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Abstract

Finite horizon periodic review backlog models are considered in this paper for an inventory
system that remanufactures two types of cores: buyback cores and normal cores. Returns
of used products as buyback cores are modelled to depend on past demands and past sales.
We derive an optimal inventory policy for the model in which returns are forecast to depend
on past demands, and analyze properties of the optimal cost and optimal policy we derived.
As the structure of the optimal inventory policy for the model in which returns are forecast
from past sales is unlikely to be tractable, we instead consider a feasible inventory policy
with a nice structure for this model. We investigate how close this policy is to optimality and
find that in the worst case, the difference in system costs between the feasible policy and the
optimal inventory policy is bounded by a constant that is dependent only on cost parameters,
mean demands and a discount factor, and is independent of the planning horizon and initial
inventories. We also perform numerical experiments to study the difference between system
costs under the feasible policy and those under the optimal policy.
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1 Introduction

Remanufacturing, an advanced form of recycling, has become an increasing concern for com-
panies as sustainability gains importance. The remanufacturing process to restore a collection
of cores! to excellent condition consists of procedures that may involve advanced technol-
ogy. Such procedures include disassembly, cleaning, testing, parts replacement/repairs, and
reassembly operations. Examples of remanufactured products are engines, photocopiers,
toner cartridges, and the like.

The remanufacturing industry is large, comprising of many market sectors and providing
significant economic, environmental, and societal benefits (Akcali and Cetinkaya 2011).
For some manufacturers, such as Eaton Corporation, backed by Roadranger support (http://
www.roadranger.com/rt/ Aftermarket/CoreBuyback/index.htm) , products sold to and used
by consumers are actively sought back for remanufacturing. Such returned products are called
buyback cores. Financial incentives are often used to encourage returns of these products for
remanufacturing or traditional recycling. On the other hand, consumers also often return
products that are more significantly worn out or are even damaged. We call those normal
cores. A normal core is distinguished from a buyback core in that the normal core has
a lower yield than the buyback core does. After undergoing the remanufacturing process,
remanufactured products, which then are in good as new condition, can be sold to consumers.
A remanufactured product and a manufactured product are treated as indistinguishable.

In this paper, we consider an inventory system that remanufactures returned products, and
in which products returned as buyback cores are modelled to depend on past demands and past
sales. We propose periodic review finite horizon backlog models for the system. We consider
two types of cores in our models: buyback cores, which the remanufacturer purchases at a
cost, and normal cores, which are likely to be damaged and returned by consumers. The
remanufacturing cost for a buyback core is lower than that for a normal core because a
buyback core is in better condition than a normal core is. Products are not manufactured
from raw materials in our models, so all serviceable products come from remanufacturing.
We consider a situation that is commonly encountered in practice, in which buyback cores
are collected for products sold in the immediately previous period and earlier, and products
sold too long ago, say, before a certain time, are not entitled for returns. That is, products
can only be returned as buyback cores within a certain period of time after they are sold.
For example, the remanufacturing facilities at Caterpillar Singapore (http://www.caterpillar.
com) carry out a practice whereby there is an entitlement period during which sold products
can be returned, and products beyond the entitlement period are not eligible for return. To
be more specific, when an end-customer buys a remanufactured product from a Caterpillar
dealer, he pays a price (composed of the actual selling price of the product and a deposit)
that is the same as the price he would pay for a new product. The customer is also given an
entitlement period of eight months during which he can return a used product to the dealer,
and can get back part of his deposit, at an amount depending on the condition of the returned
product. The exact percentage of the deposit that he can get back depends on the quality of
the returned product, ranging from “full” to “partial” to “none”.

A major assumption of many papers on managing dynamic remanufacturing inventory
systems is that product returns and demands/sales across different periods are independent.
This assumption can be justified when the product is widely spread out in the market or when
a common component/material is recovered from different products (e.g., remanufacturing
of consumer electronics); see Tao and Zhou (2014). Nevertheless, one can imagine that a

I Products at the end of their lives.
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correlation between demands/sales and returns is likely to exist in many remanufacturing
systems. If a characteristic can be identified and used to forecast returns as part of man-
aging a dynamic remanufacturing inventory system, it can potentially reduce system costs
through better deployment of returned products. We provide empirical evidence to show the
dependence of product returns on past sales in a remanufacturing system.

In Sect. 3, we introduce a way to forecast returns of buyback cores that depends on
past demands and sales. By introducing a way to model returns that are forecast from past
demands and sales, we study inventory policies on the resulting models. We first derive
a simple, explicit remanufacturing and disposal policy? for our backlog model in which
returns are forecast from past demands. We show how that policy is affected by changes in
the forecasting of returns when those changes are caused by changes in past demands. Then,
we consider a model in which returns are forecast from past sales, and we study a feasible
inventory policy for that model that is based on the optimal policy for the earlier model. We
analyze how different this feasible policy is from the optimal policy in terms of system costs,
and we also provide numerical evidence that suggests that the difference tends to be small.

1.1 Data analysis

We describe and analyze a data set from a remanufacturing-based company with an interna-
tional presence, in order to illustrate the dependence of returns on past sales and the returns
policy offered to customers. This builds the basis for us to consider incorporating core returns
that are forecast from past demands/sales into an inventory model. The data set covers infor-
mation on the sales and returns of seven different core types from two of the company’s
distribution centers, for the period January 2010 to January 2014. The company offers a
returns policy that allows customers to return their cores within eight months. In our dataset,
a total of 3084 sales transactions occurred, out of which 2447 cores were returned to the
company. Of the remaining cores that were not returned, 232 had been purchased within
eight months of the data being retrieved and were considered to be active cores. The other
405 observations were cores that were not returned and were considered to be attrition cores.

To examine the relationship between the number of returns in the current month and the
sales figures from previous months, also known as lagged sales, we define Lag X sales as
the relationship between returns and the sales quantity X months ago.

2 The policy has a structure similar to that in which returns are independent of past demands, as found in
Zhou et al. (2011).
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In Fig. 1, we have picked one of the seven core types and we show the correlation between
the monthly buyback cores and their respective monthly lagged sales, including the upper
and lower limit of the 95% level of confidence. In the figure, the y-axis refers to the Pearson’s
R (also known as the Pearson correlation coefficient), and the x-axis records the lagged
sales, Lag X, against which the return data were measured. The figure shows that, with
a 95% confidence level, returns are positively correlated to the sales X months ago for
X=0,1,2,...,8, but the existence of such a correlation is not clear for X = 9 or 10. This
observation is interesting because the company offers a returns policy of eight months. The
figure shows that the returns policy set by acompany can indeed affect the return time of cores.
The other six core types also display similar patterns. This observation shows the potential of
using returns that are forecast from past demands/sales in managing a remanufacturing-based
system.

2 Literature review

The literature on closed-loop supply chains is vast. Akg¢ali and Cetinkaya (2011) presented a
review of the subject that includes a comprehensive list of references. Recently, Souza (2013)
provided a review of the literature and a tutorial on closed-loop supply chains, in which
he discussed a wide range of topics that include results on a base model with underlying
assumptions, comments on extensions, and potential research areas. Among Souza’s various
topics, he discussed end-of-use returns with remanufacturing.

The literature on the study of remanufacturing-based inventory system includes papers by
de Brito and van der Laan (2009), DeCroix (2006), DeCroix and Zipkin (2005), Guo et al.
(2014), Simpson (1978), van der Laan and Salomon (1997), and van der Laan and Teunter
(2006). A major assumption of these papers is that product returns and demands from different
periods are independent. On the other hand, a case studied in Bayiz and Tang (2004) described
correlated demand and return processes of a company that sells thermoluminescent badges
and then in subsequent periods collects them back for refurbishment. The number of badges
returned in a particular period is forecast using a linear combination of historical demands
for the badge. By using actual data, Bayiz and Tang (2004) found that the forecast was rather
accurate, with an average error of 24%. Works on stochastic and correlated demands and
returns are rather limited due to the subject’s complexity. In Zhou et al. (2011) (also see Li
et al. 2009), the authors studied product returns for a periodic review finite horizon inventory
model with backlogged demand. Those authors considered K types of core, with different
conditions of returned cores, ranging from slightly used to significantly damaged, that can be
remanufactured. The system also has a manufacturing capability. Zhou et al. (2011) offered
an optimal policy for deciding the optimal quantity of serviceable products to be made
available to consumers, and the optimal quantity of each type of core to remanufacture and
to dispose of in each period, whereas in Li et al. (2009), the authors did not provide an
optimal policy. The methodology used was stochastic dynamic programming. In the main
model in Zhou et al. (2011), the authors assumed that product returns and previous demands
are independent. Zhou et al. (2011) then briefly considered the dependence of returns on
past sales in an extension to their main model. That dependence was in terms of a Markov
process, and to model the case in which just old enough products can be returned, the authors
considered only returns of products sold at least T periods previously. The authors postulated
the optimal policy for the extension in Theorem 5 of their paper. The dependence of returns
that are forecast from past demands/sales in our paper complements that of Zhou et al. (2011),
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in that we consider the case whereby the current returns are dependent only on immediate
past demands/sales, and products that were sold too long ago are not eligible for returns. In
the previous subsection, we provided an analysis of a data set from a remanufacturing system
to motivate our assumption.

Tao and Zhou (2014) recently considered a single product, periodic-review inventory
system with remanufacturable returned products, while assuming that demands and returns
follow general stochastic processes and may be correlated. Those authors provided an efficient
approximation algorithm, based on cost-balancing techniques, to compute manufacturing and
remanufacturing quantities in each period, and they showed that the expected costs under
that remanufacturing balancing policy was at most twice the optimal cost. In our paper,
considering the fact that it is usually harder to obtain demand data than sales data, in addition
to the model in which returns depend on past demands as considered in Tao and Zhou (2014),
we develop a model in which returns depends on past sales. We will formulate the two models
we consider in our paper in Sect. 3.

Kiesmiiller and van der Laan (2001) considered a discrete-time system in which product
returns in a period depend explicitly on the demand that existed some periods ago. Those
authors assumed that returned products are directly added to the serviceable inventory, and
that manufacturing follows a base-stock policy. We consider a different model setting from
theirs, motivated by our empirical study. Among various results, Kiesmiiller and van der
Laan (2001) showed numerically that the dependence on past demands has a positive effect
on optimal cost, compared with a situation in which product returns are independent of
previous demands.

Models with returns that are dependent on past sales are considered in Kelle and Silver
(1989b), Ketzenberg et al. (2006), Khawan et al. (2007), Toktay et al. (2000), and Hsueh
(2011). Kelle and Silver (1989b) modelled the dependence of returns on sales by specifying
deterministic probabilities for a sold product to be returned in the next period, the period
after that and so on [also see Goh and Varaprasad (1986), and Kelle and Silver 1989a].
The dependence on past sales in our paper is different from theirs however, and coincides
when the maximum returns period for our model is 1 or under certain assumptions about
parameters of our model (see Remark 1). Kelle and Silver (1989b) reduced their stochastic
inventory model to a deterministic, dynamic lot-sizing problem for which there are known
solution methods. In our paper, we use stochastic dynamic programming in our analysis of
inventory models. Ketzenberg et al. (2006) focused on the value of information in a closed-
loop supply chain. In their paper, dependence of returns on past sales followed that of Kelle
and Silver (1989b), and was simplified in such a way that a sold product could only be
returned in the next period with a certain probability, or not at all. That approach is similar
to the way we forecast returns when returns in the current period are dependent only on
the immediately previous sales. Khawan et al. (2007) considered an inventory system with
warranty returns. They did not explicitly specify in their paper how returns are dependent on
past sales. Toktay et al. (2000) considered a closed queueing network in their paper, wherein
returns were modelled to depend on sales through an unknown return probability and delay
distribution. Their dependence of returns on past sales was similar to that in Kelle and Silver
(1989b). Instead of a deterministic probability for a sold product to be returned in a future
period, as in Kelle and Silver (1989b), however, Toktay et al. (2000) considered the product
of the probability that the product will be returned and a discrete delay density. Hsueh (2011)
considered an inventory system with manufacturing and remanufacturing, taking into account
different demand and return rates in different phases of the product life cycle. Those demand
and return rates were normally distributed, with a different mean for each different phase of
the product life cycle. In addition, the mean of the demand rate and that of the return rate
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were related. Hsueh provided formulae for the optimal production lot size, reorder point, and
safety stock of the product for each phase of the product life cycle. Unlike Hsueh’s (2011)
model, ours does not assume a particular distribution for demands and returns. Relevant
literature on inventory models with remanufacturing, in which optimal policies are studied,
includes Zhou and Yu (2011), Gong and Chao (2013), and Tao et al. (2012). In those papers,
product returns and previous demands are independent.

Jia et al. (2016) explored a remanufacturing periodic review finite horizon inventory
system with lost sales. They considered a switching mechanism whereby in the first half of
the planning horizon, a push mode for remanufacturing is employed to satisfy demands, while
in the second half of the planning horizon, a pull mode for remanufacturing is employed to
satisfy demands. Their paper provided an optimal policy for the switching strategy, which
possesses a simple, multi-dimensional base-stock structure. However, the sequence of events
inJia et al. (2016) is different from that in this paper. In our paper, we make remanufacturing
decisions before products are returned in the current period [just as is the case in the model
of Zhou et al. (2011)], whereas in Jia et al. (2016), remanufacturing decisions are made after
products are returned in the current period. Both situations can arise in practice.

