan, 2016; Yan & Han, 2021). For example, Huawei upgraded
the processor of its tablet line, MatePad 10.4-inch, from Kirin 810 to Kirin 820 in 2020
meanwhile changing selling prices of the versions after the upgrade except for the 6 GB +

1 https://finance.sina.com.cn/chanjing/cyxw/2020–06-19/doc-iirczymk7810916.shtml.
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64 GB version. Moreover, by intuition, online reviews can be more essential for competitive
firms because they can help improve market share, if used properly.

A question that arises naturally from the practice is ‘how do online customer reviews
affect firms’ quality and pricing strategies in a competitive e-market environment?’ Many
existing studies investigate the quality and pricing decisions (Caulkins et al., 2017; Jiang &
Yang, 2019; Kim, 2021; Wang & Li, 2012; Xue et al., 2017). Although several papers have
considered the effects of online customer reviews on quality and pricing decisions (e.g., He
& Chen, 2018; Jiang & Yang, 2019), no studies so far have analytically compared a dynamic
quality and pricing policies taking both online customer reviews and market competition into
consideration. That is, there is nomature decision-making scheme to guide firmswhether and
how to adjust their product strategies according to the online review feedback, especially in
a competitive online market (Jiang & Yang, 2019; Yang & Zhang, 2022). By considering the
influence of online reviews and market competition on customers’ purchasing behavior, this
study attempts to determine the optimal product strategy choice (static/dynamic quality and
price decisions) of the competitive firms. In order to achieve the above research objective,
we develop two-stage game-theoretical models in which two rival firms selling substitutable
products compete onproduct quality andprice. The twofirms simultaneouslymake the quality
and price decisions on their products at the beginning of each of the two selling stages. In
each stage, new customers enter the market and purchase the product with greater perceived
product utility according to their evaluations of product quality and fit dimensions. In the
first stage, despite that firms disclose some product information through product description,
images, and videos, online customers do not know the true quality and the degree of fit, and
depend entirely on their subjective perception of the product utility to decide which one to
buy. In the second stage, customers can obtainmore product information from online reviews,
and they combine what they have gathered from online reviews with their own subjective
perception of the product utility to make purchasing decisions. Due to future customers
in the second stage can gather more product information from online reviews, each of the
two firms may adjust quality and pricing decisions in response to online customer reviews.
Starting from the choice behavior of customers, we consider different scenarios in which the
product quality and/or selling prices can/cannot be dynamically updated in response to online
customer reviews. In different scenarios, we examine different alternative strategies: (i) static
strategy, (ii) adjusting the price, (iii) adjusting the quality level, and (iv) adjusting both the
quality and price dynamically. In a setting with static competition, the firms do not adjust
their product quality and selling prices in the second stage; and in a setting with dynamic
competition, they can choose to adjust product quality and/or selling prices in the second
stage based on online customer reviews. Following a Nash-game framework, we examine the
equilibrium decisions for each model and investigate the corresponding structural properties,
and determine the optimal product policy selection by comparing the equilibrium solutions
under each strategy. Finally, we extend the above analysis from the case in which the two
firms have symmetric initial online customer review profiles to an asymmetric case, and
examine its impact on firms’ optimal quality and pricing decisions.

Our analysis provides several important insights. First, we find that firms’ optimal quality
and pricing strategy in response to online customer reviews in a competitive market is deter-
mined by the impact of customers’ private assessment of product quality from the product
information disclosed by firms on the overall perceived product utility and customer uncer-
tainty about the perceived degree of product fit, which differs from the finding of Feng et al.
(2019) that firms should dynamically adjust their pricing decisions in response to online
customer reviews. In contrast, our results lead us to the conclusion that rival firms should
choose among a dynamic quality strategy, a dual-element dynamic strategy, and a dynamic
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pricing coupled with a dual-element dynamic strategy with online customer reviews. Among
the three strategies, the dual-element dynamic strategy is more likely to outperform the other
two strategies financially. Second, when rival firms have asymmetric initial online customer
reviews, in contrast to the basic scenario, a dynamic pricing strategy may outperform a
dynamic quality strategy. Unlike the scenario in which asymmetric initial online customer
reviews are not considered, rival firms should now choose the dual-element dynamic strat-
egy, the dynamic quality strategy, the dual-element dynamic strategy coupled with dynamic
pricing, and the dynamic pricing strategy in sequence as the impact of customers’ private
assessment of product quality on the overall perceived product utility and the weight that the
second-stage customers place on their private assessment increase. Third, online customer
reviews tend to stimulate the rival firms that have no initial online customer reviews to provide
high-quality products and charge low prices in the early stage, while reducing the quality
level of products and raising prices in the later stage once good online review profiles have
been developed. Such a strategy benefits the early customers but not necessarily the later ones
in a duopoly market. In contrast, when the asymmetric initial online customer reviews are
taken into consideration, the firms choose to increase/reduce product quality and price level
over time, depending on their cost efficiency and the difference in the initial online customer
reviews. These findings stand in contrast to the claim by Jiang and Yang (2019) that prices
in the early stage are often higher than those in later stages in a monopoly market.

The remainder of this paper is organized as follows. Section 2 reviews the relevant lit-
erature. Section 3 outlines the model setup, and game-theoretical models with different
alternative strategies—static strategy, adjusting the price, adjusting the quality level, and
adjusting both the quality and price dynamically—are developed and equilibrium solutions
are derived, respectively. Then, different strategies are compared and analyzed to examine the
effects of online customer reviews and firm competition on quality and pricing strategies in
Sect. 4. In addition, Sect. 5 provides the optimal strategy selection. Furthermore, we extend
the analysis to the case in which the two competing firms have asymmetric initial online
customer reviews in Sect. 6. Section 7 summarizes the important practical implications of
the obtained results to highlight the practical value of our contribution. Finally, the paper is
concluded with a discussion of the main findings and future research directions in Sect. 8.

2 Literature review

Our study is closely related to the following two streams of research on (i) product pricing
and (ii) product quality considering the effects of online customer reviews.

2.1 Product pricing considering the effects of online customer reviews

With the development of online shopping in recent years, online customer reviews affect
increasingly customers’ choice behaviors (Hu et al., 2011, 2012). Meanwhile, online cus-
tomer reviews have a significant impact on pricing decisions (Chen et al., 2011; Godes, 2017;
Mayzlin, 2006). The relevant studies on pricing decisions start by investigating how online
customer reviews affect pricing decisions in static settings. Interested readers can refer to the
works by Kwark et al., (2014), Godes (2017) and Zhang et al. (2021) for more details.

More relevant to this study, some literatures examine the effects of online customer reviews
on dynamic pricing decisions in e-markets. For example, Kuksov and Xie (2010) investigate
the optimal product price decisions under a two-period scenario in which an online seller
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may offer unexpected frills to raise its review ratings, with the finding showing that lowering
the price, lowering the price and offering frills, or raising the price and offering frills can all
benefit the seller financially. Li (2013) develops a two-period analyticalmodel to examine how
online customer reviews can affect product pricing decisions. He finds that in the presence
of online customer reviews, sellers always choose to reduce the first-period product selling
prices to improve their online reputation. Yu et al. (2016) investigate the effects of customer-
generated quality information on dynamic pricing in the presence of strategic customers,
and find that firms may reduce the initial selling prices as compared to the case without
customer-generated quality information. Liu et al. (2017) develop a two-period duopoly
model to investigate how the online customer reviews and sales volume information affect
jointly a firm’s price strategy. Their results show that firms can benefit from online customer
reviews and sales volume information but not the customers. He and Chen (2018) study
the dynamic pricing decisions of electronic products and find that in a market with online
customer reviews, the firm selling a higher-quality product may reduce its selling price. Feng
et al. (2019) find that firms can benefit from a dynamic pricing strategy in response to online
customer reviews. The above studies show that online customer reviews have a significant
effect on customer demand and firms’ profits, and that a dynamic pricing strategy can indeed
guarantee increased firms’ competitiveness. This work complements the above studies by
taking into consideration of product quality as an endogenous decision variable.

2.2 Product quality and pricing in the presence of online customer reviews

Some scholars have investigated quality and pricing decisions jointly in the presence of online
customer reviews. Among them, Godes (2017) investigates the effects of online WOM on
quality andpricingdecisions considering two types ofWOM(i.e. informative andpersuasive).
He develops two analytical models with respect to the two WOMs and derives the optimal
quality and pricing strategies. Jiang and Yang (2019) examine how online customer reviews
affect the quality and pricing decisions for experience goods during two periods. Their results
show that the first-period price is usually higher than the second-period price. Zhao andZhang
(2019) study the optimal quality and pricing decisions for a customer-intensive service system
by a dynamic model incorporating a queuing system, taking into consideration of online
customer reviews. Zhao et al. (2022) investigate the effects of online reviews on product
quality and pricing decisions in a duopoly market that consists of two competing firms.
Unlike the aforementioned studies, we consider firm competition and dynamic adjustment
of the product policies in investigating the impacts of online customer reviews on product
pricing and quality decisions and determine the optimal strategy selection.

Over the years, scholars have continued to explore product pricing and quality decision
problems in the presence of online customer reviews. To highlight the distinctions between
our research and the related studies, Table 4 summarises the existing key studies according to
their focus. Our study complements the existing literature on product pricing and quality with
online customer reviews (Feng et al., 2019; He & Chen, 2018; Jiang & Yang, 2019; Kuksov
& Xie, 2010; Li, 2013; Liu et al., 2017; Yu et al., 2016; Zhao & Zhang, 2019) by exploring
the interactive effects of market competition and online customer reviews on firms’ dynamic
pricing and quality decisions in a two-stage setting. As market competition has a significant
impact on firms’ pricing and quality decisions (Liu et al., 2016, 2018), it is imperative
to examine the interactive influences of competition and online customer reviews on firms’
optimal choice of pricing and quality decisions and their financial performance. Furthermore,
it is critical to evaluate the performance of different quality and pricing strategies, as the
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quality and price decisions in response to online customer reviews can have a significant
effect on firms’ performance.

3 Model setup

3.1 Problem description

We study two competing firms A and B selling substitutable products A and B in an e-market.
Each product is considered to have two product attributes: quality and fit (Dellarocas, 2006).
Two selling stages are considered, with new customers entering the market sequentially at
stage n, n � 1, 2. In Stage 1, firms first set product quality and prices respectively, and then
customers subjectively evaluate the products’ utility according to the product information
disclosed by the two firms that they have received and purchase the product with higher
utility. After that, the customers who have made purchases will post online reviews accord-
ing to their experience with the product. If firms provide high-quality products, customers
will write better reviews for them, consequently leading to increased demand in later stages,
and not vice versa. Although high-quality products can improve WOM and stimulate future
demand, producing them incurs higher costs. Thus, firms need to set an appropriate quality
level to balance the cost and benefit. In Stage 2, each of the two firms may need to adjust
their product quality and/or pricing policies in response to online customer reviews posted
by early customers, as they can obtain more product information from online reviews. This
is in line with market practice, as many firms dynamically adjust their quality and pricing
strategies according to the market feedback (Kostami & Rajagopalan, 2014; Liu et al., 2020).
Subsequently, new customers arrive at the market and decide which products to purchase
according to their subjective evaluation of product utility and online customer reviews. We
consider different scenarios in which the product quality and/or selling prices can/cannot
be dynamically updated in response to online customer reviews. Following a Nash-game
framework, we examine the equilibrium decisions for each model and investigate the corre-
sponding structural properties, and determine the optimal product policy selection. Figure 1
illustrates the decision sequence of the game. Before introducing a two-stage game model,
key notations for the model are listed in Table 1.

3.2 Customer utility

Following Chen and Xie (2005, 2008), we denote customer utility as perceived product value
minus product price. The perceived product value comprises two dimensions: perceived prod-
uct quality and perceived product fit. Thus, customer utility can be constructed as perceived
product quality minus the misfit cost and product price (Kwark et al., 2014).

In the first stage a customer cannot obtain the full product information and they subjec-
tively perceive the product quality level and the degree of product fit based on the product
information disclosed by the firms. With respect to the quality dimension, customers are
often uncertain about the quality level before product purchases in e-markets (Kuksov &
Xie, 2010). Like Hu et al. (2015), we use δ to represent customer evaluations of product
utility from quality dimension, which is assumed to follow a two-point distribution, i.e.,

δ �
{

δH withprobabilityα
δL withprobability1 − α

. Here, δ shows customers’ perceived uncertain product util-

ity from unit quality level of products (Hu et al., 2015). Hence, customers’ expected utility
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Stage 1 Stage 2

Firm and
determine quality 

and price

Customers arrive 
and purchase 

product or 

Firm and
update quality and 

price

Customers post 
online reviews

Customers arrive 
and purchase 

product or 

Fig. 1 Decision sequence

Table 1 Classification of the related studies and position of our paper

Relevant
literature

Dynamic
pricing

Online
customer
reviews

Competition Quality
decision

Dynamic
quality

Kuksov and
Xie (2010)

✓ ✓

Li (2013) ✓ ✓

Yu et al. (2016) ✓ ✓

Feng et al.
(2019)

✓ ✓

He and Chen
(2018)

✓ ✓

Liu et al.
(2017)

✓ ✓ ✓

Jiang and Yang
(2019)

✓ ✓ ✓

Zhao and
Zhang
(2019)

✓ ✓ ✓ ✓

Zhao et al.
(2022)

✓ ✓ ✓ ✓

Zhang et al.
(2021)

✓ ✓

Our paper ✓ ✓ ✓ ✓ ✓
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from product quality is [δH α+δL (1−α)]Q j j
1, i . For the fit dimension, we employ a horizontal

product differentiation model (Hotelling, 1929) to measure the misfit cost. In the Hotelling
model, products A and B are located at 0 and 1, respectively, in the interval [0, 1], and cus-
tomers are distributed uniformly along the interval. Thus, the distance between products’ and
customers’ locations on the interval can be used to measure the degree of misfit and the misfit
cost equals to the degree ofmisfit times the unit misfit cost t . Similar to the quality dimension,
customers may also be uncertain about the degree of misfit; thus we assume that customers’
perception of their location is at y with probability βC , y ∈ [0, 1] when they receive the
product information disclosed by the firms (Lewis & Sappington, 1994). Ultimately, using
Bayesian updating (Kwark et al., 2014), we obtain the misfit costs entailed by products A
and B for customers as [βC y + (1 − βC )/2]t and [1 − βC y − (1 − βC )/2]t , respectively. In
summary, we develop the utility function for customers in Stage 1 as follows.{

E(U j j
1, A) � [αδH + (1 − α)δL ]Q

j j
1, A − [βC y + (1 − βC )/2]t − p j j

1, A

E(U j j
1, B ) � [αδH + (1 − α)δL ]Q

j j
1, B − [1 − βC y − (1 − βC )/2]t − p j j

1, B

(1)

Regarding Stage 2, customers can receive more product information through online
reviews posted by customers who purchased products in Stage 1. That is, in the second stage
a customer can assess the product utility according to two sources of information: common
assessment as revealed by online customer reviews and the customer’s private assessment
from product information disclosed by the firms. Hence, customers in the later stage can eval-
uate product utility from online customer reviews in addition to their subjective evaluations of
product utility. Online customer reviews can provide product information regarding both the
quality and fit dimensions (Kwark et al., 2014). For the quality dimension, quality information
can be updated because product quality may be adjusted according to online reviews. Similar
to that in the first stage, customers’ private assessment of product utility from quality dimen-
sion is [δH α + δL (1 − α)]Q j j

2, i . Meanwhile, we model customers’ common assessment of

product utility from online customer reviews regarding quality dimension as θx j j
1, i , where x j j

1, i
is the average evaluation of quality attributes about product i by the customers who purchased
the product in Stage 1. Different from customers’ private assessment from quality dimension
that different customers have different perception δ, all customers have the same perception
θ on quality level from online customer reviews. Thus, a customer’s total expected utility in
Stage 2 in terms of the quality dimension becomes r [αδH + (1 − α)δL ]Q

j j
2, i + (1 − r )θx j j

1, i
(Kwark et al., 2014). For the fit dimension, after browsing online customer reviews, cus-
tomers can be more certain about whether the product is a good ‘fit’ (Archak et al., 2011;
Kwark et al., 2014). We employ βR to measure the probability that customers perceive a
misfit degree y from online reviews, βR > βC (Kwark et al., 2014). Therefore, the customer
utility function in Stage 2 is constructed as Eq. (2).

{
E(U j j

2, A) � r [αδH + (1 − α)δL ]Q
j j
2, A + (1 − r )θx j j

1, A − [βR y + (1 − βR)/2]t − p j j
2, A

E(U j j
2, B ) � r [αδH + (1 − α)δL ]Q

j j
2, B + (1 − r )θx j j

1, B − [1 − βR y − (1 − βR)/2]t − p j j
2, B

(2)

When customers are more certain that a product is a good ‘fit’ after browsing online
customer reviews, the misfit cost becomes smaller. However, if they are more certain that
a product is a ‘misfit’, the misfit cost becomes larger. As analysed above, the quality level
of products in Stage 1 influences the online reviews posted by customers in Stage 1, which
further affects the customer utility in Stage 2, as shown in Eq. (2). Because one of our
focuses is on product quality decision in response to online customer reviews, it is imperative
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to quantify the relationship between quality level of products and online customer reviews
regarding the quality dimension.We develop a linear function tomeasure the improved online
customer reviews regarding the quality dimension by increasing the product quality level,
i.e. x j j

1, i � ξ Q j j
1, i . Thus, the customer utility functions in Stage 2 can be transformed as:

{
E(U j j

2, A) � r [αδH + (1 − α)δL ]Q
j j
2, A + (1 − r )θξ Q j j

1, A − [βR y + (1 − βR)/2]t − p j j
2, A

E(U j j
2, B ) � r [αδH + (1 − α)δL ]Q

j j
2, B + (1 − r )θξ Q j j

1, B − [1 − βR y − (1 − βR)/2]t − p j j
2, B

(3)

Combining Eqs. (1) and (3), customers in Stage 1 subjectively evaluate the product utility
according to the product information disclosed by the two firms. Different from this, cus-
tomers in Stage 2 evaluate product utility from online reviews posted by customers in Stage
1 in addition to their subjective evaluations of product utility. Given the difference across
the two stages, customers in Stage 2 have a nonzero 1 − r and a nonzero θ which show the
extent to value online review information on quality dimension. Regarding product fit, after
browsing online customer reviews, customers can be more certain about whether a product
is a good ‘fit’. Therefore, customers in Stage 2 have a lower uncertainty about the perceived
degree of product fit, i.e. βR > βC .

3.3 Two-stage game-theoretical model

In practice, firms periodically adjust product policies with updated market feedback. There-
fore, when customer reviews are shared and accumulated online, firms may choose to adjust
their decisions on quality and price in response to the onlineWOM. In this paper, we consider
that each firm has four alternative product strategies including static strategy (S), adjusting the
price (P), adjusting the quality level (Q), and adjusting both the quality and price dynamically
(D). Under different strategies, customers perceive the product utility differently, we con-
struct customer utility functions under different strategies as shown in Sect. 3.2. According
to the utility functions, demand functions can be derived, all proofs are provided in Appendix
A. Subsequently, from the obtained customer demands, profit functions of the two firms can
both be constructed. Table 2 summarises the customer demand and profit functions under
different strategies.

Although higher quality level will improve online customer reviews and further attract
more future demand, firms will incur extra costs by increasing the quality level of their
products. From profit functions in Table 2, a quadratic cost function of the product quality

is adopted as k(Q j j
n, i )

2
, where k represents the firms’ cost efficiency, and a low value of

k indicates that the firm is more cost-efficient (Jiang & Yang, 2019). As our focus is to
investigate the effects of online customer reviews and market competition on quality and
pricing decisions and the associated financial performance, we suppose the two firms have
a same cost efficiency. Moreover, although customers pay attention to both product fit and
quality (Chen & Xie, 2005), product quality is often regarded as one of the most important
factors influencing customers’ purchasing decisions (Jiang & Yang, 2019). Thus, firms’
decisions on the product fit dimension are not involved in this study.

By deriving the game-theoretical models, firms’ profit functions for each model can be
strictly concave functions with respect to their decision variables. We then derive the equilib-
rium solutions for the different models. From the equilibrium solutions, we find that the rival
firms are consistent in their product pricing strategies. However, regarding product quality,
the rival firms do not show consistency in their deicisons. That is, there exist equilibrium
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Table 2 Key notations

Indices

j(� S, P , Q, D) Index for different strategies including static strategy; adjusting the price; adjusting
the quality level; and adjusting both the quality and price dynamically

i(� A, B) Index for firms/products

n(� 1, 2) Index for the selling stages

Decision variables

p j j
n, i Price of product i in nth stage under scenario j j

Q j j
n, i Quality of product i in nth stage under scenario j j

Problem parameters

δ Customers’ subjective evaluations of product utility from quality dimension

following a two-point distribution, i.e.,

{
δH withprobabilityα

δL withprobability1 − α

r The weight that customers arrived at the Stage 2 place on their subjective
evaluations of product utility from quality dimension

θ Customers’ marginal utility from improving online review information on quality
dimension

ξ The improvement of online reviews about the quality dimension from increasing
the unit quality level of the product

y The degree of misfit that customers perceive towards product A

t Unit misfit cost

βC The occurrence probability of the perceived degree of misfit y from customers’
subjective evaluation, 0 < βC < 1. It can indicate customer uncertainty about the
perceived subjective degree of product fit, and a low value of βC implies a high
level of customer uncertainty

βR Probability of the perceived misfit degree y in the presence of online review
information on product fit dimension, βC < βR < 1. It can indicate customer
uncertainty about the perceived degree of product fit from online customer
reviews, and a low value of βR indicates a high level of customer uncertainty

U j j
n, i The perceived net utility from product i in nth stage under scenario j j

d j j
n, i Customer demand for firm i in nth stage under scenario j j

π
j j

i Total profit of firm i in the two selling stages under scenario j j

solutions under strategy SQ and strategy PD, respectively, as shown in Table 4. All proofs of
the equilibrium solutions are presented in Appendix A.

4 The effects of online reviews and firm competition on quality
and pricing strategies

To examine whether the rival firms need to adjust dynamically their quality and pricing
strategies in response to online customer reviews and the effects of the different product
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Table 3 Customer demand and profit functions for Models under different product strategies

Firms Customer demand functions Profit functions

In the first stage In the second stage

Firm A
d j j
1, A � 1

2 +
γ

j j
1

2βC t d j j
2, A � 1

2 +
γ

j j
2

2βRt
π

j j
A � d j j

1, A p j j
1, A + d j j

2, A p j j
2, A −

k(Q j j
1, A)

2 − k(Q j j
2, A)

2

Firm B
d j j
1, B � 1

2 − γ
j j
1

2βC t d j j
2, B � 1

2 − γ
j j
2

2βRt
π

j j
B � d j j

1, B p j j
1, B + d j j

2, B p j j
2, B −

k(Q j j
1, B )

2 − k(Q j j
2, B )

2

γ
j j
1 � [αδH + (1 − α)δL ]

(
Q j j
1, A − Q j j

1, B

)
− (p j j

1, A − p j j
1, B );

γ
j j
2 � r [αδH + (1 − α)δL ]

(
Q j j
2, A − Q j j

2, B

)
+ (1 − r )θξ

(
Q j j
1, A − Q j j

1, B

)
− (p j j

2, A − p j j
2, B )

strategies on firms’ pricing and quality decisions and their financial performance, we first
compare the equilibriums of Model PP and Model SS to derive Proposition 1.

Proposition 1. Compared to the static strategy, a dynamic pricing strategy in response to
online customer reviews will:

(1) Reduce product prices in the early stage and raise prices in the later stage; that is,
pP P∗
1 < pSS∗and pSS∗ < pP P∗

2 ;
(2) Increase or reduce the quality level of products depending on the relationship between

customers’ private assessment of product quality from the product information disclosed
by firms and the common assessment of product quality as revealed by online reviews;
that is, QSS∗ < Q P P∗, if [αδH + (1 − α)δL ] < θξ ; otherwise, Q P P∗ < QSS∗;

(3) Increase or reduce firms’ profits depending on the cost efficiency and the relationship
between customers’ private assessment of product quality from the product information
disclosed by firms and the common assessment of product quality as revealed by online
reviews; that is, π P P∗ < π SS∗, if [αδH + (1 − α)δL ] < θξand k < φ;2 otherwise,
π SS∗ < π P P∗.

The result regarding the effect of a dynamic pricing strategy on product prices is reason-
able, as low prices in the early stage help firms improve their online profile and therefore
penetrate the market faster. However, firms gradually raise their product prices over time
to enhance their profitability. This pricing strategy is adopted by many firms in practice
and is consistent with the findings in Kostami and Rajagopalan (2014) and Chen and Jiang
(2021). The effect of a dynamic pricing strategy on the quality level depends on the impact of
quality improvement on customers’ perceived product utility through online reviews. More
specifically, if online customer reviews can significantly increase customers’ perceived utility
relative to their private assessment of product quality from the product information disclosed
by firms, firmswill be incentivized to invest more in improving the quality level of products to
raise the online customer reviews and stimulate more demand accordingly. This may explain
why customers are more willing to shop on e-commerce platforms with online review func-
tions, because customer reviews can motivate firms to provide high-quality products (Jiang

2 φ � (βC+βR )
2{(1+r)[αδH +(1−α)δL ]+(1−r )θξ}2−4{(βR+βC r)[αδH +(1−α)δL ]+βC (1−r )θξ}2

8(βC+βR )t(βR−βC )2
.
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& Yang, 2019; Sun & Xu, 2018). Although increased demand can benefit the firms, higher
quality level will incur extra costs. In this case, if firms’ cost parameter is less than a thresh-
old level, the relatively low cost parameter (high cost efficiency) will encourage the firms to
further improve their quality level, and thus the cost of quality improvement can outweigh
the benefit gained from the increased demand. Ultimately, the dynamic pricing strategy has a
negative impact on firms’ profits. In contrast, if online customer reviews have little impact on
customer evaluations of product quality, firms will reduce the quality level of their products.
Although reduced quality level results in worse onlineWOMand decreased future demand, it
saves the production costs which provide the leeway for firms to increase their profit margin.
In this case, the dynamic pricing strategy can produce a better financial performance relative
to the static policy, which is similar to that in the existing studies such as He and Chen (2018)
and Feng et al. (2019).

In the current e-markets in practice, many online firms frequently alter selling prices of
their products due to the flexibility and low cost of price changes in e-markets. Moreover,
many existing studies find that dynamic pricing can positively affect firms’ profits in e-
markets with online customer reviews, such as He and Chen (2018) and Feng et al. (2019).
Different from the industrial practice and the findings of the existing studies, Proposition 1
shows that a dynamic pricing strategy can not necessarily guarantee increased firms’ financial
performance in a competitive e-market with online customer reviews. The results of Propo-
sition 1 highlight the importance of market competition in firms’ operational decisions and
provide important strategic guidance regarding price decisions for practitioners engaging in
e-commerce retailing businesses.

Now, we examine the effects of a dynamic quality strategy on firms’ quality and pricing
decisions and their financial performance. After comparing the equilibrium solutions of
Models QQ and SS, we obtain the following proposition.

Proposition 2. Compared to the static strategy, a dynamic quality strategy in response to
online customer reviews will:

(1) Reduce the product quality level in the product selling stages, that is, QQ Q∗
1 < QSS∗and

QQ Q∗
2 < QSS∗;

(2) Has no impact on the product prices, that is, pQ Q∗ � pSS∗;
(3) Increase firms’ profits, i.e., π SS∗ < π Q Q∗.

Customers in the later stages, in general, know the product quality level more accurately,
as early customers have shared product information through online reviews (Guan et al.,
2020; Yu et al., 2016). Thus, with the static strategy, firms tend to provide higher quality
levels in order to stimulate future demand and improve profitability. When firms can dynam-
ically adjust the quality level of their products with updated market information from online
customer reviews, they are more likely to provide a lower quality level as compared to the
static quality, because they have an opportunity to adjust the quality level after observing
online customer reviews. As a result, with the dynamic quality strategy, the quality levels of
both firms’ products in the two selling stages are lower than those in the static strategy, as
shown in part (1) of Proposition 2.

Furthermore, a lower quality level will have a negative impact on customer demand.
Therefore, both firms have a motivation to reduce product prices because of the cost savings
from a decrease in the quality level. However, in a competitive market, if a firm reduces its
product price, the competitor will be forced to lower its price, which intensifies the price
competition. Therefore, neither firm will want to break the price equilibrium by changing
product prices, as shown in part (2) of Proposition 2. Obviously, the dynamic quality strategy
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in response to online customer reviews harms customer utility because, with this strategy,
customers buy products of a lower quality at the same prices.

It is evident from Proposition 2 that from the firms’ profit perspective, a dynamic quality
strategy is always beneficial compared to the static strategy, which is consistent with the
findings in Zhao andZhang (2019). This is because on the one hand, the same prices guarantee
firms’ profit margin, and on the other hand, reduced quality level helps firms save production
costs. Combining Proposition 1, a dynamic quality strategy is an effective product policy
in response to online customer reviews but not a dynamic pricing strategy in a competitive
e-market; this is against one’s expectation. This implies that it is always critically important
for firms to look at different ways to dynamically alter their product quality in a competitive
e-market with online customer reviews, although quality changes tend to expend higher costs
and are more difficult than price changes in firms’ business operations. Also, this explains
why many firms invest significantly in product development (Krishnan & Ulrich, 2001).

As Proposition 2 shows, a dynamic quality strategy adopted by the two rival firms has
a positive impact on firms’ profits. A question that arises naturally from this is whether a
dynamic quality strategy adopted by only one firm can be beneficial. To answer this, we
compare the equilibrium solutions of Models SQ and SS to derive Proposition 3.

Proposition 3. Compared to the static strategy, if firm Badopts a dynamic quality strategy
in response to online customer reviews:

(1) Firm Awill raise its product price; however, firm Bitself will reduce the product selling
price; that is, pSS∗ < pSQ∗

A and pSQ∗
B < pSS∗;

(2) The product quality level of firm Ais increased, i.e., QSS∗ < QSQ∗
A ; the product quality

level of firm Bis reduced, i.e., QSQ∗
1, B < QSS∗and QSQ∗

2, B < QSS∗;

(3) Increase profits of firm A, i.e., π SS∗ < π
SQ∗
A ; increase or reduce profits of firm

Bdepending on the cost parameter and its corresponding threshold level; that is,

π SS∗ < π
SQ∗
B , if

2τ 2
√
8kβC βRt(βC+βR)−ϕ−(τ 2+ϕ

)√
8kβC βRt(βC+βR)−τ 2

12βC βRt(βC+βR)
[√

8kβC βRt(βC+βR)−ϕ−
√

8kβC βRt(βC+βR)−τ 2
] < k; oth-

erwise, π
SQ∗
B < π SS∗.

Interestingly, different from the result of Proposition 2 that a dynamic quality strategy
is always beneficial to firms’ profits, Proposition 3 shows that when only one firm adjusts
dynamically the quality level, it might hurt the firm financially. When a firm adjusts dynam-
ically the quality level, it will choose to reduce the quality level of its product compared to
the static strategy, as the firm has an opportunity to adjust the product quality after observ-
ing online customer reviews. In this case, a lower quality level negatively affects customer
demand and online customer reviews, which forces the firm to reduce its product price in
order to sustain demand, as shown in part (1) of Proposition 3. Obviously, the decreased
demand and reduced product price have a negative impact on the firm’s financial perfor-
mance, except in the case that the firm’s cost parameter exceeds a threshold level [see part (3)
of Proposition 3]. Although the decreased customer demand and reduced product price result
in decreased sales revenue, the lower quality level produces the cost savings. On the other
hand, if the cost parameter is relatively low, that is, the cost efficiency is high, the competing
firm A will be encouraged to further increase its quality level, resulting firm B to reduce
the product price dramatically in response. Therefore, only when the cost parameter exceeds
a threshold level, adjusting dynamically the quality level can guarantee increased profits of
firm B. In practice, many firms invest significantly in product development (Krishnan &
Ulrich, 2001) to constantly pursue product innovation and look at different ways to minimise
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the cost parameter of producing their products at every opportunity. However, Proposition 3
finds that adjusting dynamically the quality level by a relative more cost-efficient firm might
hurt financially the firm in a competitive e-market.

In contrast, the dynamic quality strategy of firm B has a positive impact on the profit of
the competing firm A who adopts a static strategy. It leads to a higher product price for firm
A, owing to the improved online word-of-mouth recommendations following the increase
of quality level, which in turn has a positive impact on its profitability. This is logical and
consistent with the findings of Kwark et al. (2014) that better word-of-mouth can help firms
increase profits.

Proposition 4. When firm B adjusts dynamically its product quality in response to online
customer reviews, if the competitor, i.e., firm Aalso adopts a dynamic quality strategy:

(1) Firm Awill reduce its product price, i.e., pQ Q∗ < pSQ∗
A ; however, firm Bwill raise the

product price, i.e., pSQ∗
B < pQ Q∗;

(2) The product quality level of firm Ais reduced, i.e., Q Q Q∗
1 < QSQ∗

A and QQ Q∗
2 < QSQ∗

A ;

however, the product quality level of firm Bis increased, i.e., QSQ∗
1, B < QQ Q∗

1 and

QSQ∗
2, B < QQ Q∗

2 ;

(3) Increase profits of firm B, i.e., π
SQ∗
B < π Q Q∗; increase or reduce profits of firm

Adepending on the cost parameter and its corresponding threshold level; that is,

π Q Q∗ < π
SQ∗
A , if k <

(
τ 2+ϕ

)√
8kβC βRt(βC+βR)−ϕ−2ϕ

√
8kβC βRt(βC+βR)−τ 2

12βC βRt(βC+βR)
[√

8kβC βRt(βC+βR)−ϕ−
√

8kβC βRt(βC+βR)−τ 2
] ; oth-

erwise, π
SQ∗
A < π Q Q∗.

