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Abstract. We say a group G = AB is the totally semipermutable product
of subgroups A and B if every Sylow subgroup P of A is totally permutable with
every Sylow subgroup @ of B whenever ged(|P|,|Q|) = 1. Products of pairwise
totally semipermutable subgroups are studied in this article. Let 4 denote the
class of supersoluble groups and ® denote the formation of all groups which have
an ordered Sylow tower of supersoluble type. We obtain the F-residual of the
product from the F-residuals of the pairwise totally semipermutable subgroups
when § is a subgroup-closed saturated formation such that 4 C §F C D©.

1. Introduction

All groups considered in this article will be finite.
It is well known that the product of supersoluble subgroups need not
be supersoluble, even when the subgroup factors are normal. This makes
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it interesting to study factorised groups whose subgroup factors have cer-
tain permutability properties. Recall that a group G = AB is the totally
permutable product of subgroups A and B if every subgroup of A permutes
with every subgroup of B. Asaad and Shaalan [2] proved the following result
about totally permutable products:

If G = AB is the totally permutable product of supersoluble subgroups A
and B, then G is supersoluble.

The study of totally permutable products grew, with many authors in-
vestigating this type of products of subgroups (see [3, Chapters 4 and 5]). In
particular, Asaad and Shaalan’s result above was extended to §-residuals of
saturated formations containing 4, the class of all finite supersoluble groups
as the following result states. Recall that the §-residual of a group G, de-
noted by G¥ is the smallest normal subgroup such that G/G? belongs to .

THEOREM 1.1 [4, Theorem 4]. Let § be a saturated formation contain-
ing Y. Let a group G = G1G5 - - - Gy, be the pairwise totally permutable prod-
uct of the subgroups G1,Gs,...,G,. Then

G = (G1)¥(G2)" -+ (G)".

In this article we study a new type of product of subgroups, introduced
by Asaad in [1], that can be regarded as a local version of totally permutable
products. We say a group G = AB is the totally semipermutable product of
subgroups A and B if every Sylow subgroup P of A is totally permutable
with every Sylow subgroup @ of B whenever ged(|P|,|Q|) = 1.

Totally permutable products are totally semipermutable but the converse
is not true in general as shown in [1, Example 1.1].

Asaad [1] proved the following result:

THEOREM 1.2 [1, Theorem 1.1]. Let a group G = G1Gs--- G, be the
pairwise totally semipermutable product of the subgroups G1,Go,...,Gy. If
G; €M for alli € {1,2,...,n}, then G € 4.

We take note that Monakhov and Trofimuk in [8] also studied totally
semipermutable products under a different name. Their work extended The-
orem 1.2 when n = 2. Let ®© denote the formation of all groups which have
an ordered Sylow tower of supersoluble type.

THEOREM 1.3 [8, Theorem 4.1]. Let § be a subgroup-closed saturated for-
mation such that L CF C D. Let the group G = AB be the totally semiper-
mutable product of subgroups A and B. If A and B belong to §, then G
belongs to §.

Our goal is to extend Theorems 1.2 and 1.3. In particular, we prove the
following;:
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THEOREM 1.4. Let § be a subgroup-closed saturated formation such that
UCFCD. Let G=G1Gy---Gy be the pairwise totally semipermutable
product of the subgroups G1, Ga, ..., G,. Then

G = (G1)5(G2)" -+ (G)®.

Moreover, Gf, GS, ..., G3 are normal subgroups of G.

Note that Theorem 1.4 also extends Theorem 1.1 to totally semiper-
mutable products when § is subgroup closed and is such that 4 C §F C 2.

2. Preliminary results

In this section we state some results that we need to prove our main
results. We begin with some basic properties of totally semipermutable
products.

LEMMA 2.1 [1, Lemma 2.8]. Let a group G = AB be the totally semiper-
mutable product of the subgroups A and B. Then:

(1) If N is a normal subgroup of G, then G/N = (AN/N)(BN/N) is the
totally semipermutable product of the subgroups AN/N and BN/N.