Another stream of research on correlated demand and returns focuses on how to forecast
returns by using appropriate statistical methods (e.g., Clottey et al. 2012; Toktay et al. 2004).
The impacts of information, inventory decisions, pricing, and the use of a warranty on product-
returns management have also been studied (e.g., Jing and Huang 2013; Koppius et al. 2004;
Pourakbar et al. 2014; van der Laan and de Brito 2009; Xie and Ye 2016; Ye etal. 2013). More
recently, Ovchinnikov et al. (2014) provided a data-driven assessment of the economic and
environmental aspects of remanufacturing for product and service firms, and they presented
an analytical model and a behavioral study that together incorporate demand cannibalization
from multiple customer segments across a firm’s product line. Ovchinnikov, et al. showed that
remanufacturing frequently aligns firms’ economic and environmental goals by increasing
profits and decreasing total environmental impact.

Our paper considers data-driven models, and it provides analytical results for those mod-
els that potentially can be used to analyze the impact of information on product inventory
management with returns. In the next section, we shall describe our backlog models.

3 Remanufacturing models: returns forecast from past demands and
past sales

In this section, we describe our periodic review? finite horizon inventory models, with one
model forecasting returns from past demands (Model A), and the other model forecasting
returns from past sales (Model B). The second model is more realistic as sales data is usually
easier to obtain than demand data, whereas with the first model, we are able to obtain a nice
structure for its optimal inventory policy. Using results derived from the first model, we then
analyze the second model.

Two types of cores are considered in these models: buyback cores and normal cores.
Buyback cores have better quality and usability than normal cores do. A characteristic of a
buyback core is that its yield (i.e., its percentage of reusable parts) is higher than that of a
normal core. On the other hand, a normal core has greater variety in its quality and usability.
Unsatisfied demand is backlogged in our models, and we forecast returns of buyback cores

3 Papers that consider continuous review inventory model include Katehakis et al. (2015) and Shi et al. (2014).
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from past demands in one model and from past sales in the second model. Returns and past
demands/sales are not related in the case of normal cores.

We show in this section that the optimal policies for our models can be found by solving
dynamic programs. We observe that our forecasts of returns for buyback cores affect the
optimal policy only through past demands/sales, even though returns of those cores are
modelled to depend on other (random) factors as well.

We now proceed to describing our backlog models by first defining the cost parameters
used in those models. We have

h = unit holding cost for serviceable products per period.
p = unit penalty cost for serviceable products per period.

By serviceable products, we mean products that are ready to be sold to consumers.
b = unit purchasing price of buyback cores.

A buyback core is purchased back from a consumer at cost b. Such a core is usually usable,
but has suffered wear and tear due to usage. It is in better condition than a normal core is.

¢ = unit purchasing price of normal cores.

A normal core can be purchased from a consumer at cost c¢. The value of ¢ is much smaller
than the value of b, because a normal core is usually in worse condition than a buyback core
is. For the sake of simplicity, we set ¢ = 0.

ro = unit remanufacturing cost of buyback cores.
r1 = unit remanufacturing cost of normal cores.

Let ro < ry. This relationship between rg and r; reflects that a buyback core is in a better
condition than a normal core.

so = unit stocking cost of buyback cores.
s1 = unit stocking cost of normal cores.

Lets) <so <h.
u = unit disposal cost of normal cores.

We assume in this paper that only normal cores can be disposed of, and that buyback cores
are either stocked or remanufactured. This assumption is reasonable because buyback cores
are usually in better condition than normal cores are.

Note that we consider a finite horizon in this paper, where N is the number of periods in
the planning horizon. In our models, only products that are purchased at the most K periods
before the current period, and up to the immediately previous period, are considered for
returns as buyback cores. Hence, K is the maximum period for returns.

The variables in these models are:

X0,, = inventory level of serviceable products at the beginning of the nth period.

X1, = aggregate inventory level of serviceable products and buyback cores at the beginning
of the nth period.

X2, = aggregate inventory level of serviceable products, buyback cores and normal cores at
the beginning of the nth period.

Xn = (x(),n» X1,ns x2,n)s X0,n < X1,n < X2.n-
yo0,, = inventory level of serviceable products in the nth period after remanufacturing, but
before demand and returns occur.
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y1.n = aggregate inventory level of serviceable products and buyback cores in the nth period
after remanufacturing, but before demand and returns occur.
Y2., = aggregate inventory level of serviceable products, buyback cores and normal cores in
the nth period after remanufacturing and disposal, but before demand and returns occur.
Yu = 0> Yi,ns Y2,n)5 Yo < Vi < Y2

The variables given above are aggregated. We can easily obtain actual inventories from
these variables. As an example, x| , — Xo,, is the number of units of buyback cores on-hand
at the beginning of the nth period.
w1,, = quantity of buyback cores remanufactured in the nth period.
wy,, = quantity of normal cores remanufactured in the nth period.
Wy = (W1, W2,).

Randomness in the models comes from the following:
D,, = consumer demand for serviceable products in the nth period,n =1, ..., N.

D, is a continuous nonnegative random variable with probability density function
fp,(€),& > 0, and realization d,, n = 1,..., N. Also, we denote pp, to be the finite
mean of Dk'(l') ]
Ré = Zi:’ll O-n,iz,{l_

period,n =2,...,N, j=A,B.LetR{ =0, j = A, B.

; T €n = quantity of products returned as buyback cores in the nth

n—1ifn<K
Herek(n)—{K ifn>K+1°
We have
Z,?fj =dp—i,
zp_; »= max{min{d,_;, yo.n—i}, 0}

are the respective realized demand and realized sales i previous period away from the current
period, that is, the (n — i)th period. Note that 6, ;,i = 1, ..., k(n), are random variables
taking values between 0 and 1. The returns distribution is therefore not determined by previous
demand/sales in a deterministic manner, but in a random way, due to a,,,[“ which is random
and a random noise term €,.> R; represents the return’s forecasting of buyback cores and is
modelled to depend explicitly on past demands/sales. It is clear that this return’s forecasting
in the nth period is dependent on the immediate previous demand/sales, up to demand/sales
k(n) previous periods away. When j = A, returns are forecast to depend on past demands,
which make analysis possible. We also consider the more realistic situation when returns are
forecast to depend on past sales when j = B.

In the literature (for example, Kelle and Silver 1989b; Toktay et al. 2000), return’s fore-
casting is modelled in a “forward” manner whereby given a product sold, the probability it
is returned in the next period, the period after next, etc., are identified. In our case, we model
return’s forecasting in a “backward” manner whereby returns are modelled in the current
period in terms of demands/sales in previous periods.

B, = quantity of products returned as normal cores in the nth period,n =1, ..., N.

B, is a continuous nonnegative random variable with realization b,,n = 1,..., N.

Dy, By, €4, 0n,i, 1 <i < k(n), may be correlated in the nth period, but they are indepen-
dent across different periods. This assumption is needed to formulate the inventory problems
as dynamic programs as discussed later in the section.

4 We represent the random oy, ; and the realization of 0;, ; by the same notation.
5 We represent the random €, and the realization of €, by the same notation.
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Remark 1 1f we view oy, isz. as the number of units of products returned as buyback cores

in the nth period from demand/sales of these products i period earlier (which is zi_i), then
on,i, 1 <i < k(n), are unlikely to be independent across periods since we must have

Op—itl, 1+ +opi+--+opivgk <L

However, we still have independence across periods if 0y, ;, 1 < i < k(n),2 <n < N,
are fixed numbers. Also, when K = 1, the above independence assumption across different
periods can be enforced with this interpretation of o,l,l-zi_ ;- Furthermore, when K = 1 and
if a,l’1szl is binomially distributed with probability of success = po and number of trials
= Zfﬁl, and €, = 0, then our return’s forecasting model is the same as that of Ketzenberg
et al. (2006) whereby a sold product can only be returned in the next period with probability
po or not at all.

The sequence of events for our models follows that of Zhou et al. (2011). At the beginning
of each period, the remanufacturer decides how many units of buyback and normal cores to
remanufacture. Then, the remanufacturer decides how many units of normal cores to dispose.
Next, consumer demands and product returns are realized, and unsatisfied demands are fully
backlogged. Finally, all costs are calculated. All lead times are assumed to be zero.

From now onwards, it is understood that the demand D,, in the ith period can also be
written as Z;“ with realized demand denoted by d; or zf. On the other hand, ZI.B stands for
the sales in the ith period, that is,

7B = max{min{D;, yo}, 0}, @

with realized sales in the ith period denoted by ZiB .
We have the following straightforward observation on Zij :

Proposition 1 We have 0 < Zl.B < ZiAfor alll <i < N.

We now write down the expected cost, due to holding/stocking, remanufacturing, disposal,

purchasing and penalty, in the nth period, given 7! 1<i<k(n),j=A,B,as

n—i’
Un(Xn, Yp, Wn, z',’;_k(n), e zf;_l)
= 50010 — You + E(R))) + 51(v2n — Yin + E(By)) + rowyn + riwa
+u(x2,n — X150 — Y20 + Yin — W2,n)
+DER)) + hE(you — D)t + pE(Dy — yo)t.

We use the same notation for the expected cost in the nth period for when returns are forecast
from past demands and when returns are forecast from past sales.
Note that in the above expected cost expression,

e so(¥1.n —Yon + E(RD)) + 51 (y2.n — Y1.n + E(B,)) = total stocking cost of cores in the
nth period.

e rowp , + rywa,, = total remanufacturing cost of cores in the nth period.

® X2, —X1,n—Y2.n+ Y10 — W2, =number of units of normal cores disposed of in the nth
period, and hence, u(x2, — X1, — ¥2.n + ¥1.n — W2,,) = total disposal cost of normal
cores in the nth period.

e bE(R}) = expected total cost to purchase buyback cores in the nth period.

e hE(yo, — Dy)T = expected holding cost of serviceable products in the nth period.
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e pE(D, — yo.n)* = expected penalty cost of serviceable products in the nth period.

Let us eliminate some variables to obtain a cost expression with fewer variables. We have
forl <n <N, (y,, w,) is constrained to satisfy

Yo,n < Yi,n = Y2.ns

0< Wip = X1,n —X0n — Y1,n + YO,n»
0< W2 <X2n — Xl,n — Y2.n + Yi,ns
Wi, + W20 = Yo,n — X0,n»

Solving for wy , and wy , above in terms of yg . y1,, and y2 ,, we have

Win = X1,n —X0,n — Y1.n + Yon )
w2n = Yl,n —Xl,n-

Therefore, by eliminating w,,, the expected cost in the nth period given z,jH , 1 <i <k(n),
can be rewritten as

Un(Xn, Yy Z}ll—k(n)’ s Zijl—])
= —roxXo,n — (r1 — ro)X1,n +uxzy + (ro — $0)yo,n + (r1 —ro + 5o — S1) Y1,
+ (s1 —wy2,n + (so + b)E(Rrg) +s1E(By) +hE(yon — Dn)+ + pE(D, — y0,nXB)

where R} = ng]) o,,,,-zflil. +e€,, j=A,B.

Before we continue, we let K = 1 from now onwards, that is, we consider returns
only from products purchased in the immediate previous period. Hence, we assume that
the maximum returns period for products returned as buyback cores is 1. As discussed in
Remark 1, having K = 1 will enable our interpretation of a,,,lz,i | as returns of buyback
cores from sales in the previous period to hold without violating the independence assumption
on o0, 1 across periods. Results derived in this paper for K = 1 are applicable for K > 2,
with the understanding that this independence assumption holds, such as when o, ; is a fixed
number forall 1 <i <k(n),2 <n <N.

Now, a policy al = (rrlj R nljv) for our model, with returns forecasted from past

demands when j = A and returns forecasted from past sales when j = B, is such that

J J J J J
i (x1) = y1, my(x2,27,b1) = ypandfor3 < n < N, m;(Xy,2,_1» bu-1,021, ...,

On—1,1,€2,...,€a—1) = ¥,, Where y, is constrained to satisfy

Yoon = Yin = Y2.ns
Vin — Xl,n =< Yo,n — X0,n>»

V2o.on = X2.n,»
Yi,n = X1,n»
for 1 < n < N. Note that here zfl_l stands for (z{, R zfl_l) and b,_1 stands for
(b1, ..., bp—1). ' ,
For a given policy n/ = (rrl/ R nlj\,) and 1 < n < N, the expected total cost from the
nth period to the Nth period given (x,, zf,_l, bn—1,021,...,0n—11,€2,...,€4—1) 18
Viin(Xn, Zf,_l, bu_1,021,...,00-1,1,€2, ..., €1—1)

=Un(Xn, Yu: 20 )) + @ED, B0 1,60 Unt1 (Xnt1s Yngt1s Zin)
N

i—n T7 . J
+ Z o "Ep; 5,0;1,Bi_1,0i-11,6-1 Ui(Xis ¥is Z;_y), 4)
i=n+2
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where

X0,n+1 = Yo,n — Dn,

J
Xl,n4+1 = Y1i,n — D, +R;,
X241 = Yon — Du + Rj) + By,

with R; = 0,12, | + €y, andforn+2 <i <N,

x0,i = y0.i—-1 — Di—1,
X1 = yLi—-1 — Dic1 + R,
J
x2; =y,i-1—Di-1+ R;_; + Bi—1,

with RLl = ai,l,lziz + €;_1, where ZZ.CZ stands for the demand in the (i — 2)th period
when j = A,_and sales in the (i — 2)th period, defined by (1), when j = B. In (4),
yi=m](xi,zl_{ bi—1,001.....0i-11.€,...,€i_1) forn <i <N, j = A, B. We omit
the superscript j from x; = (xq,;, x1,;, X2,i)), n + 1 < i < N, and y; = (yo,i, Y1,i> ¥2,i)»
n <i < N above.

Following Bertsekas (2005), an optimal policy m/* is a policy that minimizes the above
expected cost from the 1st period to the Nth period over all feasible policies 77, that is,

Vyis(x1) = mijn Vi 1(x1),
T

while the optimal cost V;‘ (x1) is such that

ViGen) = min Vg (e), ®)
T

j = A, B. Here, m* is the optimal policy for Model A, while 7 &* is the optimal policy
for Model B.

