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Abstract

The universal approximation property of various machine learning models is currently only
understood on a case-by-case basis, limiting the rapid development of new theoretically jus-
tified neural network architectures and blurring our understanding of our current models’
potential. This paper works towards overcoming these challenges by presenting a charac-
terization, a representation, a construction method, and an existence result, each of which
applies to any universal approximator on most function spaces of practical interest. Our
characterization result is used to describe which activation functions allow the feed-forward
architecture to maintain its universal approximation capabilities when multiple constraints
are imposed on its final layers and its remaining layers are only sparsely connected. These
include a rescaled and shifted Leaky ReLU activation function but not the ReLU activation
function. Our construction and representation result is used to exhibit a simple modifica-
tion of the feed-forward architecture, which can approximate any continuous function with
non-pathological growth, uniformly on the entire Euclidean input space. This improves the
known capabilities of the feed-forward architecture.

Keywords Universal approximation - Constrained approximation - Uniform
approximation - Deep learning - Topological transitivity - Composition operators
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1 Introduction

Neural networks have their organic origins in [1] and in [2], wherein the authors pioneered
a method for emulating the behavior of the human brain using digital computing. Their
mathematical roots are traced back to Hilbert’s 13" problem, which postulated that all high-
dimensional continuous functions are a combination of univariate continuous functions.
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Arguably the second major wave of innovation in the theory of neural networks hap-
pened following the universal approximation theorems of [3, 4], and of [5], which merged
these two seemingly unrelated problems by demonstrating that the feed-forward architecture
is capable of approximating any continuous function between any two Euclidean spaces,
uniformly on compacts. This series of papers initiated the theoretical justification of the
empirically observed performance of neural networks, which had up until that point only
been justified by analogy with the Kolmogorov-Arnold Representation Theorem of [6].

Since then the universal approximation capabilities, of a limited number of neural net-
work architectures, such as the feed-forward, residual, and convolutional neural networks
has been solidified as a cornerstone of their approximation success. This, coupled with the
numerous hardware advances have led neural networks to find ubiquitous use in a number
of areas, ranging from biology, see [7, 8], to computer vision and imaging, see [9, 10], and
to mathematical finance, see [11-15]. As a result, a variety of neural network architectures
have emerged with the common thread between them being that they describe an algorith-
mically generated set of complicated functions built by combining elementary functions in
some manner.

However, the case-by-case basis for which the universal approximation property is
currently understood limits the rapid development of new theoretically justified archi-
tectures. This paper works at overcoming this challenges by directly studying universal
approximation property itself in the form of far-reaching characterizations, representations,
construction methods, and existence results applicable to most situations encounterable in
practice.

The paper’s contributions are organized as follows. Section 2 overviews the analytic,
topological, and learning-theoretic background required in formulating the paper’s results.

Section 3 contains the paper’s main results. These include a characterization, a repre-
sentation result, a construction theorem, and existence result applicable to any universal
approximator in most function spaces of practical interest. The characterization result shows
that an architecture has the UAP on a function space if and only if that architecture implicitly
decomposes the function space into a collection of separable Banach subspaces, whereon
the architecture contains the orbit of a topologically transitive dynamical system. Next, the
representation result shows that any universal approximator can always be approximately
realized as a transformation of the feed-forward architecture. This result reduces the prob-
lem of constructing new universal architectures for identifying the correct transformation of
the feed-forward architecture for the given learning task. The construction result gives con-
ditions on a set of transformations of the feed-forward architecture, guaranteeing that the
resultant is a universal approximator on the target function space. Lastly, we obtain a gen-
eral existence and representation result for universal approximators generated by a small
number of functions applicable to many function spaces.

Section 4 then focuses the main theoretical results to the feed-forward architecture. Our
characterization result is used to exhibit the dynamical system representation on the space
of continuous functions by composing any function with an additional deep feed-forward
layer whose activation function is continuous, injective, and has no fixed points. Using this
representation, we show that the set of all such deep feed-forward networks constructed
through this dynamical system maintain its universal approximation property even when
constraints are imposed on the network’s final layers or when sparsity is imposed on the
network’s connections’ initial layers. In particular, we show that feed-forward networks with
ReLU activation function fail these requirements, but a simple affine transformation of the
Leaky-ReLU activation function is of this type. We provide a simple and explicit method
for modifying most commonly used activation functions into this form. We also show that
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the conditions on the activation function are sharp for this dynamical system representation
to have the desired topological transitivity properties.