It is clear fromProposition 4 thatwhen a firm adopts a dynamic quality strategy in response
to online customer reviews, if the competitor also does that, the effects of the competitor’s
dynamic quality strategy on the two firms’ quality and pricing decisions are similar to those in
Proposition 3. In the interests of brevity, this is not repeated here. Moreover, consistent with
Proposition 3, whether a firm can gain more financial benefits from its own dynamic quality
strategy depends on its cost parameter and the corresponding threshold level. Specifically,
a firm’s dynamic quality strategy will have a positive impact on its profits when the cost
parameter exceeds a threshold level. From Propositions 3 and Proposition 4, the threshold
level of the firm B’s cost parameter exceeds that of the firm A’s cost parameter. Therefore,
combining Propositions 3 and 4, it is better for a firm to adopt a dynamic quality strategy,
when the competitor dynamically adjusts the product quality. And in this case, a dynamic
quality strategy of the two firms can help the rival firms gain more financial benefits (see
Proposition 2). This finding shows that a dynamic quality strategy is indeed an effective
product policy in response to online customer reviews in a competitive e-market, which has
not been revealed in the existing studies, such as Godes (2017) and Jiang and Yang (2019),
but is consistent with the industrial practice that firms constantly conduct product innovation
to launch new product lines (Joshi et al., 2016).

Here, we investigate the impacts of a dynamic quality strategy on firms’ quality and pricing
decisions and profitability, considering the presence of dynamic pricing. By comparing the
equilibriums of Models DD and PP, we derive the following proposition.

Proposition 5. In the case of a dynamic pricing strategy, if firms also dynamically adjust
their product quality:

(1) The dynamic quality strategy has no impact on the product prices, that is, pDD∗
1 �

pP P∗
1 and pDD∗

2 � pP P∗
2 ;
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(2) The firms decrease their product quality in the selling stages; that is, Q DD∗
1 < Q P P∗and

Q DD∗
2 < Q P P∗;

(3) Firms’ profits increase, that is, π P P∗ < π DD∗.

Compared to dynamic pricing, when the rival firms dynamically adjust both their price and
quality decisions, the two firms choose to reduce their respective product quality. Intuitively,
both firms have the margin to reduce product prices because of the cost savings from a
decrease in the product quality level. However, in a competitive market, if a firm reduces
its product price, the competitor will be forced to lower its price, which intensifies the price
competition. Therefore, neither firm will want to break the price equilibrium by changing
product prices. Obviously, the dynamic quality strategy negatively affects customer utility
because they then buy lower quality products at the same prices. From the firms’ profit
perspective, a dynamic quality strategy is always beneficial, if it is coupled with dynamic
pricing. This finding is consistent with the result of Proposition 2 and the findings in Zhao
and Zhang (2019).

In the following, we examine how the price and quality decisions change over time under
different quality and pricing strategies and derive Corollary 1.

Corollary 1. Comparing the equilibrium price and quality in different selling stages under
different quality and pricing strategies, we find:

(1) The presence of online customer reviews encourages firms to reduce prices in the early
stage while raising prices in the later stage, i.e., pP P∗

1 < pP P∗
2 and pDD∗

1 < pDD∗
2 ;

(2) The presence of online customer reviews encourages firms to decrease product quality
over time, i.e., QQ Q∗

2 < QQ Q∗
1 and Q DD∗

2 < Q DD∗
1 .

It is clear from Corollary 1 that firms tend to reduce prices in the early stage while
increasing prices in the later stage, which is similar to the result in Proposition 1. Considering
the dynamic quality strategy, firms should provide high-quality products in the early stage
but reduce product quality level in the later stage. This finding is consistent with industrial
practice and is similar to that of Kostami and Rajagopalan (2014), as online reviews become
more influential in customers’ purchasing decisions in practice (Chen & Xie, 2008), many
firms tend to provide high-quality products in the early stage to accumulate good WOM
and build a customer base while reducing the quality level of their products over time to
maximize profits. Obviously, in this case, the reduced quality level and raised product prices
in the later stage will harm customer utility because customers in the later stage buy products
of a lower quality level at a higher price. Moreover, online review recommendations are often
seen as persuasive WOM in practice (Godes, 2017). The findings of Corollary 1 show that
after observing online reviews, firms tend to reduce the quality level of their products, which
extend the existing studies demonstrating that in the presence of a persuasive WOM, firms
tend to provide a higher quality level (Godes, 2017).

After the above series of comparisions, we find that it is better for a firm to adopt a dynamic
quality strategy, when its competitor does that. And a dynamic quality strategy of the rival
firms is always financially beneficial for the two firms in response to online customer reviews
but not necessarily a dynamic pricing strategy. Moreover, a dual-element dynamic strategy
(the simultaneous adoption of dynamic quality and dynamic pricing) always performs better
than a dynamic pricing strategy.
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5 Optimal choice among alternative quality and pricing strategies

5.1 Comparisons among alternative quality and pricing strategies

From the systematic analyses in Sect. 4, strategies QQ, DD and PD (see Table 4) are likely
to be optimal to achieve maximized financial performance for the rival firms. Therefore, the
two firms should choose among the three strategies. To evaluate the optimal selection of the
alternative quality and pricing strategies, we compare the equilibrium profits of the three
strategies.

From Table 4, the equilibrium profits of strategy PD are complex, to depict which one can
be the optimal strategy choice, a numerical analysis by Monte Carlo simulation is conducted
for evaluating firms’ profits, and the basic parameter scopes are set as follows: t � (0, 100),
βR � (0.5, 1),βC � (0, 0.5), r � (0, 1), k � (0, 100),αδH +(1−α)δL � (1, 100) and θξ �
(0, 100). Within the basic parameter scopes, we have conducted five groups of simulation
experiments for each parameter. In each group of experiments, we randomly alter the value
of one parameter and evaluate its impact on each firm’s profit and the equilibrium decisions
from Monte Carlo simulation of 10,000 times. Note that for each group of experiments, five
rounds of simulation experiments are carried out. The simulated Monte Carlo results show
that the equilibrium decisions and the optimal policy selection have good robustness. And
for each group of experiments, it is not possible to clearly present the simulated results of
10,000 times with useful managerial insights, and thus we selected 200 samples randomly for
ease of presentation. Take parameter βR as an example, the selected 200 samples randomly
for each group of experiments from the simulated Monte Carlo results of 10,000 times are
shown in Fig. 2, to demonstrate the comparisons of the three strategies. From Fig. 2, we
find that with different values of parameter βR , each of the three strategies QQ, DD and
PD could be optimal strategy choice for the rival firms. Moreover, we examine the effects
of other several key parameters on the optimal stragegy choice. Similarly, the simulation
analysis shows that the three strategies QQ, DD and PD all could be optimal strategy choice
for the rival firms under different parameter scopes. Note that the Monte Carlo simulation
results of other parameters are provided in online supplementary materials which can be
accessed here: http://tiny.cc/z91zuz. Therefore, it can be concluded that each of the three
strategies QQ, DD and PD could be optimal strategy choice in a competitive market with
online customer reviews depending on different parameter scopes.

Further, with respect to each group of the simulation experiments, by counting the Monte
Carlo results of 10,000 times, we calculate the proportion that each of the three strategies
becomes the optimal strategy selection under different parameter values. In Fig. 3, we display
how changes in the values of parameter βR (reflecting the value of online customer reviews
on themisfit attribute in the second stage) affect the proportions of the three optimal strategies
QQ, DD and PD. We find that with increase of parameter βR , the proportion of strategy QQ
that becomes optimal strategy choice reduces; whereas the proportions of strategies DD and
PD which become the optimal strategy choices increase, respectively. The statistical results
of the effects that other key parameters have on the proportions are also provided in online
supplementary materials which can be accessed here: http://tiny.cc/z91zuz. Specifically, for
the parameter βC reflecting the value of product information disclosed by the firms on the
degree of misfit, in contrast to parameter βR , the simulation analysis shows that an increase
in the parameter βC results in an increase in the proportion of strategy QQ that becomes an
optimal strategy; whereas the proportions of strategiesDD andPDwhich become the optimal
strategy choices decrease, respectively. Besides, we calculate the influence of the unit misfit
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Fig. 2 Profits of the rival firms under different product strategies with different values of parameter βR

cost t on the proportions of the three optimal strategies QQ, DD and PD being optimal.
Similar to the effect of βC , the statistical results show that as the unit misfit cost t increases,
the proportion of strategy QQ that becomes optimal increases; however the proportions of
strategies DD and PD which become the optimal strategies decrease, respectively. Regarding
parameter r corresponding to the weight that customers paying attention to their private
assessment of product utility from the product information disclosed by firms, its effect
on the proportions of optimal strategies is also consistent with the parameter βC . For cost
parameter which can reflect the cost efficiency k, the numerical analysis illustrates that an
increase in the cost parameter will result in the decrease in the proportions of strategies QQ
and PD being optimal strategies respectively but an increase in the proportion of strategy
DD to be optimal. For customers’ private assessment of the product utility about quality
level from the product information disclosed by firms αδH + (1 − α)δL , its increase will
lead to the increase in the proportions of strategies QQ and DD being optimal strategies
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Fig. 3 The proportion that each of the three strategies becomes the optimal strategy selection under different
values of parameter βR

respectively but the decrease in the proportion of strategy PD to be optimal. Finally, with
respect to the common assessment of the product utility from quality dimension as revealed
by online reviews θξ , as it increases the proportions of strategies QQ and PD which become
the optimal strategy choices increase, respectively; however, the proportion of strategy DD
being optimal will decreases.

Figures 2 and 3 depict whether the three alternative product strategies will be optimal
strategy choice and the probability that any strategy becomes optimal. In the following, we
determine under what conditions these three strategies are optimal, respectively, in order
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to provide decision guidance for the optimal strategy selection. From the above analysis,
when each of the three strategies is optimal depending on the related model parameters. We
thus examine the corresponding parameter distributions in the optimal implementation of
each strategy using Monte Carlo simulation, to determine when the strategies are optimal,
respectively. For example, in Fig. 3a, there is a 32.8% probability that the strategy QQ
will be optimal strategy choice. We wonder in what value spaces are the model parameters
distributed in the 32.8% probability. The basic parameter scopes used are the same to those
in Figs. 2 and 3. For simplicity, we employ boxplot to depict the distributions of model
parameters corresponding to each strategy selection here, as shown in Fig. 4. In the boxplots,
we normalize all model parameters. From Fig. 4, we find that although the equilibrium profits
depend on many model parameters under each strategy, the optimal strategy selection is not
necessarily sensitive to all the related parameters. For example, we can see from Fig. 4
that some parameters such as the cost parameter k and the unit misfit cost t are in general
uniformly distributed in their definition domains. This implies that distributions of these
parameters have little impacts on the optimal strategy selection.

Figure 4 shows that for all the three strategies QQ, DD and PD, r , αδH + (1 − α)δL

and βR are always the most sensitive three parameters when each one is optimal because of
their relatively more concentrated distributions compared to other parameters. Therefore, the
firms should choose among the three strategies depending on r (the weight that customers
place on their private assessment of product utility from quality dimension), αδH +(1−α)δL

(the expected utility perceived by customers subjectively from the unit quality level) and βR

(customer uncertainty about the perceived degree of product fit). More specifically, small
values of r and αδH + (1 − α)δL but a large value of βR will help the rival firms increase

Fig. 4 The boxplot of the three optimal strategy selections QQ, DD and PD
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financial benefits from strategy QQ than other strategies. This is because on the one hand, the
value of θξ is relatively high as shown in Fig. 4a. In this case, if r and αδH + (1 − α)δL are
both small, then the quality adjustment on customers’ perceived product utility through online
customer reviews can significantly change their perceived utility relative to their subjective
evaluations of product quality, as shown in Eq. (3). This provides the leeway for the rival
firms to alter the quality level to increase their profit margins. On the other hand, there is low
customer uncertainty about the perceived product fit (corresponding to a high value of βR). It
implies when customers are more certain about which product is a better ‘fit’, this intensifies
the market competition. In this case, neither firm wants to change their respective product
prices. However, with a increase in the value ofαδH +(1−α)δL , the strategyDD ismore likely
to outperform other strategies financially to become an optimal strategy selection, as shown
in Fig. 4b. Because in this case, the quality adjustment on customers’ perceived product utility
through online reviews can not significantly change customers’ perceived utility relative to
their subjective evaluations of product quality. This provides the leeway for the rival firms to
alter the product prices to increase their profit margins. Due to the low customer uncertainty
about the perceived product fit, a dynamic pricing strategy alone might negatively affect a
firm’s profit, resulting that neither firm chooses only to dynamically adjust prices. Thus, a
dual-element dynamic strategy (strategy DD) could be more beneficial. Otherwise, strategy
PD is more likely to become an optimal strategy selection, as shown in Fig. 4c. Because in
this case, a matching strategy may neutralise the quality and price differentiation between
the firms and, consequently, the intensified market competition will decrease their profits.

From the above simulation results, we find that which of the three strategies QQ, DD
and PD the rival firms should choose depends mainly on the parameter distributions of r ,
αδH +(1−α)δL andβR . In practice, it is difficult for firms to accurately estimate all themarket
factors, because the market factors are diverse and changeable. However, from our numerical
anslyses, it is critically important for firms to concentrate their resources to evaluate the
important market factors which have significant impacts on the operational decisions rather
than analysing all market factors.

5.2 The effects of the variance of online reviews

In practice, customers have different perception and experience of a product, thus resulting in
differentiated product reviews, i.e. variance of online customer reviews.Other existing studies
show that variance of online customer reviews has significant impacts on firms’ operational
decisions (e.g., Kostyra et al., 2016), therefore we examine its influence on the quality, price
and profits in this subsection. Following existing studies (e.g., Zhao & Zhang, 2019), we
consider that the variance of online reviews affects customer utility by changing customers’
willingness to pay. The customer utility functions considering the effects of the variance of
online customer reviews are developed as follows.
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where η �
{
[η0 + ω1V ar − ω2(x − x0)]+ x > x0
[η0 − ω1V ar − ω2(x − x0)]+ x < x0

indicates customer price sensitivity. η0

is the initial price sensitivity before observing online customer reviews. ω1 is the marginal
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Fig. 5 The impacts of variance of online customer reviews on optimal quality and pricing decisions under
strategy QQ

effect of the variance of online customer reviews on price sensitivity.ω2 is the marginal effect
of the accumulated aggregated online customer reviews on price sensitivity. x indicates the
accumulated aggregated online customer reviews and x0 indicates the accumulated aggre-
gated reviews meeting customer expectation. Here we take the case of x > x0 as an example
to demonstrate the effects of the variance of online customer reviews, as shown in Figs. 5, 6
and 7.We only examine the effects of the variance of online customer reviews under strategies
QQ and DD, because these two strategies are more likely to outperform other strategies, as
shown in Fig. 3. The related parameters are set as follows: η0 � 0.3, w1 � 0.05, ω2 � 0.1,
x0 � 3, αδH + (1 − α)δL � 1, θ � 2, ξ � 1, k � 5, βC � 0.3, βR � 0.4, t � 5 and r � 0.3.

In practice, the real reviews often deviate from customer expectation. A high accumulated
aggregated reviews indicate that previous customers are satisfied with the product, thus
resulting in a premium price. That is, new customers might be willing to pay a higher price
for a product with high WOM (Kwark et al., 2014). In this case, if there is a large variance of
online customer reviews, new customers may be reluctant to pay a high price for the product.
That is, the price sensitivity increases. This is because, a large variance of online customer
reviews indicates that while the aggregated reviews are high, there are still a lot of people
who have had a bad product experience. Therefore, the firms are forced by a large variance
to reduce the product prices and decrease their quality level to increase profit margins, as
shown in Figs. 5 and 6. Obviously, the decreased quality level and lowered product prices
have a negative influence on firms’ profits, as shown in Fig. 7. Moreover, it is evident from
Fig. 7 that the dual-element dynamic strategy has a larger advantage than a dynamic quality
strategy as the variance of online customer reviews increases.

6 An extended analysis of asymmetric initial online customer reviews

6.1 The extensionmodel and product strategy analysis

The previous analysis is based on the assumption that there are no initial online customer
reviews for either firm’s products. In practice, firms may already have online customer
reviews, and their review profiles may vary (e.g., Kwark et al., 2014), thus affecting their
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decisions on quality and pricing strategies. Therefore, we extend our analysis by relaxing
the above assumption to consider the case in which the competing firms have different initial
online customer reviews. Unlike in the original game, in the first product selling stage of the
new model, customer utility is affected by the level of the initial online customer reviews.
We use Ri to show the initial level of firms’ online customer reviews, and without loss of
generality, we assume that Rd � RA − RB > 0. Specifically, the customer utility functions
in the first stage are developed as follows.
{

E(U h, j j
1, A ) � r [αδH + (1 − α)δL ]Q

h, j j
1, A + (1 − r )θ RA − [βR y + (1 − βR)/2]t − ph, j j

1, A

E(Ul, j j
1, B ) � r [αδH + (1 − α)δL ]Q

l, j j
1, B + (1 − r )θ RB − [1 − βR y − (1 − βR)/2]t − pl, j j

1, B

Similar to our previous analysis, we consider that each of the competing firms with high
and low initial online customer reviews can adopt four alternative strategies: the static strategy
(S), adjusting the price (P), adjusting the quality level (Q), and adjusting both the quality and
price dynamically (D). The model development, equilibriums and proofs of this extended
analysis are all provided in Appendix B. By deriving the equilibrium solutions, only six
strategies are likely to achieve equilibriums to achieve maximized financial performance for
the rival firms, including strategies SS, PP, QQ, DD, SQ and DP, which is consistent with
the results of our previous analysis. Therefore, to examine the effects of different product
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strategies, we compare the obtained equilibriums of the six strategies to determine the optimal
choice of quality and pricing strategies.

We first explore the effects of a dynamic quality strategy adopted by one firm on the
price, quality and profits, whether or not its competitor adopts a dynamic quality strategy,
by comparing the dynamic quality strategy SQ to the static decision SS and the dynamic
quality strategy QQ, respectively. The comparison results are consistent with those in the
previous analysis in which the asymmetric initial online customer reviews are not considered.
Specifically, a dynamic quality strategy of a firmwill encourage its competitor to increase the
quality level and raise the product pricewhich always guarantees increased profits. In contrast,
for the firm who adopts a dynamic quality strategy, it will choose to reduce the quality level
and product price, and it can benefit financially from the adopted dynamic quality strategy
only when the cost efficiency belows a threshold level. Moreover, it is better for a firm to
adopt a dynamic quality strategy, when its competitor does that, and consequently, strategy
SQ is not an equilibrium strategy for the two rival firms. Therefore, we compare the effects on
the price, quality and profits between the dynamic quality strategy adopted simultaneously
by the rival firms and the static strategy in the following, and derive Proposition 6.

Proposition 6.

(1) The firm with better initial online customer reviews will reduce the product quality in
the product selling stages, that is, Qh, Q Q∗

1, A < Qh, SS∗
A , Qh, Q Q∗

2, A < Qh, SS∗
A ; in contrast,

whether the firm with worse initial online customer reviews raises or reduces the product
quality depends on the difference in the initial online customer reviews between the two
rival firms, i.e., Ql, SS∗

B < Ql, Q Q∗
1, B , if R1

do < Rd
3; otherwise, Ql, Q Q∗

1, B < Ql, SS∗
B ;

Ql, SS∗
B < Ql, Q Q∗

2, B , if R2
do < Rd

4; otherwise, Ql, Q Q∗
2, B < Ql, SS∗

B ;

(2) The firm with better initial online customer reviews will reduce its product price, while
the firm with worse initial online customer reviews raises its product price; that is,
ph, Q Q∗

A < ph, SS∗
A and pl, SS∗

B < pl, Q Q∗
B ;

(3) The dynamic quality strategy adopted by the two firms will always increase the profit
of the firm with worse initial online customer reviews, i.e., π

l, SS∗
B < π

l, Q Q∗
B . However,

it might hurt the profit of a firm with better initial online customer reviews; that is,
π

h, Q Q∗
A < π

h, SS∗
A , if R3

do < Rd .5

Proposition 6 shows that when the two rival firms dynamically adjust product quality, the
firm with better initial online customer reviews (firm A) always chooses to reduce its product
quality level as compared to the static decision scenario. The positive WOM enables firm
A to capture the majority of the market share. With the dynamic quality strategy, firm A,
on the one hand, tends to reduce the quality level to increase its profit margin, and on the
other hand, reduce the product price to maintain market share. However, the dynamic quality
strategy can have a negative/positive impact on the profit of firm A, as illustrated in part
(3) of Proposition 6. Interestingly, when firm A’s advantage in the initial online customer

3 R1
do � r[αδH +(1−α)δL ](12kβR t−�)

(
12kβR t−ϑ2

)
2k(1−r )θ

{
r[αδH +(1−α)δL ]

(
12kβRt−ϑ2

)
+ϑ
(
ϑ2−�

)} .
4 R2

do � (12kβRt−�)
(
12kβRt−ϑ2

)
{r[αδH +(1−α)δL ]+(1−r )θξ}

2k(1−r )θ
{
[r�+(1−r)θξ ]

(
12kβR t−ϑ2

)
+ϑ
(
ϑ2−�

)} .

5 R3
do �

(12kβRt−�)
(
12kβRt−ϑ2

)(√
16kβR t−�−

√
16kβRt−ϑ2

)

2k(1−r )θ

[
(12kβR t−�)

√
16kβR t−ϑ2−(12kβRt−ϑ2

)√
16kβR t−�

] .
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reviews exceeds a threshold level, firm A’s profits will be reduced under the dynamic quality
strategy as compared to the static strategy. This is because a large advantage in the initial
online customer reviews of firm A will lead firm B to improve its quality level, to compete
with firm A, as shown in part (1) of Proposition 6. Thus, firm A’s profits will decrease. This
finding is different from that in the previous analysis showing that a dynamic quality strategy
of the two firms is always beneficial, as shown in Proposition 2. It highlights the importance
of the difference in WOM between the competing firms in choosing the quality and pricing
strategies.

For the firm with worse initial online customer reviews (firm B), whether it raises or
reduces the quality level depends on the difference in the initial online customer reviews
between the two rival firms. A large difference in the initial online customer reviews will
result in firm B improving its product quality. Further, the increased product quality level
can improve online customer reviews and stimulate future demand. Consequently, firm B
will raise the product price to increase profit. In contrast, a small difference in the initial
online customer reviews will lead firm B to reduce its product quality level but not to the
same extent as firm A. As a result, firm B can still raise its product price while maintaining
market competitiveness. In this case, while firm B enjoys increased profits, firm A can also
benefit from the dynamic quality strategy as it can capture the majority of the market share
with better initial online customer reviews.

It is evident from Proposition 6 that a dynamic quality strategy is always beneficial to the
firm with worse initial online customer reviews but not necessarily the firm with better initial
online customer reviews as compared to the static strategy. When the difference in the initial
online customer reviews between the two rival firms is less than a threshold level, both firms
can benefitmore financially from a dynamic quality strategy compared to a static strategy, and
consequently a dynamic quality strategy is an equilibrium strategy but not the static strategy.
However, if the difference in the initial online customer reviews between the two rival firms
exceeds a threshold level, the firm with worse initial online customer reviews prefers still a
dynamic quality strategy but the firm with better initial online customer reviews prefers a
static strategy, as a result, neither the dynamic quality strategy nor the static strategy is an
equilibrium strategy. From the above, consistent with the analyses in the previous sections
showing that a static strategy can not be an equilibrium strategy, consequently the following
analysis concentrates on the dynamic strategies with a consideration of different initial online
customer reviews between the two firms. First, we compare the quality and pricing decisions
under the dynamic strategies and derive Proposition 7.

Proposition7. Firm A with better initial online customer reviews will provide a higher quality
level and charge a higher price than firm Bwith worse initial online customer reviews, i.e.
Ql, j j∗

n, B < Qh, j j∗
n, A , pl, j j∗

n, B < ph, j j∗
n, A .

Despite the fact that firm A will reduce the quality level and product price under a dynamic
quality strategy (see Proposition 6), its product quality level and price are still higher than
those of the firm with worse initial online customer reviews across all the dynamic strategies.
This result is not surprising as, in practice, firms with better online customer reviews tend
to charge a higher price, which is also supported by the existing studies (e.g., Kwark et al.,
2014).

Now, we look at the effects of different initial online customer reviews on quality and
price decisions under different dynamic strategies over the two selling stages and derive the
following proposition.
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Proposition 8.

(1) When firms dynamically adjust their product prices, ph, P P∗
1, A < ph, P P∗

2, A , pl, P P∗
2, B <

pl, P P∗
1, B , if k <

{r [αδH+(1−α)δL ]+(1−r )θξ}{2r [αδH+(1−α)δL ]+(1−r)θξ}
6βRt ; otherwise, ph, P P∗

2, A <

ph, P P∗
1, A , pl, P P∗

1, B < pl, P P∗
2, B ; ph, DD∗

1, A < ph, DD∗
2, A , pl, DD∗

2, B < pl, DD∗
1, B , if

k <
r2[αδH+(1−α)δL ]2+[(1−r )θξ ]2+r [αδH+(1−α)δL ](1−r )θξ

6βRt ; otherwise, ph, DD∗
2, A < ph, DD∗

1, A ,

pl, DD∗
1, B < pl, DD∗

2, B ;

(2) When firms dynamically adjust their product quality, the presence of online customer
reviews encourages both firms to reduce product quality over time, i.e., Qh, Q Q∗

2, A <

Qh, Q Q∗
1, A and Ql, Q Q∗

2, B < Ql, Q Q∗
1, B ;

(3) When firms dynamically adjust their product quality and prices, if firms’ cost param-

eter is less than a threshold level, k <
r2[αδH+(1−α)δL ]2+r [αδH+(1−α)δL ](1−r )θξ

6βRt , firm

Bwill reduce its product quality over time, i.e., Ql, DD∗
2, B < Ql, DD∗

1, B ; for firm A,
only if there is a relatively small difference in the initial online customer reviews
between the two firms, i.e., Rd < R4

do
6, it will choose to reduce product quality,

i.e., Qh, DD∗
2, A < Qh, DD∗

1, A . However, if firms’ cost parameter exceeds a threshold level,
r2[αδH+(1−α)δL ]2+r [αδH+(1−α)δL ](1−r )θξ

6βRt < k, only when there is a relatively small differ-

ence in the initial online customer reviews, i.e., Rd < R5
do

7, firm Bwill choose to reduce

product quality, i.e., Ql, DD∗
2, B < Ql, DD∗

1, B ; for firm A, it will always reduce its product

quality over time, i.e., Qh, DD∗
2, A < Qh, DD∗

1, A .

Part (1) of Proposition 8 shows that under the dynamic pricing strategy, when firms’ cost
parameter is less than a threshold level, the presence of online customer reviews encourages
firm A to raise selling prices over time, while firm B will reduce its product price over
time. However, when firms’ cost parameter exceeds a threshold level, firm A will reduce its
product price and, in contrast, firm B will raise its selling price over time.A lowcost parameter
(corresponding to a high cost efficiency) would prevent firm B from improving its product
quality level. Instead, firm B will cut its price over time to enhance its competitiveness.
Therefore, firm A can raise its product price to take advantage of better WOM. In contrast,
a high cost parameter would incentivize firm B to provide a higher quality level and raise
product price over time, and firm A has to reduce the product price in response. These results
are different from those in the previous scenario (see Corollary 1), which shows that the
presence of online customer reviews encourages both firms to reduce prices in the early stage
and increase prices in the later stage.

Part (2) of Proposition 8 shows that under the dynamic quality strategy, the presence of
online customer reviews provides firms with an incentive to reduce product quality over time
if the competing firms have differentWOMprofiles. This finding is consistent with the results
when the asymmetric initial online customer reviews are not considered, and is in line with
industry practice and supported by the existing literature (Kostami & Rajagopalan, 2014).
As part (3) of Proposition 8 shows, under the dynamic quality and price strategy, whether the
presence of online customer reviews leads to an increase or decrease in the quality level over

6 R4
do � (1−r)θξ(6kβRt−ψ)

{
6kβRt−r2[αδH +(1−α)δL ]2

}
−r2[αδH +(1−α)δL ]2[(1−r )θξ ]3

2k(1−r )θr[αδH +(1−α)δL ]
{

r2[αδH +(1−α)δL ]2+r[αδH +(1−α)δL ](1−r)θξ−6kβR t
} .

7 R5
do � (1−r)θξ(6kβRt−ψ)

{
6kβR t−r2[αδH +(1−α)δL ]2

}
−r2[αδH +(1−α)δL ]2[(1−r )θξ ]3

2k(1−r )θr[αδH +(1−α)δL ]
{
6kβR t−r2[αδH +(1−α)δL ]2−r[αδH +(1−α)δL ](1−r)θξ

} .
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time depends on firms’ cost efficiency, the difference in the initial online customer reviews
and their corresponding threshold levels.

The above analyses show that the difference in WOM between competing firms has a
significant impact on the price, quality and firms’ financial performance. In practice, many
firms choose to match their competitors’ decisions on quality and price. However, our results
show that matching competitor’s decisions might be unwise and it is critically important for
firms to determine their operational decisions considering the different WOM (Kwark et al.,
2014).

6.2 Optimal choice among alternative product strategies in the extended analysis

In Sect. 6.1, we derive that strategies PP, QQ, DD and DP are likely to be optimal to achieve
maximized financial performance for the rival firms. Therefore, the two firms should choose
among the four dynamic strategies. In this section, we evaluate firms’ equilibrium profits
under the four dynamic decision scenarios to determine the optimal strategy selection. Owing
to the complexity of profit functions for the four dynamic strategies, numerical simulation is
employed for the evaluation. Similar to the previous analysis, we useMonte Carlo simulation
to randomly sample 10,000 times in the definition domain of model parameters. The basic
parameter scopes for the Monte Carlo simulation are set as follows: ξ � (0, 100), θ �
(0, 100), Rd � (0, 5) and βR � (0, 1), other parameter scopes used in the extended analysis
are the same to the previous scenario.

Consistent with the previous analysis for the basicmodel, we randomly select 200 samples
from the calculated 10,000 simulations for each group of the experiments to demonstrate the
comparison results of the firms’ profits under the four dynamic strategies. Figure 8 depicts the
effects of parameter βR on the equilibrium firms’ profits under the four dynamic strategies
PP, QQ, DD and DP. From Fig. 8, we find that with different values of parameter βR , each of
the four strategies PP, QQ, DD and DP could be optimal strategy choice for the rival firms.
Moreover, we examine the effects of other several key parameters on the optimal stragegy
choice. Similarly, the simulation analysis shows that the four strategies PP, QQ, DD and
DP all could be optimal strategy choice for the rival firms under different parameter scopes.
Note that the Monte Carlo simulation results of other parameters are provided in online
supplementary materials which can be accessed here: http://tiny.cc/z91zuz. Therefore, in the
extended analysis we can conclude that each of the four strategies PP, QQ, DD and DP could
be optimal strategy choice in a competitive market with online customer reviews depending
on different parameter scopes.

Similar to the previous analysis, with respect to each group of the simulatioin experiments,
by counting the Monte Carlo results of 10,000 times, we calculate the proportion that each of
the four strategies becomes the optimal strategy selection under different parameter values.
In Fig. 9, we depict how changes in the values of parameter βR influence the proportions of
the four optimal strategies PP, QQ, DD and DP. We find that with increase of parameter βR ,
the proportions of strategiesQQ andDP which become the optimal strategy choices increase,
respectively; however the proportions of strategies PP and DD which become optimal strate-
gies reduce, respectively. Regarding parameter ξ corresponding to the improvement of online
reviews about the quality dimension from increasing the unit quality level of the product,
the numerical analysis illustrates that its effect on the proportions of optimal strategies is
consistent with the parameter βR . The statistical results of the effects that other key param-
eters have on the proportions in the extended analysis are provided in online supplementary
materials which can be accessed here: http://tiny.cc/z91zuz. Specifically, for the parameter
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Fig. 8 Profits of the rival firms under different dynamic strategies with different values of parameter βR in the
extended analysis
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Fig. 9 The proportion that each of the four strategies becomes the optimal strategy selection under different
values of parameter βR in the extended analysis

Rd reflecting the difference in the initial online WOM between the two firms, the statistical
results show that an increase in the parameter Rd results in the decrease in the proportion
of strategy QQ that becomes optimal strategy but an increase in the proportions of the other
three strategies being optimal. With respect to the parameter θ which corresponds to the
customers’ marginal utility from improving online review information on quality dimension,
we find that when it increases, the proportions of strategies QQ and DD being the optimal
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strategy choice will increase; whereas the proportions of strategiesPP andDP which become
optimal will decrease, respectively.

In the following, we discuss when the four dynamic strategies hold optimal, respectively.
Similar to the previous analysis, the parameters are numerically simulated by 10,000 times
of Monte Carlo method, to depict the corresponding parameter distributions when the four
strategies become optimal, respectively. The used basic parameter scopes are the same to
those in Figs. 8 and 9. We give the boxplots of the four strategies when they are respectively
optimal here, to examine the distributions of the parameters involved in each strategy, as
shown in Fig. 10. And similar to the previous analysis, we normalize all model parameters
in the boxplots. From Fig. 10, we can see that r and αδH + (1 − α)δL are the most sensitive
parameters because of their relatively concentrated distributions.