The optimal policy /* can be found using dynamic programming technique, by solving
a dynamic program as follows:

Define Vlj (x1) to be the following minimization problem

min {U1Ge1, y0) + B, sy (V] (2. 2])| ©)

subject to

Yo,1 = y1,1 = Y21,
Y1,1 — X1,1 = Yo,1 — Xo,1
- ’ 7
y2,1 = X215
Y1 = X1.1,

where x2 = (x0,2, x1,2, x2,2) in the 2nd period is given by

x0,2 = yo,1 — D1,
x12 = y1,1 — D1,
x22 = y2,1 — D1 + By.

Let y{ *(x1) be an optimal solution to (6) subject to constraints (7).
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For2 <n < N, given Zn | = z we define V,,j(x,,, ziil) to be

n—1°

nylin {Un(x,,, Yn: 2o )+ AED, Byoytien (V) Jrl(xn+1, Z ))} 3)
n
subject to

YO,n < Yi.n < Y2.ns

Yin — X1,n = Yo.n — X0,n>

V2.0 = X2,
Yi,n = Xl,n»

(€))

where X,4+1 = (X0,n+1, X1,n+1, X2,n+1) in the (n + 1)th period is given by

X0,n+1 = Y0o,n — Dn,
Xl,n+1 = Y1,n — D, + Rl{h
X2n4+1 = Y2.n — Dy + Ri + By,

with R,{ = oy, 1z‘j + €.

Let y,, (x,,, _1) be an optimal solution to (8) subject to constraints (9).

Deﬁne VN 1 (x N+1, Z N) to be identically equal to zero.

Vl x1), Vil (xn, 7’ Z,_1)» 2 < n < N, defined above, constitute a dynamic program, with
boundary condition VI{}H(XNH» z{\,) =0, forj = A, B.

Note that in general V{*(x1), VE(x1) and VA(xpn, 22 ), VE(xn 28 D, 2 <n < N -1,
are different due to the different way in which Z; / is defined for j=Aandj=B,1 <i <N,
although it is easy to observe from (8) subject to constraints (9) and VN (N4, 2 N) =0

that V (xN,ZN-1) = V (xn,zn—1) forall zy_; > 0.
Using our dynamic programming formulations, we have the following proposition:

Proposition 2 For every initial state x1 and j = A, B, we have Vj* (x1) = Vlj (x1). Also,

) =y, w2, 2], b)) = yy (e, ),

andfor3 <n <N,
Jo* J Jo* j
7o (XnsZy_qsbu-1.021, ..., On—1,1, €2, ..., €n—1) = Y1 (Xu,Z,_),

where y{’*(xl), y,;’*(xn, zﬁ_l), 2 < n < N, are obtained by solving the above dynamic
program for each j = A, B.

By the above proposition, to find the optimal policy #*, we only need to find » *(x1)
and y,,’*(x,,, Z,]q,l% 2<n<N.

We know that return’s forecasting of buyback cores is defined by past demands/sales
and some random factors. We see from the above proposition that the effect the return’s
forecasting has on the optimal policy for the two models is only through past demands for
Model A and past sales for Model B.

In Sect. 4, we provide a nice structure for the optimal inventory policy for Model A, the
model where returns are forecast from past demands. Based on our results in the section,
in Sect. 5, we propose a feasible policy for Model B, the model where returns are forecast
from past sales, and analyze the extent to which this feasible policy is close to optimality. In
Sect. 5.1, we provide numerical results.
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4 An optimal inventory policy for Model A

We proceed in this section to state the explicit form of the optimal policy w4* for our backlog
model, Model A, which we formulate in Sect. 3, when returns are forecast from past demands.
In each period, this policy can be described neatly in terms of optimal control parameters
that are not dependent on inventories at the beginning of the period.

Theorem1 For 2 < n < N, given x, and demand realization Z;il = zfl‘fl, there
exist optimal control parameters &g p, Sl,n(z,’?_l), 2.0 (z,‘f_l), with él,n(zﬁ_l) < &o,n and

En(Zi ) < mn(E ), such that
Remanufacturing:

o If &, < X0.n, we do not remanufacture in the nth period, and stock all buyback and
normal cores for the next period.

e Ifx0n < &0.n < X1.n, we remanufacture up to &y, using only buyback cores without
using any normal cores in the nth period, and stock the remaining x1,, — &o., buyback
cores for the next period.

o Ifé1 (fol) < X1, < &0.n, we remanufacture all available buyback cores without using
any normal cores in the nth period.

o If x1n < Sl,n(z,’:‘_l) < X2, We remanufacture up to “;‘Ln(zfl‘_l) using all available
buyback cores and additional normal cores in the nth period.

e Ifxon < x1p < X2 < gl,n(Z,f,‘,l) < &.n, we remanufacture all available buyback
cores and normal cores in the nth period.

and
Disposal:

e Ifnon (Z;?_]) < X1,n < X2, we dispose all available normal cores in the nth period.
o Ifxi, < 772,n(1;?_1) < X2, we dispose x3 ,, — 772,;1(2;?_1) normal cores in the nth period.
o Ifx1, <x2, < ﬂZ.n(Z,?,l)» we do not dispose any normal cores in the nth period.

Similar rules apply when n = 1, using optimal control parameters &y 1, 1,1 and 021, given
X1.

The above rules forn = 1 and 2 < n < N constitute the optimal policy T4** for our
backlog model when returns are forecast from past demands.

In Theorem 1, we describe a simply stated optimal policy for our model. Observe from the
theorem that the policy is essentially a “remanufacture-up-to” and “dispose-down-to” policy
with remanufacturing and disposal levels characterized by optimal control parameters that
depend on past demand and do not depend on initial inventories in each period.

In the next subsection, we describe how we obtain the policy by solving a minimization
problem (11) subject to constraints (12) (given in the subsection).

In the following, we describe properties of the optimal cost and the optimal policy that
we derived. Structural properties of optimal policies are often investigated in the literature,
and can be found for example in Puranam and Katehakis (2014). First, it is interesting to
investigate how returns forecasted from past demands affect the optimal policy for Model A.
For n = 1, it is clear that optimal control parameters for our optimal policy are independent
of past demands. For 2 < n < N, the following theorem describes how optimal control
parameters él,n(zﬁ_] ), 2.0 (zfl\_l) vary with zfl‘_l.

Theorem2 For2 <n < N —1, &, (z;:‘_l), 2.0 (zfl\_l) are nonincreasing in z;?_l. When
n=N, é—‘l,n(z;‘_l), 772,n(2ﬁ_1) are not dependent on z,’:‘_l.
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In our model, we consider returns forecast of buyback cores, and return’s forecasting
A

is based on past demand for serviceable products (z,_; = dy—1). The larger/smaller the
value of d,,_1, the forecast is for larger/smaller number of buyback cores to be returned. As
dn—1 increases, &g, is unchanged while &; ,(d,—1) and 12 ,(d,—1) are nonincreasing (by
Theorem 2). We see from Theorem 1 that as a result, in the current period, if the forecast
is an increase in buyback core returns (as there is an increase in past realized demands),
we are more unlikely to remanufacture normal cores and instead dispose of them, while the
remanufacturing decision on buyback cores is not changed.

Next, we observe the following property of &y , and the optimal cost VlA (x1):

Theorem 3 VIA (x1) is decreasing in xo,1 for xo,1 < &o,1. Furthermore, for 1 < n < N, if
D, is identically distributed, we have & ny < &o. .

Itis clear from the above theorem that to keep system cost down over the planning horizon,
the initial inventory of serviceable products xg,1 cannot be too small, in particular, it should
not be smaller than &g ;. Furthermore, by the above theorem, we know that the optimal control
parameter & , is greater than or equal to &y for 1 < n < N. A natural question to ask is
whether we have monotonicity of &y , in n. The following example illustrates that this is not
possible in general:

Example 1 Leta = 1, D = d = positive constant, N = 3,0, = 3.6, =0, B, =5, with
cost parameters satisfying h = p, 2s1 < u, ro — so > p,ro < 2so and r; — 2s1 > 2h. We
have 50,1 = d, 5;'(),2 = 2d and 5;'(),3 = —OQ.

The above example shows the non-monotonicity of &y ,, in n.

4.1 Verification of Theorem 1

In this subsection, we proceed in an abstract manner, analyzing a minimization problem
that is an abstraction of the optimality equation in our dynamic programming formulation in
Sect. 3. We obtain results by analyzing this minimization problem, and these results enable
us to arrive at the optimal policy for our backlog model, Model A, in Theorem 1.

First, we abstract the expected one period cost function U, (x, ¥,,, z,‘:ﬂ 1) by the function
C(y, z), which is defined to be

C(y,z) = (ro —s0)yo + (r1 —ro +s0 — sy + (s1 —u)y2 + Bz
+hE(yo— D)" + pE(D — yo)™, (10)

where y = (yo, y1, ¥2), B is a given constant and D is a continuous nonnegative random
variable.

It is easy to see that C(y, z) is a continuously differentiable convex function of (y, z) and
is additively separable in (y, z).

We consider the following minimization problem, which is an abstraction of our dynamic
program in Sect. 3:

K(x,2) = myin{C(y,z) +aK(y, 2)} (11)
subject to
Yo = y1 = )2,
Y1 — X1 = Yo — Xo, (12)
y2 < X2,
y1 = Xx1.
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Here x = (x¢, x1, x2), x0 < x1 < x2,z € N

K (y, z) represents the term Ep, B, .0, ., (V, +1(xn+1’ Zn )) in the dynamic program
((8) subject to constraints (9)) that we use to find the policy for our model, Model
A. We list below essential properties that K (y, z) is assumed to satisfy. These prop-
erties reflect the term Ep, 3” on1.en(Vy +1(x,,.,.l, Z2)) it represents, and is satisfied by
Ep,.B,.0n1.e.(V, +1(x"+1’ Z )) as shown in the proof of Theorem 1.

The properties that K (y, z) satisfies are as follows:

[

K (y, z) is a continuously differentiable convex function of (y, z).

2. K(y, z) is additively separable in y = (yo, y1, y2), that is, K(y,z) = Ko(yo,z) +
K11, 2) + K2(y2, 2), for some function K;(y;, z),i =0, 1, 2.

3. K(y,z)is addltlvely separable in Y0 and z, that is, K (y, z) can be written as the sum of
two functions K()(yo v1, y2) and Kl(z Vi, y2).

4. K(y, z) is such that

K
87(_)’»2) = _(rl _VO)V(J’»Z)'
V1

Properties 2 and 3 imply that K (y, z) can be written as Ieo(yo) + 131 1,2+ Iez(yz, z).

With the above, we then obtain in Theorem 4 (given below) the optimal solution to the
minimization problem (11) subject to constraints (12). Theorem 4 allows us to obtain the
explicit form of the optimal policy £4+* for our model in Theorem 1.

Let us denote the objective function C(y, z) + @ K (y, z) in the minimization problem (11)
subject to constraints (12) by ®(y, z) for convenience.

Remark 2 Besides convexity and continuous differentiability, ® (y, z) is additively separable
in y, and is also additively separable in yy, z, as these properties hold for C(y, z) and K (y, z).
Hence, ®(y, z) = ©o(y0)+P1(y1, 2)+D2(y2, 2), where ®;(-), i = 0, 1, 2, are continuously
differentiable convex functions of their respective variables.

By Property 4,9 < rj ands; < so, we have ( y.z) > 0, therefore @ (y, z) is increasing
in yp.

Following Zhou et al. (2011), let

€0(z) € argminy ®(yo, y1, y2, 2),
§1(z) € argminy P (yo, Yo, ¥2, 2),
1n2(2) € argminy, ®(yo, y1, y2, 2)- (13)

The above parameters will be used to solve the minimization problem (11) subject to
constraints (12). They are then used to define the optimal control parameters for our optimal
policy m4>*. By Remark 2, we see that £(z) is not dependent on z. Hence, we write & for
&o(z) from now onwards. Note that the way we prove that &y, §1(z) and 7(z) are optimal
control parameters, which is the result of Theorem 4 that leads to Theorem 1, is not identical
to that in Zhou et al. (2011). We rely on the Karush-Kuhn-Tucker (KKT) conditions to prove
this.

Parameters &y, &1 (z) and 12 (z) do notdepend on yp, y; or y, due to the additive separability
of ®(y, d) in y. They may be equal to +00 or —oo though.

Observe that &1 (z) < &p, since by definition of &y, &1 (z), we have ®(£1(2), £1(2), y2,2) <
D (&, &0, y2,2) < P(&1(2), &0, ¥2, 2). The result then follows by the increasing property of
®(y, z) in y1, by Remark 2.
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Note that there is no clear relationship between & (z) and 172(z). If n2(z) < &1(2), then
redefine 72(z) and & (z) to be equal and belong to argminy()@(yg, Y0, Y0, 2)- The following
proposition shows that in this case, we still have &;(z) < &.

Proposition 3 Suppose Slp(z) and r}f (z) defined by

£/ (2) € argminy @ (yo, yo, y2, 2),

N5 (z) € argmin,, ®(yo. y1. y2. 2).

is such that ng (z) < ?,-‘lp(z). Then £1(z) € argminyOQD(yo, Y0, Yo, z) has the property that
£1(2) < &y, where & is given by the first inclusion in (13).

Proof We prove by contradiction by assuming that & < &;(z).

First note that &/ (z) < &. Then, we have 1% (z) < &(z) < & < & (z). Hence, by
definition of nf (z) and the convexity of &> (-, z), we obtain ®, (&, z) < P2(£1(2), 2).
Now, by definition of & (z),

®(&1(2),1(2), £1(2), 2) < P (o, &0, &0, 2). (14)

Observe that @ (&, &0, &0, 2) < P (&0, &0, &1(2), z) holds, since P2(&o,z) < D2(§1(2), 2).
Therefore, from (14), we have

@ (51(2), §1(2), 1(2), 2) = P (&0, 80, 61(2), 2). s)

If £(z) < &/ (2), then &1 (z) < &, as &/ (z) < &. This is a contradiction to our assumption.
If £/ (z) < & (2), then, by & (z) < &, the convexity of ® in the first two variables, the
definition of Slp (z) and (15), we have &(z) < &, which is again a contradiction to our
assumption.