As an application of our construction and representation results, we build a modification
of the feed-forward architecture which can uniformly approximate a large class of contin-
uous functions which need not vanish at infinity. This architecture approximates uniformly
on the entire input space and not only on compact subsets thereof. This refines the known
guarantees for feed-forward networks (see [16, 17]) which only guarantee uniform approxi-
mation on compacts subsets of the input space, and consequentially, for functions vanishing
at infinity. As a final application of the results, the existence theorem is then used to pro-
vide a representation of a small universal approximator on L (R), which provides the first
concrete step towards obtaining a tractable universal approximator thereon.

2 Background and preliminaries

This section overviews the analytic, topological, and learning-theoretic background used to
in this paper.

2.1 Metric spaces

Typically, two points x, y € R™ are thought of as being near to one another if y belongs
to the open ball with radius § > 0 centered about x defined by Ballg= (x, §) L{zeR":
lx — z|| < &}, where (x,z) — |lx — z|| denotes the Euclidean distance function. The
analogue can be said if we replace R™ by a set X on which there is a distance function
dx : X x X — [0, 0o) quantifying the closeness of any two members of X. Many familiar
properties of the Euclidean distance function are axiomatically required of dy in order to
maintain many of the useful analytic properties of R™; namely, dy is required to satisfy the
triangle inequality, symmetry in its arguments, and it vanishes precisely when its arguments
are identical. As before, two points x, y € X are thought of as being close if they belong
to the same open ball, Ballx (x, 8) £ {z € X : dx(x,z) < 8} where § > 0. Together, the
pair (X, dy) is called a metric space, and this simple structure can be used to describe many
familiar constructions prevalent throughout learning theory. We follow the convention of
only denoting (X, dy) by X whenever the context is clear.

Example 1 (Spaces of Continuous Functions) For instance, the universal approximation

theorems of [16-19] describe conditions under which any continuous function from R”

to R” can be approximated by a feed-forward neural network. The distance function used

to formulate their approximation results is defined on any two continuous functions f, g :
R™ — R” via

f e sup, ek ke [If () — g(xX)|l
duce([5 8) = Z X .
=2k (14 supg e 11/ (0) — g(0)1)

In this way, the set of continuous functions from R™ to R” by C(R™, R") is made into a
metric space when paired with d,... In what follows, we make the convention of denoting
C(X,R) by C(X).

Example 2 (Space of Integrable Functions) Not all functions encountered in practice
are continuous, and the approximation of discontinuous functions by deep feed-forward
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networks is studied in [20, 21] for functions belonging to the space Lﬁ(Rm, R™). Briefly,
elements of Lﬁ(R’", R™) are equivalence classes of Borel measurable f : R" — R”",
identified up to p-null sets, for which the norm

1
1 llp.u = (/ N ||f(x)||de(X)) ’
xeRm

is finite; here w is a fixed Borel measure on R” and 1 < p < oco. We follow the convention
of denoting LZ(R’”, R) by L?(R™) when p is the Lebesgue measure on R™.

Unlike C (R™, R"), the distance function on Lﬁ (R™, R™) is induced through a norm via
(f.&) = IIf — gllp,u- Spaces of this type simultaneously carry compatible metric and
vector spaces structures. Moreover, in such a space, if every sequence converges whenever
its pairwise distances asymptotically tend to zero, then the space is called a Banach space.
The prototypical Banach space is R™.

Unlike Banach spaces or the space of Example 1, general metric spaces are non-linear.
That is, there is no meaningful notion of addition, scaling, and there is no singular ref-
erence point analogous to the O vector. Examples of non-linear metric spaces arising in
machine learning are shape spaces used in neuroimaging applications (see [22]), graphs and
trees arising in structured and hierarchical learning (see [23, 24]), and spaces of probability
measures appearing in adversarial approaches to learning (see [25]).

The lack of a reference point may always be overcome by artificially declaring a fixed
element of X, denoted by Oy, to be the central point of reference in X. In this case, the
triple (X, dx, Ox), is called a pointed metric space. We follow the convention of denoting
the triple by X, whenever the context is clear. For pointed metric spaces X and Y, the
class of functions f : X — Y satisfying f(0x) = Oy and || f(x1) — f(x2)|| < Lljx1 —
x2||, for some L > 0 and every x1, x> € X, is denoted by Lipy(X, Y) and this class is
understood as mapping the structure of X into Y without too large of a distortion. In the
extreme case where an f € Lipy(X, Y) perfectly respects the structure of X, i.e. : when
If(x1) — fx2)|l = lx1 — x2]|, we call f a pointed isometry. In this case, f(X) represents
an exact copy of X within Y.