From Fig. 10a and d, when r and αδH +(1−α)δL have relatively high values, the strategies
PP or DP are more likely to perform better than other strategies to become an optimal choice
of product decisions. Because relatively high values of r and αδH + (1 − α)δL imply that
customers’ private assessment of product utility from quality level has a great influence on
the overall perceived product utility. In this case, dynamically adjusting product quality in
response to online customer reviews will not improve customers’ perceived product utility
significantly but generate extra costs. And a dynamic quality strategy adopted simultaneously
by the two firms will neutralise the differentiation in the quality and online WOM between
the rival firms and, consequently, the intensified market competition will harm either or
both firms’ profitability. Consequently, no or only one firm chooses to alter the quality level
dynamically. Whether a firm adjusts the quality level depends on the parameter values of
r and αδH + (1 − α)δL , and a lower value of r or αδH + (1 − α)δL will lead to the single

Fig. 10 The boxplot of the four optimal strategy selections PP, QQ, DD and DP
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dynamic quality strategy. Otherwise, it could be more beneficial for the rival firms to adopt
a dual-element dynamic strategy or a dynamic quality strategy, as shown in Fig. 10b and c,
and a dual-element dynamic strategy will be driven by a lower value of r or αδH + (1−α)δL .

The numerical results in this section show that a dynamic pricing strategy may generate
better financial performance than the dynamic quality strategy, which is different from the
finding in the scenario where the asymmetric initial online customer reviews are not consid-
ered. Moreover, firms should choose among the four dynamic strategies depending on the
impacts of customers’ private assessment of product utility from quality level based on the
product information disclosed by the firms and the weight that the second-stage customers
place on their private assessment. And it is better for firms to concentrate their resources to
evaluate this key market factor for choosing an optimal product decision.

7 Discussion

As we have mentioned above, online reviews are important for firms in a competitive market,
because they can help capture more market share. However, in practice, there is no mature
decision-making scheme to guide firms whether or not and how to adjust their product
strategies based on the online review feedback, especially in a competitive online market
(Jiang & Yang, 2019; Yang & Zhang, 2022). Therefore, by considering a competitive market
and the impact of online reviews on customers’ purchasing behavior, this study attempts to
determine the optimal product strategy choice (static/dynamic quality and price decisions)
of the competitive firms in the presence of online reviews. In this section, we provide the
following three important managerial discussions according to the findings derived from our
theoretical and numerical analysis.

First, at present, firms often adjust product selling prices comparedwith quality adjustment
according to online review information (He & Chen, 2018). However, our results show that
such empiricism may hurt firm profits. We find that without considering firms’ asymmetric
initial online customer reviews, a dynamic quality strategy of the rival firms is always bene-
ficial in response to online customer reviews but not necessarily a dynamic pricing strategy.
And the simultaneous adoption of dynamic quality and dynamic pricing always outperforms
the dynamic pricing strategy. Moreover, when considering firms’ asymmetric initial online
customer reviews, with a low impact of customers’ private assessment of product quality and
a low weight that the second-stage customers place on their private assessment, dynamically
adjusting quality level could outperform the dynamic pricing strategy. That is, firmsmay ben-
efit more from the dynamic quality strategy relative to the dynamic pricing strategy, implying
that a dynamic quality strategymay bemore effective in response to online customer reviews.

Second, in the industrial practice, as online reviews becomemore influential in customers’
purchasing decisions (Chen & Xie, 2008), many firms tend to provide high-quality products
in the early stage to accumulate good WOM and build a customer base while reducing the
quality level of their products over time to maximize profits. We find that it is true when there
are no initial online customer reviews but not necessarily in the scenariowhere the asymmetric
initial online customer reviews are considered. Our findings show that the presence of online
customer reviews encourages the rival firms to increase/reduce their quality level depending
on firms’ cost efficiency and the difference in the initial online customer reviews when the
asymmetric initial online customer reviews are considered. For example, when firms’ cost
efficiency exceeds a threshold level and there is a relatively large difference in the initial

123



Annals of Operations Research (2023) 326:411–503 441

online customer reviews between the two firms, the firm with an advantage in the initial
online WOM will choose to increase quality level over time.

Third, at present, there is no mature decision-making scheme to guide firms how to adjust
their product strategies based on the online review feedback in a competitive online market
(Jiang & Yang, 2019; Yang & Zhang, 2022). By comparing different alternative strategies,
we find that in a competitive e-market with no initial online customer reviews, the rival firms
should choose among the dynamic quality strategy, the dual-element dynamic strategy, and
the dynamic pricing coupled with the dual-element dynamic strategy according to the cus-
tomers’ private assessment of product quality and customer uncertainty about the perceived
degree of product fit. When quality adjustment can significantly change customers’ common
assessment relative to their private assessment and there is a low customer uncertainty about
the perceived degree of product fit, the firms should adopt a dynamic quality strategy; With
the decrease in the impact of the quality adjustment, a dual-element dynamic strategy is more
beneficial to them; With the further decrease in the impact of the quality adjustment, it is
better for the firms to adopt the dynamic pricing coupled with the dual-element dynamic
strategy. However, when firms’ asymmetric initial online customer reviews are considered, a
dynamic pricing strategy may generate better financial performance than the dynamic qual-
ity strategy, which is different from the finding in the basic scenario. Firms should choose
the dual-element dynamic strategy, the dynamic quality strategy, the dual-element dynamic
strategy coupled with dynamic pricing, and the dynamic pricing strategy in sequence as the
impact of customers’ private assessment of product quality on the overall perceived prod-
uct utility and the weight that the second-stage customers place on their private assessment
increase.

8 Conclusions

In this paper, we explore two competing firms’ quality and pricing decisions in the pres-
ence of online customer reviews through two-stage game-theoretical models. We start our
analysis with scenarios under which the rival firms can separately choose whether to dynam-
ically adjust their quality and/or pricing decisions in the second selling stages to investigate
the impacts of the dynamic strategies on firms’ product decisions and their financial perfor-
mance. Moreover, we extend our analysis to cases in which the two firms have asymmetric
initial online customer reviews. The findings derived from our theoretical and numerical
analysis provide important managerial insights and strategic guidance for firms engaging in
e-commerce businesses.

First, by comparing different alternative strategies, we find that a dynamic quality strategy
of the rival firms is always beneficial in response to online customer reviews but not nec-
essarily a dynamic pricing strategy. And the dual-element dynamic strategy (simultaneous
adoption of dynamic quality and dynamic pricing) always outperforms the dynamic pric-
ing strategy. Therefore, in a competitive e-market with no initial online customer reviews,
the rival firms should choose among the dynamic quality strategy, the dual-element dynamic
strategy, and the dynamic pricing coupledwith the dual-element dynamic strategy. If the qual-
ity adjustment in response to online customer reviews can significantly change customers’
common assessment relative to their private assessment of product quality and there is a low
customer uncertainty about the perceived degree of product fit, a dynamic quality strategy
delivers more financial benefit to the rival firms;With the decrease in the impact of the quality
adjustment through online reviews on customers’ perceived product utility, a dual-element
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dynamic strategy is more beneficial to them; With the further decrease in the impact of the
quality adjustment, the dynamic pricing coupled with the dual-element dynamic strategy can
generate more financial benefits. These findings complement the prior work (e.g., Feng et al.,
2019), who found that firms should adjust their price decisions dynamically in response to
online customer reviews. This difference is largely because a dynamic quality decision is
also considered in our work.

Second, in practice, firms’ online review profiles differ between firms (e.g., Kwark et al.,
2014), thus affecting firms’ decisions on quality and pricing strategies. Through the analysis,
we find that when firms’ asymmetric initial online customer reviews are considered, interest-
ingly, a dynamic pricing strategymay generate better financial performance than the dynamic
quality strategy, which is different from the finding in the scenario where the asymmetric
initial online customer reviews are not considered. Firms should choose the dual-element
dynamic strategy, the dynamic quality strategy, the dual-element dynamic strategy coupled
with dynamic pricing, and the dynamic pricing strategy in sequence as the impact of cus-
tomers’ private assessment of product quality on the overall perceived product utility and
the weight that the second-stage customers place on their private assessment increase. This
finding is different from the result when the asymmetric initial online customer reviews are
not considered. This is mainly due to the fact that a dynamic quality strategy will neutralise
the quality and WOM differentiation between the firms and, consequently, the intensified
market competition will harm the profitability of both firms.

Third, when there are no initial online customer reviews, we find that the rival firms tend
to provide high-quality products and charge low prices in the early stage to build good review
profiles, and then reduce the quality level of products and raise prices in the later stage to gain
financial benefits. However, when the asymmetric initial online customer reviews are consid-
ered, the presence of online customer reviews encourages the rival firms to increase/reduce
their product prices and quality level depending on firms’ cost efficiency and the difference
in the initial online customer reviews. For example, when firms’ cost efficiency exceeds a
threshold level and there is a relatively large difference in the initial online customer reviews
between the two firms, the firm with an advantage in the initial online WOM will choose to
increase quality level over time. This finding is different from that of Jiang and Yang (2019),
who showed that early prices are often higher than those in later stages in a monopoly mar-
ket. This highlights the importance of market competition in determining the firms’ optimal
quality and pricing strategies (Feng et al., 2018).

This paper still has some limitations that point to several promising future research direc-
tions. First,we consider that firms’ quality decisions affect online customer reviews.However,
in practice, product price can also affect customer satisfaction and thus influence online cus-
tomer reviews (Kostyra et al., 2016). Therefore, one future extension is to consider the effects
of pricing decisions on online customer reviews and firms’ optimal choices regarding qual-
ity and pricing strategies. Second, we use Monte Carlo simulation with assumed parameter
scopes to determine the optimal choice regarding quality and pricing decisions for the rival
firms.Although a large number of simulation can explain the robust of our results, we have not
applied the results to the firms’ actual operational practice. Therefore, a future research exten-
sion is to verify our model and results by crawling review data, product and sales information
of the firms. Finally, it is critical to evaluate the performance of different quality and price
strategies over multiple selling stages, as the quality and price decisions and online reviews
could have long-lasting effects on firms’ performance. Therefore, a final future extension is
to explore the optimal quality and pricing strategy in a multi-stage competitive e-market with
online customer reviews.
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Appendix A: Benchmarkmodel without initial online customer reviews

Proof of consumer demand and profit functions

Proof Letting E(U j j
n, A) − E(U j j

n, B) � 0, n � 1, 2, we can easily obtain the consumer
demand functions. Consumer demand functions in the two selling stages under our considered
different alternative quality and pricing strategies are shown respectively in the following
functions.

Consumer demand functions in the first stage:

d j j
1, A � 1

2
+
[αδH + (1 − α)δL ]

(
Q j j

1, A − Q j j
1, B

)
−
(

p j j
1, A − p j j

1, B

)
2βC t

d j j
1, B � 1

2
−

[αδH + (1 − α)δL ]
(

Q j j
1, A − Q j j

1, B

)
−
(

p j j
1, A − p j j

1, B

)
2βC t

Consumer demand functions in the second stage:

d j j
2, A � 1

2
+

r [αδH + (1 − α)δL ]
(

Q j j
2, A − Q j j

2, B

)
+ (1 − r )θξ

(
Q j j

1, A − Q j j
1, B

)
−
(

p j j
2, A − p j j

2, B

)
2βRt

d j j
2, B � 1

2
−

r [αδH + (1 − α)δL ]
(

Q j j
2, A − Q j j

2, B

)
+ (1 − r )θξ

(
Q j j

1, A − Q j j
1, B

)
−
(

p j j
2, A − p j j

2, B

)
2βRt

Afterwards, the rival firms’ profit functions can be obtained, i.e., π j j
i � ∑2

n�1 d j j
n, i p j j

n, i −∑2
n�1k

(
Q j j

n, i

)2
.

Proof of equilibrium solutions for eachmodel

Proof We have derived the demand functions and developed the corresponding game-
theoretical models for different alternative strategies, as shown in Sect. 4. In the following,
we derive the equilibrium solutions for the different models.

Model SS:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π SS
A �

{
1 +

�
(
QSS

A − QSS
B

)− (
pSS

A − pSS
B

)
2βC t

+
[r� + (1 − r )θξ ]

(
QSS

A − QSS
B

)− (
pSS

A − pSS
B

)
2βRt

}

pSS
A − k

(
QSS

A

)2

π SS
B �

{
1 − �

(
QSS

A − QSS
B

)− (
pSS

A − pSS
B

)
2βC t

− [r� + (1 − r )θξ ]
(
QSS

A − QSS
B

)− (
pSS

A − pSS
B

)
2βRt

}
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pSS
B − k

(
QSS

B

)2

Next, the two firms’ optimization problems about product pricing decisions are charac-
terized by the first-order conditions of their respective profit functions:

∂π SS
A

∂pSS
A

� 1 +
�
(
QSS

A − QSS
B

)− (
2pSS

A − pSS
B

)
2βC t

+
[r� + (1 − r )θξ ]

(
QSS

A − QSS
B

)− (
2pSS

A − pSS
B

)
2βRt

� 0

∂π SS
B

∂pSS
B

� 1 − �
(
QSS

A − QSS
B

)− (
pSS

A − 2pSS
B

)
2βC t

− [r� + (1 − r )θξ ]
(
QSS

A − QSS
B

)− (
pS

A − 2pSS
B

)
2βRt

� 0

Fromwhichwe can derive the firms’ equilibrium product prices as functions of the product
quality level provided by the firms:

pSS
A � pSS

B +
2[(βR + βCr)� + βC (1 − r )θξ ]

(
QSS

A − QSS
B

)
3(βC + βR)

pSS
B � 2βCβRt

βC + βR
− [(βR + βCr)� + βC (1 − r )θξ ]

(
QSS

A − QSS
B

)
3(βC + βR)

And then, we derive the firms’ equilibrium product quality. The two firms’ optimization
problems about the product quality decisions are characterized by the first-order conditions
of their profit functions:

∂π SS
A

∂ QSS
A

� pSS
A �

2βC t
+

pSS
A [r� + (1 − r )θξ ]

2βRt
− 2k QSS

A � 0

∂π SS
B

∂ QSS
B

� pSS
B �

2βC t
+

pSS
B [r� + (1 − r )θξ ]

2βRt
− 2k QSS

B � 0

From which we can derive the firms’ equilibrium product quality level:

QSS
A � pSS

A �

4kβC t
+

pSS
A [r� + (1 − r )θξ ]

4kβRt

QSS
B � pSS

B �

4kβC t
+

pSS
B [r� + (1 − r )θξ ]

4kβRt

Afterwards, substituting the expressions of equilibrium product quality into the expres-
sions of equilibrium product prices, we derive the equilibrium quality level and product
prices:

pSS∗ � 2βCβRt

βC + βR
, QSS∗ � (βR + βCr)� + βC (1 − r)θξ

2k(βC + βR)

With the above equilibrium product quality and equilibrium prices, we obtain the equi-
librium firms’ profits:

π SS∗ � 8kβCβRt(βC + βR) − [(βR + βCr)� + βC (1 − r )θξ ]2

4k(βC + βR)2
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Model PP:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π P P
A �

⎡
⎣1

2
+

�
(
Q P P

A − Q P P
B

)−
(

pP P
1, A − pP P

1, B

)
2βC t

⎤
⎦ pP P

1, A

+

⎧⎨
⎩
1

2
+
[r� + (1 − r )θξ ]

(
Q P P

A − Q P P
B

)−
(

pP P
2, A − p

P P

2, B

)
2β Rt

⎫⎬
⎭ pP P

2, A − k(Q P P
A )

2

π P P
B �

⎡
⎣1

2
−

�
(
Q P P

A − Q P P
B

)−
(

pP P
1, A − pP P

1, B

)
2βC t

⎤
⎦ pP P

1, B

+

⎧⎨
⎩
1

2
−

[r� + (1 − r )θξ ]
(
Q P P

A − Q P P
B

)−
(

pP P
2, A − p

P P

2, B

)
2β Rt

⎫⎬
⎭ pP P

2, B − k(Q P P
B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π P P
A

∂pP P
2, A

� 1

2
+
[r� + (1 − r )θξ ]

(
Q P P

A − Q P P
B

)−
(
2pP P

2, A − pP P
2, B

)
2βRt

� 0

∂π P P
B

∂pP P
2, B

� 1

2
−

[r� + (1 − r )θξ ]
(
Q P P

A − Q P P
B

)−
(

pP P
2, A − 2pP P

2, B

)
2βRt

� 0

From which we can derive the firms’ equilibrium product prices in the second stage as
functions of the product quality level provided by the firms:

pP P
2, A � pP P

2, B +
2

3
[r� + (1 − r )θξ ]

(
Q P P

A − Q P P
B

)

pP P
2, B � βRt − 1

3
[r� + (1 − r )θξ ]

(
Q P P

A − Q P P
B

)

And then, we derive the firms’ equilibrium product quality decisions. The two firms’
optimization problems about the product quality decisions are characterized by the first-
order conditions of their profit functions:

∂π P P
A

∂ Q P P
A

� �pP P
1, A

2βC t
+
[r� + (1 − r )θξ ]pP P

2, A

2βRt
− 2k Q P P

A � 0

∂π P P
B

∂ Q P P
B

� �pP P
1, B

2βC t
+
[r� + (1 − r )θξ ]pP P

2, B

2βRt
− 2k Q P P

B � 0

From which we can derive the firms’ equilibrium product quality as functions of the
product prices charged by the firms:

Q P P
A � �pP P

1, A

4kβC t
+
[r� + (1 − r )θξ ]pP P

2, A

4kβRt
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Q P P
B � �pP P

1, B

4kβC t
+
[r� + (1 − r )θξ ]pP P

2, B

4kβRt

Afterwards, we derive the firms’ equilibrium product price decisions in the first stage. The
two firms’ optimization problems about the product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π P P
A

∂pP P
1, A

� 1

2
+

�
(
Q P P

A − Q P P
B

)−
(
2pP P

1, A − pP P
1, B

)
2βC t

� 0

∂π P P
B

∂pP P
1, B

� 1

2
−

�
(
Q P P

A − Q P P
B

)−
(

pP P
1, A − 2pP P

1, B

)
2βC t

� 0

From which we can derive the firms’ equilibrium product prices in the first stage as
functions of the product quality provided by the firms:

pP P
1, A � pP P

1, B +
2

3
�
(

Q P P
A − Q P P

B

)

pP P
1, B � βC t − 1

3
�
(

Q P P
A − Q P P

B

)

Substituting the above expressions of equilibrium product prices into the expressions of
equilibrium product quality, we derive the equilibrium quality level and product prices in the
two selling stages:

pP P∗
1 � βC t

pP P∗
2 � βRt

Q P P∗ � (1 + r)� + (1 − r )θξ

4k

With the above equilibrium product prices and equilibrium product quality, we derive the
equilibrium profits:

π P P∗ � 8k(βR + βC )t − [(1 + r)� + (1 − r)θξ ]2

16k

ModelQQ:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π
Q Q
A �

⎡
⎣1 + �

(
QQ Q

1, A − QQ Q
1, B

)
−
(

pQ Q
A − pQ Q

B

)
2βC t

+
r�
(

QQ Q
2, A − QQ Q

2, B

)
+ (1 − r )θξ

(
QQ Q

1, A − QQ Q
1, B

)
−
(

pQ Q
A − p

Q Q

B

)
2β Rt

⎤
⎥⎦

pQ Q
A − k(QQ Q

1, A )
2 − k(QQ Q

2, A )
2
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π
Q Q
B �

⎡
⎣1 −

�
(

QQ Q
1, A − QQ Q

1, B

)
−
(

pQ Q
A − pQ Q

B

)
2βC t

−
r�
(

QQ Q
2, A − QQ Q

2, B

)
+ (1 − r )θξ

(
QQ Q

1, A − QQ Q
1, B

)
−
(

pQ Q
A − p

Q Q

B

)
2β Rt

⎤
⎥⎦

pQ Q
B − k(QQ Q

1, B )
2 − k(QQ Q

2, B )
2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems about product quality in the second stage are characterized by the
first-order conditions of their respective profit functions:

∂π
Q Q
A

∂ QQ Q
2, A

� r�pQ Q
A

2βRt
− 2k QQ Q

2, A � 0

∂π
Q Q
B

∂ QQ Q
2, B

� r�pQ Q
B

2βRt
− 2k QQ Q

2, B � 0

From which we can derive the firms’ equilibrium product quality in the second stage as
functions of the product prices charged by the firms:

QQ Q
2, A � r�pQ Q

A

4kβRt

QQ Q
2, B � r�pQ Q

B

4kβRt

And then, we derive the firms’ equilibrium product quality decisions in the first stage. The
two firms’ optimization problems about the product quality in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
Q Q
A

∂ QQ Q
1, A

� �pQ Q
A

2βC t
+
(1 − r )θξpQ Q

A

2βRt
− 2k QQ Q

1, A � 0

∂π
Q Q
B

∂ QQ Q
1, B

� �pQ Q
B

2βC t
+
(1 − r )θξpQ Q

B

2βRt
− 2k QQ Q

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices charged by the two firms:

QQ Q
1, A �

[
�

4kβC t
+
(1 − r )θξ

4kβRt

]
pQ Q

A

QQ Q
1, B �

[
�

4kβC t
+
(1 − r )θξ

4kβRt

]
pQ Q

B
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Afterwards, we derive the firms’ equilibrium product price decisions in the first stage. The
two firms’ optimization problems about the product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
Q Q
A

∂pQ Q
A

� 1 +
�
(

QQ Q
1, A − QQ Q

1, B

)
−
(
2pQ Q

A − pQ Q
B

)
2βC t

+
r�

(
QQ Q

2, A − QQ Q
2, B

)
+ (1 − r )θξ

(
QQ Q

1, A − QQ Q
1, B

)
−
(
2pQ Q

A − p
Q Q

B

)
2βRt

� 0

∂π
Q Q
B

∂pQ Q
B

� 1 −
�
(

QQ Q
1, A − QQ Q

1, B

)
−
(

pQ Q
A − 2pQ Q

B

)
2βC t

−
r�

(
QQ Q

2, A − QQ Q
2, B

)
+ (1 − r )θξ

(
QQ Q

1, A − QQ Q
1, B

)
−
(

pQ Q
A − 2p

Q Q

B

)
2βRt

� 0

From which we can derive the firms’ equilibrium product prices in the first stage as
functions of the product quality level provided by the firms in the two selling stages:

pQ Q
A � pQ Q

B +
2[βR� + βC (1 − r )θξ ]

(
QQ Q

1, A − QQ Q
1, B

)
3(βR + βC )

+
2βCr�

(
QQ Q

2, A − QQ Q
2, B

)
3(βR + βC )

pQ Q
B � 2βCβ Rt

βC + βR
−

[βR� + βC (1 − r)θξ ]
(

QQ Q
1, A − QQ Q

1, B

)
3(βC + βR)

−
βCr�

(
QQ Q

2, A − QQ Q
2, B

)
3(βC + βR)

Subsequently, substituting the above obtained expressions of equilibrium product quality
into the expressions of equilibrium product prices of the two firms, we derive the equilibrium
quality level and product prices in the two selling stages:

pQ Q∗ � 2βCβRt

βC + βR

QQ Q∗
1 � βR� + βC (1 − r )θξ

2k(βC + βR)

QQ Q∗
2 � βCr�

2k(βC + βR)

With the above equilibrium product prices and equilibrium product quality, we derive the
equilibrium profits:

π Q Q∗ � 8kβCβRt(βC + βR) − [βR� + βC (1 − r)θξ ]2 − (βCr�)2

4k(βC + βR)2
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Model DD:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π DD
A �

⎡
⎣1

2
+

�
(

Q DD
1, A − Q DD

1, B

)
−
(

pDD
1, A − pDD

1, B

)
2βC t

⎤
⎦ pDD

1, A +

⎡
⎣1

2

+
r�

(
Q DD

2, A − Q DD
2, B

)
+ (1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)
−
(

pDD
2, A − p

DD

2, B

)
2β Rt

⎤
⎦ pDD

2, A

− k(Q DD
1, A)

2 − k(Q DD
2, A)

2

π DD
B �

⎡
⎣1

2
−

�
(

Q DD
1, A − Q DD

1, B

)
−
(

pDD
1, A − pDD

1, B

)
2βC t

⎤
⎦ pDD

1, B +

⎡
⎣1

2

−
r�

(
Q DD

2, A − Q DD
2, B

)
+ (1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)
−
(

pDD
2, A − p

DD

2, B

)
2β Rt

⎤
⎦ pDD

2, B

− k(Q DD
1, B )

2 − k(Q DD
2, B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π DD
A

∂pDD
2, A

� 1

2
+

r�
(

Q DD
2, A − Q DD

2, B

)
+ (1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)
−
(
2pDD

2, A − p
DD

2, B

)
2βRt

� 0

∂π DD
B

∂pDD
2, B

� 1

2
−

r�
(

Q DD
2, A − Q DD

2, B

)
+ (1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)
−
(

pDD
2, A − 2p

DD

2, B

)
2βRt

� 0

∂π DD
A

∂ Q DD
2, A

� r�pDD
2, A

2βRt
− 2k Q DD

2, A � 0

∂π DD
B

∂ Q DD
2, B

� r�pDD
2, B

2βRt
− 2k Q DD

2, B � 0

From which we can derive the firms’ equilibrium product prices in the second stage as
functions of the product quality provided by the firms in the two selling stages:

pDD
2, A � pDD

2, B +
2r�

(
Q DD

2, A − Q DD
2, B

)
3

+
2(1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)
3

pDD
2, B � βRt −

r�
(

Q DD
2, A − Q DD

2, B

)
3

−
(1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)
3

And from the above first-order conditions of the firms’ profit functions, we can obtain
the equilibrium product quality in the second stage as functions of the product prices in the
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second stage:

Q DD
2, A � r�pDD

2, A

4kβRt

Q DD
2, B � r�pDD

2, B

4kβRt

Substituting the expressions of equilibrium product quality into the equilibrium product
prices of the two firms, we derive the equilibrium product prices in the second stage as
functions of the product quality provided by the firms in the first stage:

6kβRt − (r�)2

6kβRt

(
pDD
2, A − pDD

2, B

)
� 2

3
(1 − r )θξ

(
Q DD

1, A − Q DD
1, B

)

pDD
2, B � βRt − (1 − r )θξ

(
Q DD

1, A − Q DD
1, B

) 2kβRt

6kβRt − (r�)2

And then, we derive the firms’ equilibrium product pricing decisions in the first stage. The
two firms’ optimization problems about product prices in the first stage are characterized by
the first-order conditions of their profit functions:

∂π DD
A

∂pDD
1, A

� 1

2
+

�
(

Q DD
1, A − Q DD

1, B

)
−
(
2pDD

1, A − p
DD

1, B

)
2βC t

� 0

∂π DD
B

∂pDD
1, B

� 1

2
−

�
(

Q DD
1, A − Q DD

1, B

)
−
(

pDD
1, A − 2p

DD

1, B

)
2βC t

� 0

From which we can derive the firms’ equilibrium product prices in the first stage as
functions of the product quality level provided by the firms in the first stage:

pDD
1, A � pDD

1, B +
2

3
�
(

Q DD
1, A − Q DD

1, B

)

pDD
1, B � βC t − 1

3
�
(

Q DD
1, A − Q DD

1, B

)

Afterwards, we derive the firms’ equilibrium product quality decisions in the first stage.
The two firms’ optimization problems about the product quality in the first stage are charac-
terized by the first-order conditions of their profit functions:

∂π DD
A

∂ Q DD
1, A

� �pDD
1, A

2βC t
+
(1 − r )θξpDD

2, A

2βRt
− 2k Q DD

1, A � 0

∂π DD
B

∂ Q DD
1, B

� �pDD
1, B

2βC t
+
(1 − r )θξpDD

2, B

2βRt
− 2k Q DD

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices charged by the firms in the two selling stages:

Q DD
1, A � �pDD

1, A

4kβC t
+
(1 − r )θξpDD

2, A

4kβRt

Q DD
1, B � �pDD

1, B

4kβC t
+
(1 − r )θξpDD

2, B

4kβRt
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Substituting the obtained expressions of equilibrium product prices into the expressions
of equilibrium product quality in the first stage, we derive the equilibrium quality level and
product prices:

Q DD∗
1 � � + (1 − r )θξ

4k

Q DD∗
2 � r�

4k

pDD∗
1 � βC t

pDD∗
2 � βRt

With the above equilibrium product prices and equilibrium product quality, we derive the
equilibrium profits:

π DD∗ � 8k(βR + βC )t − [� + (1 − r)θξ ]2 − (r�)2

16k

Model SP:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π S P
A �

⎧⎨
⎩1 +

�
(
QS P

A − QS P
B

)−
(

pS P
A − pS P

1, B

)
2βC t

+
[r� + (1 − r )θξ ]

(
QS P

A − QS P
B

)−
(

pS P
A − pS P

2, B

)
2βRt

⎫⎬
⎭pS P

A − k
(

QS P
A

)2

π S P
B �

⎡
⎣1

2
−

�
(
QS P

A − QS P
B

)−
(

pS P
A − pS P

1, B

)
2βC t

⎤
⎦ pS P

1, B

+

⎧⎨
⎩
1

2
−

[r� + (1 − r )θξ ]
(
QS P

A − QS P
B

)−
(

pS P
A − p

S P
2, B

)
2β Rt

⎫⎬
⎭ pS P

2, B − k(QS P
B )

2

Next, the two firms’ optimization problems about product pricing decisions are charac-
terized by the first-order conditions of their respective profit functions:

∂π S P
A

∂pS P
A

� 1 +
�
(
QS P

A − QS P
B

)−
(
2pS P

A − pS P
1, B

)
2βC t

+
[r� + (1 − r )θξ ]

(
QS P

A − QS P
B

)−
(
2pS P

A − pS P
2, B

)
2βRt

� 0

∂π S P
B

∂pS P
1, B

� 1

2
−

�
(
QS P

A − QS P
B

)−
(

pS P
A − 2pS P

1, B

)
2βC t

� 0
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∂π S P
B

∂pS P
2, B

� 1

2
−

[r� + (1 − r)θξ ]
(
QS P

A − QS P
B

)−
(

pS P
A − 2p

S P
2, B

)
2β Rt

� 0

Fromwhichwe can derive the firms’ equilibrium product prices as functions of the product
quality level provided by the firms:

pS P
A � 3βR pS P

1, B + 3βC pS P
2, B

3(βC + βR)
+
2[(βR + βCr)� + βC (1 − r )θξ ]

(
QS P

A − QS P
B

)
3(βC + βR)

βR pS P
1, B + βC pS P

2, B � 2βCβRt − [(βR + βCr)� + βC (1 − r )θξ ]
(
QS P

A − QS P
B

)
3

And then, we derive the firms’ equilibrium product quality. The two firms’ optimization
problems about the product quality decisions are characterized by the first-order conditions
of their profit functions:

∂π S P
A

∂ QS P
A

� pS P
A �

2βC t
+

pS P
A [r� + (1 − r )θξ ]

2βRt
− 2k QS P

A � 0

∂π S P
B

∂ QS P
B

� pS P
1, B�

2βC t
+

pS P
2, B[r� + (1 − r )θξ ]

2βRt
− 2k QS P

B � 0

From which we can derive the firms’ equilibrium product quality level:

QS P
A � pS P

A �

4kβC t
+

pS P
A [r� + (1 − r )θξ ]

4kβRt

QS P
B � pS P

1, B�

4kβC t
+

pS P
2, B [r� + (1 − r )θξ ]

4kβRt

From the above, when firm B has the same product prices in the two selling stages, i.e.,
pS P
1, B � pS P

2, B , the two firms can have unique equilibrium strategy set. Therefore, strategy SP
cannot become an equilibrium strategy unless it is equal to strategy SS.