Hence, we have the required result. ]

Remark 3 In the case ng(z) < Elp(z), and 12(z) and &1 (z) are defined by &1(z) = n2(z) €
argmin, ®(yo, ¥o, Y0, 2), then it is easy to check that 05 (z) < &(2) = n2(z) < &/ (2).

In any case, we have

§1(z) < o, (16)
§1(z) < m(2). (17)

Note that the way we define the above parameters that eventually give rise to the optimal
policy w4»* for our backlog model when returns are forecast from past demands is similar to
that in Zhou et al. (2011). These parameters are used in Theorem 4 to define optimal solution
to the minimization problem (11) subject to constraints (12). Theorem 4 is proved by using
the KKT conditions.

& and &1(z) may be thought of as “remanufacture-up-to” parameters, while 172(z) is
the “dispose-down-to” parameter. Depending on the values of xg, x1, x2, the system may
remanufacture up to &1 (z) or &. Similarly, depending on the value of xq, x1, x2, some of the
normal cores may be disposed such that the aggregate inventory level of serviceable products,
buyback and normal cores is down to the level 1, (z).

Let us define £_1(z) = oo. This definition is needed in the statement of Theorem 4 below,
where we provide an optimal solution to the minimization problem (11) subject to constraints
(12).
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Theorem 4 Given x = (xg, X1, X2), X0 < X1 < Xy, it either satisfies £, (2) < xm < En—1(2)
or X, < &,(2) < Xp41 for some m = 0 or 1. If not, then xo < x1 < x2 < £1(2) < & (2).
Here, we denote &y by &y(z).

Let (y5(x, 2), ¥{(x, 2), ¥5(x, 2)) be as defined below:

1 i Ifm =0, let yj(x, z) = max{xo, &}, y] (¥, 2) = x1.
ii. Ifm =1, lety;(x,z)=yj(x,z) =max{x, & ()}
iii. Otherwise, let y;(x,z) = yj(x,z) = x2.
2. Let y5(x, z) = max{x;, min{x2, n2(z)}}.
Then (y§(x, z), y{(x, 2), ¥ (x, 2)) defined above is an optimal solution to (11) subject to
constraints (12).

The above theorem is proved by verifying that the defined (y;(x, 2), y{ (x, 2), y5 (¥, 2))
satisfies the KKT conditions for (11) subject to constraints (12). This is done by exhausting
all the different scenarios in which xg, x1, x2, &0, £1(z), n2(2) can be arranged. Satisfying the
KKT conditions is necessary and sufficient for optimality, since the minimization problem
is a convex program and the Slater’s condition holds true trivially.

We can alternatively express the policy in Theorem 1 in terms of yf’*(x 1) and
yf,"*(x,,, z,’;\_l ),2 < n < N,whichhave similar expressions as (y; (x, z), y{ (¥, 2), 5 (¥, 2))
in the above theorem.

We end this subsection with the following two propositions on K (x, z), which are needed
when Theorem 4 is applied in the proof by induction to show Theorem 1.

Proposition 4 K(x,z)isa convex function of (x, z), where x = (xo, X1, X2), X0 < x1 < X2
and 7 € N4. As a consequence, K (x, 2) is continuously differentiable a.e. on {(x, z) ; xo <
X1 <x2,z € Ny}

Proof Consider the following set

C = {(x,z,v) = (x0, X1, x2,2,V); X0 < x| <x2,2z € NRy,3y = (30, y1, y2) such that
Yo =YL = Yy2, Y1 — X1 = Yo — X0, Y2 = X2, Y1 = X1,
v>C(y,z) +aK(y, 2)}.
Itis easy to show that C is a convex setin i, since C(y, z) and K (y, z) are convex functions of
(¥, z). Therefore, by Theorem 5.3 ofRockstellar(l970), fx, z)f inf{v; (x,z,v) € C}isa
convex function of (x, z). Since f(x, z) = K(x, z), wethenhave K (x, z) is aconvex function

of (x, z). The consequence in the proposition follows from Theorem 25.5 of Rockafellar
(1970). O

Proposition 5 f(xLz) is additively separable in x and is also additively separable in xo, z.
Hence, K(xLz) = Ko(x0)+K1(x1, 2)+K2(x2, 2), for some function K o (xo), K;(xi, 2),i =
1,2. Also, %% (x, 2) = 0, where it is defined.

The idea behind the proof of the above proposition is to use Theorem 4 to express K(x,z)
explicitly in terms of expressions that are defined to be K¢(xo), K;(xi, 2),i =1, 2.

5 A feasible inventory policy for Model B

As Zf in (6) subject to constraints (7), and (8) subject to constraints (9), where j = B,
are given by (1), it is unlikely that yf’*(xl) and y,lf’*(x,,, zf_l), 2 < n < N, that express
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the optimal policy 7 B-* have easily tractable structures. Given that we have obtained a nice
structure for the optimal policy for Model A in Sect. 4, we can use this policy as a feasible
policy for Model B by defining the feasible policy T = (71, ..., Tx) in the following way:
Let? (x1) i= ¥ (1), T2 (x2, 2 b1) 1= y5 " (2, 2f),andfor3 < n < N7 (xms 2y
A% B

b1, 02,155 0n—1,1,€2, ..., €x—1) i= Y (xn, Zn—l)‘

It is clear that 7 defined in the above way is a feasible policy for Model B, the model
where returns are forecast from past sales. Hence,

VE(x1) < Vei(xn),

B B B
v, (xn, Zn—l) = Vﬁ,n(xnvzn_l, bn—1»02,ls e Op—1,1,€2, ..., €0—1), 2<n < N.

A natural question to ask is how close the feasible policy is to optimality. An attempt
to answer this question is to compare the system cost under this feasible policy with the
optimal system cost. This is what we proceed to achieve. We do this by using what we
know so far - the structure of the optimal policy 74 * for Model A. We use it to analyze
VnA(xnvZn—l)a 2<n<N.

In what follows, we write z,,_; without a superscript to indicate that we are not attaching
any meaning to this variable as past demand or sales, but merely treating it as a generic
nonnegative variable.

Let us impose the following conditions on our cost parameters:

Corollary 1 (a) ri <u+ p.
(b) ro <50+ p.
(c) 1 <s1+p.
(d) u<h+r.

These conditions are reasonable conditions for the model. The first three conditions
encourage remanufacturing, the only way to have enough serviceable products to satisfy
demand, to avoid backlog, while the last condition discourages remanufacturing of normal
cores in favor of disposal when there is no demand for serviceable products to avoid stocking
excess serviceable products obtained from remanufacturing. These conditions are needed to
prove the following proposition:

Proposition 6 We have, for2 <n < N,
avA _
T (X, zn=1) < (L4 -+ V") (=50 + h).

VA
9x1.n

e —rp =<

(Xn» Zu—1) < So — min{sy, u} + (@ + - - - + V") (5o + u — min{sy, u}).

_ avA
o ri— (4 +a"p < go(xn, z-1) < u.

e rp—r =

wherever the partial derivatives are defined.

Note that without Condition 1, we can also obtain a similar result as Proposition 6, but
the analysis to obtain the result will be more complicated.

The above proposition is proved by induction using the structure of the optimal policy in
Theorem 1 (see also Theorem 4) and the definitions of &, &1, (zu—1), 2,1, (2n—1) as found in
(13) and in Proposition 3. Also, the following holds:
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Proposition 7 We have, for2 <n < N
avA
(Xn,> Zn—1)
0zZn—1

avA avA
= E(0,.1) So+b+OlEDn,B,, 0 1En ntl + ntl (x ,D ) s
o |: e 0X1 nr1 0x2 41 n+1 "
wherever the partial derivatives are defined.

Using Propositions 6 and 7, we are ready to find an upper bound for the difference between
the optimal cost VIB (x1) and the cost under our feasible policy Vi |(x1). Before we do this

we need the following two propositions which follows from the alf;ove two propositions
Proposition 8 We have, for2 <n < N

Vi n(Xn, Zn=1,bn-1,02,1, ..., 0n—1,1, €2, ..
<a(l+--+a¥ ) max{e((l

. €q—1) — VnA(xn, Zn—1)
where |1, = max{ip,,

+ o+ p — o) — 50 — b, Objtn,

sMpy_ 1 2=<n <N —1,and puy = 0. Consequently,
Ve (xn) — Viten)

<a(l+-+a¥ Hmax{e(( +

)p —ro) —so — b, 0ui,
where (11 = max{{p,, ..., UDy_;}-
Proposition 9 We have, for2 <n < N
VnA(xn, Zn—1) —

VnB(xn, Zn—1)
<a(l+

AoV so+b+a(l 4

+aN ") (so 4 u — minfst, u})) i,
where |, = max{ip,,

sMUDy_ 1, 2=<n <N —1,and uy = 0. Consequently,
Vit (xn) = VP (xy)

<a(l+- 4" Do+ b+al+ -+ ) (so+u —minfsi, u})ui,
where (11 = max{ip,, ..., LDpy_,}-

We have the following lemma which follows from the above two propositions
Lemma 1 We have, for0 <a < 1

o If Vg 1(x1) < Vi(xy), then

B o
0=<Vzi(x1)— Vi (x1) E

(so +b+ . (so + u — min{sy, u}))
A B
L IfVl (x1) < V] (x1), then

0< Vzi(x) — V@ < R max {tx (L - ro) -0 — b, 0} .
’ l—«a l—«a
o Otherwise,

0 < Vei(x)) = V| (x1><%<o+b+

+max{(x< P —ro)—so—b,0}>.
1l—«a

T (so + u — min{sy, u})
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here 1 = max{up,, ..., Upy_,}-

Proof Note that VIB (x1) < Vz.1(x1). Hence, depending on how VIA (x1) compares with
VlB (x1) and V& 1 (x1), we have the following situations:

o If Vi 1(x1) < V{*(x1), then
0< Vg i(xn) = VP xn) < Vi) = VP (x).
o If VA(x1) < VE(x1), then
0= Ve i(x) = VP (x1) < Ve (x) = Vi (ko).
o Otherwise,
- B — (v A A B
0=Vei(x) —Vi(x) = Vri(x) — Vi@x)) + (Vi (x) — Vi (x1).
The required results then follow by applying Propositions 8 and 9, and noting that
1

)
— o

14 +a* < .
for all k > 0. O
We note the following:
Proposition 10 For 0 <a < 1,if p < (1 —a)(ro + (so + b) /), then Vz 1(x1) < VIA(xl).
We now have the main result of this section:

Theorem5 For0 <o < 1,

e If p <(1—a)ro+ (so+b)/a), then

B 0775 o .
0=<Vzi(xp) — Vi (x1) < T—o (So+b+ 1 _a(30+u—mm{S1,M})>-

o Otherwise,

0(2
0< Ve, (e — VEG) < -1 (

—a (‘so—i-u—i-p—min{sl,u})—r()).

1l—«a
here g = max{up,, ..., Upy_,}-

Proof Observe that when p < (1 —a)(ro + (so + b)/a), then by Proposition 10, Vz 1(x1) <
VIA (x1), the result then follows from Lemma 1. On the other hand, when p > (1 — «)(rg +

(s0 + b)/a), then
oz( P —ro)—so—b>0,
l—«

and the result also follows from Lemma 1. ]

Observe from the above theorem that when the discount factor « is small, we can approx-
imate the optimal policy & B-* by the feasible policy 7 well, as the upper bounds tend to zero
as o approaches zero. We also observe from the theorem that the difference between Vz 1 (x1)
and VIB (x1) is bounded above by constants that are independent of the planning horizon and
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initial inventories, but only dependent on cost parameters rg, So, 51, b, p, u, discount factor
o and mean demands up,, 1 <i <N — 1.

It is not surprising that the constants depend on sg, b and rg, since we are comparing
with the feasible policy &, which is related to Model A, to obtain the above bounds and
the difference between Model A and Model B is the way in which returns of buyback cores
are forecast, and sp, b and rg are cost parameters related to buyback cores. On the other
hand, the only effect normal cores has on the above bounds is through s; and u. The unit
penalty cost, p, only appears in a bound when it is large enough, in particular, larger than
(1 —a)(ro + (so + b)/a). It can be imagined that when the initial inventories of serviceable
products, buyback cores and normal cores are low, the difference between Z;;‘ and Zf is
likely to get larger and larger as n increases resulting in more penalty cost being incurred
for Model B compared to Model A. This is so because the number of units of buyback cores
returned for the former gets smaller compared to that for the latter. Hence, since the upper
bound for the difference Vz 1(x1) — VlB (x1) is obtained by comparing Model A with Model
B, when p is large, it appears in the upper bound. This reflects the difference in penalty costs
between the two models when inventories are low. The unit holding cost, 4, does not play a
role in these constants since when there are more serviceable products than demand, then Z2!
is equal to fo , and there is no difference between Model A and Model B in the nth period.

5.1 Numerical study

In our numerical experiments, we investigate the difference in costs, Vz 1 (x1) — VlB (x1), by
varying initial inventories (at the start of the planning horizon) and parameters of our models.
Note that the upper bounds for Vz 1 (x1) — VIB (x1) given in Theorem 5 are worst case and we
expect that the actual differences to be smaller than these upper bounds. This is substantiated
by the numerical results we obtained which are given below.

To be realistic, in our numerical experiments, we set the length of the planning horizon,
N, to be 6, with a set of numerical experiments having N from 3 to 15 in increment of 3.
Because of the curse of dimensionality when solving dynamic programs, our experiments
are such that the dynamic program for Model A and Model B (both presented in Sect. 3) are
solved only for 3 periods, instead of the whole planning horizon with length N, which can
be greater than 3.