(2) If P is a Sylow subgroup of A and Q is a Sylow subgroup of B with
coprime orders, then PQ is supersoluble.

(3) AN B is supersoluble.

LEMMA 2.2 [8, Lemma 1.6]. Let G = [P]M be a primitive soluble group,
where M is a primitivator of G and P is a Sylow p-subgroup of G. Let A and
B be subgroups of M and M = AB. If B < Ng(X) for every subgroup X
of P,

(i) B is a cyclic group of order dividing p — 1.

(i) [A,B]=L.

LEMMA 2.3 [5, Lemma 5. Let the group G = AB be the product of the
totally permutable subgroups A and B. Let § be a saturated formation of
soluble groups containing .. If B belongs to §, then G = AS.

Let m be a set of primes. A group G has property D, if G has Hall
m-subgroups and every m-subgroup is contained in a conjugate of a given
Hall m-subgroup of G.

According to [7, Satz VI.4.6], if 7 is a set of primes, G = AB is a product
of the subgroups A and B and G has property D,, there exist Hall m-sub-
groups A, and B, of A and B respectively such that A, B, is a Hall w-sub-
group of G.

This fact will be used in the paper without any further reference.
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3. Main results

We start off this section with an extension of Lemma 2.3. Recall that if
§ is a saturated formation, a subgroup U of a group G is called §-maximal
in G provided that U € §, andif U <V < Gand V € §, then U = V. A sub-
group U of a group G is called an §-projector of G if UK/K is §-maximal
in G/K for all normal subgroup K of G. On the other hand, a chief fac-
tor H/K of a group G is called F-central in G, if the semidirect product
[H/K)|(G/Cq(H/K)) belongs to §.

THEOREM 3.1. Let § be a subgroup-closed saturated formation such that
UCFCD. Let G = AB be the totally semipermutable product of A and B.
If B is an F-group, then G = AS.

PROOF. Suppose the theorem is not true and let (G, A, B) be a coun-
terexample with | G | + | G : A | as small as possible. By Theorem 1.3, we
may assume AS # 1. We shall get a contradiction by the following steps.

(a) GS = ASN for each minimal normal subgroup N of G. Let N be a
minimal normal subgroup of G. By Lemma 2.1, G/N is the totally semiper-
mutable product of AN/N and BN/N. Hence (G/N)S = (AN/N)S by the
choice of G. This implies that GSN = ASN. Then G¥ = AS(N NGY). If
NNGS =1 we get a contradiction. This means that every minimal nor-
mal subgroup of G is contained in G and so G¥ = ASN for each minimal
normal subgroup N of G.

(b) There exist a prime q dividing the order of B and a Sylow q-subgroup
B, of B such that G = AB,. Let g be a prime dividing |B|. There exist A,
a Sylow g-subgroup of A, and By, a Sylow g-subgroup of B such that A,B,
is a Sylow g-subgroup of G. Since A and B are totally semipermutable, we
have that AB, is a subgroup of G. If AB, is a proper subgroup of G, then
the choice of G implies that B, normalises AS. Therefore if for every prime ¢
dividing the order of B, there exists a Sylow g-subgroup B, of B such that
AB, is a proper subgroup of G, it follows that AS is a normal subgroup
of GG, a contradiction. Consequently we may assume there exist ¢ dividing
|B| and a Sylow g-subgroup B, of B such that G = AB,.

(c) A is a mazximal subgroup of G. Let M be a maximal subgroup of G
containing A. Since M = A(M N By) and A and M N B, are totally semiper-
mutable, the choice of G implies MS = AS. Moreover G = M B,. We prove
that M and B, are totally semipermutable subgroups. Let r be a prime di-
viding the order of M, r # q. Since M = A(M N By), there exists M,, a
Sylow r-subgroup of M with M, < A. Hence M, and B, are totally per-
mutable by the hypotheses. We see that MY and B, are totally permutable
for all g € M. We have that g = ab where a € A and b € By. It is clear that
M2 < A and B, are totally permutable. Hence M = M, is totally per-

T
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mutable with Bf]’ = B,. By the choice of |A|, we obtain G¥ = M3 = A%, a
contradiction. Hence we may assume that A is a maximal subgroup of G.