Model SQ:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π
SQ
A �

⎡
⎣1 + �

(
QSQ

A − QSQ
1, B

)
−
(

pSQ
A − pSQ

B

)
2βC t

+
r�
(

QSQ
A − QSQ

2, B

)
+ (1 − r )θξ

(
QSQ

A − QSQ
1, B

)
−
(

pSQ
A − pSQ

B

)
2βRt

⎤
⎦pSQ

A − k
(

QSQ
A

)2

π
SQ
B �

⎡
⎣1 −

�
(

QSQ
A − QSQ

1, B

)
−
(

pSQ
A − pSQ

B

)
2βC t

−
r�
(

QSQ
A − QSQ

2, B

)
+ (1 − r )θξ

(
QSQ

A − QSQ
1, B

)
−
(

pSQ
A − p

SQ

B

)
2β Rt

⎤
⎥⎦
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× pSQ
B − k(QSQ

1, B )
2 − k(QSQ

2, B )
2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. Firm B’s optimiza-
tion problem about product quality in the second stage is characterized by the first-order
condition of its profit function:

∂π
SQ
B

∂ QSQ
2, B

� r�pSQ
B

2βRt
− 2k QSQ

2, B � 0

From which we can derive the firm B’s equilibrium product quality in the second stage
as a function of the product price charged by the firm B:

QSQ
2, B � r�pSQ

B

4kβRt

And then, we derive the firm B’s equilibrium product price decision. The firm B’s opti-
mization problem about the product price is characterized by the first-order condition of its
profit function:

∂π
SQ
B

∂pSQ
B

� 1 −
�
(

QSQ
A − QSQ

1, B

)
−
(

pSQ
A − 2pSQ

B

)
2βC t

−
r�

(
QSQ

A − QSQ
2, B

)
+ (1 − r )θξ

(
QSQ

A − QSQ
1, B

)
−
(

pSQ
A − 2p

SQ

B

)
2βRt

� 0

From which we can derive the firm B’s equilibrium product price as a function of the
product quality level of the two firms:

pSQ
B � 2βCβ Rt

βC + βR
−

[βR� + βC (1 − r)θξ ]
(

QSQ
A − QSQ

1, B

)
3(βC + βR)

−
βCr�

(
QSQ

A − QSQ
2, B

)
3(βC + βR)

Afterwards, we derive the two firms’ equilibrium product quality decisions in the first
stage. The two firms’ optimization problems about the product quality decisions in the first
stage are characterized by the first-order conditions of their profit functions:

∂π
SQ
A

∂ QSQ
A

� �pSQ
A

2βC t
+
(1 − r )θξpSQ

A

2βRt
− 2k QSQ

A � 0

∂π
SQ
B

∂ QSQ
1, B

� �pSQ
B

2βC t
+
(1 − r )θξpSQ

B

2βRt
− 2k QSQ

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices of the two firms. We have obtained the product price decision
of firm B. In the following, we derive the firm A’s equilibrium product price decision. The
firm A’s optimization problem about the product price is characterized by the first-order
condition of its profit function:

∂π
SQ
A

∂pSQ
A

� 1 +
�
(

QSQ
A − QSQ

1, B

)
−
(
2pSQ

A − pSQ
B

)
2βC t

+
r�

(
QSQ

A − QSQ
2, B

)
+ (1 − r )θξ

(
QSQ

A − QSQ
1, B

)
−
(
2pSQ

A − p
SQ

B

)
2βRt

� 0
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From which we can derive the firm A’s equilibrium product price as a function of the two
firms’ product quality level:

pSQ
A � 2βCβ Rt

βC + βR
+
[βR� + βC (1 − r)θξ ]

(
QSQ

A − QSQ
1, B

)
3(βC + βR)

+
βCr�

(
QSQ

A − QSQ
2, B

)
3(βC + βR)

Subsequently, substituting the above obtained expressions of equilibrium product prices
into the expressions of equilibrium product quality of the two firms, we derive the equilibrium
quality level and product prices in the two selling stages:

pSQ∗
A � 4βCβRt[6kβCβRt(βC + βR) − ϕ]

(βC + βR)[12kβCβRt(βC + βR) − τ 2 − ϕ]

pSQ∗
B � 4βCβRt[6kβCβRt(βC + βR) − τ 2]

(βC + βR)[12kβCβRt(βC + βR) − τ 2 − ϕ]

QSQ∗
A � τ [6kβCβRt(βC + βR) − ϕ]

k(βC + βR)[12kβCβRt(βC + βR) − τ 2 − ϕ]

QSQ∗
1, B � [βR� + βC (1 − r)θξ ][6kβCβRt(βC + βR) − τ 2]

k(βC + βR)[12kβCβRt(βC + βR) − τ 2 − ϕ]

QSQ∗
2, B � βCr�[6kβCβRt(βC + βR) − τ 2]

k(βC + βR)[12kβCβRt(βC + βR) − τ 2 − ϕ]

With the above equilibrium product prices and equilibrium product quality, we derive the
equilibrium profits:

π
SQ∗
A � [8kβCβRt(βC + βR) − τ 2][6kβCβRt(βC + βR) − ϕ]2

k(βC + βR)2[12kβCβRt(βC + βR) − τ 2 − ϕ]2

π
SQ∗
B � [8kβCβRt(βC + βR) − ϕ][6kβCβRt(βC + βR) − τ 2]

2

k(βC + βR)2[12kβCβRt(βC + βR) − τ 2 − ϕ]2

where τ � (βR + βCr)� + βC (1 − r)θξ , ϕ � [βR� + βC (1 − r)θξ ]2 + (βCr�)2.

Model SD:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π SD
A �

⎡
⎣1 + �

(
QSD

A − QSD
1, B

)
−
(

pSD
A − pSD

1, B

)
2βC t

+
r�
(

QSD
A − QSD

2, B

)
+ (1 − r )θξ

(
QSD

A − QSD
1, B

)
−
(

pSD
A − pSD

2, B

)
2βRt

⎤
⎦

× pSD
A − k

(
QSD

A

)2
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π SD
B �

⎡
⎣1

2
−

�
(

QSD
A − QSD

1, B

)
−
(

pSD
A − pSD

1, B

)
2βC t

⎤
⎦ pSD

1, B

+

⎡
⎣1

2
−

r�
(

QSD
A − QSD

2, B

)
+ (1 − r )θξ

(
QSD

A − QSD
1, B

)
−
(

pSD
A − pSD

2, B

)
2β Rt

⎤
⎦ pSD

2, B

− k
(

QSD
1, B

)2 − k
(

QSD
2, B

)2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. Firm B’s optimiza-
tion problem about product quality in the second stage is characterized by the first-order
condition of its profit function:

∂π SD
B

∂ QSD
2, B

� r�pSD
2, B

2βRt
− 2k QSD

2, B � 0

From which we can derive the firm B’s equilibrium product quality in the second stage
as a function of the product price charged by the firm B:

QSD
2, B � r�pSD

2, B

4kβRt

And then, we derive the firm B’s equilibrium product price decision in the second stage.
The firm B’s optimization problem about the product price in the second stage is characterized
by the first-order condition of its profit function:

∂π SD
B

∂pSD
2, B

� 1

2
−

r�
(

QSD
A − QSD

2, B

)
+ (1 − r )θξ

(
QSD

A − QSD
1, B

)
−
(

pSD
A − 2p

SD
2, B

)
2βRt

� 0

From which we can derive the firm B’s equilibrium product price in the second stage as
a function of the quality level of the two firms and firm A’s product price:

pSD
2, B � βRt

2
−

r�
(

QSD
A − QSD

2, B

)
2

−
(1 − r)θξ

(
QSD

A − QSD
1, B

)
2

+
pSD

A

2

Afterwards, we derive the two firms’ equilibrium product quality decisions in the first
stage. The two firms’ optimization problems about the product quality decisions in the first
stage are characterized by the first-order conditions of their profit functions:

∂π SD
A

∂ QSD
A

� �pSD
A

2βC t
+
[r� + (1 − r )θξ ]pSD

A

2βRt
− 2k QSD

A � 0

∂π SD
B

∂ QSD
1, B

� �pSD
1, B

2βC t
+
(1 − r )θξpSD

2, B

2βRt
− 2k QSD

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices of the two firms.We have obtained the product price of firm B
in the second stage. In the following, we derive the firms’ equilibrium product price decisions
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in the first stage. The two firms’ optimization problems about the product prices in the first
stage are characterized by the first-order conditions of their profit functions:

∂π SD
A

∂pSD
A

� 1 +
�
(

QSD
A − QSD

1, B

)
−
(
2pSD

A − pSD
1, B

)
2βC t

+
r�

(
QSD

A − QSD
2, B

)
+ (1 − r )θξ

(
QSD

A − QSD
1, B

)
−
(
2pSD

A − p
SD
2, B

)
2βRt

� 0

∂π SD
B

∂pSD
1, B

� 1

2
−

�
(

QSD
A − QSD

1, B

)
−
(

pSD
A − 2pSD

1, B

)
2βC t

� 0

From which we can derive the firms’ equilibrium product prices in the first stage as
functions of the product quality of the two firms:

pSD
A � βCβRt

βC + βR
+

βR pSD
1, B + βC pSD

2, B

2 (βC + βR)

+
[βR� + βC (1 − r )θξ ]

(
QSD

A − QSD
1, B

)
2 (βC + βR)

+
βCr�

(
QSD

A − QSD
2, B

)
2 (βC + βR)

pSD
1, B � βC t

2
−

�
(

QSD
A − QSD

1, B

)
2

+
pSD

A

2

From the above, when firm B has the same product prices in the two selling stages, i.e.,
pSD
1, B � pSD

2, B , the two firms can have unique equilibrium strategy set. Therefore, strategy SD
cannot become an equilibrium strategy unless it is equal to strategy SQ.

Model PQ:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π
P Q
A �

⎡
⎣1

2
+

�
(

Q P Q
A − Q P Q

1, B

)
−
(

pP Q
1, A − pP Q

B

)
2βC t

⎤
⎦ pP Q

1, A

+

⎡
⎢⎣1

2
+

r�
(

Q P Q
A − Q P Q

2, B

)
+ (1 − r )θξ

(
Q P Q

A − Q P Q
1, B

)
−
(

pP Q
2, A − p

P Q

B

)
2β Rt

⎤
⎥⎦ pP Q

2, A

− k(Q P Q
A )

2

π
P Q
B �

⎡
⎣1 −

�
(

Q P Q
A − Q P Q

1, B

)
−
(

pP Q
1, A − pP Q

B

)
2βC t

−
r�
(

Q P Q
A − Q P Q

2, B

)
+ (1 − r )θξ

(
Q P Q

A − Q P Q
1, B

)
−
(

pP Q
2, A − p

P Q

B

)
2β Rt

⎤
⎥⎦

× pP Q
B − k(Q P Q

1, B )
2 − k(Q P Q

2, B )
2
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Next, we use reverse derivation to obtain firms’ equilibrium solutions. Firm B’s optimiza-
tion problem about product quality in the second stage is characterized by the first-order
condition of its profit function:

∂π
P Q
B

∂ Q P Q
2, B

� r�pP Q
B

2βRt
− 2k Q P Q

2, B � 0

From which we can derive the firm B’s equilibrium product quality in the second stage
as a function of the product price charged by the firm B:

Q P Q
2, B � r�pP Q

B

4kβRt

And then, we derive the firm B’s equilibrium product price decision. The firm B’s opti-
mization problem about the product price is characterized by the first-order condition of its
profit function:

∂π
P Q
B

∂pP Q
B

� 1 −
�
(

Q P Q
A − Q P Q

1, B

)
−
(

pP Q
1, A − 2pP Q

B

)
2βC t

−
r�

(
Q P Q

A − Q P Q
2, B

)
+ (1 − r )θξ

(
Q P Q

A − Q P Q
1, B

)
−
(

pP Q
2, A − 2p

P Q

B

)
2βRt

� 0

From which we can derive the firm B’s equilibrium product price as a function of the
product quality level in the first stage of the two firms and firm A’s product price decisions:

pP Q
B � 3βR pP Q

1, A + 3βC pP Q
2, A

3 (βC + βR)
−

2 [βR� + βC (1 − r ) θξ ]
(

Q P Q
A − Q P Q

1, B

)
3 (βC + βR)

−
2βCr�

(
Q P Q

A − Q P Q
2, B

)
3 (βC + βR)

Afterwards, we derive the two firms’ equilibrium product quality decisions in the first
stage. The two firms’ optimization problems about the product quality decisions in the first
stage are characterized by the first-order conditions of their profit functions:

∂π
P Q
A

∂ Q P Q
A

� �pP Q
1, A

2βC t
+
[r� + (1 − r )θξ ]pP Q

2, A

2βRt
− 2k Q P Q

A � 0

∂π
P Q
B

∂ Q P Q
1, B

� �pP Q
B

2βC t
+
(1 − r )θξpP Q

B

2βRt
− 2k Q P Q

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices of the two firms. We have obtained the product price decision
of firm B. In the following, we derive the firm A’s equilibrium product price decisions. The
firm A’s optimization problems about the product prices in the two stages are characterized
by the first-order conditions of its profit function:

∂π
P Q
A

∂pP Q
1, A

� 1

2
+

�
(

Q P Q
A − Q P Q

1, B

)
−
(
2pP Q

1, A − pP Q
B

)
2βC t

� 0
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∂π
P Q
A

∂pP Q
2, A

� 1

2
+

r�
(

Q P Q
A − Q P Q

2, B

)
+ (1 − r )θξ

(
Q P Q

A − Q P Q
1, B

)
−
(
2pP Q

2, A − p
P Q

B

)
2βRt

� 0

From which we can derive the firm A’s equilibrium product prices as functions of the
product quality of the two firms and firm B’s product price decision:

pP Q
1, A � βC t

2
+

�
(

Q P Q
A − Q P Q

1, B

)
2

+
pP Q

B

2

pP Q
2, A � βRt

2
+

r�
(

Q P Q
A − Q P Q

2, B

)
+ (1 − r )θξ

(
Q P Q

A − Q P Q
1, B

)
2

+
pP Q

B

2

From the above, when firm A has the same product prices in the two selling stages, i.e.,
pP Q
1, A � pP Q

2, A , the two firms have unique equilibrium strategy set. Therefore, strategy PQ
cannot become an equilibrium strategy unless it is equal to strategy SQ.

Model PD:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π P D
A �

⎡
⎣1

2
+

�
(

Q P D
A − Q P D

1, B

)
−
(

pP D
1, A − pP D

1, B

)
2βC t

⎤
⎦ pP D

1, A

+

⎡
⎣1

2
+

r�
(

Q P D
A − Q P D

2, B

)
+ (1 − r )θξ

(
Q P D

A − Q P D
1, B

)
−
(

pP D
2, A − p

P D

2, B

)
2β Rt

⎤
⎦ pP D

2, A

− k(Q P D
A )

2

π P D
B �

⎡
⎣1

2
−

�
(

Q P D
A − Q P D

1, B

)
−
(

pP D
1, A − pP D

1, B

)
2βC t

⎤
⎦ pP D

1, B

+

⎡
⎣1

2
−

r�
(

Q P D
A − Q P D

2, B

)
+ (1 − r )θξ

(
Q P D

A − Q P D
1, B

)
−
(

pP D
2, A − p

P D

2, B

)
2β Rt

⎤
⎦ pP D

2, B

− k(Q P D
1, B )

2 − k(Q P D
2, B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π P D
A

∂pP D
2, A

� 1

2
+

r�
(

Q P D
A − Q P D

2, B

)
+ (1 − r )θξ

(
Q P D

A − Q P D
1, B

)
−
(
2pP D

2, A − p
P D

2, B

)
2βRt

� 0

∂π P D
B

∂pP D
2, B

� 1

2
−

r�
(

Q P D
A − Q P D

2, B

)
+ (1 − r )θξ

(
Q P D

A − Q P D
1, B

)
−
(

pP D
2, A − 2p

P D

2, B

)
2βRt

� 0
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∂π P D
B

∂ Q P D
2, B

� r�pP D
2, B

2βRt
− 2k Q P D

2, B � 0

From which we can derive the firms’ equilibrium product prices in the second stage as
functions of the product quality provided by the firms in the two selling stages:

pP D
2, A � pP D

2, B +
2r�

(
Q P D

A − Q P D
2, B

)
3

+
2(1 − r )θξ

(
Q P D

A − Q P D
1, B

)
3

pP D
2, B � βRt −

r�
(

Q P D
A − Q P D

2, B

)
3

−
(1 − r )θξ

(
Q P D

A − Q P D
1, B

)
3

And from the above first-order condition of the firm B’s profit function, we can obtain the
equilibrium product quality of firm B in the second stage as a function of its product price
in the second stage:

Q P D
2, B � r�pP D

2, B

4kβRt

And then, we derive the firms’ equilibrium product quality decisions in the first stage. The
two firms’ optimization problems about product quality in the first stage are characterized
by the first-order conditions of their profit functions:

∂π P D
A

∂ Q P D
A

� �pP D
1, A

2βC t
+
[r� + (1 − r )θξ ]pP D

2, A

2βRt
− 2k Q P D

A � 0

∂π P D
B

∂ Q P D
1, B

� �pP D
1, B

2βC t
+
(1 − r )θξpP D

2, B

2βRt
− 2k Q P D

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices charged by the firms in the two selling stages:

Q P D
A � �pP D

1, A

4kβC t
+
[r� + (1 − r )θξ ]pP D

2, A

4kβRt

Q P D
1, B � �pP D

1, B

4kβC t
+
(1 − r )θξpP D

2, B

4kβRt

Afterwards, we derive the firms’ equilibrium product pricing decisions in the first stage.
The two firms’ optimization problems about product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π P D
A

∂pP D
1, A

� 1

2
+

�
(

Q P D
A − Q P D

1, B

)
−
(
2pP D

1, A − p
P D

1, B

)
2βC t

� 0

∂π P D
B

∂pP D
1, B

� 1

2
−

�
(

Q P D
A − Q P D

1, B

)
−
(

pP D
1, A − 2p

P D

1, B

)
2βC t

� 0

From which we can derive the firms’ equilibrium product prices in the first stage as
functions of the product quality level provided by the firms in the first stage:

pP D
1, A � pP D

1, B +
2

3
�
(

Q P D
A − Q P D

1, B

)
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pP D
1, B � βC t − 1

3
�
(

Q P D
A − Q P D

1, B

)

Substituting the obtained expressions of equilibrium product prices into the expressions
of equilibrium product quality, we derive the equilibrium product prices and quality level:

pP D∗
1, A � βC t +

[αδH + (1 − α)δL ]
(

Q P D∗
A − Q P D∗

1, B

)
3

pP D∗
1, B � βC t −

[αδH + (1 − α)δL ]
(

Q P D∗
A − Q P D∗

1, B

)
3

pP D∗
2, A � βRt +

r [αδH + (1 − α)δL ]
(

Q P D∗
A − Q P D∗

2, B

)
3

+
(1 − r )θξ

(
Q P D∗

A − Q P D∗
1, B

)
3

pP D∗
2, B � βRt −

r [αδH + (1 − α)δL ]
(

Q P D∗
A − Q P D∗

2, B

)
3

−
(1 − r )θξ

(
Q P D∗

A − Q P D∗
1, B

)
3

Q P D∗
A � [αδH + (1 − α)δL ]pP D∗

1, A

4kβC t
+

r [αδH + (1 − α)δL ] + (1 − r )θξ

4kβRt
pP D∗
2, A

Q P D∗
1, B � [αδH + (1 − α)δL ]pP D∗

1, B

4kβC t
+
(1 − r )θξpP D∗

2, B

4kβRt

Q P D∗
2, B � r [αδH + (1 − α)δL ]pP D∗

2, B

4kβRt

Q P D∗
A − Q P D∗

2, B

� r [αδH + (1 − α) δL ] υ + (12kβCβRt − ε) {[αδH + (1 − α) δL ] + (1 − r )θξ}
4k (12kβCβRt − ε) E

Q P D∗
A − Q P D∗

1, B

� βC
{
2r [αδH + (1 − α) δL ] (1 − r ) θξ + r2[αδH + (1 − α) δL ]2

} (
Q P D∗

A − Q P D∗
2B

)
+ 3βC βRtr [αδH + (1 − α) δL ]

12kβC βRt − ε

With the above equilibrium product prices and equilibrium product quality, we derive the
equilibrium profits:

π P D∗
A � d P D∗

1, A pP D∗
1, A + d P D∗

2, A pP D∗
2, A − k

(
Q P D∗

A

)2

π P D∗
B � d P D∗

1, B pP D∗
1, B + d P D∗

2, B pP D∗
2, B − k

(
Q P D∗

1, B

)2 − k
(

Q P D∗
2, B

)2

where ε � 2βR�2 + 2βC (1 − r)2(θξ)2 + βCr�(1 − r )θξ ;

υ � βR�2 + 2βCr�(1 − r)θξ + βC (1 − r)2(θξ)2

E �
[
12kβRt − 2r2�2 − r�(1 − r )θξ

]
(12kβCβRt − ε) − υ

[
2r�(1 − r)θξ + r2�2

]
12kβRt(12kβCβRt − ε)
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Model QD:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows.

π
Q D
A �

⎡
⎣1 + �

(
QQ D

1, A − QQ D
1, B

)
−
(

pQ D
A − pQ D

1, B

)
2βC t

+
r�
(

QQ D
2, A − QQ D

2, B

)
+ (1 − r )θξ

(
QQ D

1, A − QQ D
1, B

)
−
(

pQ D
A − p

Q D

2, B

)
2β Rt

⎤
⎥⎦

× pQ D
A − k(QQ D

1, A)
2 − k(QQ D

2, A)
2

π
Q D
B �

⎡
⎣1

2
−

�
(

QQ D
1, A − QQ D

1, B

)
−
(

pQ D
A − pQ D

1, B

)
2βC t

⎤
⎦ pQ D

1, B +

⎡
⎢⎣1

2

−
r�

(
QQ D

2, A − QQ D
2, B

)
+ (1 − r )θξ

(
QQ D

1, A − QQ D
1, B

)
−
(

pQ D
A − p

Q D

2, B

)
2β Rt

⎤
⎥⎦ pQ D

2, B

− k(QQ D
1, B )

2 − k(QQ D
2, B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π
Q D
B

∂pQ D
2, B

� 1

2
−

r�
(

QQ D
2, A − QQ D

2, B

)
+ (1 − r )θξ

(
QQ D

1, A − QQ D
1, B

)
−
(

pQ D
A − 2p

Q D

2, B

)
2βRt

� 0

∂π
Q D
A

∂ QQ D
2, A

� r�pQ D
A

2βRt
− 2k QQ D

2, A � 0

∂π
Q D
B

∂ QQ D
2, B

� r�pQ D
2, B

2βRt
− 2k QQ D

2, B � 0

From which we can derive the firms’ equilibrium product quality in the second stage as
functions of the product prices charged by the firms:

QQ D
2, A � r�pQ D

A

4kβRt

QQ D
2, B � r�pQ D

2, B

4kβRt

And from the above first-order condition of the firm B’s profit function, we can obtain the
equilibrium product price decision of firm B in the second stage as a function of the product
quality provided by the two firms and firm A’s product price decision in the first stage:

pQ D
2, B � βRt

2
−

r�
(

QQ D
2, A − QQ D

2, B

)
+ (1 − r)θξ

(
QQ D

1, A − QQ D
1, B

)
2

+
pQ D

A

2
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And then, we derive the firms’ equilibrium product quality decisions in the first stage. The
two firms’ optimization problems about product quality in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
Q D
A

∂ QQ D
1, A

� �pQ D
A

2βC t
+
(1 − r )θξpQ D

A

2βRt
− 2k QQ D

1, A � 0

∂π
Q D
B

∂ QQ D
1, B

� �pQ D
1, B

2βC t
+
(1 − r )θξpQ D

2, B

2βRt
− 2k QQ D

1, B � 0

From which we can derive the firms’ equilibrium product quality in the first stage as
functions of the product prices charged by the firms in the two selling stages:

QQ D
1, A � �pQ D

A

4kβC t
+
(1 − r )θξpQ D

A

4kβRt

QQ D
1, B � �pQ D

1, B

4kβC t
+
(1 − r )θξpQ D

2, B

4kβRt

Afterwards, we derive the firms’ equilibrium product pricing decisions in the first stage.
The two firms’ optimization problems about product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
Q D
A

∂pQ D
A

� 1 +
�
(

QQ D
1, A − QQ D

1, B

)
−
(
2pQ D

A − p
Q D

1, B

)
2βC t

+
r�

(
QQ D

2, A − QQ D
2, B

)
+ (1 − r ) θξ

(
QQ D

1, A − QQ D
1, B

)
−
(
2pQ D

A − p
Q D

2, B

)
2βRt

� 0

∂π
Q D
B

∂pQ D
1, B

� 1

2
−

�
(

QQ D
1, A − QQ D

1, B

)
−
(

pQ D
A − 2p

Q D

1, B

)
2βC t

� 0

From which we can derive the firms’ equilibrium product prices in the first stage as
functions of the product quality level provided by the firms in the first stage:

pQ D
A � 3βR pQ D

1, B + 3βC pQ D
2, B

3 (βC + βR)
+
2 [βR� + βC (1 − r ) θξ ]

(
QQ D

1, A − QQ D
1, B

)
3 (βC + βR)

+
2βCr�

(
QQ D

2, A − QQ D
2, B

)
3 (βC + βR)

βR pQ D
1, B + βC pQ D

2, B � 2βCβRt −
[βR� + βC (1 − r ) θξ ]

(
QQ D

1, A − QQ D
1, B

)
3

−
βCr�

(
QQ D

2, A − QQ D
2, B

)
3

From the above, when firm B has the same product prices in the two selling stages, i.e.,
pQ D
1, B � pQ D

2, B , the two firms have unique equilibrium strategy set. Therefore, strategy QD
cannot become an equilibrium strategy unless it is equal to strategy QQ.
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Table 4 Equilibrium solutions of different models

Models Product policies Equilibrium solutions

Model SS Prices pSS∗ 2βC βR t
βC+βR

Qualities QSS∗ (βR+βC r)[αδH +(1−α)δL ]+βC (1−r )θξ
2k(βC+βR )

Profits π SS∗ 8kβC βR t(βC+βR )−{(βR+βC r)[αδH +(1−α)δL ]+βC (1−r )θξ}2
4k(βC+βR )2

Model PP Prices pP P∗
1 βC t

pP P∗
2 βRt

Qualities Q P P∗ (1+r)[αδH +(1−α)δL ]+(1−r )θξ
4k

Profits π P P∗ 8k(βC+βR )t−{(1+r)[αδH +(1−α)δL ]+(1−r )θξ}2
16k

Model QQ Prices pQ Q∗ 2βC βR t
βC+βR

Qualities QQ Q∗
1

βR [αδH +(1−α)δL ]+βC (1−r )θξ
2k(βC+βR )

QQ Q∗
2

βC r [αδH +(1−α)δL ]
2k(βC+βR )

Profits π Q Q∗ 8kβC βR t(βC+βR )−{βR [αδH +(1−α)δL ]+βC (1−r)θξ}2−{βC r [αδH +(1−α)δL ]}2
4k(βC+βR )2

Model DD Prices pDD∗
1 βC t

pDD∗
2 βRt

Qualities Q DD∗
1

[αδH +(1−α)δL ]+(1−r )θξ
4k

Q DD∗
2

r [αδH +(1−α)δL ]
4k

Profits π DD∗ 8k(βC+βR )t−{[αδH +(1−α)δL ]+(1−r)θξ}2−r2[αδH +(1−α)δL ]2

16k

Model SQ Prices pSQ∗
A

4βC βR t[6kβC βR t(βC+βR )−ϕ]
(βC+βR )[12kβC βR t(βC+βR )−τ 2−ϕ]

pSQ∗
B

4βC βR t[6kβC βR t(βC+βR )−τ 2]
(βC+βR )[12kβC βR t(βC+βR )−τ 2−ϕ]

Qualities QSQ∗
A

τ [6kβC βR t(βC+βR )−ϕ]
k(βC+βR )[12kβC βR t(βC+βR )−τ 2−ϕ]

QSQ∗
1, B

{βR [αδH +(1−α)δL ]+βC (1−r )θξ}[6kβC βR t(βC+βR )−τ 2]
k(βC+βR )[12kβC βR t(βC+βR )−τ 2−ϕ]

QSQ∗
2, B

βC r [αδH +(1−α)δL ][6kβC βR t(βC+βR )−τ 2]
k(βC+βR )[12kβC βR t(βC+βR )−τ 2−ϕ]

Profits π
SQ∗
A

[8kβC βR t(βC+βR )−τ 2][6kβC βR t(βC+βR )−ϕ]2

k(βC+βR )2[12kβC βR t(βC+βR )−τ 2−ϕ]2

π
SQ∗
B [8kβC βR t(βC+βR )−ϕ][6kβC βR t(βC+βR )−τ 2]

2

k(βC+βR )2[12kβC βR t(βC+βR )−τ 2−ϕ]2

Model PD Prices pP D∗
1, A

βC t +
[αδH +(1−α)δL ]

(
Q P D∗

A −Q P D∗
1, B

)
3

pP D∗
1, B

βC t − [αδH +(1−α)δL ]
(

Q P D∗
A −Q P D∗

1, B

)
3

pP D∗
2, A

βRt +
r [αδH +(1−α)δL ]

(
Q P D∗

A −Q P D∗
2, B

)
3 +

(1−r )θξ
(

Q P D∗
A −Q P D∗

1, B

)
3

pP D∗
2, B

βRt − r [αδH +(1−α)δL ]
(

Q P D∗
A −Q P D∗

2, B

)
3 − (1−r )θξ

(
Q P D∗

A −Q P D∗
1, B

)
3

Qualities Q P D∗
A

[αδH +(1−α)δL ]pP D∗
1, A

4kβC t + r [αδH +(1−α)δL ]+(1−r )θξ
4kβR t pP D∗

2, A
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Table 4 (continued)

Models Product policies Equilibrium solutions

Q P D∗
1, B

[αδH +(1−α)δL ]pP D∗
1, B

4kβC t +
(1−r )θξpP D∗

2, B
4kβR t

Q P D∗
2, B

r [αδH +(1−α)δL ]pP D∗
2, B

4kβR t

Profits π P D∗
A d P D∗

1, A pP D∗
1, A + d P D∗

2, A pP D∗
2, A − k

(
Q P D∗

A

)2
π P D∗

B d P D∗
1, B pP D∗

1, B + d P D∗
2, B pP D∗

2, B − k
(

Q P D∗
1, B

)2 − k
(

Q P D∗
2, B

)2

τ � (βR + βC r)[αδH + (1 − α)δL ] + βC (1 − r)θξ ;

ϕ � {βR [αδH + (1 − α)δL ] + βC (1 − r)θξ}2 + {βC r [αδH + (1 − α)δL ]}2;
ε � 2βR [αδH + (1 − α)δL ]2 + 2βC (1 − r)2(θξ)2 + βC r [αδH + (1 − α)δL ](1 − r )θξ ;

υ � βR [αδH + (1 − α)δL ]2 + 2βC r [αδH + (1 − α)δL ](1 − r)θξ + βC (1 − r)2(θξ)2;

E �
[
12kβR t−2r2�2−r�(1−r )θξ

]
(12kβC βR t−ε)−υ

[
2r�(1−r)θξ+r2�2

]
12kβR t(12kβC βR t−ε)

; � � [αδH + (1 − α)δL ];

Q P D∗
A − Q P D∗

2, B � r [αδH +(1−α)δL ]υ+(12kβC βR t−ε){[αδH +(1−α)δL ]+(1−r )θξ}
4k(12kβC βR t−ε)E ;

Q P D∗
A − Q P D∗

1, B � βC
{
2r [αδH +(1−α)δL ](1−r)θξ+r2[αδH +(1−α)δL ]2

}(
Q P D∗

A −Q P D∗
2B

)
+3βC βR tr [αδH +(1−α)δL ]

12kβC βR t−ε

We then summarize the derived equilibrium solutions for the differentmodels, as described
in Table 4.

Proof of Proposition 1

Proof Comparison results of the equilibrium solutions in Models PP and SS are as follows:

pP P∗
1 − pSS∗ � βC t(βC − βR)

βR + βC
;

pP P∗
2 − pSS∗ � βRt(βR − βC )

βR + βC
;

It is evident pP P∗
1 < pSS∗ and pSS∗ < pP P∗

2 , due to βC < βR in this paper

Q P P∗ − QSS∗ � (1 − r )(βR − βC )(θξ − �)

4k(βR + βC )

It is easy to see from the expression of Q P P∗ − QSS∗ that it has a positive denominator.
Thus,whether Q P P∗−QSS∗ is positive or negative depends on the value of the numerator. For
the numerator, r < 1 and βC < βR are always satisfied. In this case, whether Q P P∗ − QSS∗
is positive or negative depends on θξ − �. Hence, QSS∗ < Q P P∗, if � < θξ ; otherwise,
Q P P∗ < QSS∗

π P P∗ − π SS∗ � 8kt (βR + βC ) (βR − βC )2 − (βR + βC )2[(1 + r )� + (1 − r ) θξ ]2 + 4[(βR + βC r )� + βC (1 − r ) θξ ]2

16k(βR + βC )2

It is easy to see from the expression of π P P∗ − π SS∗ that it has a posi-
tive denominator. Thus, whether π P P∗ − π SS∗ is positive or negative depends
on the value of the numerator. To determine whether the numerator is pos-
itive or negative, we rewrite the numerator as 8kt(βR + βC )(βR − βC )2 −{
(βR + βC )2[(1 + r)� + (1 − r)θξ ]2 − 4[(βR + βCr)� + βC (1 − r)θξ ]2

}
. Further,

we rewrite 8kt(βR + βC )(βR − βC )2 − {
(βR + βC )2[(1 + r)� + (1 − r)θξ ]2−
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4[(βR + βCr)� + βC (1 − r)θξ ]2
}

as 8kt(βR + βC )(βR − βC )2 −
{(βR + βC )[(1 + r)� + (1 − r)θξ ] + 2[(βR + βCr)� + βC (1 − r)θξ ]} ·
{(βR + βC )[(1 + r)� + (1 − r)θξ ] − 2[(βR + βCr)� + βC (1 − r)θξ ]}. Due to
0 < 8kt(βR + βC )(βR − βC )2, 0 < (βR + βC )[(1 + r)� + (1 − r)θξ ] +
2[(βR + βCr)� + βC (1 − r)θξ ], thus in order to determine whether the
numerator is positive or negative, we need to determine the value of
(βR + βC )[(1 + r)� + (1 − r)θξ ]−2[(βR + βCr)� + βC (1 − r)θξ ]. By simplifying the for-
mula, we can rewrite (βR + βC )[(1 + r)� + (1 − r)θξ ] − 2[(βR + βCr)� + βC (1 − r)θξ ]
as (βR − βC )(1 − r)(θξ − �). It is evident that (βR − βC )(1 − r)(θξ − �) < 0, if
θξ < �. In this case, the numerator is positive, i.e., 0 < 8kt(βR + βC )(βR − βC )2 −{
(βR + βC )2[(1 + r)� + (1 − r)θξ ]2 − 4[(βR + βCr)� + βC (1 − r)θξ ]2

}
, and

thus π SS∗ < π P P∗. In contrast, 0 < (βR − βC )(1 − r)(θξ − �) when
� < θξ . In this case, whether the numerator is positive/negative
depends on the cost efficiency. More specifically, 8kt(βR + βC )(βR − βC )2 −{
(βR + βC )2[(1 + r)� + (1 − r)θξ ]2 − 4[(βR + βCr)� + βC (1 − r)θξ ]2

}
< 0 and

π P P∗ < π SS∗ will be satisfied, if k <
(βR+βC )2[(1+r)�+(1−r)θξ ]2−4[(βR+βC r)�+βC (1−r)θξ ]2

8t(βR+βC )(βR−βC )2
;

otherwise, the numerator is positive, i.e., π SS∗ < π P P∗. To sum up, π P P∗ < π SS∗, if
� < θξ and k <

(βR+βC )2[(1+r)�+(1−r)θξ ]2−4[(βR+βC r)�+βC (1−r)θξ ]2

8t(βR+βC )(βR−βC )2

Proof of Proposition 2

Proof Comparison results of the equilibrium solutions in Models QQ and SS are as follows:

QQ Q∗
1 − QSS∗ � −βCr [αδH + (1 − α)δL ]

2k(βR + βC )

It is easy to see from the expression of QQ Q∗
1 − QSS∗ that it has a positive denominator.