The remaining non-linear aspects of a general metric space pose no significant challenge
and this is due to the following linearization feature map of [26]. Since its inception, the
following method has found notable applications in clustering [27] and in optimal transport
[28]. In particular, the later connects this linearization procedure with optimal transport
approaches to adversarial learning of [29, 30].

Example 3 (Free-Space over X) We follow the formulation described in [28]. Let X be a
metric space and for any x € X, let §, be the (Borel) probability measure assigning value 1
to any Ballx (y, €) € X if x € Ballx(y, €) and O otherwise.

The Free-space over X is the Banach space B(X) obtained by completing the vec-

tor space {ij:lan&cn ca,€R, x,eX,n=1,...,N, N e N+} with respect to the
following

n

£ sup > e fxo). (1
IfII<1; feLipo(X.R) ;4

n
E o X
i=1

As shown in [31, Proposition 2.1], the map 8% : x +> 8, is a (non-linear) isometry from X to
B(X). As shown in [32], the pair (B(X), 5%) is characterized by the following linearization

B(X)
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property: whenever f € Lipy(X,Y) and Y is a Banach space then there exists a unique
continuous linear map satisfying

f=Fos¥ 2

Thus, 8% : X — B(X) can be interpreted as a minimal isometric linearizing feature map.

Sometimes the feature map 8% can be continuously inverted from the left. In [31] any
continuous map p : B(X) — X is called a barycenter if it satisfies p o 8% = 1y, where 1y
is the identity on X.

Following [31], if a barycenter exists then X is called barcycentric. Examples of
barycentric spaces are Banach spaces [33], Cartan-Hadamard manifolds described (see
[34, Corollary 6.9.1]), and other structures described in [35]. Accordingly, many function
spaces of potential interest contain a dense barycentric subspace. When the context is clear,
we follow the convention of denoting 8% simply by §.

2.2 Topological Background

Rather than using open balls to quantify closeness, it is often more convenient to work with
open subsets of X; where U C X is said to be open whenever every point x € U belongs
to some open ball Bx (x, §) contained in U. This is because open sets have many desirable
properties; for example, a convergent sequence contained in the complement of an open set
must also have its limit in that open set’s complement. Thus, the complement of open sets
are often called closed sets since their limits cannot escape them.

Unfortunately, many familiar situations arising in approximation theory cannot be
described by a distance function. For example, there is no distance function describing the
point-wise convergence of a sequence of functions { f;,},en on R™ to any other such func-
tion f (for details [36, page 362]). In these cases, it is more convenient to work directly
with topologies. A topology 7 is a collection of subsets of a given set X whose members are
declared as being open if 7 satisfies certain algebraic conditions emulating the basic prop-
erties of the typical open subsets of R” (see [37, Chapter 2]). Explicitly, we require that 7
contain the empty set ¥ as well as the entire space X, we require that the arbitrary union
of subsets of X belonging to 7 also belongs to t, and we require that finite intersections of
subsets of X belonging to T also be a member of 7. A topological space is a pair of a set X
and a topology 7 thereon. We follow the convention of denoting topological spaces with the
same symbol as their underlying set.

Most universal approximation theorems [4, 16, 17] guarantee that a particular subset of
C(R™,R") is dense therein. In general, A C X is dense if the smallest closed subset of X
containing A is X itself. Topological spaces containing a dense subset which can be put in a
1-1 correspondence with the natural numbers N is called a separable space. Many familiar
spaces are separable, such as C(R™) and R™.

A function f : R™ — R”" is thought of as continuously depending on its inputs if small
variations in its inputs can only produce small variations in its outputs; that is, for any x €
R™ ¢ > 0 there exists some § > 0 such that f‘1 [Ballg: (f(x), €)] € Ballgm (x, ). It can
be shown, see [37], that this condition is equivalent to requiring that the pre-image f~'[U]
of any open subset U of R" is open in R”. This reformulation means that open sets are
preserved under the inverse-image of continuous functions, and it lends itself more readily
to abstraction. Thus, a function f : X — Y between arbitrary topological spaces X and Y is
continuous if f~'[U] is open in X whenever U is open in Y. If f is a continuous bijection
and its inverse function f~! : ¥ — X is continuous, then f is called a homeomorphism
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and X and Y are thought of as being topologically identical. If f is a homeomorphism onto
its image, f is an embedding.