(d) Coreg(A) =1, and G is a primitive group. Assume, arguing by con-
tradiction, that there exists a minimal normal subgroup N of G contained
in A.

(i) N < GS and G¥ is an elementary abelian p-group for some prime p.
In particular, G is soluble. In this case N < Ng(A%) and so by (a), A is
normal in G¥. Assume N is non-abelian. Then N is the product of non-
abelian simple groups. But N/N N AS ~ ASN/AS < A/AS € § C &, which
implies N = N N A%, that is, N < AS and the result is clear. Hence N is
abelian, then N is a p-group for some prime p. Now we can assume that G
is a p-group. Otherwise, since A% is a normal subgroup of G¥ we have that
GS /AT is a p-group. Therefore OP(GS) < AS. If OP(GY) # 1, there would
exist a minimal normal subgroup of G contained in A% and we would be
done. If ®(GS) # 1, then G¥ = AS®(GT) = AS, because ®(G?) is normal
in G. Therefore G¥ is elementary abelian. Note that in this case the group G
is soluble.

(ii) p is the largest prime dividing |G|, and if P denotes a Sylow p-sub-
group of G, then P is normal in G. Let r denote the largest prime divid-
ing |G|. Assume 7 =¢q. We have that B, and A, are totally permutable,
where Ay denotes a Sylow s-subgroup of A, s # r and then B, is normalised
by As for every As a Sylow s-subgroup of A with s # ¢ because A;B,
is supersoluble by Lemma 2.1. Moreover there exists A, a Sylow g-sub-
group of A such that @ = A,B, is a Sylow g-subgroup of G. Consequently
1#£ Bf = B(‘;‘ = Bglq < @. This implies r = ¢ = p. Hence we may suppose
that 7 # q. Let R denote a Sylow 7-subgroup of G. Then RGY is normal
in G’ and we may assume it is contained in A. Since (RGY)S is a normal sub-
group of G contained in A%, we obtain that RG? is an F-group by Step (a).
Assume 7 # p. Then R is normal in RG¥. Hence R is normal in G, a contra-
diction. Therefore r = p and p is the largest prime dividing the order of G.
Let P denote a Sylow p-subgroup of . Then PGS = P is normal in G.

(iii) p # q. Assume p=gq. Then G = AB, = AP = AF(G). Since N
is contained in A and P < Cg(N), we have that N is a minimal normal
subgroup of A. This means that either NN A% € {1,N}. If NN AS = N,
then NN is contained in AS, a contradiction. Suppose that N N AS = 1. Then
NAS /AT is a minimal normal subgroup of A/A¥. Since A/A¥ € §, we have
N is F-central in A and hence N is also §-central in G. Then N is contained
in every §-projector E of G by [6, Theorem IV.6.14]. Then N < GSNE =1
by [6, Theorem IV.5.18], which is impossible.

(iv) A contradiction. Consider A = ASF where F is an F-projector
of A. Since G¥ is abelian, ASNF =1 by [6, Theorem IV.5.18]. Then
G=AB, = ASF B,. Since p # ¢, we may assume that a Sylow g-subgroup
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F, of F'is such that F,B, is a Sylow g-subgroup of G. Moreover B, is per-
mutable with all Sylow subgroups of A for primes different from ¢. Hence
FBy is a subgroup of G. Assume that G = F'B,. Then A= F(ANBy).
Since AY is a p-group, we have that AS < F, a contradiction. Thus we may
suppose that T' = F'B, is a proper subgroup of G. Moreover T' is the to-
tally semipermutable product of the §-subgroups F' and B,. The choice of G
yields that T is an §-group. Since G = F(G)T, there exists an §-projector
E of G such that T' < E by [6, Lemma II1.3.14]. Moreover G¥ N E = 1 by
[6, Theorem IV.5.18]. Consequently G¥ = AS(GS N FB,) = A%, a contra-
diction.