Thus, whether QQ Q∗
1 − QSS∗ is positive or negative depends on the value of the numerator.

For the numerator, 0 < αδH + (1 − α)δL and 0 < βCr are always satisfied. In this case,
−βCr [αδH + (1 − α)δL ] < 0. Therefore, QQ Q∗

1 < QSS∗ is satisfied

QQ Q∗
2 − QSS∗ � −[βR� + βC (1 − r )θξ ]

2k(βR + βC )

It is easy to see from the expression of QQ Q∗
2 − QSS∗ that it has a positive denominator.

Thus, whether QQ Q∗
2 − QSS∗ is positive or negative depends on the value of the numerator.

For the numerator, 0 < βR� and 0 < βC (1 − r)θξ are always satisfied. In this case,
−[βR� + βC (1 − r )θξ ] < 0. Therefore, QQ Q∗

2 < QSS∗ is satisfied

pQ Q∗ − pSS∗ � 0

π Q Q∗ − π SS∗ � 2βCr�[βR� + βC (1 − r)θξ ]

4k(βR + βC )2

It is easy to see from the expression of π Q Q∗ − π SS∗ that it has a positive denominator.
Thus, whetherπ Q Q∗−π SS∗ is positive or negative depends on the value of the numerator. For
the numerator, 0 < βC , 0 < r < 1, 0 < �, 0 < βR and 0 < θξ are always satisfied. In this
case, the numerator 0 < 2βCr�[βR� + βC (1 − r )θξ ] is satisfied. Therefore, π SS∗ < π Q Q∗
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Proof of Proposition 3

Proof Comparison results of the equilibrium solutions in Models SQ and SS are as follows:

pSQ∗
A − pSS∗ � 2βCβRt

(
τ 2 − ϕ

)
(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
From the conditions of interior solutions for Model SQ, we can obtain that τ 2 + ϕ <

12kβCβRt(βC + βR). Thus, it is easy to see from the expression of pSQ∗
A − pSS∗ that it has

a positive denominator. In this case, whether pSQ∗
A − pSS∗ is positive or negative depends

on the value of the numerator. For the numerator, 0 < 2βCβRt is always satisfied. Hence,
whether the numerator is positive or negative depends on τ 2−ϕ. Further, by deriving τ 2−ϕ,
it is not hard to obtain that τ 2 − ϕ � 2βCβRr�[βR� + βC (1 − r )θξ ], and obviously, 0 <

2βCβRr�[βR� + βC (1 − r )θξ ] in this paper. In this case, the numerator is always positive.
Therefore, pSS∗ < pSQ∗

A is always satisfied

pSQ∗
B − pSS∗ � 2βCβRt

(
ϕ − τ 2

)
(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
According to the proof of pSQ∗

A − pSS∗, we can obtain that τ 2 +ϕ < 12kβCβRt(βC + βR)

and ϕ < τ 2. Therefore, pSQ∗
B < pSS∗ is satisfied

QSQ∗
A − QSS∗ � τ

(
τ 2 − ϕ

)
2k(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
According to the proof of pSQ∗

A − pSS∗, it is easy to obtain that QSS∗ < QSQ∗
A is satisfied

QSQ∗
1, B − QSS∗ � (τ − βCr�)

[
12kβCβRt(βR + βC ) − 2τ 2

]− τ
[
12kβCβRt(βR + βC ) − ϕ − τ 2

]
2k(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]

According to the proof of pSQ∗
B − pSS∗, we can obtain that τ 2 +ϕ < 12kβCβRt(βC + βR)

is satisfied. Thus, QSQ∗
1, B − QSS∗ has a positive denominator. In this case, whether QSQ∗

1, B −
QSS∗ is positive or negative depends on the value of the numerator. For the numerator,
τ − βCr� < τ is always satisfied. And because ϕ < τ 2 is satisfied, 12kβCβRt(βR + βC ) −
2τ 2 <

[
12kβCβRt(βR + βC ) − ϕ − τ 2

]
can be obtained. In this case, the numera-

tor (τ − βCr�)
[
12kβCβRt(βR + βC ) − 2τ 2

] − τ
[
12kβCβRt(βR + βC ) − ϕ − τ 2

]
< 0 is

always satisfied. Therefore, QSQ∗
1, B < QSS∗ is satisfied

QSQ∗
2, B − QSS∗ � βCr�

[
12kβCβRt(βR + βC ) − 2τ 2

]− τ
[
12kβCβRt(βR + βC ) − ϕ − τ 2

]
2k(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
Similar to the proof of QSQ∗

1, B − QSS∗, we can obtain that QSQ∗
2, B − QSS∗ has a

positive denominator. Thus, whether QSQ∗
2, B − QSS∗ is positive or negative depends on

the value of the numerator. For the numerator, βCr� < τ and 12kβCβRt(βR + βC ) −
2τ 2 <

[
12kβCβRt(βR + βC ) − ϕ − τ 2

]
are always satisfied. In this case, the numerator

βCr�
[
12kβCβRt(βR + βC ) − 2τ 2

]− τ
[
12kβCβRt(βR + βC ) − ϕ − τ 2

]
< 0 is always sat-

isfied. Therefore, QSQ∗
2, B < QSS∗

π
SQ∗
A − π SS∗ �

(
τ 2 − ϕ

)[
8kβCβRt(βC + βR) − τ 2

][
24kβCβRt(βC + βR) − τ 2 − 3ϕ

]
4k(βC + βR)2

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]2
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It is easy to see from the expression of π
SQ∗
A − π SS∗ that it has a positive denominator.

Thus, whether π
SQ∗
A − π SS∗ is positive or negative depends on the value of the numera-

tor. For the numerator, ϕ < τ 2 is satisfied. And from the concavity condition of Model
SQ, we can obtain τ 2 < 8kβCβRt(βC + βR). Thus, whether the numerator is positive or
negative depends on the value of 24kβCβRt(βC + βR) − τ 2 − 3ϕ. From the conditions of
interior solutions for Model SQ, τ 2 + 3ϕ < 24kβCβRt(βC + βR) is satisfied. In this case,
the numerator 0 <

(
τ 2 − ϕ

)[
8kβCβRt(βC + βR) − τ 2

][
24kβCβRt(βC + βR) − τ 2 − 3ϕ

]
is

always satisfied. Therefore, π SS∗ < π
SQ∗
A

π
SQ∗
B − π SS∗

� 4
[
6kβC βR t (βC + βR ) − τ 2

]2
[8kβC βRt (βC + βR ) − ϕ] − [

8kβC βR t (βC + βR ) − τ 2
] [
12kβC βR t (βC + βR ) − τ 2 − ϕ

]2
4k(βC + βR )2

[
12kβC βR t (βC + βR ) − τ 2 − ϕ

]2

It is easy to see from the expression of π
SQ∗
B − π SS∗ that it has a positive denomi-

nator. Thus, whether π
SQ∗
B − π SS∗ is positive or negative depends on the value of the

numerator. For the numerator, τ 2 < 6kβCβRt(βC + βR) and ϕ < 8kβCβRt(βC + βR) are
satisfied. In this case, to determine whether the numerator is positive or negative, we rewrite

it as
{√

8kβCβRt(βC + βR) − ϕ
[
12kβCβRt(βC + βR) − 2τ 2

]
+
√
8kβCβRt(βC + βR) − τ 2[

12kβCβRt(βC + βR) − τ 2 − ϕ
]}·{[12kβCβRt(βC + βR) − 2τ 2

]√
8kβCβRt(βC + βR) − ϕ

−√8kβCβRt(βC + βR) − τ 2
[
12kβCβRt(βC + βR) − τ 2 − ϕ

]}
. Due

to 0 <
√
8kβCβRt(βC + βR) − ϕ

[
12kβCβRt(βC + βR) − 2τ 2

]
+√

8kβCβRt(βC + βR) − τ 2
[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
, in order to deter-

mine whether the numerator is positive or negative, we need to deter-
mine the value of

√
8kβCβRt(βC + βR) − ϕ

[
12kβCβRt(βC + βR) − 2τ 2

] −[
12kβCβRt(βC + βR) − τ 2 − ϕ

]√
8kβCβRt(βC + βR) − τ 2. By simplifying the for-

mula, we can rewrite it as
[
12kβCβRt(βC + βR) − τ 2

][√
8kβCβRt(βC + βR) − ϕ

−√8kβCβRt(βC + βR) − τ 2
]
−
[
τ 2

√
8kβCβRt(βC + βR) − ϕ − ϕ

√
8kβCβRt(βC + βR) − τ 2

]
.

Further, by deriving the formula, we can obtain π SS∗ < π
SQ∗
B , if

2τ 2
√
8kβC βRt(βC+βR)−ϕ−(τ 2+ϕ

)√
8kβC βRt(βC+βR)−τ 2

12βC βRt(βC+βR)
[√

8kβC βRt(βC+βR)−ϕ−
√

8kβC βRt(βC+βR)−τ 2
] < k; otherwise, π SQ∗

B < π SS∗

Proof of Proposition 4

Proof Comparison results of the equilibrium solutions in Models QQ and SQ are as follows:

pSQ∗
A − pQ Q∗ � 2βCβRt

(
τ 2 − ϕ

)
(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
From the conditions of interior solutions for Model SQ, we can obtain that τ 2 + ϕ <

12kβCβRt(βC + βR). Thus, it is easy to see from the expression of pSQ∗
A − pQ Q∗ that

it has a positive denominator. In this case, whether pSQ∗
A − pQ Q∗ is positive or negative

depends on the value of the numerator. For the numerator, 0 < 2βCβRt is always satisfied.
Hence, whether the numerator is positive or negative depends on τ 2 −ϕ. Further, by deriving
τ 2−ϕ, it is not hard to obtain that τ 2−ϕ � 2βCβRr�[βR� + βC (1 − r )θξ ], and obviously,
0 < 2βCβRr�[βR� + βC (1 − r )θξ ] in this paper. In this case, the numerator is always
positive. Therefore, pQ Q∗ < pSQ∗

A is always satisfied

pSQ∗
B − pQ Q∗ � 2βCβRt

(
ϕ − τ 2

)
(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
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Like the proof of pSQ∗
A − pQ Q∗, we can show from the expression of pSQ∗

B − pQ Q∗ that

it has a positive denominator. In this case, whether pSQ∗
B − pQ Q∗ is positive or negative

depends on the value of the numerator. For the numerator, 0 < 2βCβRt is always satisfied.
Hence, whether the numerator is positive or negative depends on ϕ−τ 2. Further, by deriving
ϕ−τ 2, it is not hard to obtain thatϕ−τ 2 � −2βCβRr�[βR� + βC (1 − r )θξ ], and obviously,
−2βCβRr�[βR� + βC (1 − r)θξ ] < 0 in this paper. Thus, the numerator is always negative.
Therefore, pSQ∗

B < pQ Q∗ is satisfied

QSQ∗
A − QQ Q∗

1 � βCr�[(βR − βCr)� + βC (1 − r )θξ ]

2k(βC + βR)
[
12kβCβRt(βC + βR) − τ 2 − ϕ

]

Like the proof of pSQ∗
A − pQ Q∗, we can show from the expression of QSQ∗

A − QQ Q∗
1 that it

has a positive denominator. In this case,whether QSQ∗
A −QQ Q∗

1 is positive or negative depends
on the value of the numerator. For the numerator, 0 < βCr� is satisfied. Thus, whether the
numerator is positive or negative depends on (βR − βCr)�+βC (1−r )θξ . Because βC < βR

and r < 1 in this paper, it is easy to obtain βCr < βR and 0 < (βR − βCr)�+βC (1− r )θξ .

That is, the numerator (βR − βCr)� + βC (1 − r )θξ is positive. Therefore, QQ Q∗
1 < Q

SQ∗
A

QSQ∗
A − QQ Q∗

2

� [βR� + βC (1 − r )θξ ] {12kβCβRt (βC + βR) − ϕ − τ [(βR − βCr )� + βC (1 − r )θξ ]}
2k (βC + βR)

[
12kβCβRt (βC + βR) − τ 2 − ϕ

]

Like the proof of pSQ∗
A − pQ Q∗, we can show from the expression of QSQ∗

A −
QQ Q∗

2 that it has a positive denominator. In this case, whether QSQ∗
A − QQ Q∗

2 is pos-
itive or negative depends on the value of the numerator. For the numerator, 0 <

βR� + βC (1 − r )θξ is satisfied. Thus, whether the numerator is positive or negative
depends on 12kβCβRt(βC + βR) − ϕ − τ [(βR − βCr)� + βC (1 − r )θξ ]. Because τ 2 + ϕ <

12kβCβRt(βC + βR) and [(βR − βCr)� + βC (1 − r )θξ ] < τ are satisfied, we can obtain
that ϕ + τ [(βR − βCr)� + βC (1 − r )θξ ] < 12kβCβRt(βC + βR). That is, the numerator
0 < [βR� + βC (1 − r )θξ ]{12kβCβRt(βC + βR) − ϕ − τ [(βR − βCr)� + βC (1 − r )θξ ]} is
satisfied. Therefore, QQ Q∗

2 < Q
SQ∗
A

QSQ∗
1, B − QQ Q∗

1 � [βR� + βC (1 − r )θξ ]
(
ϕ − τ 2

)
2k(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]

Like the proof of pSQ∗
B − pQ Q∗, we can show from the expression of QSQ∗

1, B − QQ Q∗
1 that it

has a positive denominator. In this case,whether QSQ∗
1, B −QQ Q∗

1 is positive or negative depends
on the value of numerator. For the numerator, 0 < βR� + βC (1 − r )θξ is satisfied. Thus,
whether the numerator is positive or negative depends on ϕ − τ 2. Further, like the proof of
pSQ∗

B − pQ Q∗, ϕ < τ 2 is satisfied. Thus, the numerator [βR� + βC (1 − r )θξ ]
(
ϕ − τ 2

)
< 0

is satisfied. Therefore, QSQ∗
1, B < QQ Q∗

1

QSQ∗
2, B − QQ Q∗

2 � βCr�
(
ϕ − τ 2

)
2k(βC + βR)

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]

Like the proof of pSQ∗
B − pQ Q∗, we can show from the expression of QSQ∗

2, B − QQ Q∗
2 that

it has a positive denominator. In this case, whether QSQ∗
2, B − QQ Q∗

2 is positive or negative
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depends on the value of its numerator. For the numerator, 0 < βCr� and ϕ < τ 2 are satisfied.
Thus, the numerator βCr�

(
ϕ − τ 2

)
< 0 is satisfied. Therefore, QSQ∗

2, B < QQ Q∗
2

π
SQ∗
A − π Q Q∗

� 4[6kβC βR t (βC + βR ) − ϕ]2
[
8kβC βR t (βC + βR ) − τ 2

]− [8kβC βR t (βC + βR ) − ϕ]
[
12kβC βR t (βC + βR ) − τ 2 − ϕ

]2
4k(βC + βR )2

[
12kβC βR t (βC + βR ) − τ 2 − ϕ

]2

It is easy to see from the expression of π
SQ∗
A − π Q Q∗ that it has a posi-

tive denominator. Thus, whether π
SQ∗
A − π Q Q∗ is positive or negative depends

on the value of the numerator. For the numerator, τ 2 < 8kβCβRt(βC + βR) and
ϕ < 6kβCβRt(βC + βR) are satisfied. In this case, to determine whether the

numerator is positive or negative, we rewrite it as
{√

8kβCβRt(βC + βR) − τ 2

[12kβCβRt(βC + βR) − 2ϕ] +
√
8kβCβRt(βC + βR) − ϕ

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]}•{
[12kβCβRt(βC + βR) − 2ϕ]

√
8kβCβRt(βC + βR) − τ 2 − √

8kβCβRt(βC + βR) − ϕ[
12kβCβRt(βC + βR) − τ 2 − ϕ

]}
. Due to 0 <

√
8kβCβRt(βC + βR) − ϕ[12kβCβRt(βC

+βR) − 2τ 2
]

+
√
8kβCβRt(βC + βR) − τ 2

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
, in

order to determine whether the numerator is positive or negative, we need to
determine the value of [12kβCβRt(βC + βR) − 2ϕ]

√
8kβCβRt(βC + βR) − τ 2 −√

8kβCβRt(βC + βR) − ϕ
[
12kβCβRt(βC + βR) − τ 2 − ϕ

]
. By simplifying the for-

mula, we can rewrite it as [12kβCβRt(βC + βR) − ϕ]
[√

8kβCβRt(βC + βR) − τ 2−
√
8kβCβRt(βC + βR) − ϕ

]−[ϕ√8kβCβRt(βC + βR) − τ 2 − τ 2
√
8kβCβRt(βC + βR) − ϕ

]
.

Further, by deriving the formula, it is easy to obtain that π
SQ∗
A < π Q Q∗, if(

τ 2+ϕ
)√

8kβC βRt(βC+βR)−ϕ−2ϕ
√

8kβC βRt(βC+βR)−τ 2

12βC βRt(βC+βR)
[√

8kβC βRt(βC+βR)−ϕ−
√

8kβC βRt(βC+βR)−τ 2
] < k; otherwise, π Q Q∗ < π

SQ∗
A

π
SQ∗
B − π Q Q∗ �

(
ϕ − τ 2

)[
24kβCβRt(βC + βR) − 3τ 2 − ϕ

]
4k(βC + βR)2

[
12kβCβRt(βC + βR) − τ 2 − ϕ

]2
Like the proof of π

SQ∗
A − π Q Q∗, we can show from the expression of π

SQ∗
B − π Q Q∗ that

it has a positive denominator. In this case, whether π
SQ∗
B − π Q Q∗ is positive or negative

depends on the value of its numerator. For the numerator, ϕ < τ 2 is satisfied. Thus, whether
the numerator is positive or negative depends on 24kβCβRt(βC + βR) − 3τ 2 − ϕ. Further,
according to the conditions of interior solutions for Model SQ, τ 2 < 6kβCβRt(βC + βR)

is satisfied. And like the proof of pSQ∗
B − pQ Q∗, τ 2 + ϕ < 12kβCβRt(βC + βR) is

satisfied. In this case, 3τ 2 + ϕ < 24kβCβRt(βC + βR) is satisfied, and thus the numera-
tor

(
ϕ − τ 2

)[
24kβCβRt(βC + βR) − 3τ 2 − ϕ

]
< 0 is satisfied. Therefore, we can obtain

π
SQ∗
B < π Q Q∗
Proof of Proposition 5

Proof Comparison results of the equilibrium solutions in Models DD and PP are as follows:

pDD∗
1 − pP P∗

1 � 0

pDD∗
2 − pP P∗

2 � 0

Q DD∗
1 − Q P P∗ � −r [αδH + (1 − α)δL ]

4k
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Q DD∗
2 − Q P P∗ � −{[αδH + (1 − α)δL ] + (1 − r )θξ}

4k

π DD∗ − π P P∗ � 2r [αδH + (1 − α)δL ]{[αδH + (1 − α)δL ] + (1 − r )θξ}
16k

Because 0 < k, 0 < r < 1, 0 < αδH + (1 − α)δL and 0 < θξ are satisfied. Therefore, it
is easy to obtain Q DD∗

1 < Q P P∗, Q DD∗
2 < Q P P∗ and π P P∗ < π DD∗ are satisfied

Proof of Corollary 1

Proof Comparison results of the equilibrium solutions in different selling stages under dif-
ferent dynamic strategies are as follows:

pP P∗
2 − pP P∗

1 � (βR − βC )t

pDD∗
2 − pDD∗

1 � (βR − βC )t

Because βC < βR in this paper, thus pP P∗
1 < pP P∗

2 and pDD∗
1 < pDD∗

2 are always
satisfied

QQ Q∗
2 − QQ Q∗

1 � (βCr − βR)[αδH + (1 − α)δL ] − βC (1 − r )θξ

2k(βC + βR)

It is easy to see from the expression of QQ Q∗
2 − QQ Q∗

1 that it has a positive denominator.

Thus, whether QQ Q∗
2 − QQ Q∗

1 is positive or negative depends on the value of the numerator.
Because βC < βR and r < 1, thus βCr < βR is satisfied. In this case, the numerator
(βCr − βR)[αδH + (1 − α)δL ] − βC (1 − r)θξ < 0 is satisfied. Therefore, QQ Q∗

2 < QQ Q∗
1

Q DD∗
2 − Q DD∗

1 � −(1 − r ){[αδH + (1 − α)δL ] + θξ}
4k

Because r < 1, 0 < k, 0 < αδH +(1−α)δL and 0 < θξ in this paper, thus Q DD∗
2 < Q DD∗

1

Appendix B: ExtensionModel of Asymmetric Initial Online Customer
Reviews

Proof of Consumer Demands and Profit Functions

Proof Letting E(U h, j j
n, A ) − E(Ul, j j

n, B ) � 0, n � 1, 2, we can easily obtain the consumer
demand functions. Consumer demand functions in the two selling stages under our considered
different alternative quality and pricing strategies are shown respectively in the following
functions

Consumer demand functions in the first stage:

dh, j j
1, A � 1

2
+

r [αδH + (1 − α)δL ]
(

Qh, j j
1, A − Ql, j j

1, B

)
+ (1 − r )θ Rd −

(
ph, j j
1, A − pl, j j

1, B

)
2βRt

dl, j j
1, B � 1

2
−

r [αδH + (1 − α)δL ]
(

Qh, j j
1, A − Ql, j j

1, B

)
+ (1 − r )θ Rd −

(
ph, j j
1, A − pl, j j

1, B

)
2βRt

Consumer demand functions in the second stage:
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dh, j j
2, A � 1

2
+

r [αδH + (1 − α)δL ]
(

Qh, j j
2, A − Ql, j j

2, B

)
+ (1 − r )θξ

(
Qh, j j

1, A − Ql, j j
1, B

)
−
(

ph, j j
2, A − pl, j j

2, B

)
2βRt

dl, j j
2, B � 1

2
−

r [αδH + (1 − α)δL ]
(

Qh, j j
2, A − Ql, j j

2, B

)
+ (1 − r )θξ

(
Qh, j j

1, A − Ql, j j
1, B

)
−
(

ph, j j
2, A − pl, j j

2, B

)
2βRt

And then, the two rival firms’ profit functions can be obtained, i.e., π
z, j j
i �∑2

n�1 dz, j j
n, i pz, j j

n, i −∑2
n�1k

(
Qz, j j

n, i

)2
, where z � h, l

Proof of Equilibrium Solutions of EachModel

Proof We have derived the demand functions and developed the corresponding game-
theoretical models for the two rival firms with different initial online reviews under different
alternative strategies. In the following, we derive the equilibrium solutions for the different
models, respectively

Model SS:

First, substituting demand functions into the two rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, SS
A �

⎧⎨
⎩1 +

r�
(

Qh, SS
A − Ql, SS

B

)
+ (1 − r)θ Rd + [r� + (1 − r )θξ ]

(
Qh, SS

A − Ql, SS
B

)
− 2

(
ph, SS

A − pl, SS
B

)
2βRt

⎫⎬
⎭

ph, SS
A − k

(
Qh, SS

A

)2

π
l, SS
B �

⎧⎨
⎩1 −

r�
(

Qh, SS
A − Ql, SS

B

)
+ (1 − r)θ Rd + [r� + (1 − r )θξ ]

(
Qh, SS

A − Ql, SS
B

)
− 2

(
ph, SS

A − pl, SS
B

)
2βRt

⎫⎬
⎭

pl, SS
B − k

(
Ql, SS

B

)2

Next, the two firms’ optimization problems about product pricing decisions are charac-
terized by the first-order conditions of their respective profit functions:

∂π
h, SS
A

∂ph, SS
A

� 1 +
r�
(

Qh, SS
A − Ql, SS

B

)
+ (1 − r)θ Rd + [r� + (1 − r )θξ ]

(
Qh, SS

A − Ql, SS
B

)
− 2

(
2ph, SS

A − pl, SS
B

)
2βRt

� 0

∂π
l, SS
B

∂pl, SS
B

� 1 −
r�
(

Qh, SS
A − Ql, SS

B

)
+ (1 − r)θ Rd + [r� + (1 − r )θξ ]

(
Qh, SS

A − Ql, SS
B

)
− 2

(
ph, SS

A − 2pl, SS
B

)
2βRt

� 0

from which we can derive the firms’ equilibrium product prices as functions of the product
quality level provided by the firms:

ph, SS
A � pl, SS

B +
(1 − r)θ Rd + [2r� + (1 − r )θξ ]

(
Qh, SS

A − Ql, SS
B

)
3

pl, SS
B � βRt − 1

6
[2r� + (1 − r)θξ ]

(
Qh, SS

A − Ql, SS
B

)
− 1

6
(1 − r)θ Rd
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And then, we derive the firms’ equilibrium product quality. The two firms’ optimization
problems about the product quality decisions are characterized by the first-order conditions
of their profit functions:

∂π
h, SS
A

∂ Qh, SS
A

� r�ph, SS
A + ph, SS

A [r� + (1 − r )θξ ]

2βRt
− 2k Qh, SS

A � 0

∂π
l, SS
B

∂ Ql, SS
B

� r�pl, SS
B + pl, SS

B [r� + (1 − r )θξ ]

2βRt
− 2k Ql, SS

B � 0

from which we can derive the firms’ equilibrium product quality level:

Qh, SS
A � ph, SS

A [2r� + (1 − r )θξ ]

4kβRt

Ql, SS
B � pl, SS

B [2r� + (1 − r )θξ ]

4kβRt

Afterwards, substituting the expressions of equilibrium product quality into the expres-
sions of equilibrium product prices, we derive the equilibrium quality level and product
prices:

ph, SS∗
A � βRt

[
12kβRt − ϑ2 + 2k(1 − r )θ Rd

]
12kβRt − ϑ2

Qh, SS∗
A � ϑ

[
12kβRt − ϑ2 + 2k(1 − r )θ Rd

]
4k
(
12kβRt − ϑ2

)

pl, SS∗
B � βRt

[
12kβRt − ϑ2 − 2k(1 − r )θ Rd

]
12kβRt − ϑ2

Ql, SS∗
B � ϑ

[
12kβRt − ϑ2 − 2k(1 − r )θ Rd

]
4k
(
12kβRt − ϑ2

)

where ϑ � 2r� + (1 − r )θξ

With the above equilibrium product prices and equilibrium quality level, we can obtain
the equilibrium profits of the two firms:

π
h, SS∗
A �

(
16kβRt − ϑ2

)[
12kβRt − ϑ2 + 2k(1 − r )θ Rd

]2
16k

(
12kβRt − ϑ2

)2

π
l, SS∗
B �

(
16kβRt − ϑ2

)[
12kβRt − ϑ2 − 2k(1 − r )θ Rd

]2
16k

(
12kβRt − ϑ2

)2
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Model PP:

First, substituting demand functions into the two rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, P P
A �

⎡
⎣1

2
+

r�
(

Qh, P P
A − Ql, P P

B

)
+ (1 − r )θ Rd −

(
ph, P P
1, A − pl, P P

1, B

)
2βRt

⎤
⎦ ph, P P

1, A

+

⎧⎪⎨
⎪⎩
1

2
+
[r� + (1 − r )θξ ]

(
Qh, P P

A − Ql, P P
B

)
−
(

ph, P P
2, A − p

l, P P

2, B

)
2β Rt

⎫⎪⎬
⎪⎭ ph, P P

2, A

− k(Qh, P P
A )

2

π
l, P P
B �

⎡
⎣1

2
−

r�
(

Qh, P P
A − Ql, P P

B

)
+ (1 − r )θ Rd −

(
ph, P P
1, A − pl, P P

1, B

)
2βRt

⎤
⎦ pl, P P

1, B

+

⎧⎪⎨
⎪⎩
1

2
−

[r� + (1 − r )θξ ]
(

Qh, P P
A − Ql, P P

B

)
−
(

ph, P P
2, A − p

l, P P

2, B

)
2β Rt

⎫⎪⎬
⎪⎭ pl, P P

2, B

− k(Ql, P P
B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π
h, P P
A

∂ph, P P
2, A

� 1

2
+
[r� + (1 − r )θξ ]

(
Qh, P P

A − Ql, P P
B

)
−
(
2ph, P P

2, A − pl, P P
2, B

)
2βRt

� 0

∂π
l, P P
B

∂pl, P P
2, B

� 1

2
−

[r� + (1 − r )θξ ]
(

Qh, P P
A − Ql, P P

B

)
−
(

ph, P P
2, A − 2pl, P P

2, B

)
2βRt

� 0

from which we can derive the firms’ equilibrium product prices in the second stage as func-
tions of the product quality level provided by the firms:

ph, P P
2, A � pl, P P

2, B +
2

3
[r� + (1 − r )θξ ]

(
Qh, P P

A − Ql, P P
B

)

pl, P P
2, B � βRt − 1

3
[r� + (1 − r )θξ ]

(
Qh, P P

A − Ql, P P
B

)

And then, we derive the firms’ equilibrium product quality decisions. The two firms’
optimization problems about the product quality decisions are characterized by the first-
order conditions of their profit functions:

∂π
h, P P
A

∂ Qh, P P
A

� r�ph, P P
1, A

2βRt
+
[r� + (1 − r )θξ ]ph, P P

2, A

2βRt
− 2k Qh, P P

A � 0

∂π
l, P P
B

∂ Ql, P P
B

� r�pl, P P
1, B

2βRt
+
[r� + (1 − r )θξ ]pl, P P

2, B

2βRt
− 2k Ql, P P

B � 0
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from which we can derive the firms’ equilibrium product quality as functions of the product
prices charged by the firms:

Qh, P P
A � r�ph, P P

1, A

4kβRt
+

ph, P P
2, A [r� + (1 − r )θξ ]

4kβRt

Ql, P P
B � r�pl, P P

1, B

4kβRt
+

pl, P P
2, B [r� + (1 − r )θξ ]

4kβRt

Afterwards, we derive the firms’ equilibrium product price decisions in the first stage. The
two firms’ optimization problems about the product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
h, P P
A

∂ph, P P
1, A

� 1

2
+

r�
(

Qh, P P
A − Ql, P P

B

)
+ (1 − r )θ Rd −

(
2ph, P P

1, A − pl, P P
1, B

)
2βRt

� 0

∂π
l, P P
B

∂pl, P P
1, B

� 1

2
−

r�
(

Qh, P P
A − Ql, P P

B

)
+ (1 − r )θ Rd −

(
ph, P P
1, A − 2pl, P P

1, B

)
2βRt

� 0

from which we can derive the firms’ equilibrium product prices in the first stage as functions
of the product quality provided by the firms:

ph, P P
1, A � pl, P P

1, B +
2

3
r�

(
Qh, P P

A − Ql, P P
B

)
+
2

3
(1 − r )θ Rd

pl, P P
1, B � βRt − 1

3
r�
(

Qh, P P
A − Ql, P P

B

)
− 1

3
(1 − r )θ Rd

Substituting the above expressions of equilibrium product prices into the expressions of
equilibrium product quality, we derive the equilibrium quality level and equilibrium prices
in the two selling stages:

Qh, P P∗
A � ϑ

4k
+

r�(1 − r )θ Rd

2
{
6kβRt − r2�2 − [r� + (1 − r )θξ ]2

}

Ql, P P∗
B � ϑ

4k
− r�(1 − r )θ Rd

2
{
6kβRt − r2�2 − [r� + (1 − r )θξ ]2

}

ph, P P∗
1, A � βRt +

1

3
(1 − r )θ Rd +

1
3r2�2(1 − r )θ Rd

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

pl, P P∗
1, B � βRt − 1

3
(1 − r)θ Rd −

1
3r2�2(1 − r )θ Rd

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

ph, P P∗
2, A � βRt +

1
3r�(1 − r )θ Rd [r� + (1 − r )θξ ]

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

pl, P P∗
2, B � βRt −

1
3r�(1 − r )θ Rd [r� + (1 − r )θξ ]

6kβRt − r2�2 − [r� + (1 − r )θξ ]2
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With the above equilibrium product prices and equilibrium quality level, we obtain the
equilibrium profits of the two firms:

π
h, P P∗
A �

⎡
⎣1

2
+

r�
(

Qh, P P∗
A − Ql, P P∗

B

)
+ (1 − r ) θ Rd −

(
ph, P P∗
1, A − pl, P P∗

1, B

)
2βRt

⎤
⎦ ph, P P∗

1, A

+

⎧⎨
⎩
1

2
+
[r� + (1 − r )θξ ]

(
Qh, P P∗

A − Ql, P P∗
B

)
−
(

ph, P P∗
2, A − pl, P P∗

2, B

)
2βRt

⎫⎬
⎭ ph, P P∗

2, A

− k
(

Qh, P P∗
A

)2

π
l, P P∗
B �

⎡
⎣1

2
−

r�
(

Qh, P P∗
A − Ql, P P∗

B

)
+ (1 − r ) θ Rd −

(
ph, P P∗
1, A − pl, P P∗

1, B

)
2βRt

⎤
⎦ pl, P P∗

1, B

+

⎧⎨
⎩
1

2
−

[r� + (1 − r )θξ ]
(

Qh, P P∗
A − Ql, P P∗

B

)
−
(

ph, P P∗
2, A − pl, P P∗

2, B

)
2βRt

⎫⎬
⎭ pl, P P∗

2, B

− k
(

Ql, P P∗
B

)2

ModelQQ:

First, substituting demand functions into the two rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, Q Q
A �

