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Abstract
In this paper, we study the pricing of contracts in fixed incomemarkets under volatility uncer-
tainty in the sense of Knightian uncertainty or model uncertainty. The starting point is an
arbitrage-free bond market under volatility uncertainty. The uncertainty about the volatility
is modeled by a G-Brownian motion, which drives the forward rate dynamics. The absence
of arbitrage is ensured by a drift condition. Such a setting leads to a sublinear pricing measure
for additional contracts, which yields either a single price or a range of prices and provides
a connection to hedging prices. Similar to the forward measure approach, we define the for-
ward sublinear expectation to simplify the pricing of cashflows. Under the forward sublinear
expectation, we obtain a robust version of the expectations hypothesis, and we show how
to price options on forward prices. In addition, we develop pricing methods for contracts
consisting of a stream of cashflows, since the nonlinearity of the pricing measure implies that
we cannot price a stream of cashflows by pricing each cashflow separately. With these tools,
we derive robust pricing formulas for all major interest rate derivatives. The pricing formulas
provide a link to the pricing formulas of traditional models without volatility uncertainty and
show that volatility uncertainty naturally leads to unspanned stochastic volatility.
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1 Introduction

The present paper dealswith the pricing of interest rate derivatives under volatility uncertainty
in the sense of Knightian uncertainty or model uncertainty, also referred to as ambiguous
volatility. Due to the assumption of a single, known probability measure, traditional models
in finance are subject to model uncertainty—that is, the uncertainty about using the correct
probability measure—since it is not always possible to specify the probabilistic law of the
underlying. Therefore, a new stream of research, called robust finance, emerged in the lit-
erature, examining financial markets in the presence of a family of probability measures (or
none at all) to obtain a robust model. The most frequently studied type of model uncertainty
is volatility uncertainty: the volatility determines the probabilistic law of the underlying,
but there are many ways to model the volatility of an underlying and it is unknown which
describes the future evolution of the volatility best. The literature on robust finance has led to
pricing rules that are robust with respect to the volatility. The aim of this paper is to develop
robust pricing rules for contracts traded in fixed income markets.

The initial setting is an arbitrage-free bond market under volatility uncertainty. The uncer-
tainty about the volatility is represented by a family of probability measures, called set of
beliefs, consisting of all beliefs about the volatility. This framework naturally leads to a sub-
linear expectation and a G-Brownian motion. A G-Brownian motion, which was invented
by Peng (2019), is basically a standard Brownian motion with an ambiguous volatility—the
volatility is completely uncertain but bounded by two extremes. We model the bond market
in the spirit of Heath et al. (1992) (HJM); that is, we model the instantaneous forward rate
as a diffusion process, which is driven by a G-Brownian motion. The remaining quantities
on the bond market are defined in terms of the forward rate in accordance with the HJM
methodology. We model the forward rate in such a way that it satisfies a suitable drift condi-
tion, ensuring the absence of arbitrage on the bond market. Additionally, we assume that the
diffusion coefficient of the forward rate is deterministic, which enables us to derive pricing
methods for typical derivatives and corresponds to an HJM model in which the foward rate
is normally distributed.

In the presence of volatility uncertainty, we obtain a sublinear pricing measure for addi-
tional contracts we add to the bond market, which yields either a single price or a range of
prices and provides a connection to hedging prices. Within the framework described above,
we consider additional contracts, which we want to price without admitting arbitrage. The
pricing of contracts under volatility uncertainty is different from the classical approach,
since the expectation—which corresponds to the pricing measure in the classical case with-
out volatility uncertainty—is sublinear in this setting. In contrast to the classical case, we
use the sublinear expectation to determine the price of a contract or its bounds; hence, we
refer to it as the risk-neutral sublinear expectation. To show that this approach indeed yields
arbitrage-free prices, we define trading strategies and arbitrage on the bond market extended
by the additional contract. Then we show that the extended bond market is arbitrage-free,
meaning that we can use this approach to find no-arbitrage prices for contracts. In addition,
we explore the connection between pricing and hedging by deriving a pricing-hedging duality
in this framework.

To simplify the pricing of single cashflows, we introduce a counterpart of the forward
measure, called forward sublinear expectation. The forward measure, invented by Geman
(1989), is used for pricing discounted cashflows in classical models without volatility uncer-
tainty (Brace&Musiela, 1994; Geman et al., 1995; Jamshidian, 1989).We define the forward
sublinear expectation by a G-backward stochastic differential equation (BSDE) and show
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that it corresponds to the expectation under the forward measure. Similar to the forward
measure, the forward sublinear expectation has the advantage that computing the sublinear
expectation of discounted cashflows reduces to computing the forward sublinear expectation
of cashflows, discounted with the bond price. Under the forward sublinear expectation, we
obtain several results needed for pricing cashflows of typical fixed income products. As a
by-product, we obtain a robust version of the expectations hypothesis under the forward sub-
linear expectation. Moreover, we provide pricing methods for options on forward prices. The
prices of such options are characterized by nonlinear partial differential equations (PDEs) or,
in some cases, by the prices from the correspondingHJMmodelwithout volatility uncertainty.

In addition, we develop pricing methods for contracts consisting of several cashflows. In
traditionalmodelswithout volatility uncertainty, there is no distinction between pricing single
cashflows and pricing a stream of cashflows, since the pricing measure is linear. However,
when there is uncertainty about the volatility, the nonlinearity of the pricing measure implies
that we cannot generally price a stream of cashflows by pricing each cashflow separately.
Therefore, we provide different schemes for pricing a family of cashflows. If the cashflows of
a contract are sufficiently simple, we can price the contract as in the classical case. In general,
we use a backward induction procedure to find the price of a contract. When the contract
consists of a family of options on forward prices, the price of the contract is characterized
by a system of nonlinear PDEs or, in some cases, by the price from the corresponding HJM
model without volatility uncertainty.

With the tools mentioned above, we derive robust pricing formulas for all major interest
rate derivatives. We consider typical linear contracts, such as fixed coupon bonds, floating
rate notes, and interest rate swaps, and nonlinear contracts, such as swaptions, caps and
floors, and in-arrears contracts. Due to the linearity of the payoff, we obtain a single price
for fixed coupon bonds, floating rate notes, and interest rate swaps; the pricing formula is the
same as the one from classical models without volatility uncertainty. Due to the nonlinear-
ity of the payoff, we obtain a range of prices for swaptions, caps and floors, and in-arrears
contracts; the range is bounded from above, respectively below, by the price from the cor-
responding HJM model without volatility uncertainty with the highest, respectively lowest,
possible volatility. Therefore, the pricing of common interest rate derivatives under volatility
uncertainty reduces to computing prices in models without volatility uncertainty. For other
(less common) contracts the pricing procedure requires (novel) numerical methods.

The pricing formulas show that volatility uncertainty is able to naturally explain empirical
findings that many traditional term structure models fail to reproduce. According to empirical
evidence, volatility risk in fixed income markets cannot be hedged by trading solely bonds,
which is termed unspanned stochastic volatility and inconsistent with traditional term struc-
turemodels (Collin-Dufresne&Goldstein, 2002). Since the presence of volatility uncertainty
naturally leads to market incompleteness, the pricing formulas derived in this paper show
that it is no longer possible to hedge volatility risk in fixed income markets with a portfolio
consisting solely of bondswhen there is uncertainty about the volatility.Moreover, the pricing
formulas are in line with the empirical findings of Collin-Dufresne and Goldstein (2002).

Apart fromgiving a natural explanation for empirical findings, the theoretical results can be
used in practice for different purposes. One can use the pricing procedure for stress testing by
pricing contracts in the presence of different levels of volatility uncertainty and investigating
how the pricing bounds behave compared to the price from the corresponding HJM model
without volatility. One can also fit the pricing bounds to bid-ask spreads of quoted prices to
obtain the bounds for the volatility and use them to price other contracts. Alternatively, the
bounds for the volatility can be inferred from historical data on the volatility in the form of
confidence intervals to generally price contracts.

123



156 Annals of Operations Research (2024) 336:153–182

The literature on model uncertainty and, especially, volatility uncertainty in financial
markets or, primarily, asset markets is very extensive. The first to apply the concept of
volatility uncertainty to asset markets were Avellaneda et al. (1995) and Lyons (1995). Over
a decade afterwards, the topic gained a lot of interest (Epstein & Ji, 2013; Vorbrink, 2014).
The interesting fact about volatility uncertainty is that it is represented by a nondominated
set of probability measures. Hence, traditional results from mathematical finance like the
fundamental theorem of asset pricing break down. There are various attempts to extend the
theorem to a multiprior setting (Bayraktar & Zhou, 2017; Biagini et al., 2017; Bouchard &
Nutz, 2015). In some situations the theorem can be even extended to a model-free setting,
that is, without any referencemeasure at all (Acciaio et al., 2016; Burzoni et al., 2019; Riedel,
2015). Most of those works also deal with the problem of pricing and hedging derivatives in
the presence of model uncertainty. The topic has been studied separately in the presence of
volatility uncertainty (Vorbrink, 2014), in the presence of a general set of priors (Aksamit et
al., 2019; Carassus et al., 2019), and in a model-free setting (Bartl et al., 2019; Beiglböck et
al., 2017). Themost similar setting is the one of Vorbrink (2014), since it focuses on volatility
uncertainty modeled by a G-Brownian motion. However, the focus, as in most of the studies
from above, lies on asset markets.

In addition, there is an increasing number of articles dealing with interest rate models
or related credit risk under model uncertainty (Acciaio et al., 2021; Avellaneda & Lewicki,
1996; Biagini &Oberpriller, 2021; Biagini & Zhang, 2019; Epstein &Wilmott, 1999; Fadina
et al., 2019; Fadina & Schmidt, 2019; Hölzermann, 2021, 2022). Among those, there are
also articles focusing on volatility uncertainty in interest rate models (Avellaneda & Lewicki,
1996; Fadina et al., 2019; Hölzermann, 2021, 2022). The only one working in a general HJM
framework is a companion paper (Hölzermann, 2022). The remaining articles on model
uncertainty in interest rate models either correspond to short rate models or do not study
volatility uncertainty. The main result of the accompanying article (Hölzermann, 2022) is a
drift condition, which shows how to obtain an arbitrage-free term structure in the presence
of volatility uncertainty. Starting from an arbitrage-free term structure, the aim of the present
paper is to study the pricing of derivatives in fixed incomemarkets under volatility uncertainty.

There are severalways to describe volatility uncertainty fromamathematical point of view.
The classical approach is the one of Denis and Martini (2006) and Peng (2019). Actually,
those are two different approaches, but they are equivalent as it was shown by Denis et al.
(2011). The difference is that Denis and Martini (2006) start from a probabilistic setting,
whereas the calculus of G-Brownian motion from Peng (2019) relies on nonlinear PDEs.
Moreover, there are various extensions and generalizations (Nutz, 2013; Nutz & van Handel,
2013). Additional results and a different approach to volatility uncertainty were developed by
Soner et al. (2011a, b). There are also many attempts to a pathwise stochastic calculus, which
works without any reference measure (Cont & Perkowski, 2019, and references therein). In
this paper, we use the calculus of G-Brownian motion, since the literature on G-Brownian
motion contains a lot of results. In particular, the results of Hu et al. (2014) are of fundamental
importance for the results derived in this paper.

