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Abstract. In [3], we derived three results in additive combinatorics for
function fields. The proofs of these results depended on a recent bound for the
large sieve with sparse sets of moduli for function fields by the first and third-
named authors in [1]. Unfortunately, they discovered an error in this paper and
demonstrated in [2] that this result cannot hold in full generality. In the present
paper, we formulate a plausible conjecture under which the said three results in
[3] remain true and the method of proof goes through using the same arguments.
However, these results are now only conditional and still await a full proof.
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In [3], we derived the following three results in additive combinatorics
for function fields.

Theorem 1. We call a subset S of Fq[t] a P-set if it consists of monic
polynomials and no element of S divides the sum of two (not necessarily
distinct) elements of S of larger degree. Let S be a P-set of pairwise coprime
polynomials in Fq[t] and denote by AS(N) the number of elements of S of
degree not exceeding N . If ε > 0, then there exist infinitely many positive
integers N such that

AS(N) ≤ qN(1/Φ+ε),

where Φ is the golden ratio, given by

Φ :=

√
5 + 1

2
.
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Theorem 2. If ε > 0, N ∈ N is sufficiently large, F is a set of monic

polynomials in Fq[t] of degree not exceeding N and f + f ′ is square-free for

all f, f ′ ∈ F , then

#(F) ≤ qN(2/3+ε).

Theorem 3. If ε > 0, N ∈ N is sufficiently large, F , G are sets of monic

polynomials in Fq[t] of degree not exceeding N and fg + 1 is square-free for

all f ∈ F and g ∈ G, then

min
{

#(F),#(G)
}

≤ qN(2/3+ε).

The proof of these results depended on the following recent bound for
the large sieve with sparse sets of moduli for function fields by the first and
third-named authors in [1].

Theorem 4. Let Q and N be positive integers, and S be a set of non-

zero monic polynomials in Fq[t] of degree not exceeding Q. Then

(1)
∑

f∈S

∑

r mod f
(r,f)=1

∣

∣

∣

∣

∑

g∈Fq [t]
deg g≤N

age
(

g · r
f

)

∣

∣

∣

∣

2

≤
(

qN+1+(#S) · qQ−1
)

∑

g∈Fq[t]
deg g≤N

|ag|2,

where ag are arbitrary complex numbers.

For a generic set S, this is what one would expect, but unfortunately,
the first and third-named authors discovered an error in this paper [1] and
demonstrated in [2] that this result cannot hold in full generality. The coun-
terexample provided there shows that one needs an additional factor of sig-
nificant size. However, as far as this counterexample is concerned, this fac-
tor is bounded by qε(Q+N). We therefore propose the following plausible
conjecture which is a slight weakening of (1) and does not contradict the
counterexample given in [2]. Except for particular cases, it seems to be dif-
ficult to establish this conjecture, though, and it is not clear if it holds in
full generality or if some additional conditions on the set S are required.

Conjecture 5. Let ε > 0 be given. Let Q and N be positive integers

and S be a set of non-zero monic polynomials in Fq[t] of degree not exceed-

ing Q. Then

∑

f∈S

∑

r mod f
(r,f)=1

∣

∣

∣

∣

∑

g∈Fq[t]
deg g≤N

age
(

g · r
f

)

∣

∣

∣

∣

2

≪q,ε q
ε(Q+N)

(

qN + (#S) · qQ
)

∑

g∈Fq[t]
deg g≤N

|ag|2,

where ag are arbitrary complex numbers.
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Under this conjecture the Theorems 1–3 stated above remain true, and
the methods of proof are unaffected. However, these theorems are now only
conditional and still await a full proof.
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