To implement our models with dynamic programs being solved only for 3 periods even
though the length of the planning horizon can be greater than 3, in the 1st period, we solve
the dynamic program with length 3 for Model A and Model B to obtain the number of units
of serviceable products to remanufacture from buyback or normal cores and the number of
units of normal cores to dispose of. Also, for the same realized demand, we obtain the initial
inventories of serviceable products, buyback cores and normal cores at the beginning of the
2nd period under the feasible policy @ (which is related to Model A), and the optimal policy
nB* (which is related to Model B). The expected costs in the 1st period under the two
policies are also computed for the same realized demand in the 1st period. We then solve the
dynamic program for Model A and Model B again, but now for n = 2, to obtain the number
of units of serviceable products to remanufacture from buyback or normal cores and number
of units of normal cores to dispose of. The initial inventories for the 3rd period are then
updated for the same realized demand, but different realized returns of buyback cores, which
depends on the serviceable products available in the 1st period under the feasible policy T
(which is related to Model A) and the optimal policy & B>* (which is related to Model B).
The expected cost in the 2nd period under the feasible policy & and under the optimal policy
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Table 1 Effect of different initial inventories on average system costs under the feasible and optimal policies
(h=1.0,p=2.0,0a =05 N =06)

X0.1 X1 X1 Ve 1 VB Difference = V.| — VB % x 100%
1
0 5 10 48.41 48.41 0.00 0.00
10 15 49.00 4835 0.74 1.53
10 15 20 50.77 50.62 0.15 0.29
15 20 25 53.91 53.86 0.05 0.09
20 25 30 61.65 61.68 ~0.03 ~0.05
5 5 10 43.85 43.79 0.06 0.14
5 10 15 4870 4807 0.63 1.31
5 15 20 55.67 55.63 0.04 0.07
5 20 25 6396 6391 0.05 0.08
5 10 10 43.11 43.06 0.05 0.12
5 10 15 49.01 48.53 0.48 0.99
5 10 20 53.75 5327 0.48 0.90

4The difference is negative, which should not be the case. A reason for this is because the computation of
costs is by the “sample path” approach

nB* are also computed for the same realized 2nd period demand. N is always a multiple
of 3 in our numerical experiments. If N is larger than 3, then at the 4th period, we solve
the dynamic program for Model A and Model B again, for a horizon of length 3, treating
the different inventories we obtained at the end of the 3rd period, after taking into account
realized demand and returns of cores, as initial inventories for each dynamic program. We
continue in this way if N is larger than 6. For each policy, the total expected cost for the
whole planning horizon N is the sum of appropriately discounted expected single period
cost, given by (3).

We consider integral inventories and demands in our numerical study. For each policy,
the programs are run R times, and we obtain the average system cost under each policy
(\7;,1 and ‘713) by summing the total system cost obtained in each run, as described in the
last paragraph, and then divide by R, where R is taken to be 100. The rounded uniform
distribution Ug (0, 15), a discrete probability distribution, is considered for D,. We let the
maximum returns period K be 1, and in our dynamic programs, o, is such that o,,,lthl is

binomially distributed with probability of success pg and number of trials Zf,,l, j=A,B.
We let €, = 0. Hence, we consider the situation when a product is either returned with
probability pg in the next period or not at all.

In all our numerical experiments, we setb = 1.0, r9 = 1.0, r; = 1.0, 590 = 1.0, s = 1.0,
u = 1.0, po = 0.8 and B, = 5. Our numerical results show that the percentage difference
Ve - VP
v

Table 1 shows how ‘/}fJ — \713 varies with changes in the initial inventories of serviceable
products, buyback cores and normal cores. We see from the table that there is no set pattern to
how the difference varies with changes in x¢, 1, x1,1, x2,1. The maximum value for f/il — \713

in the table is 0.74, which is much lesser than the predicted upper bound

x 100 is not greater than 3.50%, with only two instances beyond 3.00%.
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Table 2 Effect of different length of planning horizon on average system costs under the feasible and optimal
policies (xg.1 = 5,x1,1 =10,x21 =15,h = 1.0, p =2.0, =0.5)

N \7;,1 VIB Difference = \7;_1 — VIB % x 100%
1

3 42.05 41.73 0.32 0.77

6 48.83 48.24 0.59 1.22

9 49.39 48.90 0.49 1.00

12 49.95 49.37 0.58 1.17

15 49.28 48.77 0.51 1.05

Table 3 Effect of different discount factor on average system costs under the feasible and optimal policies
(x0,1 =35,x1,1 =10,x01 =15,h=1.0,p=2.0,N =6)

a Ve Ve Difference = V.| — V2 Diffefence  100%
1
0.1 23.48 23.47 0.01 0.04
0.2 27.45 27.42 0.03 0.11
0.3 32.79 32.68 0.11 0.34
0.4 39.26 39.05 0.21 0.54
0.5 48.76 48.20 0.56 1.16
0.6 61.48 60.45 1.03 1.70
0.7 79.30 77.69 1.61 2.07
0.8 102.95 99.81 3.14 3.15
0.9 132.69 128.20 4.49 3.50
. <s0 +b+ * —(s0+ 1 - min{sl,u})> ~ 225,

which holds for all values of (x,1, x1, 1, X2, 1) in the table.
As shown in Table 2, the difference V,, 1— Vl does not vary very much as the length of the
planning horizon N increases. In Theorem 5, the upper bounds provided are also independent

of N.

In line with Theorem 5, we see from Table 3 that the difference in \7;,1 and VIB increases
with increase in the value of the discount factor, «, although, the actual difference is smaller
than the upper bounds provided in the theorem. For example, when o = 0.2, we have the
theoretical upper bound, as given by Theorem 5, of

o
11—«

and we have

while

(so-l—b-i—

theoretical upper bound

(so + u — min{s, u})) ~4.22

B
x 100 = 0.11%.

x 100 ~ 15.39%,
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Table 4 Effect of different unit penalty cost on average system costs under the feasible and optimal policies
(x0,1 =35.x1,1 =10,x01 =15,h =10, =0.5,N =6)

p \7;’1 \713 Difference = \7;,1 . \713 % x 100%
1
1.0 44.75 44.10 0.65 1.47
1.5 47.36 46.94 0.42 0.89
2.0 49.31 48.74 0.57 1.17
2.5 50.49 50.14 0.35 0.70
3.0 51.33 51.09 0.24 0.47
3.5 51.35 51.17 0.18 0.35
4.0 52.81 52.68 0.13 0.25

When « = 0.8, we have the theoretical upper bound,® as given by Theorem 5, of

(0775 o .
so+ b+ (so + u — min{sy, u}) | ~ 180.00
l—«a 11—«
and we have
th tical bound
eoretica Ppper oun « 100 ~ 180.34%.
vE
while
Py =B
EL I L0100 = 3.15%.
VB

1

In Table 4, we see that as the unit penalty cost p increases from 1.0 to 4.0, the difference
‘7}’1 - \713 decreases steadily from 0.65 to 0.13, except for an increase when p increases
from 1.5 to 2.0. However, from Theorem 5, we expect the difference to increase with p, since
the upper bound in the theorem increases with p. A reason for the increase in upper bound
with p in the theorem is because the upper bound is obtained by considering Models A and
B, and returns of buyback cores for Model A are dependent on past demands, while returns
of buyback cores for Model B are dependent on past sales, which can be low when there
are insufficient serviceable products. Remanufacturing is therefore unaffected for Model A,
while there may be fewer buyback cores to remanufacture to serviceable products for Model
B, due to low past sales, to satisfy current demand. In the worst case, this difference in penalty
costs, due to unsatisfied demand, becomes apparent as p becomes large, leading to an upper
bound for Vz 1 (x1) — VlB (x1) that depends on and increases with p. This effect is not present
when we are computing \7;’1 and \713 , because returns of buyback cores under policies T
and 7 B-* now both depend on past sales, and also as p increases, both policies become more
similar to each other and act to remanufacture any available cores to serviceable products to
satisfy demand.

In Table 5, we observe that the dependence of Vf’ 1 — f/lB on unit holding cost & is not
apparent, which is in line with the independence of the upper bounds in Theorem 5 on h.

We end this subsection by investigating whether the “myopic” policy is good enough as
an approximation to the feasible policy  in deciding the number of units of buyback and
normal cores to remanufacture and the number of units of normal cores to dispose in each

6 The bound is expected to get larger and larger as « approaches 1.
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Table 5 Effect of different unit holding cost on average system costs under the feasible and optimal policies
(x0,1 =5.x1,1 =10,x21 =15, p=2.0,0 =0.5,N = 6)

h Vi1 VB Difference = V.| — VB % x 100%
1
05 44.70 4451 0.19 0.43
1.0 49,09 48.53 0.56 1.15
15 51.09 50.73 036 0.71
2.0 52.64 52.36 028 0.53
2.5 54.57 54.19 038 0.70
3.0 56.07 55.54 0.53 0.95
3.5 56.98 56.42 0.56 0.99
40 57.63 57.20 043 0.75

Table6 Effect of different initial inventories on average system costs under the “myopic” and feasible policies
(h=10,p=2.0,a =05 N=06)

X0,1 x1,1 X2 \71 Vf’l Difference = \7] — Af’l %relnce x 100%
T,
5 10 49.38 48.41 0.97 2.00
10 15 52.64 49.09 3.55 7.23
10 15 20 57.56 50.77 6.79 13.37
15 20 25 63.32 53.91 9.41 17.46
20 25 30 70.44 61.65 8.79 14.26
5 5 10 43.68 43.85 —-0.17 —-0.39
5 10 15 52.57 48.70 3.87 7.95
5 15 20 62.20 55.67 6.53 11.73
5 20 25 72.14 63.96 8.18 12.79
5 10 10 44.78 43.11 1.67 3.87
5 10 15 52.74 49.01 3.73 7.61
5 10 20 62.20 53.75 8.45 15.72

period. It has been shown in the literature, such as Ignall and Veinott (1969), that under certain
situations, “myopic” policy can be optimal. An advantage of the “myopic” policy over the
feasible policy 7 for Model B is that the former only requires optimizing the single period
cost function at each period which can be implemented easily, while the latter requires solving
(13) to find optimal control parameters to make remanufacturing and disposal decisions, and
this can be challenging.

Denote the average system cost under the “myopic” policy by V,. This is obtained by
summing the total system cost obtained in each run under this policy, and then divide by R,
where R is the total number of runs and is taken to be 100. As shown in Tables 6 and 7,
the “myopic” policy approximates the feasible policy @ reasonably well, with the highest
percentage difference in average system costs being 17.46%, and the lowest percentage dif-
ference being 2.00%. Out of the 17 scenarios tested, 11 scenarios have percentage difference
in average system costs less than 10%.
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Table7 Effect of different length of planning horizon on average system costs under the “myopic” and feasible
policies (xg.1 = 5,x1,1 =10,x21 =15,h = 1.0, p =2.0, =0.5)

N Vi \A/il Difference = V| — ‘,}fyl %relnce x 100%
7.

3 44.42 42.05 2.37 5.64

6 52.52 48.83 3.69 7.56

9 53.75 49.39 4.36 8.83

12 54.09 49.95 4.14 8.29

15 54.00 49.28 4.72 9.58

6 Concluding remarks

In this paper, we describe two models for our remanufacturing inventory system, incorpo-
rating a forecasting method for returns, that depends on past demands and sales of buyback
cores. This paper considers two types of cores: buyback cores and normal cores. In Theorem 1,
through analyzing a dynamic program, we obtain optimal control parameters to describe the
optimal policy for the backlog model when returns are forecast from past demands. Properties
of the optimal cost and the optimal policy we obtained are also provided. Then, in Sect. 5,
we study a feasible inventory policy for the model in which returns are forecast from past
sales, and we show how close this feasible inventory policy is to the optimal inventory policy
by studying the difference in the expected costs under each of these policies. A question that
arises at this point is whether the theoretical upper bounds given in Theorem 5 are tight, and
we leave this as a future work. Numerical results are given in Sect. 5.1.
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Appendix

Proof of Proposition 2 The following arguments apply to j = A and j = B.

Givenapolicynj = (nlj,...,nl{,), let g/o" = (n,{,...,nl{,),forn =1,...,N,bethe
“partial” policy from the nth period to the Nth period.

Let Vlj "*(x1) be the optimal cost from the first period to the Nth period, given x1 at the
beginning of the first period. Then, Vlj’*(xl) = V/?k (x1).

For 2 < n < N, given realization Zl.j = z{ , realized B; = b;, realized
0i,1, realized ¢;,, 1| < i < n — 1, and x, at the beginning of the nth period, let
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Vi (X, zfl_l, bu—1,021,...,00-11, €2, ..., €,—1) be the optimal cost from the nth period
to the N'th period.
Note that for n =2, V,{’*(x,,, z,Jt_l, bu—1,021,..,00-1,1,€2,...,€n—1)= sz’*(xz, z{,
by).
We have, for2 <n < N,
Jo* J
Vn (xna Zn_17 bn—la 02,17 ceey Gn—],]a 623 cee 6}1—1)
7T J 77 J
= H?B U,(xp, Yns Zn—]) + aEDn,B,z,a,,yl,en Upii1(Xnq1, Yn+1> Zy)
i
N
i— 77 j
+ Z Oll nED,'_z.Di_l,B,'_l,(T,'_L],6,'_1Ui(xl'v yhzl',l)’ (18)
i=n+2

where forn +1 <i <N,

X0,i = Yo,i—-1 — Di—1,
J
X1 = yri-1 — Di—1+ R;_y,
x2i = y2i—1 — Di—1 + R/_| + Bi_1,

with R}, = an,lzfl_l +€,.In(18), y; = 7T,~J (xi, Z{_l, bi_1,001,...,0i—1,1,€2,...,€_1),
forn <i <N. ) )
It can be seen that (7", ..., @ ,{,’*) is an optimal solution to the above problem.