The remainder of this paper is organized as follows. Section 2 introduces the overall
setting of the model: an arbitrage-free bond market under volatility uncertainty. In Sect.
3, we show that we can use the risk-neutral sublinear expectation as a pricing measure
for additional contracts. In Sect. 4, we define the forward sublinear expectation and derive
related results for the pricing of single cashflows. Section 5 provides schemes for pricing
contracts consisting of a stream of cashflows. In Sect. 6, we derive pricing formulas for the
most common interest rate derivatives. In Sect. 7, we discuss market incompleteness and
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show that volatility uncertainty leads to unspanned stochastic volatility. Section 8 gives a
conclusion.

2 Arbitrage-free bondmarket

We represent the (Knightian) uncertainty about the volatility by a familiy of probability
measures such that each measure corresponds to a specific belief about the volatility. Let us
consider a probability space (�,F, P0) such that the canonical process B = (B1

t , . . . , B
d
t )t≥0

is a d-dimensional standard Brownian motion under P0 for d ∈ N, where d is the number of
risk factors driving the model, which can be determined by an empirical analysis in practice
(Litterman & Scheinkman, 1991). Furthermore, let F = (Ft )t≥0 be the filtration generated
by B and completed by all P0-null sets. The state space of the uncertain volatility is given by

� := {
σ ∈ R

d×d
∣∣ σ = diag(σ1, . . . , σd), σi ∈ [σ i , σ i ] for all i = 1, . . . , d

}
,

where σ i ≥ σ i > 0 for all i ; that means, we consider all scenarios in which there is no
correlation and thevolatility is boundedby twoextremes: thematricesσ := diag(σ 1, . . . , σ d)

and σ := diag(σ 1, . . . , σ d). For each �-valued, F-adapted process σ = (σt )t≥0, we define
the process Bσ = (Bσ

t )t≥0 by

Bσ
t :=

∫ t

0
σudBu

and the measure Pσ to be the probabilistic law of the process Bσ , that is,

Pσ := P0 ◦ (Bσ )−1.

We denote the collection of all such measures by P , which is termed the set of beliefs, since
it contains all beliefs about the volatility. Now the canonical process has a different volatility
under each measure in the set of beliefs.

Volatility uncertainty naturally leads to a G-expectation and a G-Brownian motion. If we
define the sublinear expectation Ê by

Ê[ξ ] := sup
P∈P

EP [ξ ]

for all random variables ξ such that EP [ξ ] exists for all P ∈ P , then Ê corresponds to the G-
expectation on L1

G(�) and B is a G-Brownian motion under Ê (Denis et al., 2011, Theorem
54). The letter G refers to the sublinear function G : Sd → R, given by

G(A) := 1
2 sup

σ∈�

tr(σσ ′A) = 1
2

d∑

i=1

(
σ 2
i (aii )

+ − σ 2
i (aii )

−)
,

where S
d is the space of all symmetric d × d matrices and ·′ denotes the transpose of a

matrix. The function G is the generator of the nonlinear PDE that defines the G-expectation
and characterizes the distribution and the uncertainty of a G-Brownian motion. The space
L1
G(�) is the space of random variables for which the G-expectation is defined, i.e., the

space L1
G(�) represents the class of admissible random variables on � that we consider. A

characterization of L1
G(�) can be found in the work of Denis et al. (2011, Theorem 54),

which is also mentioned in the proof of Proposition 4.1 (iv). We identify random variables
in L1

G(�) if they are equal quasi-surely, that is, P-almost surely for all P ∈ P . Henceforth,
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all statements for random variables should be understood to hold quasi-surely. For further
details, the reader may refer to the book of Peng (2019).

We model the forward rate as a diffusion process in the spirit of the HJM methodology.
We denote by ft (T ) the forward rate with maturity T at time t for t ≤ T ≤ T̄ , where T̄ < ∞
is a fixed terminal time. We assume that the forward rate process f (T ) = ( ft (T ))0≤t≤T , for
all T ≤ T̄ , evolves according to the dynamics

ft (T ) = f0(T ) +
∫ t

0
αu(T )du +

d∑

i=1

∫ t

0
β i
u(T )dBi

u +
d∑

i=1

∫ t

0
γ i
u(T )d〈Bi 〉u

for some initial integrable forward curve f0 : [0, T̄ ] → R and sufficiently regular processes
α(T ) = (αt (T ))0≤t≤T̄ , β

i (T ) = (β i
t (T ))0≤t≤T̄ , and γ i (T ) = (γ i

t (T ))0≤t≤T̄ to be specified.
The difference compared to the classical HJM model without volatility uncertainty is that
there are additional drift terms depending on the quadratic variation processes of the G-
Brownian motion. We need the additional drift terms in order to obtain an arbitrage-free
model as it is described below. However, due to the uncertainty about the volatility, the
quadratic variation processes are uncertain, which cannot be included in the first drift term.
Thus, we add additional drift terms to the dynamics of the forward rate. More details on this
can be found in the companion paper (Hölzermann, 2022, Section 2).

The forward rate determines the remaining quantities on the bondmarket. The bondmarket
consists of zero-coupon bonds for all maturities in the time horizon and the money-market
account. The zero-coupon bonds, denoted by P(T ) = (Pt (T ))0≤t≤T for T ≤ T̄ , are defined
by

Pt (T ) := exp

(
−

∫ T

t
ft (s)ds

)
,

and the money-market account, denoted by M = (Mt )0≤t≤T̄ , is given by

Mt := exp

(∫ t

0
rsds

)
,

where r = (rt )0≤t≤T̄ denotes the short rate process, defined by rt := ft (t). We use the
money-market account as a numéraire—that is, we focus on the discounted bonds, which are
denoted by P̃(T ) = (P̃t (T ))0≤t≤T for T ≤ T̄ and given by

P̃t (T ) := M−1
t Pt (T ).

We model the forward rate in such a way that the related bond market is arbitrage-free.
That means, we assume that the forward rate satisfies a suitable drift condition, which implies
the absence of arbitrage. In particular, we directly model the forward rate in a risk-neutral
way in order to avoid technical difficulties due to a migration to a risk-neutral framework.
More specifically, for all T , we assume that the drift terms α(T ) and γ i (T ), for all i , are
defined by

αt (T ) := 0, γ i
t (T ) := β i

t (T )bit (T ),

respectively, where the process bi (T ) = (bit (T ))0≤t≤T̄ is defined by

bit (T ) :=
∫ T

t
β i
t (s)ds.

123



Annals of Operations Research (2024) 336:153–182 159

Under suitable regularity assumptions on T �→ β i (T ), we can then show that the discounted
bonds are symmetricG-martingales under Ê, which implies that the bondmarket is arbitrage-
free (Hölzermann, 2022, Theorem 3.1). As mentioned above, this shows that we need the
additional drift terms in the forward rate dynamics to obtain an arbitrage-free model.

In order to achieve a sufficient degree of regularity and to derive pricing formulas for
derivative contracts, we use a deterministic diffusion coefficient. We assume that β i , for
all i , is a continuous function mapping from [0, T̄ ] × [0, T̄ ] into R. Then for each T , the
processes β i (T ) and bi (T ), for all i , are bounded processes in Mp

G(0, T̄ ) for all p < ∞.
The space Mp

G(0, T̄ ) is the space of admissible integrands for stochastic integrals related to
a G-Brownian motion. The assumption ensures that the forward rate is sufficiently regular
to apply the result from above. In addition, it enables us to obtain specific pricing formulas
for common interest rate derivatives. This is similar to the classical case without volatility
uncertainty, in which it is possible to obtain analytical pricing formulas by assuming that the
diffusion coefficient is deterministic. So the present model corresponds to an HJM model
with a normally distributed forward rate.

3 Risk-neutral valuation

Now we extend the bond market to an additional contract, for which we want to find a price.
A typical contract in fixed income markets consists of a stream of cashflows; so we consider
a contract, denoted by X , that has a payoff of ξi at each time Ti for all i = 0, 1, . . . , N , where
0 < T0 < T1 < . . . < TN < T̄ is the tenor structure. The price at time t of such a contract
is denoted by Xt for all t ≤ TN . As for the bonds, we consider the discounted payoff X̃ ,
defined by

X̃ :=
N∑

i=0

M−1
Ti

ξi ,

and the discounted price X̃t for t ≤ TN , which is defined by

X̃t := M−1
t Xt .

We assume that M−1
Ti

ξi ∈ L p
G(�Ti ) with p > 2 for all i = 0, 1, . . . , N for X to be regular.

The pricing of contracts in the presence of volatility uncertainty differs from the traditional
approach. Classical arbitrage pricing theory suggests that prices of contracts are determined
by computing the expected discounted payoff under the risk-neutral measure. In the presence
of volatility uncertainty, we call Ê the risk-neutral sublinear expectation, corresponding to
the expectation under the risk-neutral measure in the classical case, since the discounted
bonds are symmetric G-martingales under Ê. Compared to the classical case, the important
difference in the case of volatility uncertainty is that the risk-neutral sublinear expectation is
nonlinear. In particular, it holds

Ê[X̃ ] ≥ −Ê[−X̃ ], (3.1)

that is, the upper expectation does not necessarily coincide with the lower expectation. Thus,
we distinguish between symmetric and asymmetric contracts; we consider two contracts: a
contract XS , which has a symmetric payoff, and a contract X A, which has an asymmetric
payoff. Strictly speaking, this means that X̃ S satisfies (3.1) with equality and for X̃ A, the
inequality (3.1) is strict. Of course, the discounted payoffs X̃ S and X̃ A are defined as above by
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considering different payoffs ξ S
i and ξ A

i for all i , respectively. The related prices are denoted
by XS

t and X̃
S
t and X

A
t and X̃ A

t for all t , respectively. The notion symmetric refers to rotational
symmetry, since an equality in (3.1) resembles the definition of an odd function. For example,
a contract is symmetric if the discounted cashflows are linear in the discounted bonds (since
the discounted bonds are symmetricG-martingales), and the contract is typically asymmetric
if the discounted cashflows are nonlinear in the discounted bonds. Specific examples are given
in Sect. 6.

We determine the prices of contracts by using the risk-neutral sublinear expectation to
either obtain the price of a contract or the upper and the lower bound for the price. In the
case of a symmetric payoff, we proceed as in the classical case without volatility uncertainty
and choose the expected discounted payoff as the price for the contract. In the case of an
asymmetric payoff, we use the upper and the lower expectation as bounds for the price, which
is a typical approach in the literature on model uncertainty and yields a range of possible
prices. Hence, we assume that

X̃ S
t = Êt [X̃ S]

for all t , where Êt denotes the conditional G-expectation, and

Ê[X̃ A] > X̃ A
0 > −Ê[−X̃ A].

Since XS has a symmetric payoff, by the martingale representation theorem for symmetric
G-martingales (Song, 2011, Theorem 4.8), there exists a process H = (H1

t , . . . , Hd
t )0≤t≤TN

in M2
G(0, TN ;Rd) such that for all t ,

X̃ S
t = X̃ S

0 +
d∑

i=1

∫ t

0
Hi
udB

i
u .