⎧⎪⎨
⎪⎩1 +

[r� + (1 − r )θξ ]
(

Qh, Q Q
1, A − Ql, Q Q

1, B

)
+ r�

(
Qh, Q Q

2, A − Ql, Q Q
2, B

)
+ (1 − r )θ Rd − 2

(
ph, Q Q

A − p
l, Q Q

B

)
2βRt

⎫⎪⎬
⎪⎭

ph, Q Q
A − k(Qh, Q Q

1, A )
2 − k(Qh, Q Q

2, A )
2

π
l, Q Q
B �

⎧⎪⎨
⎪⎩1 −

[r� + (1 − r )θξ ]
(

Qh, Q Q
1, A − Ql, Q Q

1, B

)
+ r�

(
Qh, Q Q

2, A − Ql, Q Q
2, B

)
+ (1 − r )θ Rd − 2

(
ph, Q Q

A − p
l, Q Q

B

)
2β Rt

⎫⎪⎬
⎪⎭

pl, Q Q
B − k(Ql, Q Q

1, B )
2 − k(Ql, Q Q

2, B )
2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems about product quality in the second stage are characterized by the
first-order conditions of their respective profit functions:

∂π
h, Q Q
A

∂ Qh, Q Q
2, A

� r�ph, Q Q
A

2β Rt
− 2k Qh, Q Q

2, A � 0

∂π
l, Q Q
B

∂ Ql, Q Q
2, B

� r�pl, Q Q
B

2β Rt
− 2k Ql, Q Q

2, B � 0

from which we can derive the firms’ equilibrium product quality in the second stage as
functions of the product prices charged by the firms:

Qh, Q Q
2, A � r�ph, Q Q

A

4kβRt
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Ql, Q Q
2, B � r�pl, Q Q

B

4kβRt

And then, we derive the firms’ equilibrium product price decisions. The two firms’ opti-
mization problems about the product prices are characterized by the first-order conditions of
their profit functions:

∂π
h, Q Q
A

∂ph, Q Q
A

� 1 +
[r� + (1 − r )θξ ]

(
Qh, Q Q

1, A − Ql, Q Q
1, B

)
+ r�

(
Qh, Q Q

2, A − Ql, Q Q
2, B

)
+ (1 − r )θ Rd − 2

(
2ph, Q Q

A − p
l, Q Q

B

)
2βR t

� 0

∂π
l, Q Q
B

∂pl, Q Q
B

� 1 −
[r� + (1 − r )θξ ]

(
Qh, Q Q

1, A − Ql, Q Q
1, B

)
+ r�

(
Qh, Q Q

2, A − Ql, Q Q
2, B

)
+ (1 − r )θ Rd − 2

(
ph, Q Q

A − 2p
l, Q Q

B

)
2βR t

� 0

from which we can derive the firms’ equilibrium product prices as functions of the product
quality level provided by the firms:

ph, Q Q
A � pl, Q Q

B +
1

3
[r� + (1 − r )θξ ]

(
Qh, Q Q

1, A − Ql, Q Q
1, B

)

+
1

3
r�

(
Qh, Q Q

2, A − Ql, Q Q
2, B

)
+
1

3
(1 − r )θ Rd

pl, Q Q
B � βRt − 1

6
[r� + (1 − r ) θξ ]

(
Qh, Q Q

1, A − Ql, Q Q
1, B

)

− 1

6
r�

(
Qh, Q Q

2, A − Ql, Q Q
2, B

)
− 1

6
(1 − r )θ Rd

Afterwards, we derive the firms’ equilibrium product quality decisions in the first stage.
The two firms’ optimization problems about the product quality in the first stage are charac-
terized by the first-order conditions of their profit functions:

∂π
h, Q Q
A

∂ Qh, Q Q
1, A

� [r� + (1 − r )θξ ]ph, Q Q
A

2β Rt
− 2k Qh, Q Q

1, A � 0

∂π
l, Q Q
B

∂ Ql, Q Q
1, B

� [r� + (1 − r )θξ ]pl, Q Q
B

2β Rt
− 2k Ql, Q Q

1, B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices charged by the firms:

Qh, Q Q
1, A � [r� + (1 − r )θξ ]ph, Q Q

A

4kβRt

Ql, Q Q
1, B � [r� + (1 − r )θξ ]pl, Q Q

B

4kβRt

Substituting the above obtained expressions of equilibriumproduct quality into the expres-
sions of equilibrium product prices, we derive the equilibrium product prices and equilibrium
quality level of the firms:

ph, Q Q∗
A � βRt[12kβRt − � + 2k(1 − r)θ Rd ]

12kβRt − �

pl, Q Q∗
B � βRt[12kβRt − � − 2k(1 − r)θ Rd ]

12kβRt − �

Qh, Q Q∗
1, A � [r� + (1 − r )θξ ][12kβRt − � + 2k(1 − r)θ Rd ]

4k(12kβRt − �)
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Ql, Q Q∗
1, B � [r� + (1 − r )θξ ][12kβRt − � − 2k(1 − r)θ Rd ]

4k(12kβRt − �)

Qh, Q Q∗
2, A � r�[12kβRt − � + 2k(1 − r)θ Rd ]

4k(12kβRt − �)

Ql, Q Q∗
2, B � r�[12kβRt − � − 2k(1 − r)θ Rd ]

4k(12kβRt − �)

where � � [r� + (1 − r )θξ ]2 + r2�
2

With the above equilibrium product prices and equilibrium quality level, we obtain the
equilibrium profits of the two firms:

π
h, Q Q∗
A � (16kβRt − �)[12kβRt − � + 2k(1 − r)θ Rd ]2

16k(12kβRt − �)2

π
l, Q Q∗
B � (16kβRt − �)[12kβRt − � − 2k(1 − r)θ Rd ]2

16k(12kβRt − �)2

Model DD:

First, substituting demand functions into the two rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, DD
A �

⎡
⎢⎣1

2
+

r�
(

Qh, DD
1, A − Ql, DD

1, B

)
+ (1 − r ) θ Rd −

(
ph, DD
1, A − p

l, DD

1, B

)
2β Rt

⎤
⎥⎦ ph, DD

1, A +

⎡
⎢⎣1

2

+
r�

(
Qh, DD

2, A − Ql, DD
2, B

)
+ (1 − r ) θξ

(
Qh, DD

1, A − Ql, DD
1, B

)
−
(

ph, DD
2, A − p

l, DD

2, B

)
2β Rt

⎤
⎥⎦ ph, DD

2, A

− k(Qh, DD
1, A )

2 − k(Qh, DD
2, A )

2

π
l, DD
B �

⎡
⎢⎣1

2
−

r�
(

Qh, DD
1, A − Ql, DD

1, B

)
+ (1 − r ) θ Rd −

(
ph, DD
1, A − p

l, DD

1, B

)
2β Rt

⎤
⎥⎦ pl, DD

1, B +

⎡
⎢⎣1

2

−
r�

(
Qh, DD

2, A − Ql, DD
2, B

)
+ (1 − r ) θξ

(
Qh, DD

1, A − Ql, DD
1, B

)
−
(

ph, DD
2, A − p

l, DD

2, B

)
2β Rt

⎤
⎥⎦ pl, DD

2, B

− k(Ql, DD
1, B )

2 − k(Ql, DD
2, B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π
h, DD
A

∂ph, DD
2, A

� 1

2
+

r�
(

Qh, DD
2, A − Ql, DD

2, B

)
+ (1 − r )θξ

(
Qh, DD

1, A − Ql, DD
1, B

)
−
(
2ph, DD

2, A − p
l, DD

2, B

)
2βRt

� 0

∂π
l, DD
B

∂pl, DD
2, B

� 1

2
−

r�
(

Qh, DD
2, A − Ql, DD

2, B

)
+ (1 − r )θξ

(
Qh, DD

1, A − Ql, DD
1, B

)
−
(

ph, DD
2, A − 2p

l, DD

2, B

)
2βRt

� 0

123



478 Annals of Operations Research (2023) 326:411–503

∂π
h, DD
A

∂ Qh, DD
2, A

� r�ph, DD
2, A

2βRt
− 2k Qh, DD

2, A � 0

∂π
l, DD
B

∂ Ql, DD
2, B

� r�pl, DD
2, B

2βRt
− 2k Ql, DD

2, B � 0

from which we can derive the firms’ equilibrium product prices in the second stage as func-
tions of the product quality provided by the firms in the two selling stages:

ph, DD
2, A � pl, DD

2, B +
2

3
r�
(

Qh, DD
2, A − Ql, DD

2, B

)
+
2

3
(1 − r )θξ

(
Qh, DD

1, A − Ql, DD
1, B

)

pl, DD
2, B � βRt − 1

3
r�
(

Qh, DD
2, A − Ql, DD

2, B

)
− 1

3
(1 − r )θξ

(
Qh, DD

1, A − Ql, DD
1, B

)

And from the above first-order conditions of the firms’ profit functions, we can obtain
the equilibrium product quality in the second stage as functions of the product prices in the
second stage:

Qh, DD
2, A � r�ph, DD

2, A

4kβRt

Ql, DD
2, B � r�pl, DD

2, B

4kβRt

Substituting the expressions of equilibrium product quality into the equilibrium product
prices of the two firms, we derive the equilibrium product prices in the second stage as
functions of the product quality provided by the firms in the first stage:

6kβRt − r2�2

6kβRt

(
ph, DD
2, A − pl, DD

2, B

)
� 2

3
(1 − r )θξ

(
Qh, DD

1, A − Ql, DD
1, B

)

pl, DD
2, B � βRt − (1 − r )θξ

(
Qh, DD

1, A − Ql, DD
1, B

) 2kβRt

6kβRt − r2�2

And then, we derive the firms’ equilibrium product pricing decisions in the first stage. The
two firms’ optimization problems about product prices in the first stage are characterized by
the first-order conditions of their profit functions:

∂π
h, DD
A

∂ph, DD
1, A

� 1

2
+

r�
(

Qh, DD
1, A − Ql, DD

1, B

)
+ (1 − r )θ Rd −

(
2ph, DD

1, A − p
l, DD

1, B

)
2βRt

� 0

∂π
l, DD
B

∂pl, DD
1, B

� 1

2
−

r�
(

Qh, DD
1, A − Ql, DD

1, B

)
+ (1 − r )θ Rd −

(
ph, DD
1, A − 2p

l, DD

1, B

)
2βRt

� 0

from which we can derive the firms’ equilibrium product prices in the first stage as functions
of the product quality level provided by the firms in the first stage:

ph, DD
1, A � pl, DD

1, B +
2

3
r�
(

Qh, DD
1, A − Ql, DD

1, B

)
+
2

3
(1 − r )θ Rd

pl, DD
1, B � βRt − 1

3
r�
(

Qh, DD
1, A − Ql, DD

1, B

)
− 1

3
(1 − r )θ Rd
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Afterwards, we derive the firms’ equilibrium product quality decisions in the first stage.
The two firms’ optimization problems about the product quality in the first stage are charac-
terized by the first-order conditions of their profit functions:

∂π
h, DD
A

∂ Qh, DD
1, A

� r�ph, DD
1, A

2βRt
+
(1 − r )θξph, DD

2, A

2βRt
− 2k Qh, DD

1, A � 0

∂π
l, DD
B

∂ Ql, DD
1, B

� r�pl, DD
1, B

2βRt
+
(1 − r )θξpl, DD

2, B

2βRt
− 2k Ql, DD

1, B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices charged by the firms in the two selling stages:

Qh, DD
1, A � r�ph, DD

1, A

4kβRt
+
(1 − r )θξph, DD

2, A

4kβRt

Ql, DD
1, B � r�pl, DD

1, B

4kβRt
+
(1 − r )θξpl, DD

2, B

4kβRt

Substituting the obtained expressions of equilibrium product prices into the expressions
of equilibrium product quality in the first stage, we derive the equilibrium quality level and
product prices:

Qh, DD∗
1, A � r� + (1 − r )θξ

4k
+

r�(1 − r )θ Rd
(
6kβRt − r2�2

)
2(6kβRt − ψ)

(
6kβRt − r2�2

)− 2r2�2[(1 − r )θξ ]2

Ql, DD∗
1, B � r� + (1 − r )θξ

4k
− r�(1 − r )θ Rd

(
6kβRt − r2�2

)
2(6kβRt − ψ)

(
6kβRt − r2�2

)− 2r2�2[(1 − r )θξ ]2

Qh, DD∗
2, A � r�

4k
+

r2�2(1 − r )2θ Rdθξ

2(6kβRt − ψ)
(
6kβRt − r2�2

)− 2r2�2[(1 − r )θξ ]2

Ql, DD∗
2, B � r�

4k
− r2�2(1 − r )2θ Rdθξ

2(6kβRt − ψ)
(
6kβRt − r2�2

)− 2r2�2[(1 − r )θξ ]2

ph, DD∗
1, A � βRt +

1

3
(1 − r)θ Rd +

1
3r2�2(1 − r )θ Rd

(
6kβRt − r2�2

)
(6kβRt − ψ)

(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

pl, DD∗
1, B � βRt − 1

3
(1 − r)θ Rd −

1
3r2�2(1 − r )θ Rd

(
6kβRt − r2�2

)
(6kβRt − ψ)

(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

ph, DD∗
2, A � βRt +

2kβRtr�(1 − r )2θ Rdθξ

(6kβRt − ψ)
(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

pl, DD∗
2, B � βRt − 2kβRtr�(1 − r )2θ Rdθξ

(6kβRt − ψ)
(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

where ψ � r2�2 + [(1 − r )θξ ]2

With the above equilibrium quality level and equilibrium product prices, we derive the
equilibrium profits:
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π
h, DD∗
A �

⎡
⎣1

2
+

r�
(

Qh, DD∗
1, A − Ql, DD∗

1, B

)
+ (1 − r ) θ Rd −

(
ph, DD∗
1, A − pl, DD∗

1, B

)
2βRt

⎤
⎦ ph, DD∗

1, A +

⎡
⎣1

2

+
r�

(
Qh, DD∗

2, A − Ql, DD∗
2, B

)
+ (1 − r ) θξ

(
Qh, DD∗

1, A − Ql, DD∗
1, B

)
−
(

ph, DD∗
2, A − pl, DD∗

2, B

)
2βRt

⎤
⎦ ph, DD∗

2, A

− k
(

Qh, DD∗
1, A

)2 − k
(

Qh, DD∗
2, A

)2

π
l, DD∗
B �

⎡
⎣1

2
−

r�
(

Qh, DD∗
1, A − Ql, DD∗

1, B

)
+ (1 − r ) θ Rd −

(
ph, DD∗
1, A − pl, DD∗

1, B

)
2βRt

⎤
⎦ pl, DD∗

1, B +

⎡
⎣1

2

−
r�

(
Qh, DD∗

2, A − Ql, DD∗
2, B

)
+ (1 − r ) θξ

(
Qh, DD∗

1, A − Ql, DD∗
1, B

)
−
(

ph, DD∗
2, A − pl, DD∗

2, B

)
2βRt

⎤
⎦ pl, DD∗

2, B

− k
(

Ql, DD∗
1, B

)2 − k
(

Ql, DD∗
2, B

)2

ModelSP:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, S P
A �

⎧⎨
⎩1 +

r�
(

Qh, S P
A − Ql, S P

B

)
+ (1 − r)θ Rd −

(
ph, S P

A − pl, S P
1, B

)
2βRt

+
[r� + (1 − r )θξ ]

(
Qh, S P

A − Ql, S P
B

)
−
(

ph, S P
A − pl, S P

2, B

)
2βRt

⎫⎬
⎭ph, S P

A − k
(

Qh, S P
A

)2

π
l, S P
B �

⎡
⎣1

2
−

r�
(

Qh, S P
A − Ql, S P

B

)
+ (1 − r ) θ Rd −

(
ph, S P

A − pl, S P
1, B

)
2βRt

⎤
⎦ pl, S P

1, B

+

⎧⎪⎨
⎪⎩
1

2
−

[r� + (1 − r )θξ ]
(

Qh, S P
A − Ql, S P

B

)
−
(

ph, S P
A − p

l, S P

2, B

)
2β Rt

⎫⎪⎬
⎪⎭ pl, S P

2, B

− k(Ql, S P
B )

2

Next, the two firms’ optimization problems about product pricing decisions are charac-
terized by the first-order conditions of their respective profit functions:

∂π
h, S P
A

∂ph, S P
A

� 1 +
r�

(
Qh, S P

A − Ql, S P
B

)
+ (1 − r ) θ Rd −

(
2ph, S P

A − pl, S P
1, B

)
2βRt

+
[r� + (1 − r )θξ ]

(
Qh, S P

A − Ql, S P
B

)
−
(
2ph, S P

A − pl, S P
2, B

)
2βRt

� 0
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∂π
l, S P
B

∂pl, S P
1, B

� 1

2
−

r�
(

Qh, S P
A − Ql, S P

B

)
+ (1 − r)θ Rd −

(
ph, S P

A − 2pl, S P
1, B

)
2βRt

� 0

∂π
l, S P
B

∂pl, S P
2, B

� 1

2
−

[r� + (1 − r)θξ ]
(

Qh, S P
A − Ql, S P

B

)
−
(

ph, S P
A − 2p

l, S P

2, B

)
2β Rt

� 0

from which we can derive the firms’ equilibrium product prices as functions of the product
quality level provided by the firms:

ph, S P
A � pl, S P

1, B + pl, S P
2, B

2
+
[2r� + (1 − r )θξ ]

(
Qh, S P

A − Ql, S P
B

)
3

+
(1 − r)θ Rd

3

pl, S P
1, B + pl, S P

2, B � 2βRt −
[2r� + (1 − r)θξ ]

(
Qh, S P

A − Ql, S P
B

)
3

− (1 − r)θ Rd

3

And then, we derive the firms’ equilibrium product quality. The two firms’ optimization
problems about the product quality decisions are characterized by the first-order conditions
of their profit functions:

∂π
h, S P
A

∂ Qh, S P
A

� ph, S P
A [2r� + (1 − r )θξ ]

2βRt
− 2k Qh, S P

A � 0

∂π
l, S P
B

∂ Ql, S P
B

� r�pl, S P
1, B

2βRt
+

pl, S P
2, B [r� + (1 − r )θξ ]

2βRt
− 2k Ql, S P

B � 0

from which we can derive the firms’ equilibrium product quality level:

Qh, S P
A � ph, S P

A [2r� + (1 − r )θξ ]

4kβRt

Ql, S P
B � r�pl, S P

1, B

4kβRt
+

pl, S P
2, B [r� + (1 − r )θξ ]

4kβRt

From the above, when firm B has the same product prices in the two selling stages, i.e.
pl, S P
1, B � pl, S P

2, B , the two firms can have unique equilibrium strategy set. Therefore, strategy
SP cannot become an equilibrium strategy unless it is equal to strategy SS

Model SQ:

First, substituting demand functions into the two rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, SQ
A �

⎡
⎣1 + r�

(
Qh, SQ

A − Ql, SQ
1, B

)
+ (1 − r)θ Rd −

(
ph, SQ

A − pl, SQ
B

)
2βRt

+
r�
(

Qh, SQ
A − Ql, SQ

2, B

)
+ (1 − r )θξ

(
Qh, SQ

A − Ql, SQ
1, B

)
−
(

ph, SQ
A − pl, SQ

B

)
2βRt

⎤
⎦

ph, SQ
A − k

(
Qh, SQ

A

)2
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π
l, SQ
B �

⎡
⎣1 −

r�
(

Qh, SQ
A − Ql, SQ

1, B

)
+ (1 − r)θ Rd −

(
ph, SQ

A − pl, SQ
B

)
2βRt

−
r�
(

Qh, SQ
A − Ql, SQ

2, B

)
+ (1 − r )θξ

(
Qh, SQ

A − Ql, SQ
1, B

)
−
(

ph, SQ
A − p

l, SQ

B

)
2β Rt

⎤
⎥⎦

pl, SQ
B − k(Ql, SQ

1, B )
2 − k(Ql, SQ

2, B )
2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. Firm B’s optimiza-
tion problem about product quality in the second stage is characterized by the first-order
condition of its profit function:

∂π
l, SQ
B

∂ Ql, SQ
2, B

� r�pl, SQ
B

2βRt
− 2k Ql, SQ

2, B � 0

from which we can derive the firm B’s equilibrium product quality in the second stage as a
function of the product price charged by the firm B:

Ql, SQ
2, B � r�pl, SQ

B

4kβRt

And then, we derive the firm B’s equilibrium product price decision. The firm B’s opti-
mization problem about the product price is characterized by the first-order condition of its
profit function:

∂π
l, SQ
B

∂pl, SQ
B

� 1 −
r�

(
Qh, SQ

A − Ql, SQ
1, B

)
+ (1 − r ) θ Rd −

(
ph, SQ

A − 2pl, SQ
B

)
2βRt

−
r�

(
Qh, SQ

A − Ql, SQ
2, B

)
+ (1 − r )θξ

(
Qh, SQ

A − Ql, SQ
1, B

)
−
(

ph, SQ
A − 2p

l, SQ

B

)
2βRt

� 0

from which we can derive the firm B’s equilibrium product price as a function of the product
quality level of the two firms:

pl, SQ
B � βRt −

[r� + (1 − r)θξ ]
(

Qh, SQ
A − Ql, SQ

1, B

)
6

−
r�
(

Qh, SQ
A − Ql, SQ

2, B

)
6

− (1 − r)θ Rd

6

Afterwards, we derive the two firms’ equilibrium product quality decisions in the first
stage. The two firms’ optimization problems about the product quality decisions in the first
stage are characterized by the first-order conditions of their profit functions:

∂π
h, SQ
A

∂ Qh, SQ
A

� [2r� + (1 − r )θξ ]ph, SQ
A

2βRt
− 2k Qh, SQ

A � 0

∂π
l, SQ
B

∂ Ql, SQ
1, B

� [r� + (1 − r )θξ ]pl, SQ
B

2βRt
− 2k Ql, SQ

1, B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices of the two firms. We have obtained the product price decision of firm
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B. In the following, we derive the firm A’s equilibrium product price decision. The firm A’s
optimization problem about the product price is characterized by the first-order condition of
its profit function:

∂π
h, SQ
A

∂ph, SQ
A

� 1 +
r�

(
Qh, SQ

A − Ql, SQ
1, B

)
+ (1 − r ) θ Rd −

(
2ph, SQ

A − pl, SQ
B

)
2βRt

+
r�

(
Qh, SQ

A − Ql, SQ
2, B

)
+ (1 − r )θξ

(
Qh, SQ

A − Ql, SQ
1, B

)
−
(
2ph, SQ

A − p
l, SQ

B

)
2βRt

� 0

from which we can derive the firm A’s equilibrium product price as a function of the two
firms’ product quality level:

ph, SQ
A � pl, SQ

B +
[r� + (1 − r)θξ ]

(
Qh, SQ

A − Ql, SQ
1, B

)
3

+
r�
(

Qh, SQ
A − Ql, SQ

2, B

)
3

+
(1 − r)θ Rd

3

Subsequently, substituting the above obtained expressions of equilibrium product prices
into the expressions of equilibrium product quality of the two firms, we derive the equilibrium
quality level and product prices in the two selling stages:

ph, SQ∗
A � 2βRt[12kβRt + 2k(1 − r)θ Rd − � ]

24kβRt − ϑ2 − �

pl, SQ∗
B � 2βRt

[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
24kβRt − ϑ2 − �

Qh, SQ∗
A � ϑ[12kβRt + 2k(1 − r)θ Rd − � ]

2k
(
24kβRt − ϑ2 − �

)
Ql, SQ∗

1, B � [r� + (1 − r )θξ ]
[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
2k
(
24kβRt − ϑ2 − �

)
Ql, SQ∗

2, B � r�
[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
2k
(
24kβRt − ϑ2 − �

)
With the above equilibrium product prices and equilibrium product quality, we derive the

equilibrium profits:

π
h, SQ∗
A �

(
16kβRt − ϑ2

)
[12kβRt + 2k(1 − r)θ Rd − � ]2

4k
(
24kβRt − ϑ2 − �

)2
π

l, SQ∗
B � (16kβRt − �)

[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]2
4k
(
24kβRt − ϑ2 − �

)2

Model SD:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, SD
A �

⎡
⎣1 + r�

(
Qh, SD

A − Ql, SD
1, B

)
+ (1 − r)θ Rd −

(
ph, SD

A − pl, SD
1, B

)
2βRt
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+
r�
(

Qh, SD
A − Ql, SD

2, B

)
+ (1 − r )θξ

(
Qh, SD

A − Ql, SD
1, B

)
−
(

ph, SD
A − pl, SD

2, B

)
2βRt

⎤
⎦

ph, SD
A − k

(
Qh, SD

A

)2

π
l, SD
B �

⎡
⎣1

2
−

r�
(

Qh, SD
A − Ql, SD

1, B

)
+ (1 − r ) θ Rd −

(
ph, SD

A − pl, SD
1, B

)
2βRt

⎤
⎦ pl, SD

1, B +

⎡
⎣1

2

−
r�

(
Qh, SD

A − Ql, SD
2, B

)
+ (1 − r )θξ

(
Qh, SD

A − Ql, SD
1, B

)
−
(

ph, SD
A − pl, SD

2, B

)
2β Rt

⎤
⎦ pl, SD

2, B

− k
(

Ql, SD
1, B

)2 − k
(

Ql, SD
2, B

)2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. Firm B’s optimiza-
tion problem about product quality in the second stage is characterized by the first-order
condition of its profit function:

∂π
l, SD
B

∂ Ql, SD
2, B

� r�pl, SD
2, B

2βRt
− 2k Ql, SD

2, B � 0

from which we can derive the firm B’s equilibrium product quality in the second stage as a
function of the product price charged by the firm B:

Ql, SD
2, B � r�pl, SD

2, B

4kβRt

And then, we derive the firm B’s equilibrium product price decision in the second stage.
The firm B’s optimization problem about the product price in the second stage is characterized
by the first-order condition of its profit function:

∂π
l, SD
B

∂pl, SD
2, B

� 1

2
−

r�
(

Qh, SD
A − Ql, SD

2, B

)
+ (1 − r )θξ

(
Qh, SD

A − Ql, SD
1, B

)
−
(

ph, SD
A − 2p

l, SD

2, B

)
2βRt

� 0

from which we can derive the firm B’s equilibrium product price in the second stage as a
function of the quality level of the two firms and firm A’s product price:

pl, SD
2, B � βRt

2
−

r�
(

Qh, SD
A − Ql, SD

2, B

)
2

−
(1 − r)θξ

(
Qh, SD

A − Ql, SD
1, B

)
2

+
ph, SD

A

2

Afterwards, we derive the two firms’ equilibrium product quality decisions in the first
stage. The two firms’ optimization problems about the product quality decisions in the first
stage are characterized by the first-order condition of their profit functions:

∂π
h, SD
A

∂ Qh, SD
A

� [2r� + (1 − r )θξ ]ph, SD
A

2βRt
− 2k Qh, SD

A � 0

∂π
l, SD
B

∂ Ql, SD
1, B

� r�pl, SD
1, B

2βRt
+
(1 − r )θξpl, SD

2, B

2βRt
− 2k Ql, SD

1, B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices of the two firms. We have obtained the product price of firm B in the
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second stage. In the following, we derive the firms’ equilibrium product price decisions in the
first stage. The two firms’ optimization problems about the product prices in the first stage
are characterized by the first-order conditions of their profit functions:

∂π
h, SD
A

∂ph, SD
A

� 1 +
r�

(
Qh, SD

A − Ql, SD
1, B

)
+ (1 − r ) θ Rd −

(
2ph, SD

A − pl, SD
1, B

)
2βRt

+
r�

(
Qh, SD

A − Ql, SD
2, B

)
+ (1 − r )θξ

(
Qh, SD

A − Ql, SD
1, B

)
−
(
2ph, SD

A − p
l, SD

2, B

)
2βRt

� 0

∂π
l, SD
B

∂pl, SD
1, B

� 1

2
−

r�
(

Qh, SD
A − Ql, SD

1, B

)
+ (1 − r)θ Rd −

(
ph, SD

A − 2pl, SD
1, B

)
2βRt

� 0

from which we can derive the firms’ equilibrium product prices in the first stage as functions
of the product quality of the two firms:

ph, SD
A � pl, SD

1, B + pl, SD
2, B

2
+
[r� + (1 − r )θξ ]

(
Qh, SD

A − Ql, SD
1, B

)
3

+
r�

(
Qh, SD

A − Ql, SD
2, B

)
3

+
(1 − r ) θ Rd

3

pl, SD
1, B � βRt

2
−

r�
(

Qh, SD
A − Ql, SD

1, B

)
+ (1 − r)θ Rd

2
+

ph, SD
A

2

From the above, when firm B has the same product prices in the two selling stages, i.e.
pl, SD
1, B � pl, SD

2, B , the two firms can have unique equilibrium strategy set. Therefore, strategy
SD cannot become an equilibrium strategy unless it is equal to strategy SQ

Model PQ:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, P Q
A �

⎡
⎣1

2
+

r�
(

Qh, P Q
A − Ql, P Q

1, B

)
+ (1 − r )θ Rd −

(
ph, P Q
1, A − pl, P Q

B

)
2βRt

⎤
⎦ ph, P Q

1, A +

⎡
⎢⎣1

2

+
r�

(
Qh, P Q

A − Ql, P Q
2, B

)
+ (1 − r )θξ

(
Qh, P Q

A − Ql, P Q
1, B

)
−
(

ph, P Q
2, A − p

l, P Q

B

)
2β Rt

⎤
⎥⎦ ph, P Q

2, A

− k(Qh, P Q
A )

2

π
l, P Q
B �

⎡
⎣1 −

r�
(

Qh, P Q
A − Ql, P Q

1, B

)
+ (1 − r)θ Rd −

(
ph, P Q
1, A − pl, P Q

B

)
2βRt

−
r�
(

Qh, P Q
A − Ql, P Q

2, B

)
+ (1 − r )θξ

(
Qh, P Q

A − Ql, P Q
1, B

)
−
(

ph, P Q
2, A − p

l, P Q

B

)
2β Rt

⎤
⎥⎦
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pl, P Q
B − k(Ql, P Q

1, B )
2 − k(Ql, P Q

2, B )
2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. Firm B’s optimiza-
tion problem about product quality in the second stage is characterized by the first-order
condition of its profit function:

∂π
l, P Q
B

∂ Ql, P Q
2, B

� r�pl, P Q
B

2βRt
− 2k Ql, P Q

2, B � 0

from which we can derive the firm B’s equilibrium product quality in the second stage as a
function of the product price charged by the firm B:

Ql, P Q
2, B � r�pl, P Q

B

4kβRt

And then, we derive the firm B’s equilibrium product price decision. The firm B’s opti-
mization problem about the product price is characterized by the first-order condition of its
profit function:

∂π
l, P Q
B

∂pl, P Q
B

�1 −
r�
(

Qh, P Q
A − Ql, P Q

1, B

)
+ (1 − r)θ Rd −

(
ph, P Q
1, A − 2pl, P Q

B

)
2βRt

−
r�
(

Qh, P Q
A − Ql, P Q

2, B

)
+ (1 − r )θξ

(
Qh, P Q

A − Ql, P Q
1, B

)
−
(

ph, P Q
2, A − 2p

l, P Q

B

)
2βRt

� 0

from which we can derive the firm B’s equilibrium product price as a function of the product
quality level in the first stage of the two firms and firm A’s product price decisions:

pl, P Q
B � ph, P Q

1, A + ph, P Q
2, A

2
−

[r� + (1 − r ) θξ ]
(

Qh, P Q
A − Ql, P Q

1, B

)
3

−
r�

(
Qh, P Q

A − Ql, P Q
2, B

)
3

− (1 − r ) θ Rd

3

Afterwards, we derive the two firms’ equilibrium product quality decisions in the first
stage. The two firms’ optimization problems about the product quality decisions in the first
stage are characterized by the first-order conditions of their profit functions:

∂π
h, P Q
A

∂ Qh, P Q
A

� r�ph, P Q
1, A

2βRt
+
[r� + (1 − r )θξ ]ph, P Q

2, A

2βRt
− 2k Qh, P Q

A � 0

∂π
l, P Q
B

∂ Ql, P Q
1, B

� [r� + (1 − r )θξ ]pl, P Q
B

2βRt
− 2k Ql, P Q

1, B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices of the two firms. We have obtained the product price decision of firm
B. In the following, we derive the firm A’s equilibrium product price decisions. The firm A’s
optimization problems about the product prices in the two stages are characterized by the
first-order conditions of its profit function:

∂π
h, P Q
A

∂ph, P Q
1, A

� 1

2
+

r�
(

Qh, P Q
A − Ql, P Q

1, B

)
+ (1 − r)θ Rd −

(
2ph, P Q

1, A − pl, P Q
B

)
2βRt

� 0
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∂π
h, P Q
A

∂ph, P Q
2, A

� 1

2
+

r�
(

Qh, P Q
A − Ql, P Q

2, B

)
+ (1 − r )θξ

(
Qh, P Q

A − Ql, P Q
1, B

)
−
(
2ph, P Q

2, A − p
l, P Q

B

)
2βRt

� 0

from which we can derive the firm A’s equilibrium product prices as functions of the product
quality of the two firms and firm B’s product price decision:

ph, P Q
1, A � βRt

2
+

r�
(

Qh, P Q
A − Ql, P Q

1, B

)
+ (1 − r)θ Rd

2
+

pl, P Q
B

2

ph, P Q
2, A � βRt

2
+

r�
(

Qh, P Q
A − Ql, P Q

2, B

)
+ (1 − r )θξ

(
Qh, P Q

A − Ql, P Q
1, B

)
2

+
pl, P Q

B

2

From the above, when firm A has the same product prices in the two selling stages, i.e.
ph, P Q
1, A � ph, P Q

2, A , the two firms have unique equilibrium strategy set. Therefore, strategy PQ
cannot become an equilibrium strategy unless it is equal to strategy SQ