Thus Coreg(A) = 1. In particular, G is a primitive group.

(e) q is the largest prime dividing the order of G. Moreover there exists
a minimal normal subgroup of G which is a q-group and G is a primitive
group of type 1. In particular, G is soluble. Let p be the largest prime di-
viding the order of G and assume that p # ¢q. Then p divides the order
of A. If A, denotes a Sylow p-subgroup of A, then A,B, is supersoluble
by Lemma 2.1 and so B, normalises A,. Hence 1 # (4,)¢ = (A,)*, contra-
dicting the fact that Coreg(A) = 1. Thus we may suppose that p = q. Now
for every prime r dividing the order of A, with r # ¢, we obtain, arguing
as above, that A, normalises B,. Hence 1 # (B,)% = (B,)% < Q, where 4,
denotes a Sylow g-subgroup of A such that A,B, = @ is a Sylow g-subgroup
of G. Consequently there exists a minimal normal subgroup N of G which
is a g-group. In particular, G is a primitive group of type 1. In particular,
G is soluble. Thus G = AN, N abelian and Cg(N) = N.

(f) N=B,;. Assume B, is not contained in N and let b€ B, \ N.
Since G/N = (AN/N)(ByN/N) = AN/N is a totally semipermutable prod-
uct of AN/N and B,N/N, B;N/N is a g-group and F(AN/N) = F(G/N)
is a ¢-group by [6, Lemma A.13.6], we have that for every aN € F(G/N),
(bN){xN) is a totally permutable product of (bN) and (zN). On one hand,
since (zN) € F(G/N) it is subnormal in G/N and then in (bN)(zN). But
it is a Sylow subgroup of (bN)(zN), thus (xN) is normal in (bN)(zN). On
the other hand since (bN)(xN) is a totally permutable product of two su-
persoluble subgroups it is supersoluble and (bN) is normal in (bN)(xN).
Hence (bN) centralises (zN). In particular, (bN) < Cq/n(F(G/N)) <
F(G/N) which is a ¢'-group, a contradiction. Hence B, < N and then
N = By(NNA) =DB,.

(g) A= A,F(A). By [6, Lemma A.13.6], we have that F'(A) is a ¢'-
group. Denote T'= A F(A)B,, where A, denotes a Sylow g-subgroup of A
such that A,B, is a Sylow g-subgroup of G, and assume it is a proper sub-
group of G. Observe that T is a normal subgroup of G. Since T is the totally
semipermutable product of A;F(A) and By, we have that TS = (A,F(A))S.
If TS # 1, we would have that there exists a minimal normal subgroup con-
tained in A, a contradiction. Thus 7T is an §-group, in particular, A,F'(A) is
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an §-group and A, is normal in Ay F'(A). Therefore A; < Ca(F(A)) < F(A).
Consequently A is a ¢/-group. In this case, every Sylow subgroup of A
normalises every subgroup of N since the product of A and N is totally

semipermutable. Therefore N is cyclic of order ¢ and G is supersoluble, a
contradiction. Hence T' = G. In particular, A = A F(A)(ANB,) = A F(A).

(h) The final contradiction. Let T = F(A)N. Then T is the totally
semipermutable product of the supersoluble subgroups F(A) and N be-
cause F(A) is a ¢’-group. Let X be a subgroup of N. Then F(A)X is a
subgroup of G and NN F(A)X = (F(A)NN)X = X is a normal subgroup
of F(A)X. This means that F/(A) acts on N as power automorphisms and
Cra)(N) = Cpa)(X) = 1. If X is of prime order, then F'(A) is isomorphic
to a subgroup of Aut(X) and then F'(A) is cyclic. In particular, every chief
factor of A below F'(A) is cyclic and so it is §-central in A. Since A/F(A)
is an §-group, we conclude that A € §, the final contradiction. [

We prove part of Theorem 1.4 in the next lemma.