The latter ensures that the portfolio value (defined below) is well-posed. The reason why
we only impose assumptions on the price of the asymmetric contract at time 0 is described
below.

In order to show that this pricing procedure yields no-arbitrage prices, we introduce the
notion of trading strategies related to the extended bond market and a suitable notion of
arbitrage. We allow the agents in the market to dynamically trade a finite number of bonds,
since we assume that there is a liquid market for zero-coupon bonds. We only allow static
trading strategies for the additional contracts, which represents the fact that these are possibly
less liquid contracts we want to price in order to buy or sell them. This is also reasonable
since most contracts in fixed income markets are traded over-the-counter. Therefore, we do
not impose assumptions on X̃ A

t for t > 0. However, we also allow dynamic trading strategies
for the symmetric contract, since zero-coupon bond prices are typically inferred from other
instruments that are liquidly traded, such as fixed coupon bonds or interest rate swaps—
which in fact have a symmetric payoff (see Subsections 6.1 and 6.3). (Of course, this does
not rule out static trading strategies.) Having a dynamic description of the symmetric contract
additionally enables us to price derivatives written on symmetric contracts, such as swaptions
(see Subsection 6.4).

Definition 3.1 An admissible market strategy is a quadruple (π, π S, π A, τ ) consisting of
a bounded process π = (π1

t , . . . , πn
t )0≤t≤T̄ in M2

G(0, T̄ ;Rn), a bounded process π S =
(π S

t )0≤t≤T̄ in M2
G(0, T̄ ), a constant π A ∈ R, and a vector τ = (τ1, . . . , τn) ∈ [0, T̄ ]n for
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some n ∈ N. The corresponding portfolio value at terminal time is given by

ṽ(π, π S, π A, τ ) :=
n∑

i=1

∫ τi

0
π i
t d P̃t (τi ) +

∫ TN

0
π S
t d X̃

S
t + π A(X̃ A − X̃ A

0 ). (3.2)

The three terms on the right-hand side of (3.2) correspond to the gains from trading a finite
number of bonds, the symmetric contract, and the asymmetric contract, respectively. The
assumptions on the processes ensure that the integrals in (3.2) are well-defined. In addition,
we use the quasi-sure definition of arbitrage, which is commonly used in the literature on
model uncertainty (Biagini et al., 2017; Bouchard & Nutz, 2015).

Definition 3.2 An admissible market strategy (π, π S, π A, τ ) is an arbitrage strategy if

ṽ(π, π S, π A, τ ) ≥ 0, P
(
ṽ(π, π S, π A, τ ) > 0

)
> 0 for at least one P ∈ P.

We say that the extended bond market is arbitrage-free if there is no arbitrage strategy.

The following proposition shows that we can use the risk-neutral sublinear expectation
as a pricing measure as described above, since the extended bond market is arbitrage-free
under the assumptions on the prices of the symmetric and the asymmetric contract.

Proposition 3.1 The extended bond market is arbitrage-free.

Proof We assume that there exists an arbitrage strategy (π, π S, π A, τ ) and show that this
yields a contradiction.We only examine the case in which X A is traded, i.e., it holds π A �= 0;
if π A = 0, the proof is similar to showing that the bond market is arbitrage-free (Hölzermann
2021, Proposition 4.1). By the definition of arbitrage, it holds ṽ(π, π S, π A, τ ) ≥ 0. Then
the monotonicity of Ê implies that

Ê

[ n∑

i=1

∫ τi

0
π i
t d P̃t (τi ) +

∫ TN

0
π S
t d X̃

S
t

]
≥ Ê[−π A(X̃ A − X̃ A

0 )].

Due to the sublinearity of Ê and the fact that the discounted bonds and the discounted price
process of the symmetric contract are symmetric G-martingales under Ê, we have

Ê

[ n∑

i=1

∫ τi

0
π i
t d P̃t (τi ) +

∫ TN

0
π S
t d X̃

S
t

]
≤ 0.

Furthermore, if we use the properties of Ê and the assumption on X̃ A
0 , we get

Ê[−π A(X̃ A − X̃ A
0 )] = (π A)+(Ê[−X̃ A] + X̃ A

0 ) + (π A)−(Ê[X̃ A] − X̃ A
0 ) > 0.

Combining the previous steps, we obtain a contradiction. �
Remark 3.1 As a consequence of Proposition 3.1, we can reduce the problem of pricing a
contract to evaluating the upper and the lower expectation of its discounted payoff. Then the
upper and the lower expectation yield the price of the contract if both coincide or otherwise,
the upper and the lower bound for the price, respectively.

Next, we introduce hedging prices to explore the connection between pricing and hedging
in this framework. For this purpose, we consider the contract X with payoff X̃ , introduced
at the beginning of this section, since there is no need to distinguish between symmetric
and asymmetric contracts in the following. The superhedging, respectively subhedging, price
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corresponds to the smallest, respectively highest, price for X that still allows to superreplicate
a long, respectively short, position in the contract with a portfolio of discounted bonds (which
corresponds to the definition of Epstein & Ji 2013 and Vorbrink 2014).

Definition 3.3 An admissible market strategy (π, π S, π A, τ ) is a superhedging, respectively
subhedging, strategy for the contract X with price x if π S = 0, π A = 0, and

ṽ(π, π S, π A, τ ) ≥ c(X̃ − x)

for c = 1, respectively c = −1.

We denote by H, respectively H, the set of all x ≥ 0 such that there exists a superhedg-
ing, respectively subhedging, strategy for the contract X with price x . The superhedging,
respectively subhedging, price is defined by h := inf H, respectively h := supH.

There is a connection between the hedging prices from above and the pricing procedure
introduced at the beginning of this section, called pricing-hedging duality, which shows
that other pricing procedures lead to arbitrage. Similar to Vorbrink (2014, Theorem 3.6),
we can show that the upper, respectively lower, expectation of the discounted payoff of
X corresponds to the superhedging, respectively subhedging, price. In order to show this,
we need to assume that the matrix (b j

t (τi ))
d
i, j=1 is invertible for all t for any vector τ =

(τ1, . . . , τd) ∈ [0, T̄ ]d , which is similar to the classical case without volatility uncertainty
(Heath et al., 1992, Assumption C.5).

Proposition 3.2 It holds h = Ê[X̃ ] and h = −Ê[−X̃ ].
Proof First, we show that h ≤ Ê[X̃ ]. Due to the martingale representation theorem for G-
martingales (Song, 2011, Theorem 4.5), there exists a process H̃ = (H̃1

t , . . . , H̃d
t )0≤t≤TN

in M2
G(0, TN ;Rd) and a continuous increasing process K = (Kt )0≤t≤TN with K0 = 0,

KTN ∈ L2
G(�TN ), and −K is a G-martingale such that

d∑

i=1

∫ TN

0
H̃ i
t d B

i
t − KTN = X̃ − Ê[X̃ ].

Now we choose an admissible market strategy (π, π S, π A, τ ) such that π S = 0, π A = 0,
π i
t = 0 for t ≥ TN and τi ≥ TN for all i = 1, . . . , n, and n = d . Then we have

ṽ(π, π S, π A, τ ) =
d∑

i=1

∫ TN

0
π i
t d P̃t (τi ) =

d∑

i, j=1

∫ TN

0
π i
t P̃t (τi )b

j
t (τi )dB

j
t

(Hölzermann 2022, Proposition 3.1). Since (b j
t (τi ))

d
i, j=1 is invertible for all t and the dis-

counted bonds are strictly positive, we can choose π such that

d∑

i=1

π i
t P̃t (τi )b

j
t (τi ) = H̃ j

t

for all j = 1, . . . , d for all t . Moreover, since K is increasing, we have

ṽ(π, π S, π A, τ ) ≥ X̃ − Ê[X̃ ].
Therefore, (π, π S, π A, τ ) constitutes a superhedging strategy for the contract X with price
Ê[X̃ ]. Consequently, Ê[X̃ ] ∈ H and hence, h ≤ Ê[X̃ ].
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Next, we show h ≥ Ê[X̃ ]. If we consider an arbitrary x ∈ H, then there exists a super-
hedging strategy (π, π S, π A, τ ) for the contract X with price x , that is,

ṽ(π, π S, π A, τ ) ≥ X̃ − x .

The discounted bonds are symmetric G-martingales; thus, it holds x ≥ Ê[X̃ ]. Since this
holds for all x ∈ H, we have h ≥ Ê[X̃ ], which proves the first assertion.

The second assertion can be shown in a similar way. Replacing X̃ with −X̃ in the first
step yields a subhedging strategy for the contract X with price −Ê[−X̃ ], which shows
h ≥ −Ê[−X̃ ]. The second step of the proof can be done with x ∈ H and a subhedging
strategy for the contract X with price x to show h ≤ −Ê[−X̃ ]. �

Remark 3.2 The pricing-hedging duality provides a (super)hedging strategy for contracts in
fixed income markets. The proof of Proposition 3.2 shows how to construct a superhedging
strategy for a contract by choosing a suitable portfolio of discounted bonds together with
an increasing process. The latter can be understood as a cumulative consumption process,
which denotes the cumulative amount of money that can be withdrawn from the portfolio
when superreplicating a long position in the contract. If the contract has a symmetric payoff,
then the consumption process vanishes and thus, the contract can be hedged perfectly (by
the martingale representation theorem for symmetric G-martingales). Therefore, we could
also refer to symmetric contracts as replicable contracts. In a Markovian setting (such as
in Proposition 4.2), the superhedging strategy—i.e., the trading strategy and the consump-
tion process—can be characterized by applying Itô’s formula for G-Brownian motion (see
Vorbrink 2014, Theorem 4.1).

Moreover, the pricing-hedging duality shows that prices differing from the pricing proce-
dure in this section lead to arbitrage. Strictly speaking, Proposition 3.1 only shows that the
pricing procedure in this section yields no-arbitrage prices but not that other prices create
arbitrage opportunities. From Proposition 3.2, we can deduce that there exists an arbitrage
strategy if the price of a contract is greater, respectively less, than the upper, respectively
lower, expectation of its discounted payoff. In that case, we can sell, respectively buy, the
contract and superreplicate a long, respectively short, position in the contract with a lower,
respectively higher, price by trading discounted bonds.

4 Pricing single cashflows

In the classical case without volatility uncertainty, discounted cashflows are priced under the
forward measure. Evaluating the expectation of a discounted cashflow related to an interest
rate derivative can be very elaborate; this is due to the fact that the discount factor—in addition
to the cashflows—is stochastic. The common way to avoid this issue is the forward measure
approach. The forward measure, which was introduced by Geman (1989), is equivalent to the
pricing measure and defined by choosing a particular density process. The density process
is defined in such a way that the expectation of a discounted cashflow under the risk-neutral
measure can be rewritten as the expectation of the cashflow under the forward measure,
discounted by a zero-coupon bond. Thus, by changing the measure, we can replace the
stochastic discount factor by the current bond price (which is already determined by the
model).

In the presence of volatility uncertainty, we define a counterpart of the forward measure,
termed forward sublinear expectation, to simplify the pricing of discounted cashflows. In
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contrast to the forward measure approach, we define the forward sublinear expectation by a
G-BSDE.