ModelQD:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, Q D
A �

⎡
⎣1 + r�

(
Qh, Q D

1, A − Ql, Q D
1, B

)
+ (1 − r)θ Rd −

(
ph, Q D

A − pl, Q D
1, B

)
2βRt

+
r�
(

Qh, Q D
2, A − Ql, Q D

2, B

)
+ (1 − r )θξ

(
Qh, Q D

1, A − Ql, Q D
1, B

)
−
(

ph, Q D
A − p

l, Q D

2, B

)
2β Rt

⎤
⎥⎦

ph, Q D
A − k(Qh, Q D

1, A )
2 − k(Qh, Q D

2, A )
2

π
l, Q D
B �

⎡
⎣1

2
−

r�
(

Qh, Q D
1, A − Ql, Q D

1, B

)
+ (1 − r)θ Rd −

(
ph, Q D

A − pl, Q D
1, B

)
2βRt

⎤
⎦pl, Q D

1, B

+

⎡
⎢⎣1

2
−

r�
(

Qh, Q D
2, A − Ql, Q D

2, B

)
+ (1 − r )θξ

(
Qh, Q D

1, A − Ql, Q D
1, B

)
−
(

ph, Q D
A − p

l, Q D

2, B

)
2β Rt

⎤
⎥⎦

pl, Q D
2, B − k(Ql, Q D

1, B )
2 − k(Ql, Q D

2, B )
2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π
l, Q D
B

∂pl, Q D
2, B

� 1

2
−

r�
(

Qh, Q D
2, A − Ql, Q D

2, B

)
+ (1 − r )θξ

(
Qh, Q D

1, A − Ql, Q D
1, B

)
−
(

ph, Q D
A − 2p

l, Q D

2, B

)
2βRt

� 0

∂π
h, Q D
A

∂ Qh, Q D
2, A

� r�ph, Q D
A

2βRt
− 2k Qh, Q D

2, A � 0
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∂π
l, Q D
B

∂ Ql, Q D
2, B

� r�pl, Q D
2, B

2βRt
− 2k Ql, Q D

2, B � 0

from which we can derive the firms’ equilibrium product quality in the second stage as
functions of the product prices charged by the firms:

Qh, Q D
2, A � r�ph, Q D

A

4kβRt

Ql, Q D
2, B � r�pl, Q D

2, B

4kβRt

And from the above first-order condition of the firm B’s profit function, we can obtain the
equilibrium product price decision of firm B in the second stage as a function of the product
quality provided by the two firms and firm A’s product price decision in the first stage:

pl, Q D
2, B � βRt

2
−

r�
(

Qh, Q D
2, A − Ql, Q D

2, B

)
+ (1 − r)θξ

(
Qh, Q D

1, A − Ql, Q D
1, B

)
2

+
ph, Q D

A

2

And then, we derive the firms’ equilibrium product quality decisions in the first stage. The
two firms’ optimization problems about product quality in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
h, Q D
A

∂ Qh, Q D
1, A

� [r� + (1 − r )θξ ]ph, Q D
A

2βRt
− 2k Qh, Q D

1, A � 0

∂π
l, Q D
B

∂ Ql, Q D
1, B

� r�pl, Q D
1, B

2βRt
+
(1 − r )θξpl, Q D

2, B

2βRt
− 2k Ql, Q D

1, B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices charged by the firms in the two selling stages:

Qh, Q D
1, A � [r� + (1 − r )θξ ]ph, Q D

A

4kβRt

Ql, Q D
1, B � r�pl, Q D

1, B

4kβRt
+
(1 − r )θξpl, Q D

2, B

4kβRt

Afterwards, we derive the firms’ equilibrium product pricing decisions in the first stage.
The two firms’ optimization problems about product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
h, Q D
A

∂ph, Q D
A

� 1 +
r�

(
Qh, Q D

1, A − Ql, Q D
1, B

)
+ (1 − r ) θ Rd −

(
2ph, Q D

A − p
l, Q D

1, B

)
2βRt

+
r�

(
Qh, Q D

2, A − Ql, Q D
2, B

)
+ (1 − r ) θξ

(
Qh, Q D

1, A − Ql, Q D
1, B

)
−
(
2ph, Q D

A − p
l, Q D

2, B

)
2βRt

� 0

∂π
l, Q D
B

∂pl, Q D
1, B

� 1

2
−

r�
(

Qh, Q D
1, A − Ql, Q D

1, B

)
+ (1 − r)θ Rd −

(
ph, Q D

A − 2p
l, Q D

1, B

)
2βRt

� 0
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from which we can derive the firms’ equilibrium product prices in the first stage as functions
of the product quality level provided by the firms in the first stage:

ph, Q D
A � pl, Q D

1, B + pl, Q D
2, B

2
+
[r� + (1 − r ) θξ ]

(
Qh, Q D

1, A − Ql, Q D
1, B

)
3

+
r�

(
Qh, Q D

2, A − Ql, Q D
2, B

)
3

+
(1 − r ) θ Rd

3

pl, Q D
1, B + pl, Q D

2, B � 2βRt −
[r� + (1 − r ) θξ ]

(
Qh, Q D

1, A − Ql, Q D
1, B

)
3

−
r�

(
Qh, Q D

2, A − Ql, Q D
2, B

)
3

− (1 − r ) θ Rd

3

From the above, when firm B has the same product prices in the two selling stages, i.e.
pl, Q D
1, B � pl, Q D

2, B , the two firms have unique equilibrium strategy set. Therefore, strategy QD
cannot become an equilibrium strategy unless it is equal to strategy QQ

Model DP:

First, substituting demand functions into the rival firms’ profit functions, the firms’ profit
functions can be expressed as follows

π
h, D P
A �

⎡
⎣1

2
+

r�
(

Qh, D P
1, A − Ql, D P

B

)
+ (1 − r ) θ Rd −

(
ph, D P
1, A − pl, D P

1, B

)
2βRt

⎤
⎦ ph, D P

1, A +

⎡
⎢⎣1

2

+
r�

(
Qh, D P

2, A − Ql, D P
B

)
+ (1 − r )θξ

(
Qh, D P

1, A − Ql, D P
B

)
−
(

ph, D P
2, A − p

l, D P

2, B

)
2β Rt

⎤
⎥⎦ ph, D P

2, A

− k
(

Qh, D P
1, A

)2 − k
(

Qh, D P
2, A

)2

π
l, D P
B �

⎡
⎣1

2
−

r�
(

Qh, D P
1, A − Ql, D P

B

)
+ (1 − r ) θ Rd −

(
ph, D P
1, A − pl, D P

1, B

)
2βRt

⎤
⎦ pl, D P

1, B +

⎡
⎢⎣1

2

−
r�

(
Qh, D P

2, A − Ql, D P
B

)
+ (1 − r )θξ

(
Qh, D P

1, A − Ql, D P
B

)
−
(

ph, D P
2, A − p

l, D P

2, B

)
2β Rt

⎤
⎥⎦ pl, D P

2, B

− k(Ql, D P
B )

2

Next, we use reverse derivation to obtain firms’ equilibrium solutions. The two firms’
optimization problems in the second stage are characterized by the first-order conditions of
their respective profit functions:

∂π
h, D P
A

∂ph, D P
2, A

� 1

2
+

r�
(

Qh, D P
2, A − Ql, D P

B

)
+ (1 − r )θξ

(
Qh, D P

1, A − Ql, D P
B

)
−
(
2ph, D P

2, A − p
l, D P

2, B

)
2βRt

� 0
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∂π
l, D P
B

∂pl, D P
2, B

� 1

2
−

r�
(

Qh, D P
2, A − Ql, D P

B

)
+ (1 − r )θξ

(
Qh, D P

1, A − Ql, D P
B

)
−
(

ph, D P
2, A − 2p

l, D P

2, B

)
2βRt

� 0

∂π
h, D P
A

∂ Qh, D P
2, A

� r�ph, D P
2, A

2βRt
− 2k Qh, D P

2, A � 0

from which we can derive the firms’ equilibrium product prices in the second stage as func-
tions of the product quality provided by the firms in the two selling stages:

ph, D P
2, A � pl, D P

2, B +
2r�

(
Qh, D P

2, A − Ql, D P
B

)
3

+
2(1 − r )θξ

(
Qh, D P

1, A − Ql, D P
B

)
3

pl, D P
2, B � βRt −

r�
(

Qh, D P
2, A − Ql, D P

B

)
3

−
(1 − r )θξ

(
Qh, D P

1, A − Ql, D P
B

)
3

And from the above first-order condition of the firm A’s profit function, we can obtain the
equilibrium product quality of firm A in the second stage as a function of its product price
in the second stage:

Qh, D P
2, A � r�ph, D P

2, A

4kβRt

And then, we derive the firms’ equilibrium product quality decisions in the first stage. The
two firms’ optimization problems about product quality in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
h, D P
A

∂ Qh, D P
1, A

� r�ph, D P
1, A

2βRt
+
(1 − r )θξph, D P

2, A

2βRt
− 2k Qh, D P

1, A � 0

∂π
l, D P
B

∂ Ql, D P
B

� r�pl, D P
1, B

2βRt
+
[r� + (1 − r )θξ ]pl, D P

2, B

2βRt
− 2k Ql, D P

B � 0

fromwhich we can derive the firms’ equilibrium product quality in the first stage as functions
of the product prices charged by the firms in the two selling stages:

Qh, D P
1, A � r�ph, D P

1, A

4kβRt
+
(1 − r )θξph, D P

2, A

4kβRt

Ql, D P
B � r�pl, D P

1, B

4kβRt
+
[r� + (1 − r )θξ ]pl, D P

2, B

4kβRt

Afterwards, we derive the firms’ equilibrium product pricing decisions in the first stage.
The two firms’ optimization problems about product prices in the first stage are characterized
by the first-order conditions of their profit functions:

∂π
h, D P
A

∂ph, D P
1, A

� 1

2
+

r�
(

Qh, D P
1, A − Ql, D P

B

)
+ (1 − r)θ Rd −

(
2ph, D P

1, A − p
l, D P

1, B

)
2βRt

� 0

∂π
l, D P
B

∂pl, D P
1, B

� 1

2
−

r�
(

Qh, D P
1, A − Ql, D P

B

)
+ (1 − r)θ Rd −

(
ph, D P
1, A − 2p

l, D P

1, B

)
2βRt

� 0
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from which we can derive the firms’ equilibrium product prices in the first stage as functions
of the product quality level provided by the firms in the first stage:

ph, D P
1, A � pl, D P

1, B +
2

3
r�
(

Qh, D P
1, A − Ql, D P

B

)
+
2(1 − r)θ Rd

3

pl, D P
1, B � βRt − 1

3
r�
(

Qh, D P
1, A − Ql, D P

B

)
− (1 − r)θ Rd

3

Substituting the obtained expressions of equilibrium product prices into the expressions
of equilibrium product quality, we derive the equilibrium product prices and quality level:

ph, D P∗
1, A � βRt +

(1 − r )θ Rd

3
+

r�
(

Qh, D P∗
1, A − Ql, D P∗

B

)
3

pl, D P∗
1, B � βRt − (1 − r )θ Rd

3
−

r�
(

Qh, D P∗
1, A − Ql, D P∗

B

)
3

ph, D P∗
2, A � βRt +

r�
(

Qh, D P∗
2, A − Ql, D P∗

B

)
3

+
(1 − r )θξ

(
Qh, D P∗

1, A − Ql, D P∗
B

)
3

pl, D P∗
2, B � βRt −

r�
(

Qh, D P∗
2, A − Ql, D P∗

B

)
3

−
(1 − r )θξ

(
Qh, D P∗

1, A − Ql, D P∗
B

)
3

Qh, D P∗
1, A � r�ph, D P∗

1, A

4kβRt
+
(1 − r )θξph, D P∗

2, A

4kβRt

Qh, D P∗
2, A � r�ph, D P∗

2, A

4kβRt

Ql, D P∗
B � r�pl, D P∗

1, B

4kβRt
+

r� + (1 − r )θξ

4kβRt
pl, D P∗
2, B

Qh, D P∗
2, A − Ql, D P∗

B

� (1 − r ) θ Rdr� [12kβRt + 3r� (1 − r ) θξ ] − 3βRt [r� + (1 − r )θξ ]
{
12kβRt − 2[(1 − r ) θξ ]2 − r2�2

}
(12kβRt − χ)

{
12kβRt − χ + 2[(1 − r )θξ ]2

}− [r� + (1 − r )θξ ]2
{
2r� (1 − r ) θξ + r2�2

}

Qh, D P∗
1, A − Ql, D P∗

B

�
[
2r� (1 − r ) θξ + r2�2

] (
Qh, D P∗

2, A − Ql, D P∗
B

)
+ 2r� (1 − r ) θ Rd − 3βRtr�

12kβRt − 2r2�2 − 2[(1 − r ) θξ ]2 − r�(1 − r )θξ

With the above equilibrium product prices and equilibrium product quality, we derive the
equilibrium profits:

π
h, D P∗
A �

⎡
⎣ 1

2
+

r�
(

Qh, D P∗
1, A − Ql, D P∗

B

)
+ (1 − r) θ Rd −

(
ph, D P∗
1, A − pl, D P∗

1, B

)
2βRt

⎤
⎦ ph, D P∗

1, A

+

⎡
⎣ 1

2
+

r�
(

Qh, D P∗
2, A − Ql, D P∗

B

)
+ (1 − r) θξ

(
Qh, D P∗

1, A − Ql, D P∗
B

)
−
(

ph, D P∗
2, A − pl, D P∗

2, B

)
2βRt

⎤
⎦ ph, D P∗

2, A

− k
(

Qh, D P∗
1, A

)2 − k
(

Qh, D P∗
2, A

)2

123



492 Annals of Operations Research (2023) 326:411–503

π
l, D P∗
B �

⎡
⎣ 1

2
−

r�
(

Qh, D P∗
1, A − Ql, D P∗

B

)
+ (1 − r)θ Rd −

(
ph, D P∗
1, A − pl, D P∗

1, B

)
2βRt

⎤
⎦pl, D P∗

1, B

+

⎡
⎣ 1

2
−

r�
(

Qh, D P∗
2, A − Ql, D P∗

B

)
+ (1 − r)θξ

(
Qh, D P∗

1, A − Ql, D P∗
B

)
−
(

ph, D P∗
2, A − pl, D P∗

2, B

)
2βRt

⎤
⎦pl, D P∗

2, B

− k
(

Ql, D P∗
B

)2

where χ � 2r2�2 + r�(1 − r)θξ + 2[(1 − r )θξ ]2

Proof of Comparison betweenModel SQ andModel SS

ph, SQ∗
A − ph, SS∗

A � βRt
(
ϑ2 − �

)[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
(
24kβRt − � − ϑ2

)(
12kβRt − ϑ2

)
From the conditions of interior solutions of Model SQ, it is easy to obtain � + ϑ2 <

24kβRt and ϑ2 < 12kβRt . In this case, ph, SQ∗
A − ph, SS∗

A has a positive denominator. Thus,

whether ph, SQ∗
A − ph, SS∗

A is positive or negative depends on the numerator. For the numerator,
0 < βRt is satisfied. Moreover, from the conditions of interior solutions, 2k(1 − r)θ Rd +
ϑ2 < 12kβRt is satisfied. Thus, whether the numerator is positive or negative depends on
ϑ2 − � . By deriving ϑ2 − � , we obtain that ϑ2 − � � 2r�[r� + (1 − r)θξ ]. Obviously,
0 < 2r�[r� + (1 − r)θξ ] is satisfied. Therefore, the numerator is also positive and ph, SS∗

A <

ph, SQ∗
A

pl, SQ∗
B − pl, SS∗

B � βRt
(
� − ϑ2

)[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
(
24kβRt − � − ϑ2

)(
12kβRt − ϑ2

)
Like the proof of ph, SQ∗

A − ph, SS∗
A , pl, SQ∗

B − pl, SS∗
B has a positive denominator. In this case,

whether pl, SQ∗
B − pl, SS∗

B is positive or negative depends on the numerator. For the numerator,
0 < βRt is satisfied. Moreover, from the conditions of interior solutions, 2k(1 − r)θ Rd +
ϑ2 < 12kβRt is satisfied. Thus, whether the numerator is positive or negative depends
on � − ϑ2. By deriving � − ϑ2, we obtain that � − ϑ2 � −2r�[r� + (1 − r)θξ ].
Obviously, −2r�[r� + (1 − r)θξ ] < 0 is satisfied. Therefore, the numerator is negative
and pl, SQ∗

B < pl, SS∗
B

Qh, SQ∗
A − Qh, SS∗

A � τ
(
ϑ2 − �

)[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
4k
(
24kβRt − � − ϑ2

)(
12kβRt − ϑ2

)
Like the proof of ph, SQ∗

A − ph, SS∗
A , Qh, SQ∗

A −Qh, SS∗
A has a positive denominator and 0 < τ

is satisfied.Moreover, from the conditions of interior solutions, 2k(1 − r)θ Rd+ϑ2 < 12kβRt
is satisfied. Thus, whether Qh, SQ∗

A − Qh, SS∗
A is positive or negative depends on the value of

ϑ2 − � . Because � < ϑ2 in this paper, therefore Qh, SS∗
A < Qh, SQ∗

A is satisfied
Ql, SQ∗

1, B − Ql, SS∗
B

�
[
12kβRt − 2k (1 − r ) θ Rd − ϑ2

] {(
24kβRt − 2ϑ2

)
[r� + (1 − r )θξ ] − (

24kβRt − � − ϑ2
)
ϑ
}

4k
(
24kβRt − � − ϑ2

) (
12kβRt − ϑ2

)

Like the proof of pl, SQ∗
B − pl, SS∗

B , Ql, SQ∗
1, B − Ql, SS∗

B has a positive denomina-
tor. And from the conditions of interior solutions, we can obtain 2k(1 − r)θ Rd +
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ϑ2 < 12kβRt . Thus, whether Ql, SQ∗
1, B − Ql, SS∗

B is positive or negative depends on(
24kβRt − 2ϑ2

)
[r� + (1 − r )θξ ]− (24kβRt − � − ϑ2

)
ϑ . Because � < ϑ2 in this paper,

24kβRt − 2ϑ2 < 24kβRt − � − ϑ2 is satisfied. Moreover, r� + (1 − r)θξ < ϑ is always
satisfied, therefore

(
24kβRt − 2ϑ2

)
[r� + (1 − r )θξ ] <

(
24kβRt − � − ϑ2

)
ϑ , and thus

Ql, SQ∗
1, B < Ql, SS∗

B can be obtained

Ql, SQ∗
2, B − Ql, SS∗

B

�
[
12kβRt − 2k (1 − r ) θ Rd − ϑ2

] {
2r�

(
12kβRt − ϑ2

)− (
24kβRt − � − ϑ2

)
ϑ
}

4k
(
24kβRt − � − ϑ2

) (
12kβRt − ϑ2

)
Like the proof of Ql, SQ∗

1, B −Ql, SS∗
B ,whether Ql, SQ∗

2, B −Ql, SS∗
B is positive or negative depends

on 2r�
(
12kβRt − ϑ2

) − (
24kβRt − � − ϑ2

)
ϑ . Because 2r� < # and 12kβRt − ϑ2 <

24kβRt −� −ϑ2 in this paper, we can obtain 2r�
(
12kβRt − ϑ2

)
<
(
24kβRt − � − ϑ2

)
ϑ .

Therefore, Ql, SQ∗
2, B < Ql, SS∗

B is satisfied

π
h, SQ∗
A − π

h, SS∗
A �

(
ϑ2 − �

)(
16kβRt − ϑ2

)[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]
16k

(
24kβRt − � − ϑ2

)2(12kβRt − ϑ2
)2

It is easy to see from the expression of πh, SQ∗
A −π

h, SS∗
A that it has a positive denominator.

Thus, whether π
h, SQ∗
A − π

h, SS∗
A is positive or negative depends on the numerator. For the

numerator, 2k(1 − r)θ Rd + ϑ2 < 12kβRt , ϑ2 < 16kβRt and � < ϑ2 are all satisfied.
Therefore, πh, SS∗

A < π
h, SQ∗
A is satisfied

π
l, SQ∗
B − π

l, SS∗
B

�

[
12kβRt − 2k (1 − r ) θ Rd − ϑ2

]2 [
4
(
16kβR t − �

) (
12kβRt − ϑ2

)2 −
(
16kβRt − ϑ2

) (
24kβRt − � − ϑ2

)2]

16k
(
24kβRt − � − ϑ2

)2(12kβRt − ϑ2
)2

It is easy to see from the expression of π
l, SQ∗
B − π

l, SS∗
B that it has a positive

denominator. Thus, whether π
l, SQ∗
B − π

l, SS∗
B is positive or negative depends on

the numerator. For the numerator, 0 <
[
12kβRt − 2k(1 − r)θ Rd − ϑ2

]2
is always

satisfied. In this case, whether the numerator is positive or negative depends on

4(16kβRt − �)
(
12kβRt − ϑ2

)2 − (
16kβRt − ϑ2

)(
24kβRt − � − ϑ2

)2
. To determine

the value of 4(16kβRt − �)
(
12kβRt − ϑ2

)2 − (
16kβRt − ϑ2

)(
24kβRt − � − ϑ2

)2
, we

rewrite it as
[√

16kβRt − �
(
24kβRt − 2ϑ2

)
+
√
16kβRt − ϑ2

(
24kβRt − � − ϑ2

)] •[√
16kβRt − �

(
24kβRt − 2ϑ2

)−√
16kβRt − ϑ2

(
24kβRt − � − ϑ2

)]
. From the

concavity conditions and the conditions of interior solutions, it is easy to obtain

0 <
[√

16kβRt − �
(
24kβRt − 2ϑ2

)
+
√
16kβRt − ϑ2

(
24kβRt − � − ϑ2

)]
. Thus, to

determine whether the numerator is positive or negative, we only need to determine the value
of

√
16kβRt − �

(
24kβRt − 2ϑ2

) − √
16kβRt − ϑ2

(
24kβRt − � − ϑ2

)
. To determine

the value of
√
16kβRt − �

(
24kβRt − 2ϑ2

) − √
16kβRt − ϑ2

(
24kβRt − � − ϑ2

)
,

we rewrite it as
(
12kβRt − ϑ2

)(√
16kβRt − � −√

16kβRt − ϑ2
)

−[
(12kβRt − �)

√
16kβRt − ϑ2 − (

12kβRt − ϑ2
)√

16kβRt − �
]
. Because(

12kβRt − ϑ2
)√

16kβRt − � < (12kβRt − �)
√
16kβRt − ϑ2 in this paper, we

can obtain that the value of
(
12kβRt − ϑ2

)(√
16kβRt − � −√

16kβRt − ϑ2
)

−
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[
(12kβRt − �)

√
16kβRt − ϑ2 − (

12kβRt − ϑ2
)√

16kβRt − �
]

depends on the cost

efficiency k and the corresponding threshold level. Specifically, π
l, SS∗
B < π

l, SQ∗
B , if

k >

(
12kβRt−ϑ2−�

)√
16kβRt−ϑ2−(12kβRt−2ϑ2)√16kβRt−�

12βRt
(√

16kβRt−�−
√

16kβRt−ϑ2
) ; otherwise, π l, SQ∗

B < π
l, SS∗
B

Proof of Comparison betweenModel SQ andModelQQ

ph, SQ∗
A − ph, Q Q∗

A � βRt
(
ϑ2 − �

)
[12kβRt + 2k(1 − r)θ Rd − � ](

24kβRt − � − ϑ2
)
(12kβRt − �)

From the conditions of interior solutions of Models SQ and QQ, it is easy to obtain � +
ϑ2 < 24kβRt and � < 12kβRt . In this case, ph, SQ∗

A − ph, Q Q∗
A has a positive denominator.

Thus, whether ph, SQ∗
A − ph, Q Q∗

A is positive or negative depends on the numerator. For
the numerator, 0 < βRt is satisfied. Moreover, from the conditions of interior solutions,
� < 12kβRt +2k(1 − r)θ Rd is satisfied. Thus, whether the numerator is positive or negative
depends on ϑ2 − � . By deriving ϑ2 − � , we obtain that ϑ2 − � � 2r�[r� + (1 − r)θξ ].
Obviously, 0 < 2r�[r� + (1 − r)θξ ] is satisfied. Therefore, the numerator is also positive
and ph, Q Q∗

A < ph, SQ∗
A

pl, SQ∗
B − pl, Q Q∗

B � βRt
(
� − ϑ2

)
[12kβRt + 2k(1 − r)θ Rd − � ](

24kβRt − � − ϑ2
)
(12kβRt − �)

Like the proof of ph, SQ∗
A − ph, Q Q∗

A , pl, SQ∗
B − pl, Q Q∗

B has a positive denominator. In

this case, whether pl, SQ∗
B − pl, Q Q∗

B is positive or negative depends on the numerator. For
the numerator, 0 < βRt is satisfied. Moreover, from the conditions of interior solutions,
� < 12kβRt +2k(1 − r)θ Rd is satisfied. Thus, whether the numerator is positive or negative
depends on� −ϑ2. By deriving� −ϑ2, we obtain that� −ϑ2 � −2r�[r� + (1 − r)θξ ].
Obviously,−2r�[r� + (1 − r)θξ ] < 0 is satisfied. Therefore, the numerator is negative and
pl, SQ∗

B < pl, Q Q∗
B

Qh, SQ∗
A − Qh, Q Q∗

1, A

� [12kβRt + 2k (1 − r ) θ Rd − � ]
{
ϑ (24kβRt − 2� ) − [r� + (1 − r )θξ ]

(
24kβRt − � − ϑ2

)}
4k
(
24kβRt − � − ϑ2

)
(12kβRt − � )

Like the proof of ph, SQ∗
A − ph, Q Q∗

A , Qh, SQ∗
A − Qh, Q Q∗

1, A has a positive denominator.
And from the conditions of interior solutions, we can obtain � < 12kβRt + 2k(1 − r)θ Rd .
Thus, whether Qh, SQ∗

A − Qh, Q Q∗
1, A is positive or negative depends on ϑ(24kβRt − 2�) −

[r� + (1 − r )θξ ]
(
24kβRt − � − ϑ2

)
. Because � < ϑ2 in this paper, 24kβRt − � − ϑ2 <

24kβRt − 2� is satisfied. Moreover, r� + (1 − r)θξ < ϑ is always satisfied, therefore
[r� + (1 − r )θξ ]

(
24kβRt − � − ϑ2

)
< ϑ(24kβRt − 2�), and thus Qh, Q Q∗

1, A < Qh, SQ∗
A can

be obtained

Qh, SQ∗
A − Qh, Q Q∗

2, A � [12kβRt + 2k(1 − r)θ Rd − � ]
{
ϑ(24kβRt − 2�) − r�

(
24kβRt − � − ϑ2

)}
4k
(
24kβRt − � − ϑ2

)
(12kβRt − �)

Like the proof Qh, SQ∗
A − Qh, Q Q∗

1, A , whether Qh, SQ∗
A − Qh, Q Q∗

2, A is positive or neg-

ative depends on ϑ(24kβRt − 2�) − r�
(
24kβRt − � − ϑ2

)
. Because r� < # and
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24kβRt − � − ϑ2 < 24kβRt − 2� in this paper, we can obtain r�
(
24kβRt − � − ϑ2

)
<

ϑ(24kβRt − 2�). Therefore, Qh, Q Q∗
2, A < Qh, SQ∗

A is satisfied

Ql, SQ∗
1, B − Ql, Q Q∗

1, B �
(
� − ϑ2

)
[r� + (1 − r )θξ ][12kβRt + 2k(1 − r)θ Rd − � ]

4k
(
24kβRt − � − ϑ2

)
(12kβRt − �)

Like the proof of Qh, SQ∗
A − Qh, Q Q∗

1, A , whether Ql, SQ∗
1, B − Ql, Q Q∗

1, B is positive or negative

depends on � − ϑ2. Because � < ϑ2 in this paper, therefore Ql, SQ∗
1, B < Ql, Q Q∗

1, B

Ql, SQ∗
2, B − Ql, Q Q∗

2, B � r�
(
� − ϑ2

)
[12kβRt + 2k(1 − r)θ Rd − � ]

4k
(
24kβRt − � − ϑ2

)
(12kβRt − �)

Like the proof of Ql, SQ∗
1, B − Ql, Q Q∗

1, B , we obtain Ql, SQ∗
2, B < Ql, Q Q∗

2, B
π

h, SQ∗
A − π

h, Q Q∗
A

�
[
12kβRt + 2k (1 − r ) θ Rd − �

]2 [4 (16kβR t − ϑ2
) (

12kβRt − �
)2 − (

16kβRt − �
) (

24kβRt − � − ϑ2
)2]

16k
(
24kβRt − � − ϑ2

)2(12kβR t − �
)2

It is easy to see from the expression of π
h, SQ∗
A − π

h, Q Q∗
A that it has a positive

denominator. Thus, whether π
h, SQ∗
A − π

h, Q Q∗
A is positive or negative depends on

the numerator. For the numerator, 0 < [12kβRt + 2k(1 − r)θ Rd − � ]2 is always
satisfied. In this case, whether the numerator is positive or negative depends on

4
(
16kβRt − ϑ2

)
(12kβRt − �)2 − (16kβRt − �)

(
24kβRt − � − ϑ2

)2
. To determine

the value of 4
(
16kβRt − ϑ2

)
(12kβRt − �)2 − (16kβRt − �)

(
24kβRt − � − ϑ2

)2
, we

rewrite it as
[√

16kβRt − ϑ2(24kβRt − 2�) +
√
16kβRt − �

(
24kβRt − � − ϑ2

)] •[√
16kβRt − ϑ2(24kβRt − 2�) − √

16kβRt − �
(
24kβRt − � − ϑ2

)]
. From the

concavity conditions and the conditions of interior solutions, it is easy to obtain
0 <

√
16kβRt − ϑ2(24kβRt − 2�) +

√
16kβRt − �

(
24kβRt − � − ϑ2

)
. Thus, to

determine whether the numerator is positive or negative, we only need to determine the
value of

√
16kβRt − ϑ2(24kβRt − 2�) − √

16kβRt − �
(
24kβRt − � − ϑ2

)
. To deter-

mine the value of
√
16kβRt − ϑ2(24kβRt − 2�) − √

16kβRt − �
(
24kβRt − � − ϑ2

)
,

we rewrite it as (12kβRt − �)
(√

16kβRt − ϑ2 − √
16kβRt − �

)
−[(

12kβRt − ϑ2
)√

16kβRt − � − (12kβRt − �)
√
16kβRt − ϑ2

]
. Because(

12kβRt − ϑ2
)√

16kβRt − � < (12kβRt − �)
√
16kβRt − ϑ2 in this paper, we

can obtain that the value of (12kβRt − �)
(√

16kβRt − ϑ2 − √
16kβRt − �

)
−[(

12kβRt − ϑ2
)√

16kβRt − � − (12kβRt − �)
√
16kβRt − ϑ2

]
depends on the cost

efficiency k and the corresponding threshold level. Specifically, π
h, SQ∗
A < π

h, Q Q∗
A , if

k >
(12kβRt−2�)

√
16kβRt−ϑ2−(12kβRt−�−ϑ2)√16kβRt−�

12βRt
(√

16kβRt−�−
√

16kβRt−ϑ2
) ; otherwise, πh, Q Q∗

A < π
h, SQ∗
A

π
l, SQ∗
B − π

l, Q Q∗
B �

(
� − ϑ2

)
(16kβRt − �)[12kβRt + 2k(1 − r)θ Rd − � ]

16k
(
24kβRt − � − ϑ2

)2
(12kβRt − �)2

It is easy to see from the expression of π l, SQ∗
B −π

l, Q Q∗
B that it has a positive denominator.