LEMMA 3.2. Let § be a subgroup-closed saturated formation such that
UCFCD. Let G=G1Gy---Gy be the pairwise totally semipermutable
product of the subgroups Gi, Ga, ..., Gn. Then (G;)¥ is a normal sub-
group of G for each i € {1,2,...,n}.

PRrOOF. Fix i € {1,...,n}. We show that (G;)¥ is a normal subgroup
of G. Let ¢ be a prime dividing |G|, with i # j. Then there exist (G;),, a
Sylow g-subgroup of G, and (G;),, a Sylow g-subgroup of Gj, respectively,
such that (G;)q(Gj)q is a Sylow g-subgroup of G;G;. Since G; and G; are to-
tally semipermutable, G;(G;)q is a subgroup of G;G;. In particular, G;(G;),
is a totally semipermutable product of G; and (Gj),, and (G;), € §. Hence
(Gi(G§)q)¥ = (G;)® by Theorem 3.1, that is, (G,), normalizes (G;)%. Since
(G;), is arbitrary, we have that G; normalizes (G;)S. Therefore (G;)% is a
normal subgroup of G. [J

THEOREM 3.3. Let a group G = GGy -G, be the pairwise totally
semipermutable product of the subgroups Gy, Ga, ..., G, and let § be a
subgroup-closed saturated formation such that A C§F C . If G; € § for all
i€{l,2,...,n}, then G € §.

PROOF. Since every G; has a Sylow tower of supersoluble type, by [8,
Lemma 2.2(3)], each product G;G; with i # j has a Sylow tower of super-
soluble type. Applying [7, VI, Satz 10.2], we have G has a Sylow tower of
supersoluble type. Assume the result is false, and let G be a counterexam-
ple with |G| + |G|+ - -+ + |Gy| minimal. By Theorem 1.3, we may assume
that n > 2. Since § is a saturated formation, G is a primitive soluble group,
that is, G has a unique minimal normal subgroup N, Cq(N)= N, G/N € §
and G = NM, where M is a core-free maximal subgroup of G. Since G has
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a Sylow tower of supersoluble type, we have that N is a Sylow p-subgroup
of G and M is a p’-group. By Theorem 1.2, if all G; are supersoluble, then
G € U C§. Consequently we may assume without loss of generality that
G is not supersoluble. Then GY is a non-trivial normal subgroup of G by
Lemma 3.2. Thus N is contained in Gf'. By the choice of (G,G1,...,Gy),
we have that Z7 = G1G3--- G, € §. Then G = G3Z and there exist a Hall
p'-subgroup (G2), of G2 and a Hall p’-subgroup Z, of Z such that (G2), Z
is a Hall p’-subgroup of G. We may suppose that M = (G2),Z,. Since Z
€58, Z/Opp(Z) = Z/N € f(p), where f denotes a local definition of §. Thus
a Hall p/-subgroup of Z is an f(p)-group. Analogously, since G1G3 € § by
Theorem 1.3, we have that (G2), € f(p). Observe that NG5 is a totally
semipermutable product of N and Ga. It implies that (G2), normalises ev-
ery subgroup of N. Applying Lemma 2.2, we have that (G'2), centralises Z,, .
Hence M € f(p) and then G € §, the final contradiction. [

We are in a position to prove Theorem 1.4.

PROOF OF THEOREM 1.4. We argue by induction on |G|. Let N be a
minimal normal subgroup of G. By Lemma 2.1, G/N is the pairwise totally
semipermutable product of the subgroups G1N/N, GoN/N, ..., G,N/N.
The induction hypothesis yields

(G/N)S = (GiN/N)¥(G2N/N)¥ - (G N/N).

It follows that GSN = (G1)%(G2)% --- (G,,)SN. By Theorem 3.3, (G;)¥ # 1
for some i € {1,2,...,n}. We may assume that (G7)% # 1. Since (G1)¥ is a
normal subgroup of G by Lemma 3.2, we may assume that N is contained
in (G1)% < GS. Consequently, G¥ = (G1)%(G2)% --- (G,)¥, as desired. 0O
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