Definition 4.1 For ξ ∈ L p
G(�T ) with p > 1 and T ≤ T̄ , we define the T -forward sublinear

expectation ÊT by ÊT
t [ξ ] := Y T ,ξ

t , where Y T ,ξ = (Y T ,ξ
t )0≤t≤T solves the G-BSDE

Y T ,ξ
t = ξ −

d∑

i=1

∫ T

t
biu(T )Zi

ud〈Bi 〉u −
d∑

i=1

∫ T

t
Z i
udB

i
u − (KT − Kt ).

ByTheorem5.1 ofHu et al. (2014), the forward sublinear expectation is a time consistent sub-
linear expectation. The processes Zi = (Zi

t )0≤t≤T for all i = 1, . . . , d and K = (Kt )0≤t≤T

are part of the solution to the G-BSDE in Definition 4.1 (in addition to the process Y T ,ξ ).
We refer to the paper of Hu et al. (2014) for further details related to G-BSDEs.

The forward sublinear expectation corresponds to the expectation under the forward mea-
sure. This can be deduced from the explicit solution to the G-BSDE defining the forward
sublinear expectation. For T ≤ T̄ , we define the process XT = (XT

t )0≤t≤T by

XT
t := P̃t (T )

P0(T )
.

The process XT is the density used to define the forward measure. One can verify that XT

satisfies the dynamics

XT
t = 1 −

d∑

i=1

∫ t

0
biu(T )XT

u dB
i
u

(Hölzermann 2022, Proposition 3.1). By Theorem 3.2 of Hu et al. (2014), we know that the
process Y T ,ξ is given by

Y T ,ξ
t = (XT

t )−1
Êt [XT

T ξ ].
Thus, we basically arrive at the same expression as in the classical definition of the forward
measure.

We obtain the following preliminary results related to the forward sublinear expectation,
which simplify the pricing of discounted cashflows. Similar to the classical case, we find that
pricing a discounted cashflow reduces to determining the forward sublinear expectation of
the cashflow, which is then discounted with the bond price. Furthermore, there is a relation
between forward sublinear expectationswith differentmaturities, and the forward rate process

and the forward price process, which is denoted by XT ,T̃ = (XT ,T̃
t )0≤t≤T∧T̃ for T , T̃ ≤ T̄

and defined by

XT ,T̃
t := Pt (T̃ )

Pt (T )
,

are symmetric G-martingales under the T -forward sublinear expectation.

Proposition 4.1 Let ξ ∈ L p
G(�T ) with p > 1 and let t ≤ T , T̃ ≤ T̄ . Then we have the

following properties.

(i) It holds

Mt Êt [M−1
T ξ ] = Pt (T )ÊT

t [ξ ].
(ii) For T ≤ T̃ , it holds

Pt (T̃ )ÊT̃
t [ξ ] = Pt (T )ÊT

t [PT (T̃ )ξ ].
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(iii) The forward rate process f (T ) is a symmetric G-martingale under ÊT .

(iv) The forward price process XT ,T̃ satisfies XT ,T̃
t ∈ L p

G(�t ) for all p < ∞ and

XT ,T̃
t = XT ,T̃

0 −
d∑

i=1

∫ t

0
σ i
u(T , T̃ )XT ,T̃

u d Bi
u −

d∑

i=1

∫ t

0
σ i
u(T , T̃ )XT ,T̃

u biu(T )d〈Bi 〉u,

where σ i (T , T̃ ) = (σ i
t (T , T̃ ))0≤t≤T∧T̃ , for all i , is defined by

σ i
t (T , T̃ ) := bit (T̃ ) − bit (T ),

and XT ,T̃ is a symmetric G-martingale under ÊT .

Proof Part (i) follows by a simple calculation; we have

Mt Êt [M−1
T ξ ] = Pt (T )Mt

P0(T )
Pt (T )

Êt [M−1
T

PT (T )
P0(T )

ξ ] = Pt (T )(XT
t )−1

Êt [XT
T ξ ] = Pt (T )ÊT

t [ξ ].
To show part (i i), we use some properties of G-BSDEs. By Definition 4.1, we have

Ê
T̃
t [ξ ] = Y T̃ ,ξ

t , where Y T̃ ,ξ solves

Y T̃ ,ξ
t = ξ −

d∑

i=1

∫ T̃

t
biu(T̃ )Zi

ud〈Bi 〉u −
d∑

i=1

∫ T̃

t
Z i
udB

i
u − (KT̃ − Kt ).

Since ξ ∈ L p
G(�T ), the process Y T̃ ,ξ also solves the G-BSDE

Y T̃ ,ξ
t = ξ −

d∑

i=1

∫ T

t
biu(T̃ )Zi

ud〈Bi 〉u −
d∑

i=1

∫ T

t
Z i
udB

i
u − (KT − Kt ).

This follows from the fact that (one can verify that) the solution to the latter coincides with
the solution to the former on [0, T ]. By Theorem 3.2 of Hu et al. (2014), the solution to the
latter is given by

Y T̃ ,ξ
t = (XT̃

t )−1
Êt [XT̃

T ξ ].

Moreover, for each t ≤ T , we have XT̃
t = XT ,T̃

t X T̃ ,T
0 XT

t . Hence, we obtain

Ê
T̃
t [ξ ] = XT̃ ,T

t XT ,T̃
0 (XT

t )−1
Êt [XT ,T̃

T X T̃ ,T
0 XT

T ξ ] = XT̃ ,T
t Ê

T
t [XT ,T̃

T ξ ],
which proves part (i i).

For part (i i i), we use the Girsanov transformation for G-Brownian motion from Li and
Peng (2014). We define the process BT = (B1,T

t , . . . , Bd,T
t )0≤t≤T by

Bi,T
t := Bi

t +
∫ t

0
biu(T )d〈Bi 〉u .

Then BT is a G-Brownian motion under ÊT (Hu et al., 2014, Theorems 5.2, 5.4). Since the
dynamics of the forward rate are given by

ft (T ) = f0(T ) +
d∑

i=1

∫ t

0
β i
u(T )dBi

u +
d∑

i=1

∫ t

0
β i
u(T )biu(T )d〈Bi 〉u,

the forward rate is a symmetric G-martingale under ÊT .
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To obtain part (iv), we first show that XT ,T̃
t ∈ L p

G(�t ) for all p < ∞ by using
the representation of the space L p

G(�t ) from Denis et al. (2011) and a proof similar
to the proof of Proposition 5.10 from Osuka (2013). The space L p

G(�t ) consists of all
Borel measurable random variables X which have a quasi-continuous version and satisfy
limn→∞ Ê[|X |p1{|X |>n}] = 0 (Peng, 2019, Proposition 6.3.2). One can show that

XT ,T̃
t = XT ,T̃

0 exp

(
−

d∑

i=1

∫ t

0
σ i
u(T , T̃ )dBi

u −
d∑

i=1

∫ t

0

( 1
2σ i

u(T , T̃ )2 + σ i
u(T , T̃ )biu(T )

)
d〈Bi 〉u

)

(Hölzermann 2022, Lemma 3.1). Since σ i (T , T̃ ) and bi (T ), for all i , are bounded pro-

cesses in Mp
G(0, T̄ ) for all p < ∞, we already know that XT ,T̃

t is measurable and has a

quasi-continuous version. Now we show that Ê[|XT ,T̃
t | p̃] < ∞ for p̃ > p, which implies

limn→∞ Ê[|X |p1{|X |>n}] = 0. By Hölder’s inequality, for p̃ > p and q̃ > 1, we have

Ê[|XT ,T̃
t | p̃] ≤ XT ,T̃

0 Ê

[
exp

(
− p̃q̃

d∑

i=1

∫ t

0
σ i
u(T , T̃ )dBi

u − 1
2 ( p̃q̃)2

d∑

i=1

∫ t

0
σ i
u(T , T̃ )2d〈Bi 〉u

)] 1
q̃

· Ê
[
exp

(
p̃q̃
q̃−1

d∑

i=1

∫ t

0

( 1
2 ( p̃q̃ − 1)σ i

u(T , T̃ )2 − σ i
u(T , T̃ )biu(T )

)
d〈Bi 〉u

)] q̃−1
q̃

.

The two terms on the right-hand side are finite. The second term is finite since σ i (T , T̃ ) and
bi (T ) are bounded for all i . By the same argument, we have

Ê

[
exp

(
1
2 ( p̃q̃)2

d∑

i=1

∫ t

0
σ i
u(T , T̃ )2d〈Bi 〉u

)]
< ∞.

Thenwe can use Novikov’s condition to show that the first term is finite, since the exponential
inside the sublinear expectation is a martingale under each P ∈ P .

Using Itô’s formula for G-Brownian motion from Li and Peng (2011) and the Girsanov
transformation of Hu et al. (2014) completes the proof. We have

XT ,T̃
t = XT ,T̃

0 −
d∑

i=1

∫ t

0
σ i
u(T , T̃ )XT ,T̃

u d Bi
u −

d∑

i=1

∫ t

0
σ i
u(T , T̃ )XT ,T̃

u biu(T )d〈Bi 〉u

by Itô’s formula (Li & Peng, 2011, Theorem 5.4). Moreover, since σ i (T , T̃ ) and bi (T ), for
all i , are bounded processes in Mp

G(0, T̄ ) for all p < ∞, one can then show that XT ,T̃

belongs to Mp
G(0, T̄ ) for all p < ∞ (Hölzermann 2022, Proposition B.1). As in the proof of

part (i i i), the Girsanov transformation then implies that XT ,T̃ is a symmetric G-martingale
under ÊT . �

Due to Proposition 4.1 (i i i), we obtain a robust version of the expectations hypothesis
as a by-product. The traditional expectations hypothesis states that forward rates reflect
the expectation of future short rates. In the classical case without volatility uncertainty, the
forward rate is amartingale under the forwardmeasure; therefore, the expectations hypothesis
holds true under the forward measure. In our case, we obtain a much stronger version—
called robust expectations hypothesis. The forward rate is a symmetric G-martingale under
the forward sublinear expectation; thus, the forward rate reflects the upper and the lower
expectation of the short rate.
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Corollary 4.1 The forward rate satisfies the robust expectations hypothesis under the forward
sublinear expectation—that is, for t ≤ T ≤ T̄ , it holds

Ê
T
t [rT ] = ft (T ) = −Ê

T
t [−rT ].

So in particular, the forward rate reflects the expectation of the short rate in each possible
scenario for the volatility.

Next, we consider an option written on forward prices. The cashflows of most nonlinear
contracts in fixed income markets can be written as bond options or, equivalently, as options
on forward prices (see, e.g., Subsection 6.4). Thus, we now consider the case when the payoff
is given by a function depending on a selection of forward prices for different maturities: for
n ∈ N, let ξ be defined by

ξ := ϕ
(
(XT ,ti

t1 )ni=1

)
(4.1)

for a function ϕ : Rn → R and a tenor structure 0 < t1 < . . . < tn ≤ T̄ with t1 ≤ T ≤ T̄ .
The price of such an option is characterized by a nonlinear PDE. By using a nonlinear

version of the Feynman-Kac formula, we find that evaluating the forward sublinear expec-
tation of the payoff reduces to solving a nonlinear PDE. Peng (2019, Appendix C) provides
an introduction to the related solution concept for such PDEs.