We would like to show by induction that the following statement holds:

Statement: V! (Xn, 2} |, buc1,021, ..., On_1,1, €2, ... €n—1) = Vi (xp,2z._|) and
' .

S b =y /). for2<n<N

(xszn_la n—ly02,17--~»C7n—1,17€2,---7611—])—yn (xnvznfl)s or =n= .
Forn = N, we have

Jox J
Vy (xXN.Zy_1bN-1,021,...,0N-1,1,€2, ..., €EN—1)
7T J J J
:m,lgUN(xN,ﬂN(xN,ZN_l’bN—l,O'll»~-~,UN71,17€2,-~7€N71)51N71)
s

and
J Jj
VN(xN’ ZN—l)
TT J
= min Unxn, YN, Zy_1)
N

subject to

YoN = YI,N = Y2.N,

Y1I,N — X1,N = YO,N — XO,N
Y2,N = X2.N»

YI,N = X1,N-

By comparison, it is clear that statement holds for n = N.
Suppose statement holds for n = ng, where 3 < ng < N, that is, V,,]U’*(x,,o, z{,o_l, by,
J j Jox Jj
0215 Ong—1,15 €25 -y €ng—1) = Vig(Xngs Zpy 1) and Tag (Xngs Zng_y s Bng_y> 02,1,

Jo* J
s O 1,1, €25 -+ -5 €gg—1) = Yo (Xng» an—l)'
We have
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Jo* J
Vo1 Xng—1: 2y 3+ bng—2, 02,1, - Ong-2,1, €2, - ., €ny-2)

: 7 J 7 J
- 513’10[1_1 ’Ul’l()—l (xl’lo—lv yn()—17 Zn072) + aEDn()—l~Bn0—l~[7n0—l.ls€n0—l Un() (xn()a yn()v Zn()fl)
s

N

i—np+1 T (v, . J

+ Z o Ep, 5.0, 1B 10i1 0.6 Ui(Xis Yis Zi_y)
J

n()—l (xn()—lv Ynp-1, Zn(],z)

= min
/
l

+a:}1’g [EDno 15 Brg—1,0ng—1,1,€ng— 1Uno(xn0’ Yng» Zno—l)

N

i—ng (i v:. 77
+ E: o Ep,_5.0i_1,Bi_10i-11.61 Ui (Xi, Yi, Zi )
i=nop+1

= mln {U"o—l(xno 1, Ynp—-1, Zno ) ta n}ll? ED, 1. Buy-1.0ug-1.1,€ng-1
T
"0 1

N
i—mTT j
E Z o nOUi(xi» yi»Z,‘_l) Dn()flvBnoflao'n()fl,lien()fl
i=no+1

= min {Uno*l(xno 15 Yno—1, Zno ») +a min EDnO 12 Brg—1,0ng—1,1,€ng—1

J Jsn
ﬂno—l T

77 77 J
[Uno (xnos ynov "()* ) + OZED"O’B"O’”"OJ’G”O Un0+l (xn0+17 Yng+1, Zn())
N

i—n U J
+ § : o OEDi—ZvDi—I»Bi—],ai—],],fi—lUi(xi’yi’ VARRY
i=np+2

77 J
z H,_lln [Urlo—l (Xng—15 Yng—1, Znofz) + aEDno—leno—lenO—l,lvEnO—l
n

j 77 J
|:HJH’{(1) { no (xno, Yngy» ,,0,1) + aEDnoan()vUnO‘lvéno Uno+1 (xno+1, Yno+1, Z,,O)
i

N
§ : i—ngp T (s v: 77
+ o ED[fz,folyBiflsG'i—],]qﬂ—lU’ (xi, yi, Zi—l)
i=no+2
— in 177 j
= II,_lln [Uno—l(xno—lvyno—lvzna—z) +aEDnO—l»Bno—h”no—l.lfno—l
.
no—1

Jo* J
(Vno (xnos dn0—23 Zno—l s bno—Z’ Bno—l y 02,15 «++50ng—1,1,€25 ..+, 6no—l))}

= n]_lin {Un(rl(xno 15 Yng—1, 2 2))+“ED;10 15 Bug—1,0n0—1,1,€ng— 1(Vn0(xn07 no—l))}
=

no—1
=V, Gngm1. 20y )
where the fourth equality holds by independence of random variables across periods, the

fifth equality holds by definition of Vno (x,,o, z,,o D the sixth equahty holds by induction

hypothesis, and the last equality holds by definition of V, _1 (Xnmg_y» zno »). Here, for ng <
i <N,
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X0,i = Y0,i—1 — Di—1,
X1,i = y1,i-1 — Di—1 + Ri—1,
X2 = y2i—1 — Di—1 + R!_, + Bi_1,

with Rio_l = Umrl,lzfio—z + €n9—1. Also, forng — 1 <i < N, y; = nl,j(x,-,z{_l, bi_1,
02,1y -.+,0[— 11,62,.. , €Ei— 1)

Therefore, V l(x,,0 17Zno 23 Prg_2, 02,1, oy Ong—2,1, €2, ..., €ng—2) = 1(x,,0 -
n072)'

On the other hand, y{;’*(xn, ,Jl > no—1 < n < N, form a “partial” policy
from the (ng — 1)th period to the Nth period, with expected cost njo_l(x,,o_l, zflo_z).

Since V] 1 (Xno_ 1,z,,0 23 Png_sy 021, ..., 0ng—2,1, €2, ..., €59—2) is the optimal expected
cost over all “partlal” policy from the (no — Dth perlod to the Nth period, we must
have VO l(x,,0 1> Zino_ 2,bn0 25021,y Ong—2,1,€2, ..., €ng—2) = n(,,l(xno_uznofz)‘
Hence, V ](th,,0 i z,,o 2 Png_ys 0215 - Ong—2,1, €2, .-, Egg—2) = V,',/O_1 (Xng_y 1}20—2)
with 71”071 (x,,o_l , z"o—zs buy_», 02,1, ..., 0ng—2,1,€2, ..., €p9—2) = y,’,(’,: (Xng_y» Z,JZ(FZ).

Hence, statement holds for n = no — 1. This implies by induction that statement holds
for2 <n <N. ;
Similar arguments as above apply to show that V 7*(x1) = V1 (xl) and 771 *(x1) =
*(x1), using V2 *(x2, zl,bl) = V2 (x2, zl) and 712 *(x2, zl,bl) = y *(xa, zl) which
follows from the above statement when n = 2. o

Proof of Theorem 1 For 2 < n < N, the theorem follows from Theorem 4 by letting
C(y,2) = Un(Xns Y 201) + 1ox0.0 + (11 — 10)X1.0 — ux2,n — (50 + b)E(€x) — 51E(By),
K(y.2) = Kn(yp. 201

inSect. 4.1, wherex = x,,y =y,.2 = z;‘_l,ﬁ = (so+Db)E(0y,1). Note that K, (yp, zﬁ_l)
is defined by

Kn(yna Zn 1) = Ep, B, on.l, e,,( +1(y0n Dy, yi,n — Dy ‘l'Un,lZ;?_] + €5,
Yo — Dy + Gn,lzn_l + €, + By, Dp)), (19)

Hence K (x, z) defined in Sect. 4.1 equal VnA (x5, zf}_l) +roxon + (r1 —ro)Xi,n —ux2, —
(s0 + D) E(en) — s1E(By).

In order to apply Theorem 4, we need to show that the following statement holds for
2<n<N:

Statement: K, (y,,. zﬁ_l) defined by (19) satisfies Properties 1 -4 for2 <n < N

We show this by inductiononn,2 <n < N.

Forn =N, V 1(xN.,.l zN) = 0, hence Properties 1 - 4 hold trivially for Ky (yy, zN -
In particular, Property 4 holds in this case since r; > ro.

Suppose K, (y,, Z;:\_l) satisfies Properties 1-4 for n = ng, where 3 < ng < N.

Then, using Proposition 4, V, (x,,o, 1) is continuously differentiable a.e. in (xy,,
z;?o_l) and is also convex in (x,,o, Zno—1 ). Furthermore, by Proposition 5, its first derivative
W.I.t. X1, is greater than or equal to —(r; — rp) a.e.. These imply that Properties 1, 4
hold for K,,—1 Yrg_y» Z,?O_z). Proposition 5 also implies that Properties 2 and 3 hold for
Knog—1Vng_y» zfl‘o_z). Hence, statement holds for n = ng — 1. Therefore, by induction,
statement holds forall n,2 <n < N.

@ Springer



166 Annals of Operations Research (2020) 288:137-180

By similar arguments as above, we can apply Theorem 4 to the case n = 1 to conclude
the proof of the theorem. O

Proof of Theorem4 As &1(z) < & < &_1(z) and xo < x| < xp, the existence of m € {0, 1}
such that &, (z) < X < &u—1(2) or X < £(2) < X1, Withxg < x1 < x2 < &1(2) <&
if no such m exists, can be checked easily.

Next, we show that (yj (x, 2), y{ (x, 2), y;5 (x, 2)) given by the expressions in the statement
of the theorem is an optimal solution to (11) subject to constraints (12) .

Writing ®(y, z) as ®o(yo) + @1 (y1, 2) + P2(y2, z), the KKT conditions for (11) subject
to constraints (12) are given by

Lo
m 1 0 ~1 0 0
% +x =1 +2x] 1 J+2x 1 | +210]+2]—-1]=0,
) 0 —1 0 1 0
ay2
A(yo —y1) =0, A =0,y < y1,
A(y1 —y2) =0, A >0,y <y,
A3(y1 —x1 —yo +x0) =0, A3 >0, y1 —x1 < yo — X0,
Ag(y2 — x2) =0, Ay >0,y < x2,
As(xp —y1) =0, As >0, y1 > x1.

Since (11) subject to constraints (12) is a convex program and the Slater’s condition holds
trivially, (y§(x, z), ¥{'(x, 2), ¥5(x, z)) is an optimal solution to (11) subject to constraints
(12) if and only if it satisfies the KKT conditions. Hence, to show that y;" (x,2),i =0,1,2,
given by the expressions in the theorem, are indeed optimal solutions, we only need to show
that they satisfy the above KKT conditions.

Case (a): m = 0, &) < xo.

Subcase (a)(i): x; < 12(2) < x7.

The expressions for y;k (x,2),i =0, 1,2, given in the statement of theorem are y, *(x, z) =
x0, Y[ (x,2) = x1,¥5(x,2) = n2(z). Then Ay = Ay = A4 = 0, A3 = aCID0(960)

Ay = dq)‘ (x1 2)+A3 = 0, with y; = y; *(x,2),i =0, 1, 2, satisfy the above KKT conditions.
Hence theorem holds for this subcase.

Subcase (a)(ii): x; < x2 < n2(2).

The expressions for yi* (x,z),i = 0,1,2, given in the statement of theorem are
Y506, 2) = x0, Y7 (¥,2) = x1,)5(¥,2) = x2. Then A1 = 22 = 0,23 = 5%(x) = 0
ha=—52(x2,2) = 0,45 = %fl (x1,2) + A3 = 0, with y; = y*(x,2),i = 0, 1,2, satisfy
the above KKT conditions. Hence, theorem holds for this subcase.

Subcase (a)(iii): n2(z) < x1 < x3.

The expressions for yf (x,z2),i =0, 1,2, given in the statement of theorem are y; (x, z) =

X0, yik(x Z) = xl,yf(x Z) = X]. Then AM = Aq = 0, Ay = %i’;(xl,z) > O Ay =

3“’0 0 (x0) > 0, As = dj’l(xl 2) + 2+ A3 >0, with y; = y*(x,2),i = 0, 1,2, satisfy the
above KKT conditions. Hence, theorem holds for this subcase.

Case (b): m =0, x9 < & < x1.

Subcase (b)(): x1 < 1n2(z) < x2.

The expressions for yf(x, z), i = 0, 1, 2, given in the statement of theorem are y; (x, z) =
50, yj(x,2) = x1,)5(x,2) = m(2). Then Ay = A = A3 = Ay = 0, 45 = 71 (x1,2) = 0,
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with y; = y¥(x,z),i =0, 1, 2, satisfy the above KKT conditions. Hence, theorem holds for
this subcase.

Subcase (b)(ii): x1 < x2 < 12(2).
The expressions for y;* (x,2),1 = 0,1, 2, given in the statement of theorem are y(’)‘ (x,2) =

E0,y{(x,2) = x1,y5(x,2) = x2. Then Ay = X2 = A3 = 0, 4 = —3% (x5,2) > 0,

ay2
Ay = %(xl, z) > 0, with y; = y;k (x,z),1 = 0,1, 2, satisfy the above KKT conditions.
Hence, theorem holds for this subcase.
Subcase (b)(iii): 72(z) < x1 < x2.
The expressions for yi* (x,z),i =0,1,2, given in the statement of theorem are y()" (x,2) =

gO»yik(va) = Xl,y;(x,z) = XI. Then )\.1 = )\,3 = )\,4 = 0’ kz = %(xl’z) > 0,

A5 = %(xl, )+ > 0,withy; = y*(x, z),i =0, 1, 2, satisty the above KKT conditions.
Hence, theorem holds for this subcase.

Other cases with their associated subcases can be considered in a similar manner to show
that theorem holds for them. In particular, we conclude the proof by considering an illustrative
case as follows:

Mlustrative case: £1(z) < x1 < &p, M2 (2) < x1 < x3.