Thus, whether π
l, SQ∗
B − π

l, Q Q∗
B is positive or negative depends on the numerator. For the
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numerator, � < 12kβRt + 2k(1 − r)θ Rd , � < 16kβRt and � < ϑ2 are all satisfied.
Therefore, π l, SQ∗

B < π
l, Q Q∗
B is satisfied

Proof of Proposition 6

PROOF Comparison results of the equilibrium solutions inModelsQQ and SS are as follows:

Qh, Q Q∗
1, A − Qh, SS∗

A

� −r� [12kβRt − � + 2k (1 − r ) θ Rd ]
(
12kβRt − ϑ2

)− 2k (1 − r ) θ Rdϑ
(
ϑ2 − �

)
4k (12kβRt − � )

(
12kβRt − ϑ2

)

From the conditions of interior solutions, � < 12kβRt and ϑ2 < 12kβRt are always
satisfied. In this case, Qh, Q Q∗

1, A −Qh, SS∗
A has a positive denominator. Thus, whether Qh, Q Q∗

1, A −
Qh, SS∗

A is positive or negative depends on the value of the numerator. For the numerator,
0 < r , 0 < � and � < 12kβRt + 2k(1 − r)θ Rd are always satisfied. Moreover, � < ϑ2

in this paper. Hence, the numerator −r�[12kβRt − � + 2k(1 − r)θ Rd ]
(
12kβRt − ϑ2

) −
2k(1 − r)θ Rdϑ

(
ϑ2 − �

)
< 0. Therefore, we obtain Qh, Q Q∗

1, A < Qh, SS∗
A

Qh, Q Q∗
2, A − Qh, SS∗

A

� −2k (1 − r ) θ Rdϑ
(
ϑ2 − �

)− [r� + (1 − r ) θξ ]
(
12kβRt − ϑ2

)
[12kβRt − � + 2k (1 − r ) θ Rd ]

4k (12kβRt − � )
(
12kβRt − ϑ2

)

Like the proof of Qh, Q Q∗
1, A − Qh, SS∗

A , it is easy to derive that Qh, Q Q∗
2, A − Qh, SS∗

A

Ql, Q Q∗
1, B − Ql, SS∗

B

� 2k (1 − r ) θ Rd
[
r�

(
12kβRt − ϑ2

)
+ ϑ

(
ϑ2 − �

)]− r� (12kβRt − � )
(
12kβRt − ϑ2

)
4k (12kβRt − � )

(
12kβRt − ϑ2

)
From the conditions of interior solutions, � < 12kβRt and ϑ2 < 12kβRt are

always satisfied. In this case, Ql, Q Q∗
1, B − Ql, SS∗

B has a positive denominator. Thus, whether

Ql, Q Q∗
1, B −Ql, SS∗

B is positive or negative depends on the value of the numerator. For the numer-

ator, � < ϑ2 and 0 < k(1 − r)θ Rd are always satisfied. In this case, whether the numerator
2k(1 − r)θ Rd

[
r�
(
12kβRt − ϑ2

)
+ ϑ

(
ϑ2 − �

)]−r�(12kβRt − �)
(
12kβRt − ϑ2

)
is pos-

itive or negative depends on Rd and its corresponding threshold level. Specifically, if Rd >
r�(12kβRt−�)

(
12kβRt−ϑ2

)
2k(1−r )θ[r�(12kβRt−ϑ2)+ϑ(ϑ2−�)] , then the numerator is positive and thus Ql, SS∗

B < Ql, Q Q∗
1, B ;

otherwise, Ql, Q Q∗
1, B < Ql, SS∗

B

Ql, Q Q∗
2, B − Ql, SS∗

B

�
2k (1 − r ) θ Rd

{
[r� + (1 − r )θξ ]

(
12kβRt − ϑ2

)
+ ϑ

(
ϑ2 − �

)}
− [r� + (1 − r )θξ ]

(
12kβRt − �

) (
12kβR t − ϑ2

)
4k
(
12kβRt − �

) (
12kβRt − ϑ2

)

Like the proof of Ql, Q Q∗
1, B − Ql, SS∗

B , it is easy to derive that whether Ql, Q Q∗
2, B − Ql, SS∗

B
is positive or negative depends on Rd and its corresponding threshold level. Specifically,

if Rd >
(12kβRt−�)

(
12kβRt−ϑ2)[r�+(1−r)θξ ]

2k(1−r )θ{[r�+(1−r)θξ ](12kβRt−ϑ2)+ϑ(ϑ2−�)} , then Ql, SS∗
B < Ql, Q Q∗

2, B ; otherwise,

Ql, Q Q∗
2, B < Ql, SS∗

B

ph, Q Q∗
A − ph, SS∗

A � 2k(1 − r)θ RdβRt
(
� − ϑ2

)
(12kβRt − �)

(
12kβRt − ϑ2

)
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From the conditions of interior solutions, � < 12kβRt and ϑ2 < 12kβRt are always
satisfied. In this case, ph, Q Q∗

A − ph, SS∗
A has a positive denominator. Thus, whether ph, Q Q∗

A −
ph, SS∗

A is positive or negative depends on the value of the numerator. For the numerator,
0 < βRt , 0 < 2k(1 − r)θ Rd and � < ϑ2 are always satisfied. Therefore, the numerator is
negative and thus ph, Q Q∗

A < ph, SS∗
A can be obtained

pl, Q Q∗
B − pl, SS∗

B � 2k(1 − r)θ RdβRt
(
ϑ2 − �

)
(12kβRt − �)

(
12kβRt − ϑ2

)
Like the proof of ph, Q Q∗

A − ph, SS∗
A , it is easy to prove that pl, SS∗

B < pl, Q Q∗
B

π
h, Q Q∗
A − π

h, SS∗
A � (16kβRt − � )

(
12kβRt − ϑ2

)2
[12kβRt − � + 2k (1 − r ) θ Rd ]2

16k(12kβRt − � )2
(
12kβRt − ϑ2

)2

−
(
16kβRt − ϑ2

)
(12kβRt − � )2

[
12kβRt − ϑ2 + 2k (1 − r ) θ Rd

]2
16k(12kβRt − � )2

(
12kβRt − ϑ2

)2
It is easy to see from the expression of πh, Q Q∗

A −π
h, SS∗
A that it has a positive denominator.

Thus, whetherπh, Q Q∗
A −π

h, SS∗
A is positive or negative depends on the value of the numerator.

To determine whether the numerator is positive or negative, we rewrite the numerator as{√
16kβRt − � [12kβRt − � + 2k(1 − r)θ Rd ]

(
12kβRt − ϑ2

)
+
√
16kβRt − ϑ2[12kβRt

−ϑ2 + 2k(1 − r)θ Rd
]
(12kβRt − �)

} · {√
16kβRt − � [12kβRt − � + 2k(1 − r)θ Rd ](

12kβRt − ϑ2
)−√

16kβRt − ϑ2
[
12kβRt − ϑ2 + 2k(1 − r)θ Rd

]
(12kβRt − �)

}
.

Due to 0 <
√
16kβRt − � [12kβRt − � + 2k(1 − r)θ Rd ]

(
12kβRt − ϑ2

)
+√

16kβRt − ϑ2
[
12kβRt − ϑ2 + 2k(1 − r)θ Rd

]
(12kβRt − �), the numerator is positive or

negative depending on
√
16kβRt − � [12kβRt − � + 2k(1 − r)θ Rd ]

(
12kβRt − ϑ2

) −√
16kβRt − ϑ2

[
12kβRt − ϑ2 + 2k(1 − r)θ Rd

]
(12kβRt − �). Further, we

rewrite
√
16kβRt − � [12kβRt − � + 2k(1 − r)θ Rd ]

(
12kβRt − ϑ2

) −√
16kβRt − ϑ2

[
12kβRt − ϑ2 + 2k(1 − r)θ Rd

]
(12kβRt − �) as

2k(1 − r)θ Rd

[√
16kβRt − �

(
12kβRt − ϑ2

)−√
16kβRt − ϑ2(12kβRt − �)

]
−(

12kβRt − ϑ2
)
(12kβRt − �)

(√
16kβRt − ϑ2 − √

16kβRt − �
)
. Because � <

ϑ2 is always satisfied,
√
16kβRt − ϑ2 − √

16kβRt − ϕ < 0. Moreover,(
12kβRt − ϑ2

)√
16kβRt − � < (12kβRt − �)

√
16kβRt − ϑ2 in this paper. Thus,

2k(1 − r)θ Rd

[√
16kβRt − �

(
12kβRt − ϑ2

)−√
16kβRt − ϑ2(12kβRt − �)

]
−(

12kβRt − ϑ2
)
(12kβRt − �)

(√
16kβRt − ϑ2 − √

16kβRt − �
)

is positive or neg-

ative depending on Rd and its corresponding threshold level. Specifically, if

Rd <
(12kβRt−�)

(
12kβRt−ϑ2

)(√
16kβRt−�−

√
16kβRt−ϑ2

)

2k(1−r )θ
[
(12kβRt−�)

√
16kβRt−ϑ2−(12kβRt−ϑ2)

√
16kβRt−�

] , then π
h, SS∗
A < π

h, Q Q∗
A ;

otherwise, πh, Q Q∗
A < π

h, SS∗
A

π
l, Q Q∗
B − π

l, SS∗
B � (16kβRt − � ) [12kβRt − � − 2k (1 − r ) θ Rd ]2

(
12kβRt − ϑ2

)2
16k(12kβRt − � )2

(
12kβRt − ϑ2

)2

−
(
16kβRt − ϑ2

) [
12kβRt − ϑ2 − 2k (1 − r ) θ Rd

]2
(12kβRt − ϕ)2

16k(12kβRt − � )2
(
12kβRt − ϑ2

)2
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It is easy to see from the expression of π
l, Q Q∗
B − π

l, SS∗
B that it has a positive

denominator. Thus, whether π
l, Q Q∗
B − π

l, SS∗
B is positive or negative depends on the

value of the numerator. To determine whether the numerator is positive or negative,
we rewrite the numerator as

{√
16kβRt − � [12kβRt − � − 2k(1 − r)θ Rd ](12kβRt

−ϑ2
)
+
√
16kβRt − ϑ2

[
12kβRt − ϑ2 − 2k(1 − r)θ Rd

]
(12kβRt − �)

}
· {√16kβRt − �

[12kβRt − � − 2k(1 − r)θ Rd ]
(
12kβRt − ϑ2

)−√
16kβRt − ϑ2

[
12kβRt − ϑ2

−2k(1 − r)θ Rd ](12kβRt − �)}. Due to 0 <
√
16kβRt − � [12kβRt − �

−2k(1 − r)θ Rd ]
(
12kβRt − ϑ2

)
+

√
16kβRt − ϑ2

[
12kβRt − ϑ2 − 2k(1 − r)θ Rd

]
(12kβRt − �), the numerator is positive or negative depend-
ing on

√
16kβRt − � [12kβRt − � − 2k(1 − r)θ Rd ]

(
12kβRt − ϑ2

) −√
16kβRt − ϑ2

[
12kβRt − ϑ2 − 2k(1 − r)θ Rd

]
(12kβRt − �). Further, we

rewrite
√
16kβRt − � [12kβRt − � − 2k(1 − r)θ Rd ]

(
12kβRt − ϑ2

) −√
16kβRt − ϑ2

[
12kβRt − ϑ2 − 2k(1 − r)θ Rd

]
(12kβRt − �) as

−2k(1 − r)θ Rd

[√
16kβRt − �

(
12kβRt − ϑ2

)−√
16kβRt − ϑ2(12kβRt − �)

]
+(

12kβRt − ϑ2
)
(12kβRt − �)

(√
16kβRt − � −√

16kβRt − ϑ2
)
. Because

� < ϑ2 is always satisfied,
√
16kβRt − ϑ2 <

√
16kβRt − � . Moreover,(

12kβRt − ϑ2
)√

16kβRt − � < (12kβRt − �)
√
16kβRt − ϑ2 in this paper. In this case,

0 < −2k(1 − r )θ Rd

[√
16kβRt − �

(
12kβRt − ϑ2

)−√
16kβRt − ϑ2(12kβRt − � )

]
+(

12kβRt − ϑ2
)
(12kβRt − �)

(√
16kβRt − � −√

16kβRt − ϑ2
)

is satisfied, i.e. the

numerator is positive. Therefore, π l, SS∗
B <π

l, Q Q∗
B

Proof of Proposition 7

Proof Comparison results of the equilibrium product prices and equilibrium quality level for
the two rival firms under different models are as follows:

ph, P P∗
1, A − pl, P P∗

1, B �
2
3 (1 − r)θ Rd

{
6kβRt − [r� + (1 − r)θξ ]2

}
6kβRt − r2�2 − [r� + (1 − r )θξ ]2

From the conditions of interior solutions, r2�2 + [r� + (1 − r )θξ ]2 < 6kβRt and
[r� + (1 − r)θξ ]2 < 6kβRt are satisfied. Therefore, it is easy to obtain pl, P P∗

1, B < ph, P P∗
1, A

ph, P P∗
2, A − pl, P P∗

2, B �
2
3r�(1 − r)θ Rd [r� + (1 − r)θξ ]

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

Qh, P P∗
A − Ql, P P∗

B � r�(1 − r)θ Rd

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

Like the proof of ph, P P∗
1, A − pl, P P∗

1, B , it is easy to derive that pl, P P∗
2, B < ph, P P∗

2, A and

Ql, P P∗
B < Qh, P P∗

A

ph, Q Q∗
A − pl, Q Q∗

B � 4kβRt(1 − r)θ Rd

12kβRt − �

Qh, Q Q∗
1, A − Ql, Q Q∗

1, B � (1 − r)θ Rd [r� + (1 − r)θξ ]

12kβRt − �

Qh, Q Q∗
2, A − Ql, Q Q∗

2, B � r�(1 − r)θ Rd

12kβRt − �
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From the conditions of interior solutions, � < 12kβRt is always satisfied, thus it is easy
to derive that pl, Q Q∗

B < ph, Q Q∗
A , Ql, Q Q∗

1, B < Qh, Q Q∗
1, A and Ql, Q Q∗

2, B < Qh, Q Q∗
2, A

ph, DD∗
1, A − pl, DD∗

1, B � 2

3
(1 − r)θ Rd +

2
3r2�2(1 − r )θ Rd

(
6kβRt − r2�2

)
(6kβRt − ψ)

(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

ph, DD∗
2, A − pl, DD∗

2, B � 4kβRtr�(1 − r )θ Rd (1 − r )θξ

(6kβRt − ψ)
(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

Qh, DD∗
1, A − Ql, DD∗

1, B � r�(1 − r )θ Rd
(
6kβRt − r2�2

)
(6kβRt − ψ)

(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

Qh, DD∗
2, A − Ql, DD∗

2, B � r2�2(1 − r )θ Rd (1 − r )θξ

(6kβRt − ψ)
(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

From the conditions of interior solutions, r2�2[(1 − r )θξ ]2 <

(6kβRt − ψ)
(
6kβRt − r2�2

)
is satisfied. In this case, it is evident that pl, DD∗

1, B < ph, DD∗
1, A ,

pl, DD∗
2, B < ph, DD∗

2, A , Ql, DD∗
1, B < Qh, DD∗

1, A and Ql, DD∗
2, B < Qh, DD∗

2, A are all satisfied
Proof of Proposition 8

PROOF Comparison results of the equilibrium solutions in different selling stages under
different models are as follows:

ph, P P∗
2, A − ph, P P∗

1, A �
1
3 (1 − r )θ Rd{[r� + (1 − r )θξ ][2r� + (1 − r )θξ ] − 6kβRt}

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

From the conditions of interior solutions, r2�2 + [r� + (1 − r )θξ ]2 < 6kβRt is always
satisfied. Thus, ph, P P∗

2, A − ph, P P∗
1, A has a positive denominator. In this case, whether ph, P P∗

2, A −
ph, P P∗
1, A is positive or negative depends on the value of the numerator. For the numerator,

0 < 1
3 (1 − r)θ Rd is always satisfied. Thus, the numerator is positive or negative depending

on [r� + (1 − r )θξ ][2r� + (1 − r )θξ ]− 6kβRt . For [r� + (1 − r )θξ ][2r� + (1 − r )θξ ]−
6kβRt , it is determined by the cost efficiency k and its corresponding threshold level. Specifi-
cally, the numerator is positive if k <

[r�+(1−r )θξ ][2r�+(1−r )θξ ]
6βRt ; otherwise, the numerator

is negative. Therefore, ph, P P∗
1, A < ph, P P∗

2, A , if k <
[r�+(1−r )θξ ][2r�+(1−r )θξ ]

6βRt ; otherwise,

ph, P P∗
2, A < ph, P P∗

1, A

pl, P P∗
2, B − pl, P P∗

1, B �
1
3 (1 − r )θ Rd{6kβRt − [r� + (1 − r )θξ ][2r� + (1 − r )θξ ]}

6kβRt − r2�2 − [r� + (1 − r )θξ ]2

From the conditions of interior solutions, r2�2 + [r� + (1 − r )θξ ]2 < 6kβRt is
always satisfied. Thus, pl, P P∗

2, B − pl, P P∗
1, B has a positive denominator. In this case,

whether pl, P P∗
2, B − pl, P P∗

1, B is positive or negative depends on the value of the numer-

ator. For the numerator, 0 < 1
3 (1 − r)θ Rd is always satisfied. Thus, the numera-

tor is positive or negative depending on 6kβRt − [r� + (1 − r )θξ ][2r� + (1 − r )θξ ].
For 6kβRt − [r� + (1 − r )θξ ][2r� + (1 − r )θξ ], it is determined by the cost effi-
ciency k and its corresponding threshold level. Specifically, the numerator is positive if
[r�+(1−r )θξ ][2r�+(1−r )θξ ]

6βRt < k; otherwise, the numerator is negative. Therefore, pl, P P∗
1, B <

pl, P P∗
2, B , if [r�+(1−r )θξ ][2r�+(1−r )θξ ]

6βRt < k; otherwise, pl, P P∗
2, B < pl, P P∗

1, B

ph, DD∗
2, A − ph, DD∗

1, A � 2kβRt(1 − r )θ Rd
{
r2�2 + [(1 − r )θξ ]2 + r�(1 − r)θξ − 6kβRt

}
(6kβRt − ψ)

(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2
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From the conditions of interior solutions, r2�2[(1 − r )θξ ]2 <

(6kβRt − ψ)
(
6kβRt − r2�2

)
is always satisfied. Thus, ph, DD∗

2, A − ph, DD∗
1, A has a posi-

tive denominator. In this case, whether ph, DD∗
2, A − ph, DD∗

1, A is positive or negative depends
on the value of the numerator. For the numerator, 0 < 2kβRt(1 − r )θ Rd is satisfied.
Thus, the numerator is determined by r2�2 + [(1 − r )θξ ]2 + r�(1 − r)θξ − 6kβRt .
For r2�2 + [(1 − r )θξ ]2 + r�(1 − r)θξ − 6kβRt , its value is determined by the cost
efficiency k and its corresponding threshold level. Specifically, ph, DD∗

1, A < ph, DD∗
2, A , if

k <
r2�2+[(1−r )θξ ]2+r�(1−r)θξ

6βRt ; otherwise, ph, DD∗
2, A < ph, DD∗

1, A

pl, DD∗
2, B − pl, DD∗

1, B � 2kβRt(1 − r )θ Rd
{
6kβRt − r2�2 − [(1 − r)θξ ]2 − r�(1 − r)θξ

}
(6kβRt − ψ)

(
6kβRt − r2�2

)− r2�2[(1 − r )θξ ]2

From the conditions of interior solutions, r2�2[(1 − r )θξ ]2 <

(6kβRt − ψ)
(
6kβRt − r2�2

)
is always satisfied. Thus, pl, DD∗

2, B − pl, DD∗
1, B has a posi-

tive denominator. In this case, whether pl, DD∗
2, B − pl, DD∗

1, B is positive or negative depends
on the value of the numerator. For the numerator, 0 < 2kβRt(1 − r)θ Rd is satis-
fied. Thus, it is determined by 6kβRt − r2�2 − [(1 − r)θξ ]2 − r�(1 − r)θξ . For
6kβRt − r2�2 − [(1 − r)θξ ]2 − r�(1 − r)θξ , its value is determined by the cost
efficiency k and its corresponding threshold level. Specifically, pl, DD∗

1, B < pl, DD∗
2, B , if

r2�2+[(1−r )θξ ]2+r�(1−r)θξ
6βRt < k; otherwise, pl, DD∗

2, B < pl, DD∗
1, B

Qh, Q Q∗
2, A − Qh, Q Q∗

1, A � − (1 − r )θξ [12kβRt − � + 2k(1 − r )θ Rd ]

4k(12kβRt − �)

From the conditions of interior solutions,� < 12kβRt . Thus, it is evident that Qh, Q Q∗
2, A <

Qh, Q Q∗
1, A is satisfied

Ql, Q Q∗
2, B − Ql, Q Q∗

1, B � − (1 − r )θξ [12kβRt − � − 2k(1 − r )θ Rd ]

4k(12kβRt − �)

From the conditions of interior solutions,� < 12kβRt and� +2k(1 − r)θ Rd < 12kβRt
are always satisfied. Thus, it is evident that Ql, Q Q∗

2, B < Ql, Q Q∗
1, B

Qh, DD∗
1, A − Qh, DD∗

2, A � (1 − r )θξ

4k
+

r�(1 − r )θ Rd
[
6kβRt − r2�2 − r�(1 − r )θξ

]
2(6kβRt − ψ)

(
6kβRt − r2�2

)− 2r2�2[(1 − r )θξ ]2

For Qh, DD∗
1, A − Qh, DD∗

2, A , 0 <
(1−r )θξ

4k and 0 < r�(1 − r)θ Rd are always satisfied. And

from the conditions of interior solutions, r2�2[(1 − r )θξ ]2 < (6kβRt − ψ)
(
6kβRt − r2�2

)
.

Thus, whether Qh, DD∗
1, A − Qh, DD∗

2, A is positive or negative depends on 6kβRt − r2�2 −
r�(1 − r )θξ . In this case, if 0 < 6kβRt − r2�2 − r�(1 − r )θξ , then Qh, DD∗

2, A <

Qh, DD∗
1, A is satisfied. However, if 6kβRt − r2�2 − r�(1 − r )θξ < 0, the value of

Qh, DD∗
1, A − Qh, DD∗

2, A is determined by Rd and its corresponding threshold level. Specifi-

cally, Qh, DD∗
2, A < Qh, DD∗

1, A , if Rd <
(1−r)θξ(6kβRt−ψ)

(
6kβRt−r2�2)−r2�2[(1−r )θξ ]3

2k(1−r )θr�[r2�2+r�(1−r)θξ−6kβRt] ; otherwise,

Qh, DD∗
1, A < Qh, DD∗

2, A . In short, when k <
r2�2+r�(1−r )θξ

6βRt , Qh, DD∗
2, A < Qh, DD∗

1, A if

Rd <
(1−r)θξ(6kβRt−ψ)

(
6kβRt−r2�2

)−r2�2[(1−r )θξ ]3

2k(1−r )θr�[r2�2+r�(1−r)θξ−6kβRt] ; otherwise, Qh, DD∗
1, A < Qh, DD∗

2, A . When
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r2�2+r�(1−r )θξ
6βRt < k, Qh, DD∗

2, A < Qh, DD∗
1, A

Ql, DD∗
1, B − Ql, DD∗

2, B � (1 − r)θξ

4k
− r�(1 − r )θ Rd

[
6kβRt − r�(1 − r)θξ − r2�2

]
2(6kβRt − ψ)

(
6kβRt − r2�2

)− 2r2�2[(1 − r )θξ ]2

For Ql, DD∗
1, B − Ql, DD∗

2, B , 0 <
(1−r)θξ

4k and 0 < r�(1 − r )θ Rd are always satisfied. And

from the conditions of interior solutions, r2�2[(1 − r )θξ ]2 < (6kβRt − ψ)
(
6kβRt − r2�2

)
is satisfied. Thus, whether Ql, DD∗

1, B − Ql, DD∗
2, B is positive or negative depends on 6kβRt −

r�(1 − r)θξ−r2�2. In this case, if 0 < 6kβRt−r�(1 − r)θξ−r2�2, i.e. r2�2+r�(1−r )θξ
6βRt <

k, the value of Ql, DD∗
1, B − Ql, DD∗

2, B is determined by Rd and its corresponding threshold level.

Specifically, Ql, DD∗
2, B < Ql, DD∗

1, B , if Rd <
(1−r)θξ(6kβRt−ψ)

(
6kβRt−r2�2

)−r2�2[(1−r )θξ ]3

2k(1−r )θr�[6kβRt−r2�2−r�(1−r)θξ] ; oth-

erwise, Ql, DD∗
1, B < Ql, DD∗

2, B . However, if 6kβRt − r�(1 − r)θξ − r2�2 < 0, then Ql, DD∗
2, B <

Ql, DD∗
1, B . In short, when k <

r2�2+r�(1−r )θξ
6βRt , Ql, DD∗

2, B < Ql, DD∗
1, B . When r2�2+r�(1−r )θξ

6βRt < k,

if Rd <
(1−r)θξ(6kβRt−ψ)

(
6kβRt−r2�2

)−r2�2[(1−r )θξ ]3

2k(1−r )θr�[6kβRt−r2�2−r�(1−r)θξ] , then Ql, DD∗
2, B < Ql, DD∗

1, B ; otherwise,

Ql, DD∗
1, B < Ql, DD∗

2, B

References

Adobe. (2020). Adobe Digital Economy Index, https://www.adobe.com/experience-cloud/digitalinsights/
digital-economy-index.html.

Archak, N., Ghose, A., & Ipeirotis, P. G. (2011). Deriving the pricing power of product features by mining
consumer reviews. Management Science, 57(8), 1485–1509.

Bhatti,A.,Akram,H.,Basit,H.M.,Khan,A.U.,Raza, S.M.,&Naqvi,M.B. (2020). E-commerce trends during
COVID-19 Pandemic. International Journal of Future Generation Communication and Networking,
13(2), 1449–1452.

Caulkins, J. P., Feichtinger, G., Grass, D., Hartl, R. F., Kort, P. M., & Seidl, A. (2017). Interaction of pricing,
advertising and experience quality: A dynamic analysis. European Journal of Operational Research,
256(3), 877–885.

Chen, Y., Fay, S., & Wang, Q. (2011). The role of marketing in social media: How online consumer reviews
evolve. Journal of Interactive Marketing, 25(2), 85–94.

Chen, Y., & Xie, J. (2005). Third-party product review and firm marketing strategy. Marketing Science, 24(2),
218–240.

Chen, Y., & Xie, J. (2008). Online consumer review: Word-of-mouth as a new element of marketing commu-
nication mix. Management Science, 54(3), 477–491.

Chen, Y., & Jiang, B. (2021). Dynamic pricing and price commitment of new experience goods. Production
and Operations Management, 30(8), 2752–2764.

CNBC. (2020). Alibaba, JD set new records to rack up record $115 billion of sales on Singles Day as regu-
lations loom, https://www.cnbc.com/2020/11/12/singles-day-2020-alibaba-and-jd-rack-up-record-115-
billion-of-sales.html?&qsearchterm=Singles%20Day.

Dellarocas, C. (2006). Strategic manipulation of Internet opinion forums: Implications for consumers and
firms. Management Science, 52(10), 1577–1593.

DeMers, J. (2015). How important are customer reviews for online marketing? Forbes, http://www.forbes.
com/sites/jaysondemers/2015/12/28/how-important-are-customer-reviews-for-online-marketing.

Feng, H., Jiang, Z., & Liu, D. (2018). Quality, pricing, and release time: Optimal market entry strategy for
new software-as-a-service vendors. MIS Quarterly, 42(1), 333–353.

Feng, J., Li, X., & Zhang, X. (2019). Online product reviews-triggered dynamic pricing: Theory and evidence.
Information Systems Research, 30(4), 1107–1123.

Godes, D. (2017). Product policy inmarketswithword-of-mouth communication.Management Science, 63(1),
267–278.

Guan, X., Wang, Y., Yi, Z., & Chen, Y. (2020). Inducing consumer online reviews via disclosure. Production
and Operations Management, 29(8), 1956–1971.

123

https://www.adobe.com/experience-cloud/digitalinsights/digital-economy-index.html
https://www.cnbc.com/2020/11/12/singles-day-2020-alibaba-and-jd-rack-up-record-115-billion-of-sales.html?\newentity ampqsearchterm=Singles%20Day
http://www.forbes.com/sites/jaysondemers/2015/12/28/how-important-are-customer-reviews-for-online-marketing


502 Annals of Operations Research (2023) 326:411–503

Gupta, M., Shoja, A., &Mikalef, P. (2021). Toward the understanding of national culture in the success of non-
pharmaceutical technological interventions in mitigating COVID-19 pandemic. Annals of Operations
Research. https://doi.org/10.1007/s10479-021-03962-z

He, Q., & Chen, Y. (2018). Dynamic pricing of electronic products with consumer reviews. Omega-
International Journal of Management Science, 80(10), 123–134.

Hotelling, H. (1929). Stability in competition. The Economic Journal, 39(153), 41–57.
Hu, N., Bose, I., Gao, Y., & Liu, L. (2011). Manipulation in digital word-of-mouth: A reality check for book

reviews. Decision Support Systems, 50(3), 627–635.
Hu, N., Bose, I., Koh, N. S., & Liu, L. (2012). Manipulation of online reviews: An analysis of ratings,

readability, and sentiments. Decision Support Systems, 52(3), 674–684.
Hu, M., Li, X., & Shi, M. (2015). Product and pricing decisions in crowdfunding. Marketing Science, 34(3),

331–345.
Jiang, B., & Yang, B. (2019). Quality and pricing decisions in a market with consumer information sharing.

Management Science, 65(1), 272–285.
Joshi, Y. V., Reibstein, D. J., & Zhang, Z. J. (2016). Turf wars: Product line strategies in competitive markets.

Marketing Science, 35(1), 128–141.
Kim, R. Y. (2021). When does online review matter to consumers? The effect of product quality information

cues. Electronic Commerce Research, 21(4), 1011–1030.
Kocas, C., & Akkan, C. (2016). How trending status and online ratings affect prices of homogeneous products.

International Journal of Electronic Commerce, 20(3), 384–407.
Kostami, V., &Rajagopalan, S. (2014). Speed-quality trade-offs in a dynamicmodel.Manufacturing & Service

Operations Management, 16(1), 104–118.
Kostyra, D. S., Reiner, J., Natter, M., & Klapper, D. (2016). Decomposing the effects of online customer

reviews on brand, price, and product attributes. International Journal of Research in Marketing, 33(1),
11–26.

Krishnan, V., & Ulrich, K. T. (2001). Product development decisions: A review of the literature. Management
Science, 47(1), 1–21.

Kuksov, D., & Xie, Y. (2010). Pricing, frills, and customer ratings. Marketing Science, 29(5), 925–943.
Kwark, Y., Chen, J., & Raghunathan, S. (2014). Online product reviews: Implications for retailers and com-

peting manufacturers. Information Systems Research, 25(1), 93–110.
Lewis, T.R.,&Sappington,D.E. (1994). Supplying information to facilitate price discrimination. International

Economic Review, 35(2), 309–327.
Li, T. (2013). Dynamic pricingwith consumer-generated information. InProceedings of the 2013 international

conference on information, business and education technology (ICIBET 2013), pp. 666–669, Atlantis
Press.

Liu, H., Lei, M., Deng, H., Leong, G. K., & Huang, T. (2016). A dual channel, quality-based price competi-
tion model for the WEEE recycling market with government subsidy. Omega-International Journal of
Management Science, 59(3), 290–302.

Liu, Y., Feng, J., & Liao, X. (2017). When online reviews meet sales volume information: Is more or accurate
information always better? Information Systems Research, 28(4), 723–743.

Liu, Y., Wang, X., Gilbert, S., & Lai, G. (2018). Pricing, quality and competition at on-demand healthcare
service platforms. Available at SSRN 3253855.

Liu, W., Xu, K., Chai, R., & Fang, X. (2020). Leveraging online customer reviews in new product devel-
opment: A differential game approach. Annals of Operations Research. https://doi.org/10.1007/s10479-
020-03784-5

Mayzlin, D. (2006). Promotional chat on the Internet. Marketing Science, 25(2), 155–163.
News, F. (2020). The epidemic reshapes the consumption pattern, and the sales volume of global e-commerce

has increased significantly, https://www.financialnews.com.cn/hq/sc/202012/t20201202_206751.html.
Sun, H., & Xu, L. (2018). Online reviews and collaborative service provision: A signal-jamming model.

Production and Operations Management, 27(11), 1960–1977.
Wang, X., & Li, D. (2012). A dynamic product quality evaluation based pricing model for perishable food

supply chains. Omega-International Journal of Management Science, 40(6), 906–917.
Xue,M., Zhang, J., Tang,W., &Dai, R. (2017). Quality improvement and pricing with reference quality effect.

Journal of Systems Science and Systems Engineering, 26(5), 665–682.
Yan, X., & Han, X. (2021). Optimal pricing and remanufacturing entry strategies of manufacturers in the

presence of online reviews. Annals of Operations Research, 316(4), 59–92.
Yang, N., & Zhang, R. (2022). Dynamic pricing and inventory management in the presence of online reviews.

Production and Operations Management, 31(8), 3180–3197.
Yu, M., Debo, L., & Kapuscinski, R. (2016). Strategic waiting for consumer-generated quality information:

Dynamic pricing of new experience goods. Management Science, 62(2), 410–435.

123

https://doi.org/10.1007/s10479-021-03962-z
https://doi.org/10.1007/s10479-020-03784-5
https://www.financialnews.com.cn/hq/sc/202012/t20201202_206751.html


Annals of Operations Research (2023) 326:411–503 503

Zhang,Y., Zhao, C.,&Liang, Z. (2021). Frills and product pricingwith online reviews.Computers & Industrial
Engineering, 159(9), 107461.

Zhao, C., & Zhang, Y. (2019). Dynamic quality and pricing decisions in customer-intensive service systems
with online reviews. International Journal of Production Research, 57(18), 5725–5748.

Zhao, C., Wang, X., Xiao, Y., & Sheng, J. (2022). Effects of online reviews and competition on quality and
pricing strategies. Production and Operations Management. https://doi.org/10.1111/poms.13791

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123

https://doi.org/10.1111/poms.13791

	The influence of online customer reviews on two-stage product strategy in a competitive market
	Abstract
	1 Introduction
	2 Literature review
	2.1 Product pricing considering the effects of online customer reviews
	2.2 Product quality and pricing in the presence of online customer reviews

	3 Model setup
	3.1 Problem description
	3.2 Customer utility
	3.3 Two-stage game-theoretical model

	4 The effects of online reviews and firm competition on quality and pricing strategies
	5 Optimal choice among alternative quality and pricing strategies
	5.1 Comparisons among alternative quality and pricing strategies
	5.2 The effects of the variance of online reviews

	6 An extended analysis of asymmetric initial online customer reviews
	6.1 The extension model and product strategy analysis
	6.2 Optimal choice among alternative product strategies in the extended analysis

	7 Discussion
	8 Conclusions
	Acknowledgements
	Appendix A: Benchmark model without initial online customer reviews
	Proof of consumer demand and profit functions
	Proof of equilibrium solutions for each model
	Model SS:
	Model PP:
	Model QQ:
	Model DD:
	Model SP:
	Model SQ:
	Model SD:
	Model PQ:
	Model PD:
	Model QD:

	Appendix B: Extension Model of Asymmetric Initial Online Customer Reviews
	Proof of Consumer Demands and Profit Functions
	Proof of Equilibrium Solutions of Each Model
	Model SS:
	Model PP:
	Model QQ:
	Model DD:
	ModelSP:
	Model SQ:
	Model SD:
	Model PQ:
	Model QD:
	Model DP:
	Proof of Comparison between Model SQ and Model SS
	Proof of Comparison between Model SQ and Model QQ

	References