Proposition 4.2 Let ξ be given by (4.1). If ϕ satisfies

|ϕ(x) − ϕ(y)| ≤ C(1 + |x |m + |y|m)|x − y| (4.2)

for all x, y ∈ R
n for a positive integer m and a constant C > 0, then for t ≤ t1,

Ê
T
t [ξ ] = u

(
t, (XT ,ti

t )ni=1

)
,

where u : [0, t1] × R
n → R is the unique viscosity solution to the nonlinear PDE

∂t u + 1
2

d∑

j=1

(
σ 2

j

(
σ j (t, x)D2

xxu σ j (t, x)′
)+ − σ 2

j

(
σ j (t, x)D2

xxu σ j (t, x)′
)−)

= 0,

u(t1, x) = ϕ(x)
(4.3)

and σ j (t, x) := (σ
j
t (T , ti )xi )ni=1.

Proof Weshow the assertion by using the nonlinear Feynman-Kac formula ofHu et al. (2014).
With Proposition 4.1 (iv) and inequality (4.2), one can show that ξ belongs to L p

G(�t1) ⊂
L p
G(�T )with p > 1. By Definition 4.1, we have ÊT

t [ξ ] = Y T ,ξ
t , where Y T ,ξ = (Y T ,ξ

t )0≤t≤T

solves the G-BSDE

Y T ,ξ
t = ξ −

d∑

i=1

∫ T

t
biu(T )Zi

ud〈Bi 〉u −
d∑

i=1

∫ T

t
Z i
udB

i
u − (KT − Kt ).

Since ξ ∈ L p
G(�t1), the process Y

T ,ξ also solves the G-BSDE

Y T ,ξ
t = ξ −

d∑

i=1

∫ t1

t
biu(T )Zi

ud〈Bi 〉u −
d∑

i=1

∫ t1

t
Z i
udB

i
u − (Kt1 − Kt ),

where ϕ satisfies (4.2). From Proposition 4.1 (iv), we deduce the dynamics and the regularity
of XT ,ti for all i = 1, . . . , n. Then, by Theorems 4.4 and 4.5 of Hu et al. (2014), we have
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Y T ,ξ
t = u(t, (XT ,ti

t )ni=1), where u : [0, t1] × R
n → R is the unique viscosity solution to

(4.3). �
When the option’s payoff is additionally convex or concave, the price is characterized

by the price from the corresponding HJM model without volatility uncertainty. If the payoff
function is convex, respectively concave, then we can show that the forward sublinear expec-
tation corresponds to the linear expectation of the payoff when the dynamics of the forward
prices are driven by a standard Brownian motion with constant volatility σ , respectively σ .

Proposition 4.3 Let ξ be given by (4.1). If ϕ is convex and satisfies (4.2), then

Ê
T
t [ξ ] = uσ

(
t, (XT ,ti

t )ni=1

)
,

for t ≤ t1, where the function uσ : [0, t1] × R
n → R, for σ ∈ �, is defined by

uσ (t, x) := EP0

[
ϕ
(
(Xi,σ,t,xi

t1 )ni=1

)]

and the process Xi,σ,t,xi = (Xi,σ,t,xi
s )t≤s≤t1 , for all i = 1, . . . , n, is given by

Xi,σ,t,xi
s = xi −

d∑

j=1

∫ s

t
σ

j
u (T , ti )X

i,σ,t,xi
u σ j d B

j
u .

If ϕ is concave instead of convex, then for t ≤ t1,

Ê
T
t [ξ ] = uσ

(
t, (XT ,ti

t )ni=1

)
.

Proof We show that uσ solves the nonlinear PDE (4.3) and apply Proposition 4.2 to prove the
first assertion; the proof of the second assertion is analogous. By the classical Feynman-Kac
formula, we know that uσ solves

∂t u + 1
2

d∑

j=1

σ 2
jσ

j (t, x)D2
xxu σ j (t, x)′ = 0, u(t1, x) = ϕ(x).

In addition, the convexity of ϕ implies that uσ (t, ·) is convex for each t ; thus,

σ j (t, x)D2
xxu

σ σ j (t, x)′ ≥ 0

for all j = 1, . . . , d . Therefore, one can verify that uσ solves (4.3). Then the claim follows
by Proposition 4.2. �

5 Pricing a stream of cashflows

Due to the nonlinearity of the pricingmeasure, in general, we cannot price interest rate deriva-
tives by pricing each cashflow separately. As in Sect. 3, we consider a contract consisting of
a stream of cashflows, which we denote by X . Then the discounted payoff is given by

X̃ =
N∑

i=0

M−1
Ti

ξi

for a tenor structure 0 < T0 < T1 < . . . < TN < T̄ and ξi ∈ L p
G(�Ti )with p > 1 for all i . In

order to price the contract, we are interested in Ê[X̃ ] and−Ê[−X̃ ].When there is no volatility
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uncertainty, we can simply price the contract by pricing each cashflow individually, since the
pricing measure is linear in that case. However, in the presence of volatility uncertainty, the
pricing measure is sublinear, which implies

Ê[X̃ ] ≤
N∑

i=0

Ê[M−1
Ti

ξi ], −Ê[−X̃ ] ≥
N∑

i=0

−Ê[−M−1
Ti

ξi ].

Therefore, ifwe price each cashflow separately,we possibly only obtain an upper, respectively
lower, bound for the upper, respectively lower, bound of the price—which does not yieldmuch
information about the price of the contract.

If the contract has symmetric cashflows, then it has a single price andwe can determine the
price by pricing each of its cashflows individually. For contracts with symmetric cashflows,
the upper expectation coincides with the lower expectation of the discounted payoff, and we
obtain both by computing the forward sublinear expectation of each cashflow separately.

Lemma 5.1 If ξi , for all i , satisfies Ê
Ti
t [ξi ] = −Ê

Ti
t [−ξi ] for t ≤ T0, then it holds

Mt Êt [X̃ ] =
N∑

i=0

Pt (Ti )Ê
Ti
t [ξi ] = −Mt Êt [−X̃ ].

Proof We derive an upper, respectively lower, bound for the upper, respectively lower, expec-
tation of X̃ and show that they coincide. If we use the sublinearity of Ê and Proposition 4.1
(i), for t ≤ T0, we get

Mt Êt [X̃ ] ≤
N∑

i=0

Pt (Ti )Ê
Ti
t [ξi ], −Mt Êt [−X̃ ] ≥

N∑

i=0

−Pt (Ti )Ê
Ti
t [−ξi ].

Moreover, for t ≤ T0, it holds Êt [X̃ ] ≥ −Êt [−X̃ ] and ÊTi
t [ξi ] = −Ê

Ti
t [−ξi ] for all i , which

yields the assertion. �
In general (so in particular, for contracts with asymmetric cashflows), we can use a back-

ward induction procedure to price the contract. Then we obtain the upper and the lower
expectation of the discounted payoff by recursively evaluating the forward sublinear expec-
tation of the cashflows starting from the last cashflow.

Lemma 5.2 It holds Ê[X̃ ] = Ỹ+
0 and −Ê[−X̃ ] = −Ỹ−

0 , where Ỹ±
i is defined by

Ỹ±
i := PTi−1(Ti )Ê

Ti
Ti−1

[±ξi + Ỹ±
i+1] (5.1)

for all i = 0, 1, . . . , N and T−1 := 0 and Ỹ±
N+1 := 0.

Proof We show the assertion by repeatedly excluding the cashflows from X̃ and using the
time consistency of the G-expectation. First, we exclude the last cashflow from the sum and
write it in terms of Ỹ+

N . Due to the time consistency of Ê (Peng, 2019, Proposition 3.2.3), we
have

Ê[±X̃ ] = Ê

[
±

N−1∑

i=0

M−1
Ti

ξi + ÊTN−1 [±M−1
TN

ξN ]
]
.

By Proposition 4.1 (i), we obtain

ÊTN−1 [±M−1
TN

ξN ] = M−1
TN−1

PTN−1(TN )Ê
TN
TN−1

[±ξN ] = M−1
TN−1

Ỹ±
N .
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Second, we exclude the second last cashflow from the sum and repeat the calculation from
above. Using the time consistency of Ê, we get

Ê[±X̃ ] = Ê

[
±

N−2∑

i=0

M−1
Ti

ξi + ÊTN−2 [M−1
TN−1

(±ξN−1 + Ỹ±
N )]

]
.

Due to Proposition 4.1 (i), we have

ÊTN−2 [M−1
TN−1

(±ξN−1 + Ỹ±
N )] = M−1

TN−2
PTN−2(TN−1)Ê

TN−1
TN−2

[±ξN−1 + Ỹ±
N ] = M−1

TN−2
Ỹ±
N−1.

Then we repeat the step from above to eventually obtain Ê[±X̃ ] = Ỹ±
0 . �

Next, we consider a stream of options on forward prices. Most nonlinear contracts in
fixed income markets can be written as a stream of options on forward prices. However, such
contracts are not directly of this form but can be written to be of such a form (see Subsections
6.5 and 6.6). Hence, instead of specifying the payoffs in (5.1), we consider a slightly different
sequence of random variables: for m, n ∈ N such that m �= n, let Ȳi be defined by

Ȳi := Xti−1+n ,ti+n
ti Ê

ti+n
ti [ϕi (Xti+n ,ti+m

ti+1
) + Ȳi+1] (5.2)

for all i = 1, . . . , N , where ϕi : R → R and 0 = t1 < . . . < tN+(m∨n) ≤ T̄ , and ȲN+1 := 0.
The price of such a contract is determined by a systemof nonlinear PDEs.We can show that

the backward induction procedure to find the price reduces to recursively solving nonlinear
PDEs.

Proposition 5.1 Let Ȳi be given by (5.2) for i = 1, . . . , N + 1. If ϕi satisfies (4.2) for all
i = 1, . . . , N, then

Ȳ1 = Xtn ,tn+1
0 u1

(
0, Xt1+n ,t1+m

0 , (Xtk−1+n ,tk+n
0 , Xtk+n ,tk+m

0 )Nk=2

)
,

where ui : [0, ti+1] ×R
2(N−i)+1 → R is the unique viscosity solution to the nonlinear PDE

∂t u + 1
2

d∑

j=1

(
σ 2

j

(
H j
i (t, xi , Dxi u, D2

xi xi u)
)+ − σ 2

j

(
H j
i (t, xi , Dxi u, D2

xi xi u)
)−)

= 0,

u(ti+1, xi ) = fi (xi )
(5.3)

for i = 1, . . . , N, where xi := (x̂i , (x̃k, x̂k)Nk=i+1) for i = 1, . . . , N − 1 and xN := x̂N and

H j
i (t, xi , Dxi u, D2

xi xi u) := σ
j
i (t, xi )

′D2
xi xi u σ

j
i (t, xi ) + 2Dxi u μ

j
i (t, xi ),

σ
j
i (t, xi ) := diag(xi )

(
σ

j
t (ti+n, ti+m),

(
σ

j
t (tk−1+n, tk+n), σ

j
t (tk+n, tk+m)

)N
k=i+1

)′
,

μ
j
i (t, xi ) := diag

(
σ

j
i (t, xi )

)(
0,

(
σ

j
t (tk−1+n, ti+n), σ

j
t (tk+n, ti+n)

)N
k=i+1

)′
,

fi (xi ) := ϕi (x̂i ) + x̃i+1ui+1(ti+1, xi+1)

for i = 1, . . . , N − 1 and

H j
N (t, xN , DxN u, D2

xN xN u) := σ
j
t (tN+n, tN+m)2x2N ∂2xN xN u,

fN (xN ) := ϕN (xN ).
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Proof We apply the nonlinear Feynman-Kac formula of Hu et al. (2014) to Ȳi for all i =
1, . . . , N to show that one can recursively solve the nonlinear PDE (5.3) to obtain Ȳ1.