The expressions for y;k (x,z),1 =0, 1, 2, given in the statement of theorem are ya‘ (x,2) =
x1, y{(x,2) = x1, ¥5(x,2) = x1. Let A3 = A4 = 0, and the rest of A; > 0 are chosen such
that

0D
70()61) =-A <0,
90
00,
—(x1,2) = A1 — A2+ As,
i
00
72(/‘1,1) =i >0.
ay2
We have A5 = %(xl) + %%l(xl, )+ %%(xl, z) > 0.
With y; = y;“ (x,2),i =0,1, 2, KKT conditions are satisfied, and the theorem holds for
this illustrative case. ]

Proof of Proposition 5 We consider the case when & < 1> (z). The case when 1,(z) < & can
be considered in a similar manner.

In this case, we have K(x,z) = Ko(xo) + K1(x1,2) + K2(x2,z), where Ko(xp),
K;(xi,z),i = 1,2, are given by

- @), X0 < o,
Ko(xo) = Do (xp), & < xo,
Do (§1(2)) + ©1(81(2), 2) + P2(12(2), 2)
—®¢ (o), x1 < &1(2),
- _ ) Polxr) + @i(xp, 2) + P2(n2(2), 2)
K2 =1 _oy @), £1(2) < x1 < .
@1 (x1,2) + P2(n2(2), 2), & < x1 < m(2),
D1 (x1,2) + P2(x1, 2), n2(z) < x1,
Do (x2) + D1(x2,2) + P2(x2,2)
Ky, ) = —®0(§1(2)) — P1(61(2), 2) — P2(M2(2), 2), X2 < &1(2),
’ Do (x2,2) — P2(12(2), 2), £1(2) < x2 < m(2),
0, m(2) < x2.
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We arrive at the above expression for K (x, z) by considering different scenarios in which
X0, X1, X are related to &y, &1 (2), 72(z). As an illustration, if xo < &/(z) < & < x| < x; <
12(z), then by Theorem 4,

K(x,2) = ®0(&) + P1(x1,2) + P2(x2, 2),

which is equal to the above expression for K (x, z), where Ko(xg) = ®o(&o), K1(x1,2) =
@1 (x1,2) + P2(12(2), 2) and K2 (x2, 2) = P2(x2,2) — P2(12(2), 2).

The above expressions for Ko(xo), K1(x1, z) and K2 (x2, z) can be similarly checked to
be correct when xo, x1, X2, £0(2), £1(2), n2(z) are arranged in other ways.

From the above expression for K (x, z), it is clear that it is additively separable in x and
is also additively separable in xp and z.

Finally, we have

%fll (x1,2) = 0. For x; < &1(2), ax1 L(x1,z) = 0. For £1(z) < x1 < &, MI‘ (x1,2) =

%‘fg( D+ 5 9<1>1 (x1, z) > 0. This follows since £1(z) < & < 12(2), therefore 3x° (¢1(2) +

901 (£1(2), z) > 0and hence 532 (x1)+ 52 (x1, 2) > Oasx; > £ (z) and Po(x1)+Pj (x1, 2)

dx|
is convex in x;. Similar arguments hold for & < x1 < n2(z) and n2(z) < x1 to show that

BKI L(x1,2) = 0. O

(,x Kx,2) > 0 where it is defined. We only need to show that

Proofof Theorem2 For 2 < n < N, we know that V4 i1 (Xn41, z/) is additively separable

in x,41, additively separable in xq_,+1, z,‘;‘, convex and continuously differentiable a.e. in

(Xn+1, z2). Hence, we can write Vnﬁr] (Xn41,22) as

A A A0 A
Vn+1(xn+17 Zn) = Vn+1 (x0,n+1) + ,H_](xl n+1, 2y ) + V T (X2 n+l, Zn)

where V4 i (xo n+1) is convex and continuously differentiable a.e. in xg ,+1,and V. +1 (x, 1

z,‘?) is convex and continuously differentiable a.e. in (x; ,+1, z;, N i=1,2.
With

K(y,2) = ED,,,Bn,anJ,e,,(VnA+1()’0,n — Dy, yi,n — Dun + Un,]Z,?_l + €n,
Y20 — Dy + Un.lZ,f,tl + €4 + By, Z;?))

in Sect. 4.1, where y = y,, = (Y0.n, ¥1.n, Y2.n) and z = zfl‘_l, we have & that appears in (13)
is equal to

(ro — $0)Yo.n + (r1 — 1o + 50 — $)Y1.0 + (51 — w)y2,n + (50 + b)E(0n,1)z5—
+hEMon — D)t + pEDy — you)* +@Ep, By.0,1.60 (V5] Gon — D)
VA O — D+ 0u12i )+ €n. Z) + VT 02n — D+ 0wz
+en + Bu. ZD). (20)
Writing (13) in terms of (20), we get
E1a(zy) € argming, (11 — s1)Yon + hE(3on — Du)* + pE(Dy — you)*
FED, Byonren (Vi o — Dp) + VA (o — Dy + 01201 + €n, Z2)),
Man(zhy) € argming, (51 — w)y2n + @Ep, B,.0,1.6, (V5] (¥2n — Dn

+Un,lzﬁ_1+6n+3n’ Z;?)) 2
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Clearly, from the above, we see that & ,, (zn ) and n2 (zn 1) are dependent on zn 1» when
n < N —1, while whenn = N, since VNH(xN.,.l, ZN) = 0, we have él,n(zn_l), nz,n(zn_l)
are 1ndependent of zn 1

Since V +1(X0 n+1) and ni}(X]’n_q_l, z,f) are convex and continuous differentiable a.e.
in x0,,+1 and x1 41 respectively, we have

((l’1 —S1)Yo.n +hE(Yo,n — Dn)+ + pE(D, — yO,n)+
ayO,n

+05ED,,,B,,,0,1,1.6,, v +1(y0n -Dy)+V +1(y0n D, + O'n,lzﬁfl + €, Z}?)))

Yo,n oo
s 4 /0 fon@®de —p [ o, @)

Yo,n

avAo v
+aEp, B0, o (Yo,n — Dn) + —ntl o,n — Dn + O'n,lzz?—l + €n, Z,':‘)
dxo.n+1 0X1 n+1

is nondecreasing in yo_, and z4 . Hence, & ,(z* ;) is nonincreasing in z* .
e g Yo, n—1 s n—1 n—1
Similarly,

v ((Sl —wy2n + aED,,,B,,,U,,vl,e”(V +1 ()’2 n— Dy + 0'11,12;:\_1 + €y + By, Z;?)))
n

8VA 2

n+1 A A
=51 —u-+ aEDn,Bn.(rn_l,sn (ax()’Z,n - D, + On, 12,1+ €+ By, Zn ))
2,n+1

is nondecreasing in y, , and zn |- Hence, m2, n(z 1) is nonincreasing in zA 1
We show above that & ,, (Zn—l) and 12, (Zn—l) are nonincreasing in Zn—l if they are given
by (21). Otherwise, we have

Mz ) = 1z ) € argmin, (o — S0)¥o.n + (1 — 1o + 50 — $1)Y0.n + (51 — ) Yo.n
+hE(yon — D))"+ pE(D, — yo,n)-’—aEDnanvUn,lyfn(V +1(y0 w— Dp)
+V o — Du + o1z + e, 22
+‘7n2+1(y0,n — Dy + Un,lZ,f,‘_l + €, + By, Z;:‘)),

from which we can also show in a similar way that both Sl’n(sz 1) and 172, (zf,‘fl) are
nonincreasing in zr/lt 1 O

Proof of Theorem 3 To prove that when xp 1 < &p.1, VIA (x1) is decreasing in xo 1, we note
that when x, 1 is less than & 1, yé’l* (x1), yf‘_’l* (x1) and y?’]* (x1) are not equal to xq 1. In this
case, when x¢.1 < x11, then
a V1
0x0,1

(x1) =—ro <0,

and when x¢,1 = x1,1,

. avh
11m

(x0, x1,1,x2,1) = —rg < 0.
X()*)xo ! 3x0 1

Hence, we obtain the required result.
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We show thatfor 1 < n < N, if D, isidentically distributed, then &y y < & , by induction
on n.
First, we note that for 2 < n < N, when x¢ , < &0,

A

v
axon (xn, Z,I?_l) <0. (22)
N
Furthermore, we have for1 <n < N,
U,
ayon (Xns EO.N» Yins Yons 70 1) = 0, (23)
N

since D, is identically distributed, and by definition of & .
Now, for2 <n < N — 1, let

Vn(ynv Zﬁ_]) = Uy, (xn, Yns ZZ\—]) + aEDnaBn»(’n,l-,en(Vn/:-] (*n+1, Z,’?))

By definition of & ,, the following holds:

dVy M
P) (éO,nv Yi,ns Y2,n» Zn—l) =0. (24)
Yo,n

Forn = N — 1, we have

VN-1
(BN YILN=1, Y2 N—1, Zh_2)
dyo,N—1
AUN—1
= (XN=1, E0.N+ YIN—15 Y2N—1, Z3_2)
9yo,N—1

v s
+aEDN—1yBN—l,UN—I,1s5N—I 9y (";‘_0,/\’ — Dn—1,X1,N, X2,N» ZN—I)
0,N

vy
=oFE
YLDy _|,BN_1,0N-1,1,6N—1 I

A
6o,y — Dn—1, X1,N, X2, N, ZN_1)> <0,
0N

where the second equality holds by (23), and the inequality holds by (22) since o,y — D,, <
&o,n - Hence, by convexity of VN_l (Yn-1 zﬁ,_z) in yo,n—1 and (24), wehave §o vy < &o.n—1.
Suppose &g v < &p +1 for some n between 1 and N — 1. Then by a similar argument as
above, using (23), (22), induction hypothesis, (24) and convexity of v, (s 17?71) in yo.,, we
have & v < &o,,. Therefore, by induction, o,y < &y, forl <n < N. O

Computations for Example 1: It can be checked easily that £§y3 = £ 3 = —coand 123 =
00,as2s1 < u,ro—so > p. We further have forxp 3 < x13 < x23, ya"? = X0,3, yf’? =X13
and y;’? = x2,3, and
1
Vit (x3,d) = —sox03 + (s0 — 51)x1,3 + s1%2,3 + E(SO +b)d
+5s1 4+ h(xo3 —d)" + h(d —x03)".
hence

Us(x2, y2,d) + Epy By.0r 1.6 (V5 (X3, Z3)

_ 1 1
=Us(x2, y3,d) + V§* ()’0,2 —d,y12— Ed’ Y22 — Ed +5, d)
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= —rox0,2 — (r1 — ro)x12 + uxz2 + (ro — 250)y0.2
+(r1 — 7o+ 2(s0 —s1))y1,2 + 2s1 —u)y22

3
+ 1551 + <§SO + b) d+h(yo2—d)" +hd—yo)*
+h(yo2 —2d)" +h(Q2d — yo2)". (25)

Collect terms containing y 2 in the above expression to form Fp 2(yo,2) as follows:

Fo2(30.2) = (ro — 250)y02 +h(yo2 —d)" + h(d — yo2)*
+h(yo2 —2d)" +h(2d — yo ).

Since ro < 2s0, we have Fp 2(yo,2) — 00 as yp 2 — =oo. Furthermore,
Foa(d) = (ro +h —2s0)d > 2ro + h — 4s0)d = Fy2(2d),

as ro < 2so. Hence, by definition of & ,, we have &> = 2d.
In a similar way, we can check using the definitions of &1 ,,, 12,5, (25),2s1 < wandr; —2s; >
2h that &0 = —00, 122 =00

A

2

To find &,1, we note that for xo» < x12 < £, = 2d, y; T?

=y = x1,2 and

y;? = x2,2, and
A 3
Vi (x2,d) = —roxo2 + (ro — 251 — h)x12 + 251322 + §S0 +2h+b)d+ 155
+h(xio—d)T +hd—x12)",
A
2

*, *, A *,A
forxo < %02 =2d <x12,¥ =&0,2=2d,y;’5 =xi2andy;, = xp2,and

5
V2A (x2,d) = —roxp,2 + 2(s0 — s1)x1,2 + 251x2,2 + (h + 2rg — ESO + b) d + 15s7,

and for &y 2 = 2d < xp2, yé? = X022,y = x2,2, and

3
VZA(xz, d) =2(h — s0)x0,2 + 2(s0 — s1)x12 + 251x2,2 + (—3h + Eso + b) d + 15s7.

Hence, collecting terms involving yo 1 in U (x1, y;) + V2A (yo,1—d,y12—d,y22—d+5)
to form Fp,1(y0,1), we have

—s0¥0.1 +h(yo1 — )T+ h(d — yo.1)T, if yo.1 < 3d,

Foa(yo1) = { (ro + 3h — 350) 0.1, if yo.1 > 3d.

Observe that Fp,1(yo,1) — 00 as yp,1 — %00, by definition of &y ,, 0,1 = d as required.

Proof of Proposition 6 To prove the proposition, we first write down explicit expressions for
partial derivatives of V]‘\}‘ wherever they are defined, using Theorem 1 (or Theorem 4), as
follows:
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Casel: xo v <x1,nv <xonv <& N Z&nN.

vy
(XN, zZN—1) = —TF0,
axo, N
v
(xn,zn-1) = —(r1 —10),
x|, N
vy

X2.N oo
3 (XN, zZN—1) =1 +h/ Sfoy (€)dE — P/ foy (E)dE.
X2, N 0 Xon

Case2: x|y <& n <x2N.

vy
(XN, ZN—1) = —To.
0xo, N
Subcase 2(1): x2, 8y < M2,N-
ava
(xn§,zN—1) = —(r1 — o),
axlyN
ava
N (en,zn-1) = 51
ax2 N
Subcase 2(ii): n2,y < x2,N.
vy
(xN,zN-1) = —(r1 — r0),
0x1,N
ava
N (xn,zn-1) = u.
0x2, N

Case3: & vy <x;.vy <&.N-

A
vy

X0, N

(XN, zZN—1) = —T0.