We start with ȲN . By Proposition 4.2, we know that

ȲN = XtN−1+n ,tN+n
tN uN (tN , XtN+n ,tN+m

tN ),

where uN (tN , ·) satisfies (4.2) (Hu et al., 2014, Proposition 4.2).
Now we move on to ȲN−1. Inserting ȲN in the definition of ȲN−1, we get

ȲN−1 = XtN−2+n ,tN−1+n
tN−1

Ê
tN−1+n
tN−1

[ fN−1(X
tN−1+n ,tN−1+m
tN , XtN−1+n ,tN+n

tN , XtN+n ,tN+m
tN )].

One can show that fN−1 satisfies (4.2), since ϕN−1 and uN (tN , ·) satisfy (4.2). Hence, we can
apply the nonlinear Feynman-Kac formula—as in the proof of Proposition 4.2—to obtain

ȲN−1 = XtN−2+n ,tN−1+n
tN−1

uN−1(tN−1, X
tN−1+n ,tN−1+m
tN−1

, XtN−1+n ,tN+n
tN−1

, XtN+n ,tN+m
tN−1

),

where uN−1(tN−1, ·) satisfies (4.2) (Hu et al., 2014, Proposition 4.2).
Next, we perform the following recursive step for all i = 1, . . . , N − 2 backwards to

obtain Ȳ1. Let us suppose that

Ȳi+1 = Xti+n ,ti+1+n
ti+1

ui+1
(
ti+1, X

ti+1+n ,ti+1+m
ti+1

(Xtk−1+n ,tk+n
ti+1

, Xtk+n ,tk+m
ti+1

)Nk=i+2

)
,

where ui+1(ti+1, ·) satisfies (4.2). Plugging Ȳi+1 into the definition of Ȳi yields

Ȳi = Xti−1+n ,ti+n
ti Ê

ti+n
ti

[
fi
(
Xti+n ,ti+m
ti+1

, (Xtk−1+n ,tk+n
ti+1

, Xtk+n ,tk+m
ti+1

)Nk=i+1

)]
.

As in the previous step, one can show that fi satisfies (4.2). Therefore, the nonlinear Feynman-
Kac formula implies

Ȳi = Xti−1+n ,ti+n
ti ui

(
ti , X

ti+n ,ti+m
ti , (Xtk−1+n ,tk+n

ti , Xtk+n ,tk+m
ti )Nk=i+1

)
,

where ui (ti , ·) satisfies (4.2) (Hu et al., 2014, Proposition 4.2). �
When the contract consists of options that are additionally convex or concave, the price is

determined by the price from the corresponding HJMmodel without volatility uncertainty. If
all payoff functions are convex, respectively concave, then the backward induction procedure
reduces to computing the linear expectation of all cashflowswhen the forward price dynamics
are driven by a standard Brownian motion with volatility σ , respectively σ .

Proposition 5.2 Let Ȳi be given by (5.2) for i = 1, . . . , N + 1. If ϕi is convex and satisfies
(4.2) for all i = 1, . . . , N, then

Ȳ1 =
N∑

i=1

Xtn ,ti+n
0 uσ

i (0, Xti+n ,ti+m
0 ),

where the function uσ
i : [0, ti+1] × R → R, for all i = 1, . . . , N and σ ∈ �, is defined by

uσ
i (t, x̂i ) := EP0 [ϕi (Xi,σ,t,x̂i

ti+1
)]

and the process Xi,σ,t,x̂i = (Xi,σ,t,x̂i
s )t≤s≤ti+1 is given by

Xi,σ,t,x̂i
s = x̂i −

d∑

j=1

∫ s

t
σ

j
u (ti+n, ti+m)Xi,σ,t,x̂i

u σ j d B
j
u .
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If ϕi is concave instead of convex for all i = 1, . . . , N, then

Ȳ1 =
N∑

i=1

Xtn ,ti+n
0 uσ

i (0, Xti+n ,ti+m
0 ).

Proof We solve the nonlinear PDE (5.3) for all i = 1, . . . , N and use Proposition 5.1 to prove
the first assertion; the proof of the second assertion is similar. Moreover, we only consider
the case in which x̃i ≥ 0 for all i = 2, . . . , N—this is sufficient as the forward prices are
positive.

First of all, we can show that

uN (t, xN ) = uσ
N (t, x̂N ),

since uσ
i (t, ·) is convex and uσ

i is the solution to

∂t u + 1
2

d∑

j=1

σ 2
jσ

j
t (ti+n, ti+m)2 x̂2i ∂

2
x̂i x̂i

u = 0, u(ti+1, x̂i ) = ϕi (x̂i )

for all i = 1, . . . , N .
Second, we show by verification that

uN−1(t, xN−1) = uσ
N−1(t, x̂N−1) + x̃N u

σ
N (t, x̂N ).

Using the previous equation and performing some calculations leads to

H j
N−1(t, xN−1, DxN−1uN−1, D

2
xN−1xN−1

uN−1) = σ
j
t (tN−1+n, tN−1+m)2 x̂2N−1∂

2
x̂N−1 x̂N−1

uσ
N−1

+ x̃Nσ
j
t (tN+n, tN+m)2 x̂2N ∂2x̂N x̂N

uσ
N .

By the arguments from the first step, we then have

H j
N−1(t, xN−1, DxN−1uN−1, D

2
xN−1xN−1

uN−1) ≥ 0,

and (therefore) one can verify that uN−1 indeed solves (5.3) for i = N − 1.
Next, we carry out the following recursive step for all i = 1, . . . , N − 2 backwards to get

an expression for u1. Let us suppose that

ui+1(t, xi+1) = uσ
i+1(t, x̂i+1) + x̃i+2ui+2(t, xi+2)

and that

H j
i+1(t, xi+1, Dxi+1ui+1, D

2
xi+1xi+1

ui+1) ≥ 0.

Then we show by verification that

ui (t, xi ) = uσ
i (t, x̂i ) + x̃i+1ui+1(t, xi+1).

If we use the above equation and do some calculations, we obtain

H j
i (t, xi , Dxi ui , D

2
xi xi ui ) = σ

j
t (ti+n, ti+m)2 x̂2i ∂

2
x̂i x̂i

uσ
i

+ x̃i+1H
j
i+1(t, xi+1, Dxi+1ui+1, D

2
xi+1xi+1

ui+1).

As in the previous step, we then have

H j
i (t, xi , Dxi ui , D

2
xi xi ui ) ≥ 0,
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and (thus) one can verify that ui solves (5.3). If we recursively plug in the explicit solutions,
we eventually obtain

u1 = uσ
1 (t, x̂1) +

N∑

k=2

( k∏

l=2

x̃l

)
uσ
k (t, x̂k).

By Proposition 5.1 and the definition of the forward prices, we finally obtain the desired
expression for Ȳ1. �

6 Common interest rate derivatives

With the tools from the preceding sections, we price all major contracts traded in fixed
income markets. We consider typical linear contracts, such as fixed coupon bonds, floating
rate notes, and interest rate swaps, and nonlinear contracts, such as swaptions, caps and floors,
and in-arrears contracts. Using the pricing techniques from Sects. 4 and 5, we show how to
derive robust pricing formulas for such contracts. That means, we consider a contract with
discounted payoff

X̃ =
N∑

i=0

M−1
Ti

ξi

for 0 < T0 < T1 < . . . < TN < T̄ and specifically given cashflows, and then we show how
to find Ê[X̃ ] and −Ê[−X̃ ] or Mt Êt [X̃ ] and −Mt Êt [−X̃ ] for t ≤ T0 if the contract has a
symmetric payoff.

6.1 Fixed coupon bonds

We can price fixed coupon bonds as in the classical case without volatility uncertainty. A
fixed coupon bond is a contract that pays a fixed rate of interest, given by K > 0, on a
nominal value, which is normalized to 1, at each payment date and the nominal value at the
last payment date. Hence, the cashflows are given by

ξi = 1{N }(i) + 1{1,...,N }(i)(Ti − Ti−1)K (6.1)

for all i = 0, 1, . . . , N . Due to its simple payoff structure, the contract has a symmetric
payoff, and its price is given by the same expression as the one obtained in traditional term
structure models.

Proposition 6.1 Let ξi be given by (6.1) for all i = 0, 1, . . . , N. Then for t ≤ T0,

Mt Êt [X̃ ] = Pt (TN ) +
N∑

i=1

Pt (Ti )(Ti − Ti−1)K = −Mt Êt [−X̃ ].

Proof Since the cashflows are constants, the assertion follows by Lemma 5.1. �

6.2 Floating rate notes

We can also price floating rate notes as in the classical case without volatility uncertainty. A
floating rate note is a fixed coupon bond in which the fixed rate is replaced by a floating rate:
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the simply compounded spot rate; for t ≤ T ≤ T̄ , the simply compounded spot rate with
maturity T at time t is defined by

Lt (T ) := 1
T−t (

1
Pt (T )

− 1).

The cashflows are then given by

ξi = 1{N }(i) + 1{1,...,N }(i)(Ti − Ti−1)LTi−1(Ti ) (6.2)

for all i = 0, 1, . . . , N . Although the cashflows are not constant, the contract yet has a
symmetric payoff. As in the classical case, the price is simply given by the price of a zero-
coupon bond with maturity T0.

Proposition 6.2 Let ξi be given by (6.2) for all i = 0, 1, . . . , N. Then for t ≤ T0,

Mt Êt [X̃ ] = Pt (T0) = −Mt Êt [−X̃ ].
Proof We show that the cashflows have a symmetric payoff and apply Lemma 5.1. Due to
Proposition 4.1 (i i) and (iv), we have

Pt (Ti )Ê
Ti
t [(Ti − Ti−1)LTi−1(Ti )] = Pt (Ti−1)Ê

Ti−1
t [1 − PTi−1(Ti )] = Pt (Ti−1) − Pt (Ti )

for all i = 1, . . . , N . In a similar fashion we can show that

−Pt (Ti )Ê
Ti
t [−(Ti − Ti−1)LTi−1(Ti )] = Pt (Ti−1) − Pt (Ti )

for all i = 1, . . . , N . The result follows by Lemma 5.1 and summation. �

6.3 Interest rate swaps

The pricing formula for interest rate swaps is the same as in traditional models. An interest
rate swap exchanges the floating rate with a fixed rate at each payment date. Without loss of
generality, we consider a payer interest rate swap; that is, we pay the fixed rate and receive
the floating rate. Hence, the cashflows are given by

ξi = 1{1,...,N }(i)(Ti − Ti−1)
(
LTi−1(Ti ) − K

)
(6.3)

for all i = 0, 1, . . . , N . Since the payoff is the difference of a zero-coupon bond and a floating
rate note, the contract is symmetric. As in traditional term structure models, the price is given
by a linear combination of zero-coupon bonds with different maturities. In particular, this
implies that the swap rate—i.e., the value of the fixed rate that makes the value of the contract
zero—is uniquely determined and does not differ from the expression obtained by standard
models.

Proposition 6.3 Let ξi be given by (6.3) for all i = 0, 1, . . . , N. Then for t ≤ T0,

Mt Êt [X̃ ] = Pt (T0) − Pt (TN ) −
N∑

i=1

Pt (Ti )(Ti − Ti−1)K = −Mt Êt [−X̃ ].

Proof Again, we show that the cashflows have a symmetric payoff and use Lemma 5.1 to
obtain the result. As in the proof of Proposition 6.2, we can show that

Pt (Ti )Ê
Ti
t

[
(Ti − Ti−1)

(
LTi−1(Ti ) − K

)] = Pt (Ti−1) − Pt (Ti ) − Pt (Ti )(Ti − Ti−1)K ,

−Pt (Ti )Ê
Ti
t

[ − (Ti − Ti−1)
(
LTi−1(Ti ) − K

)] = Pt (Ti−1) − Pt (Ti ) − Pt (Ti )(Ti − Ti−1)K

for all i = 1, . . . , N . Then the assertion follows by Lemma 5.1 and summation. �
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6.4 Swaptions

We can price swaptions by computing the price in the corresponding HJM model without
volatility uncertainty to obtain the upper and the lower bound for the price. A swaption gives
the buyer the right to enter an interest rate swap at the first payment date. Hence, there is only
one cashflow, which is determined by Proposition 6.3—i.e.,

ξi = 1{0}(i)
(
1 − PT0(Tn) −

N∑

j=1

PT0(Tj )(Tj − Tj−1)K

)+
(6.4)

for all i = 0, 1, . . . , N . Due to the nonlinearity of the payoff function, the upper and the
lower expectation of the discounted payoff do not necessarily coincide; thus, the contract has
an asymmetric payoff. The related pricing bounds are given by the linear expectation of the
payoff when the forward prices are driven by a standard Brownian motion with the highest
and the lowest possible volatility, respectively.

Theorem 6.1 Let ξi be given by (6.4) for all i = 0, 1, . . . , N. Then it holds

Ê[X̃ ] = P0(T0)u
σ
(
0,

( P0(Ti )
P0(T0)

)N
i=1

)
, −Ê[−X̃ ] = P0(T0)u

σ
(
0,

( P0(Ti )
P0(T0)

)N
i=1

)
,

where the function uσ : [0, T0] × R
N → R, for σ ∈ �, is defined by

uσ (t, x) := EP0

[(
1 − XN ,σ,t,xN

T0
−

N∑

i=1

Xi,σ,t,xi
T0

(Ti − Ti−1)K

)+]

and the process Xi,σ,t,xi = (Xi,σ,t,xi
s )t≤s≤T0 , for all i = 1, . . . , N, is given by

Xi,σ,t,xi
s = xi −

d∑

j=1

∫ s

t
σ

j
u (T0, Ti )X

i,σ,t,xi
u σ j d B

j
u .

Proof We prove the claim by using Proposition 4.3. By Proposition 4.1 (i), we have

Ê[X̃ ] = P0(T0)Ê
T0

[(
1 − XT0,TN

T0
−

N∑

i=1

XT0,Ti
T0

(Ti − Ti−1)K

)+]
,

−Ê[−X̃ ] = − P0(T0)Ê
T0

[
−

(
1 − XT0,TN

T0
−

N∑

i=1

XT0,Ti
T0

(Ti − Ti−1)K

)+]
.

Hence, the assertion follows by Proposition 4.3, since one can show that the payoff function
of a swaption is convex and satisfies (4.2). �

6.5 Caps and floors

Similar to swaptions, we can compute the upper and the lower bound for the price of a cap
by pricing it in the corresponding HJM model without volatility uncertainty. A cap gives
the buyer the right to exchange the floating rate with a fixed rate at each payment date. The
cashflows are called caplets and are given by

ξi = 1{1,...,N }(i)(Ti − Ti−1)
(
LTi−1(Ti ) − K

)+ (6.5)
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for all i = 0, 1, . . . , N . The upper and the lower bound for the price of the contract are given
by the linear expectation of its payoff, which corresponds to a collection of put options on
forward prices, when the forward prices are driven by a standard Brownian motion with the
highest and the lowest possible volatility, respectively.

Theorem 6.2 Let ξi be given by (6.5) for all i = 0, 1, . . . , N. Then it holds

Ê[X̃ ] =
N∑

i=1

P0(Ti−1)u
σ
i

(
0, P0(Ti )

P0(Ti−1)

)
, −Ê[−X̃ ] =

N∑

i=1

P0(Ti−1)u
σ

i

(
0, P0(Ti )

P0(Ti−1)

)
,

where the function uσ
i : [0, Ti−1] × R → R, for all i = 1, . . . , N and σ ∈ �, is defined by

uσ
i (t, xi ) := 1

Ki
EP0 [(Ki − Xi,σ,t,xi

Ti−1
)+]

for Ki := 1
1+(Ti−Ti−1)K

and the process Xi,σ,t,xi = (Xi,σ,t,xi
s )t≤s≤Ti−1 is given by

Xi,σ,t,xi
s = xi −

d∑

j=1

∫ s

t
σ

j
u (Ti−1, Ti )X

i,σ,t,xi
u σ j d B

j
u .

Proof We use Lemma 5.2 and Proposition 5.2 to show the assertion. According to Lemma
5.2, we need to determine Ỹ±

0 in order to obtain Ê[±X̃ ].We compute Ỹ±
0 by using Proposition

5.2. For this purpose, we need to rewrite Ỹ±
i for all i = 0, 1, . . . , N and define a sequence of

random variables to which we can apply Proposition 5.2. For all i = 0, 1, . . . , N , we have

Ỹ±
i = PTi−1(Ti )Ê

Ti
Ti−1

[±ξi + Ỹ±
i+1],

where ξi is given by (6.5), and Ỹ±
N+1 = 0. Since ξi ∈ L1

G(�Ti−1) for all i = 1, . . . , N and
ξ0 = 0, we can show that

Ỹ±
i = ± 1

Ki
(Ki − XTi−1,Ti

Ti−1
)+ + XTi−1,Ti

Ti−1
Ê
Ti
Ti−1

[Ỹ±
i+1]

for all i = 1, . . . , N and Ỹ±
0 = X0,T0

0 Ê
T0 [Ỹ±

1 ]. Now we define Ȳ±
i := XTi−2,Ti−1

Ti−2
Ê
Ti−1
Ti−2

[Ỹ±
i ]

for all i = 1, . . . , N + 1. Then we have Ỹ±
0 = Ȳ±

1 and

Ȳ±
i = XTi−2,Ti−1

Ti−2
Ê
Ti−1
Ti−2

[± 1
Ki

(Ki − XTi−1,Ti
Ti−1

)+ + Ȳ±
i+1]

for all i = 1, . . . , N , where Ȳ±
N+1 = 0.Moreover, we define ti := Ti−2 for all i = 1, . . . , N+

2. Then it holds 0 = t1 < . . . < tN+2 < T̄ and

Ȳ±
i = Xti ,ti+1

ti Ê
ti+1
ti [± 1

Ki
(Ki − Xti+1,ti+2

ti+1
)+ + Ȳ±

i+1]
for all i = 1, . . . , N . Thus, we can apply Proposition 5.2 to obtain

Ȳ+
1 =

N∑

i=1

X0,ti+1
0 uσ

i (0, Xti+1,ti+2
0 ), Ȳ−

1 =
N∑

i=1

−X0,ti+1
0 uσ

i (0, Xti+1,ti+2
0 ),

which proves the assertion. �
Floors can be priced in the same manner as caps. A floor gives the buyer the right to

exchange a fixed rate with the floating rate at each payment date. The cashflows are called
floorlets and are given by

ξi = 1{1,...,N }(i)(Ti − Ti−1)
(
K − LTi−1(Ti )

)+ (6.6)
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for all i = 0, 1, . . . , N . Since the cashflows are very similar to caplets, we obtain similar
pricing bounds compared to Theorem 6.2; the only difference is that we need to compute
prices of call options on forward prices instead of put options to obtain the pricing bounds.
It is remarkable that we can show this with the put-call parity, since the nonlinearity of the
pricing measure implies that the put-call parity, in general, does not hold in the presence of
volatility uncertainty.

Theorem 6.3 Let ξi be given by (6.6) for all i = 0, 1, . . . , N. Then it holds

Ê[X̃ ] =
N∑

i=1

P0(Ti−1)u
σ
i

(
0, P0(Ti )

P0(Ti−1)

)
, −Ê[−X̃ ] =

N∑

i=1

P0(Ti−1)u
σ

i

(
0, P0(Ti )

P0(Ti−1)

)
,

where the function uσ
i : [0, Ti−1] × R → R, for all i = 1, . . . , N and σ ∈ �, is defined by

uσ
i (t, xi ) := 1

Ki
EP [(Xi,σ,t,xi

Ti−1
− Ki )

+]

and Ki and the process Xi,σ,t,xi = (Xi,σ,t,xi
s )t≤s≤Ti−1 are given as in Theorem 6.2.

Proof Although Ê is sublinear, we can still use the put-call parity to prove the claim, since
interest rate swaps have a symmetric payoff. For all i = 1, . . . , N , we have

ξi = (Ti − Ti−1)
(
LTi−1(Ti ) − K

)+ − (Ti − Ti−1)
(
LTi−1(Ti ) − K

)
.

Thus, we get X̃ = Ỹ − Z̃ , where Ỹ , respectively Z̃ , denotes the discounted payoff of a cap,
respectively interest rate swap; that is,

Ỹ :=
N∑

i=1

M−1
Ti

(Ti − Ti−1)
(
LTi−1(Ti ) − K

)+
, Z̃ :=

N∑

i=1

M−1
Ti

(Ti − Ti−1)
(
LTi−1(Ti ) − K

)
.