Subcase 3(1): x2, 8 < M2, N-
vy
ax1,N
vy

0x2, N

X1,N o0
(XN, zZN—1) =TFo — S| +h/0 Spy (E)dE — P/ Sfpy (€)dE,
X1,N

(XN, zZN-1) = 51.

Subcase 3(ii): x1,y < m2,y < X2, N.

Bvlé X|N 00
(ENZN-1) = F0 — 51 +h/ Fon E)dE - ,,/ Fon (E)dE,
0xX1,N 0 XN
ava
N (xn.zn_1) = u.
0x2, N
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Subcase 3(iii): n2,y < x1,N-

8VA/,‘ X1,N 00
(xN,ZNfl):”O_u‘i‘h/ fDN(E)dé—P/ Sy (E)dE,
axl,N 0 XI,N
ava
N o(xn,zn-1) = u.
0x2, N

Case4: xo vy <& N < x1.N-

v
(XN, ZN-1) = —T0.
0xo,N
Subcase 4(1): x2. v < m2.N.
vy
(XN, ZN—1) = S0 — $1,

0X1,N
vy

(XN, ZN—1) = 51.
0x2, N

Subcase 4(ii): x1, y < m2,y < X2,N.

ava

(XN, ZN—1) = S0 — 51,
axlyN
v

(XN, ZN—1) = U.
X2, N

Subcase 4(iii): n2, v < X1.N.

vy
0x1,N
vy
dxa N

(xNaZN—l) =S80 —u,

(XN, zZN—1) = U.

Case 5: &)y < xo.n-

vy

dxo, N

JC(),N o0
(XN 2N-1) = —s0 + & /0 Fou©)dE - p / Fou (€)dE.
XO,N

Subcase 5(1): x2, 8 < M2, N-

vy

o (XN, ZN—1) = S0 — $1,
LN

vy

i (XN, ZN—1) = 51.
2N

Subcase 5(1i): x1,y < m2,y < X2, N.

v

(XN, ZN—1) = S0 — $1,
x|, N
vy

(XN, zZN—1) = u.
0x2, N
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Subcase 5(iii): n2,y < x1,N-

v
Bxl,N
ava

0xo, N

(XN, 2ZN—1) = S0 — U,

(Xxn,zN—1) = u.

The proposition then follows by induction on 7 using the dynamic programming formulation
of VnA (Xpn, zn—1) in Sect. 3, Theorem 1 (or Theorem 4), Condition 1 and definitions of &,

&1,n(Zn—1), M2,n(zn—1) as in (13) and in Proposition 3. In particular, in the induction step, we
need the followings:

Case 1: X0n < Xljp S X2 < Sl,n(znfl) < gO,n-

avA
axn (Xn, Zn—1) = —ro,

0,n

A

"~ (xp, 2n—1) = —(r; —ro),
0X1

A

v 2 o0
(Xn,2n-1) =11 +h/0 fp,(&)dE — P/ fp, (&)dE
X2.n

0x2, 5
avA avA avA
+aE n+1 + n+l + n+1 (xA’*, D ) )
<<3x0,n+1 0X1 1 0X2 41 nl

Case 2: x1 , < &1,n(zn-1) < X2

avAa
(Xn, Zn—1) = —T0.
0X0,n
Subcase 2(i): x2,, < 772,;1(211—1)-
avA
—(Xn, Zn—1) = —(r1 — ro),
3x1,n

VA VA
1 (Xn,2n—1) =81 +aE ( ntl (xA’* Dn)) .

0x2, 0x2,n+1 e+l
Subcase 2(ii): 72,4 (zn—1) < X2.n-

avAa

axlyn

A
n

axZ,n

(Xn, zp—1) = —(r1 —r9),

(XN, Zp—1) = u.

Case 3: ‘i:l,n(znfl) <Xin =< %'O,m

A
n

0x0,n

(Xn, Zp—1) = —ro.
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Subcase 3(): x2.n < 72,0 (Zn—1)-

A

oV Hon o0
a'l@mh—ﬂzrw—ﬂ+h/i fp,()dé —p fp,(§)dé
X1,n 0

X1,n
avA avA
E n+l n+l ,
e <<8x0,n+1 + aan-H ( "+] n)
A

" (Xp,2Zn-1) =851 +aE aan:"l(A;"D)
angn n> <n—1 1 axz’n_’_l n+17

Subcase 3(ii): X1, < n2.2(2n—1) < X2.1-

avA X1n [es}
S za) = 0=+ / Fo, (€)dE — p / fo, (E)dE
g X1,n

avA avA
+aE n+1 + n+1 ( .D )
(<8x0,n+1 aXl,n-&—l n+1 "
VA

" (Xp, Zn—1) = u.
0X2. 5

Subcase 3(iii): 72,1, (2n—1) < X1 5.

ovA Xln 00
Tz =0~ / fon@®de —p [ fo,€)de

Xl,n
avA avA avA
E n+1 n+1 + n+1 i D
o ((3xo,n+1 * X1 nt1 X241 . "+1 2
avA

" (Xp, Zn—1) = u.
0x2,,

Case 4: xp, <& pn < X1

A
—(Xn, Zn—1) = —70.
0X0,n
Subcase 4(i): x2,n < 12,1 (2n—1)-
8VnA aVnA-H
Zp—1) =50 —s1 +aE (xo*. Dy)
a-)C],n " (axl,n+] n+l
8VnA 8Vrﬁi—l
Xn,Zn—1) =81 +aF x4 . Dy,
ax2,n( n> Zn—1) 1+ X201 ( ,,+1 )
Subcase 4(ii): x1.n < n2,n(Zn-1) < X2.n-
A avA
" (X, 7n_1) = S0 — 5] +aE [ —2FL "Dy,
8xl,n( n> Zn—1) 0 1 (axl,n+]( n+1 n)
A
(X, Zn—1) = U.
0x2 5
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Subcase 4(iii): 72,1 (zn—1) < X1 5.

gvA avA avA
ax:n(xn,zn_l) =50 —u+aE (( Ly L) e D) )

0X1n41 0X2541

A

" (Xn, Zn—1) = U.
0X2.n

Case 5: &y, < x0,n.

A X0,n

= (Xn,2n—1) = —so +h A fDn(%‘)a’E—P/ Jp,(§)d§

9X0,1
avA
+1
+aoF (E)x()nn-f-l( n+1’ Dn))

Subcase 5(1) X2n < M2n (Zn—1)-

A VA

" (Xn,2n—1) = S0 — 5] + «E 1 * Dy,
3x1,n( n>Zn—1) =850 — S| + o 3X1,n+1( ,,+1 )

A 8VA

" (X, Zn—1) = S| + «E e d* py).
3x2,n( n> Zn—1) 1 (3x2,n+1( wi1> Dn)

Subcase 5(11) Xin < M2n (zZn—1) < X2.n-
A
ox X1,n

avA
0x2.,

CAA
"~ (Xp,2n—1) =80 — 51 + o E (x ,,_,_I,D)
X1,n+1

(x}'h Zn— l) =u.

Subcase 5(iii): 72,1 (zp—1) < X1,n-

avA avA avA
aln(xn7zn 1)—So—u+0tE<< ntl + ikl (n+1’D)

0X1n+1  0X2 041

avAa
(Xn, 2n—1) = u.
9x2.5
O
Proof of Proposition 7 First, note that
VA (Xn, 2nm1) = —rx0n — (11 — 10)x1.0 + ux2 + (50 + D) E () + 51 E(By)
+ @ (Y (Xns Zn-1)s Tn—1)s (26)
where
Dy (¥y> 2n—1) = (ro — $0)Yo,n + (r1 =70 + 50 — S Y10 + (51 —U)y2.n
+ (50 + DYE(0n,1)zn—1 + hE(yo.n — Dp)" + pE(Dy — yon) "
+aEp, B,on1.e(V, +1(xn+1, Dy)), 27

A’ s N s . .
and yu** (. 20—1) = (043 Cns Zn=1) Y1 K Znm1). Y3 (X, 20—1)) is defined in terms
of 0.1, &1,n(2n—=1)> 12,0 (zn—1) and x, from Theorems 1 and 4.
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The proposition then follows from (26), (27), and definitions of &y, &1, (2n—1), 12,1 (2Zn—1) as
in (13) and in Proposition 3. O

Proof of Proposition 8 We prove the proposition by induction on 7.
It is clear that the proposition holds when n = N since

A
Ve NN, ZN-1,bN-1,02,1, ..., ON_1,1, €2, ..., eN—1) = Vy (XN, ZN-1),

by definition of the feasible policy = on Model B.
Suppose the proposition holds for some n = ng + 1, where 2 < ng < N — 1, then

A
Vf,no(xno’ Zno_lv bno_l, C,'2,13 LR} ono—],] y €2, .00, 6}’L()—l) - Vno(xnov Zno—l)
T A,x
= Un()(xn(p yno’ (xﬂ()a Zno—l) Zn(),l)

* A%
+05ED,,0 By, G”U 1, GnO(V][ n0+l(xn0’+1’ Zn() , Bﬂoa 02 15+++50n,15€2, ... eno))

- Ung(xn()a yno (xnm Znofl) anfl) O[ED”0 By 015 6,,0( 0+l(xn0+1’ no))

A, A,
= ED, By .ong. 1,60 VE 01 Xngyys Zng s Bngs 02,15 -+, Ong 15 €2, - . . s €ng)

A A%
VA @ D))

= QED, By .oy 1.eng VEmor1 Kt Zing™s Bugs 02,15 -+, Ong 1, €2, .+, €ny)
—Vior1 gy Zag™)
+aEDno Bug»0ng.15 Eﬂo( 0+1(xﬂ0+1’ ZA *) V’l‘?)Jrl(x:"(;:l’ Dno))
<14+ a0 ) maxfa (14 + a7 p — 1) — 50 — b, 0hpng 41

VAL
+aEDn0an0aUnO.ls5n0 azn (x"0+1’ Sno)(z - Dng)
= a?(L 4 a0 max{a((1+ - + a0 p — o) =0 — b, O}y

+OlE(UnUJrl,1)ED,,0,BnO,an0,1,en0 [(50 +b+ aEDrzU+1»Bn0+la0'110+l.1’5r10+l (

v A%
no+2 no+2 A% A
XD zZ4* _ D
<3x1,n0+2 + 3)62’,,0_’_2) ( no42 ”0+1)>) ( no "0)i|

<a?(1+-- 4+ ymax{a((1+ -+ V) p — 1) — 50 — b, 0} ptug+1
+ o max{a((1+---+ otN_"O_z)p —ro) —so — b, O}MD,,0

<a(l+-+a" )y max{a((l + -+ otN_"O_2)p —710) — 50 — b, 0} iy,

where the first inequality holds by induction hypothesis and the Mean Value Theorem, where
&y, lies between Z,f‘o’* and D,,,, the fourth equality holds by Proposition 7, and the second
inequality holds by Proposition 6. Therefore, proposition holds for n = ng. Hence, by
induction, proposition holds for all n, 2 < n < N. The consequence in the proposition
follows from similar arguments as above. O

Proof of Proposition 9 The proof of this proposition is similar to that of Proposition 8 and by
observing that
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A B
Vi (Xn, zn—1) =V, (Xn, 2n—1)

<U B, E A B, D
<Un(xn, y, (Xn, Zn—1), Zn—1) + @ D,,,B,,,a,,.l,en(Vn+1(xn+1, )

77 B B B,x B,

- Ul‘l(xns Yu ’*(xib Zi‘l—])s Zn—l) - aEDn,B,,,(T,,yl,en(Vn+](x"_;_ls Zn *))
A B,x B B,x B,
= O[EDanmUn,I,Gn(Vn+1(xn.;.1: Dn) - Vn+1(xn_;_1, Zn *))
[m]

Proof of Proposition 10 Observe that if p < (1 —a)(rg + (so + b)/«), then by Propositions 6
and 7, we have VnA (xn, zn—1) is nondecreasing in z,,—1, for2 <n < N.

We now show that Vﬁ,n(xn» Zn—1,bn—1, 02 1sv+sOn—1,1,€2,.., €n—1) < VnA(xnv Zn—1)
for 2 < n < N by induction on n.

Statement: Vi, (X, Zn—1, bu1, 021, - - -, Op—1.1, €25 - - ., €n—1) < VA(xp, z4—1) for 2 <
n<N.

It is clear that the statement holds forn = N.
Suppose the above statement holds for some ng + 1, where 2 < ng < N — 1. Then we have

Vf,no (xn()a Zng_1» b”O—l’ 02,15 +++30np—1,1, €25 ..., eno—l)

77 A
= Un()(xll()v yno’*(xn.,, Zno—l)’ Zno—l)

A% B,%
+aED, Byy.ong.1.e00 Vo1 Xngrrs Zng > Brgs 02,1 -+ Ong 15 €25, €np)

77 A% B A Ax B, x
S Un() (xnov yno’ (xnov Zn0_1)7 Zn()fl) + aEDnoan()’gno,lveno (‘/]10+1(xn0’+17 Zno ))
T7 A B A A
S Uno (xn07 yno’*(xm)’ Zn()fl)’ Znofl) + aED"O’B”O’U”O=1’€”O (Vn0+1(xn0’:13 Dno))
A
= Vno(xﬂ()a Zl’l()*l)a

where the first inequality holds by induction hypothesis, the second inequality holds by the
nondecreasing property of VnA (Xn, z2n—1) W.r.t. 7,1 and Proposition 1, noting that Z,/fo =

D,,,. The lastequality holds by definition of an(‘) (X1 Zng—1) and again noting that Z A — Dy,.

no
Hence, the above statement holds by induction. Finally, to complete the proof of the

proposition to show that Vz 1(x1) < VIA (x1), we apply similar arguments as that to show
the above statement, using the statement for n = 2 in the process. O
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