Due to the sublinearity of Ê, we get Ê[X̃ ] ≤ Ê[Ỹ ] + Ê[−Z̃ ] and Ê[X̃ ] ≥ Ê[Ỹ ] − Ê[Z̃ ].
Hence, by Proposition 6.3, we obtain Ê[X̃ ] = Ê[Ỹ ] − Ê[Z̃ ]. In a similar fashion, we can
show that −Ê[−X̃ ] = −Ê[−Ỹ ] − Ê[Z̃ ]. Therefore, the assertion follows by the classical
put-call parity. �

6.6 In-arrears contracts

The pricing procedure from the previous subsection also works for contracts in which the
floating rate is settled in arrears. The difference between the contracts from above and in-
arrears contracts is that the simply compounded spot rate is reset each time when the contract
pays off. As a representative contract, we show how to price in-arrears swaps; other contracts,
such as in-arrears caps and floors, can be priced in a similar way. In contrast to a plain vanilla
interest rate swap, the cashflows are now given by

ξi = 1{0,1,...,N−1}(i)(Ti+1 − Ti )
(
LTi (Ti+1) − K

)
(6.7)

for all i = 0, 1, . . . , N . Then the contract is not necessarily symmetric, and the pricing bounds
are given by the linear expectation of its payoff, corresponding to a collection of functions
depending on forward prices, when the forward prices are driven by a standard Brownian
motion with the highest and the lowest possible volatility, respectively. As a consequence,
there is not a unique swap rate for in-arrears swaps.
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Theorem 6.4 Let ξi be given by (6.7) for all i = 0, 1, . . . , N. Then it holds

Ê[X̃ ] =
N∑

i=1

P0(Ti )u
σ
i

(
0, P0(Ti−1)

P0(Ti )

)
, −Ê[−X̃ ] =

N∑

i=1

P0(Ti )u
σ

i

(
0, P0(Ti−1)

P0(Ti )

)
,

where the function uσ
i : [0, Ti−1] × R → R, for all i = 1, . . . , N and σ ∈ �, is defined by

uσ
i (t, xi ) := EP0 [Xi,σ,t,xi

Ti−1
(Xi,σ,t,xi

Ti−1
− 1

Ki
)]

for Ki as in Theorem 6.2 and the process Xi,σ,t,xi = (Xi,σ,t,xi
s )t≤s≤Ti−1 is given by

Xi,σ,t,xi
s = xi −

d∑

j=1

∫ s

t
σ

j
u (Ti , Ti−1)X

i,σ,t,xi
u σ j d B

j
u .

Proof As in the proof of Theorem 6.2, we use Lemma 5.2 and Proposition 5.2 to show the
assertion. By Lemma 5.2, we need to compute Ỹ±

0 to find Ê[±X̃ ]. In order to find Ỹ±
0 , we

rewrite Ỹ±
i for all i = 0, 1, . . . , N and define a sequence of random variables to which we

can apply Proposition 5.2. For all i = 0, 1, . . . , N , we have

Ỹ±
i = PTi−1(Ti )Ê

Ti
Ti−1

[±ξi + Ỹ±
i+1],

where ξi is given by (6.7) and Ỹ±
N+1 = 0. Since ξN = 0, we get Ỹ±

N = 0. For all i =
0, 1, . . . , N − 1, we obtain, by Proposition 4.1 (i i),

Ỹ±
i = XTi−1,Ti+1

Ti−1
Ê
Ti+1
Ti−1

[±XTi+1,Ti
Ti

(XTi+1,Ti
Ti

− 1
Ki+1

) + XTi+1,Ti
Ti

Ỹ±
i+1].

We define Ȳ±
i := XTi−1,Ti−2

Ti−2
Ỹ±
i−1 for all i = 1, . . . , N +1. Then it holds Ỹ±

0 = X0,T0
0 Ȳ±

1 and

Ȳ±
i = XTi−1,Ti

Ti−2
Ê
Ti
Ti−2

[±XTi ,Ti−1
Ti−1

(XTi ,Ti−1
Ti−1

− 1
Ki

) + Ȳ±
i+1]

for all i = 1, . . . , N , where Ȳ±
N+1 = 0. Furthermore, we set ti := Ti−2 for all i = 1, . . . , N+

2. Then we get 0 = t1 < . . . < tN+2 < T̄ and

Ȳ±
i = Xti+1,ti+2

ti Ê
ti+2
ti [±Xti+2,ti+1

ti+1
(Xti+2,ti+1

ti+1
− 1

Ki
) + Ȳ±

i+1]
for all i = 1, . . . , N . Therefore, by Proposition 5.2, it holds

Ȳ+
1 =

N∑

i=1

Xt2,ti+2
0 uσ

i (0, Xti+2,ti+1
0 ), Ȳ−

1 =
N∑

i=1

−Xt2,ti+2
0 uσ

i (0, Xti+2,ti+1
0 ),

which proves the assertion. �

6.7 Other contracts

The pricing of other (more complex) contracts requires numerical methods. Almost all con-
tracts in fixed income markets correspond to (a collection of) options on forward prices, and
Propositions 4.3 and 5.2 show that—as demonstrated in the preceding subsections—we can
reduce the problem of pricing contracts to pricing them in the corresponding HJM model
without volatility uncertainty whenever the payoffs are convex or concave. However, this is
not always the case. Therefore, we need a different pricing procedure in the remaining cases,
that is, when payoffs are not convex or concave. In such cases, we can solve the nonlinear
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PDEs arising due to Propositions 4.2 and 5.1 in order to determine prices of contracts. For
this purpose, we can generally use all numerical schemes for solving nonlinear PDEs. In
particular, there are various numerical approaches in the literature on robust finance to price
derivativeswritten on asset prices under volatility uncertainty (Avellaneda et al., 1995;Guyon
&Henry-Labordère, 2011; Lyons, 1995; Nendel, 2021), including trinomial tree approxima-
tions of stochastic differential equations and Monte Carlo methods in addition to classical
methods for solving PDEs numerically. How such approaches perform in the present setting
and which approach works best are interesting questions for future research, since most fixed
income contracts (as well as complex model specifications in the HJM framework) lead to
high-dimensional pricing problems as opposed to pricing typical derivatives in most asset
market models.

7 Market incompleteness

Empirical evidence shows that volatility risk in fixed income markets cannot be hedged by
trading solely bonds, which is referred to as unspanned stochastic volatility and contradicts
many traditional term structure models. By using data on interest rate swaps, caps, and
floors, Collin-Dufresne and Goldtstein (2002) showed that prices of caps and floors, i.e.,
derivatives exposed to volatility risk, are driven by factors that do not affect prices of interest
rate swaps, i.e., the term structure. Therefore, derivatives exposed to volatility risk cannot be
replicated by a portfolio consisting solely of bonds, which implies that it is not possible to
hedge volatility risk in fixed income markets. The empirical findings of Collin-Dufresne and
Goldtstein (2002) contradict many traditional term structure models, since bond prices are
typically functions depending on all risk factors driving the model and bonds can typically
be used to hedge caps and floors. As a consequence, Collin-Dufresne and Goldtstein (2002)
examined which term structure models exhibit unspanned stochastic volatility; this led to
the development of new models displaying unspanned stochastic volatility (Casassus et al.,
2005; Filipović et al., 2017, 2019).

In the presence of volatility uncertainty, term structuremodels naturally exhibit unspanned
stochastic volatility, since volatility uncertainty naturally leads to market incompleteness. As
it is shown by Proposition 3.2, a classical result in the literature on robust finance is that model
uncertainty leads to market incompleteness: instead of perfectly hedging derivatives, one has
to superhedge the payoff of most derivatives, which can be inferred from the pricing-hedging
duality. Due to the pricing-hedging duality in Proposition 3.2, we know that it is not possible
to hedge a contract with an asymmetric payoff with a portfolio of bonds in the presence of
volatility uncertainty. From Theorems 6.2 and 6.3, we can deduce that caps and floors have
an asymmetric payoff if σ > σ . Therefore, derivatives exposed to volatility risk cannot be
hedged by trading solely bonds when there is volatility uncertainty.

Moreover, the uncertain volatility affects prices of nonlinear contracts, while prices of
linear contracts and the term structure are robust with respect to the volatility—confirming the
empirical findings of Collin-Dufresne and Goldtstein (2002). In simple model specifications,
bond prices have an affine structure with respect to the short rate and an additional factor
(Hölzermann 2022, Examples 4.1, 4.2). They are, however, completely unaffected by the
uncertain volatility and its bounds. The same holds for the swap rate, since the price of an
interest rate swap (byProposition 6.3) is a linear combination of bond prices, as in the classical
casewithout volatility uncertainty.On the other hand, the uncertain volatility influences prices
of caps and floors, since they depend on the bounds for the volatility (by Theorems 6.2 and
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6.3). Therefore, the prices of caps and floors are driven by an additional factor that does not
influence term structure movements and (thus) changes in swap rates.

8 Conclusion

In the present paper, we deal with the pricing of contracts in fixed income markets under
Knightian uncertainty about the volatility. The starting point is an arbitrage-free HJM model
with volatility uncertainty. Such a framework leads to a sublinear pricing measure, which
yields either the price of a contract or its pricing bounds and reveals the ability to hedge the
contract. We derive various methods to price all major interest rate derivatives. We find that
there is a single price for typical linear contracts, which is the same as in traditional term
structure models; thus, the traditional pricing formulas are completely robust with respect
to the volatility. There is a range of prices for typical nonlinear contracts, which is bounded
by the prices from the corresponding HJM model without volatility uncertainty for different
volatilities. In fact, this applies to all contracts that correspond to (a collection of) convex (or
concave) options on forward prices; hence, one can use traditional pricing methods to price
such contracts. If the options are not convex (or concave), the prices are characterized by
nonlinear PDEs; then one has to rely on numerical schemes. From a theoretical point of view,
the main insight is that the pricing formulas are in line with empirical evidence in contrast
to traditional pricing formulas.

From a practical perspective, the robust pricing procedure developed in this paper provides
a theoretical framework for stress testing by pricing contracts in the presence of different
levels of volatility uncertainty.When pricing interest rate derivatives in a specific HJMmodel
without volatility uncertainty, one can additionally investigate how robust the prices are with
respect to the volatility by allowing for a certain degree of uncertainty about the volatility.
For this purpose, one compares the price in an HJM model driven by a standard Brownian
motion with the pricing bounds in an HJM model driven by a G-Brownian motion with
extreme values σ = diag(1+ ε, . . . , 1+ ε) and σ = diag(1− ε, . . . , 1− ε) for some ε > 0.
In this way, one can observe how much uncertainty about the price of the contract a certain
degree of volatility uncertainty causes.

Instead of specifying the level of uncertainty about the volatility, one can also infer it from
market data to price other instruments. In order to obtain the extreme values for the volatility,
one can fit the range of prices resulting from the pricing procedure in this paper to a spread
of prices observed in reality—for example, when prices of contracts are quoted in the form
of bid-ask spreads. In this case, the extreme values σ and σ are determined in such a way
that the upper and the lower bound for the price of a contract match its ask and its bid price,
respectively. Then one can use the extracted bounds for the volatility to price other contracts
whose prices are not quoted.

Alternatively, one can infer the level of uncertainty about the volatility fromdata on the his-
torical volatility. By looking at historical variations of the volatility, one can extract the bounds
for the volatility in the form of a confidence interval in order to obtain a confidence interval
for possible prices of a contract. However, this approach is less reasonable than the previous
one as the bounds for the volatility represent extreme values for the future evolution of the
volatility, which can be very distinct from its past behavior. Prices of options—especially
options exposed to volatility risk, such as caps andfloors—reflect themarket’s belief about the
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future volatility; thus, they provide a better estimate for the future evolution of the volatility
(at least from the market’s perspective).
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