We illustrate the use of homeomorphisms with a learning theoretic example. Many learn-
ing problems encountered empirically benefit from feature maps modifying the input a of
learning model; for example, this is often the case with kernel methods (see [38—40]), in
reservoir computing (see [41, 42]), and in geometric deep learning (see [23, 43]). Recently,
in [44], it was shown that, a feature map ¢ : X — R™ is continuous and injective if and
only if the set of all functions f o ¢ € C(X), where f € C(R™) is a deep feed-forward net-
work with ReLLU activation, is dense in C(X). A key factor in this characterization is that
the map @ : C(R™) — C(X), givenby f > f o ¢, is an embedding if ¢ is continuous and
injective.

The above example suggests that our study of an architecture’s approximation capa-
bilities is valid on any topological space which can be mapped homeomorphically onto
a well-behaved topological space. For us, a space will be well-behaved if it belongs to
the broad class of Fréchet spaces. Briefly, these spaces have compatible topological space
and vector space structures, meaning that the basic vector space operations such as addi-
tion, inversion, and scalar multiplication are continuous; furthermore, their topology is
induced by a complete distance function which is invariant under translation and satisfies
an additional technical condition described in [45, Section 3.7]. The class of Fréchet spaces
encompass all Hilbert and Banach spaces and they share many familiar properties with R™.
Relevant examples of a Fréchet space are C(R™, R"), the free-space B(X) over any pointed
metric space, and LL(]R’”, R™).

2.3 Universal approximation background

In the machine learning literature, universal approximation refers to a model class’ ability
to generically approximate any member of a large topological space whose elements are
functions, or more rigorously, equivalence classes of functions. Accordingly, in this paper,
we focus on a class of topological spaces which we call function spaces. In this paper, a
function space X’ is a topological space whose elements are equivalence classes of functions
between two sets X and Y. For example, when X = R = Y then X may be C(R) or L? (R).
We refer to X as a function space between X and Y and we omit the dependence to X and
Y if it is clear from the context.

The elements in X are called functions, whereas functions between sets are referred to
as set-functions. By a partial function f : X — Y we mean a binary relation between the
sets X and Y which attributes at-most one output in Y to each input in X.

Notational Conventions The following notational conventions are maintained throughout
this paper. Only non-empty outputs of any partial function f are specified. We denote the
set of positive integers by N*. We set N 2 N* U {0}. For any n € N7, the n-fold Cartesian
product of a set A with itself is denoted by A”. For n € N, we denote the n-fold composition
of a function ¢ : X — X with itself by ¢” and the 0-fold composition ¢ is defined to be
the identity map on X.

Definition 1 (Architecture) Let X’ be a function space. An architecture on X is a pair
(&, O) of a set of set-functions .% between (possibly different) sets and a partial function
O Ujen & 7 X, satisfying the following non-triviality condition: there exists some
feX,JeNtand fi,..., f; € F satisfying

=0 (=) € X, )
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The set of all functions f in X for which there is some J € N* and some fi, ..., f; € F
satisfying the representation (3) is denoted by NN (Z.0),

Many familiar structures in machine learning, such as convolutional neural networks,
trees, radial basis functions, or various other structures can be formulated as architectures.
To fix notation and to illustrate the scope of our results we express some familiar machine
learning models in the language of Definition 1.

Example 4 (Deep Feed-Forward Networks) Fix a continuous function o

R — R, denote component-wise composition by e, and let Aff(Rd,]RD) be
the set of affine functions from RY to RP. Let X = C@®R",R"), & 2
Udydn.dsen { (W2, W) © Wy € Aff(RY, RY+1), i = 1,2}, and set

O((Wj2, W) &£ WajooeW) jo0---oWyi00 e Wi )

whenever the right-hand side of (4) is well-defined. Since the composition of two affine
functions is again affine then NN/ (Z.0) s the set of deep feed-forward networks from R™
to R” with activation function o.

Remark 1 The construction of Example 4 parallels the formulation given in [46, 47]. How-
ever, in [47] elements of .% are referred to as neural networks and functions in N A/ (Z.0)
are called their realizations.

Example 5 (Trees) Let X = L'(R), F £ {(a,b,c) :a € R, b,c € R, b < ¢}, and let
O ((aj, bj, cj)jj.zl) £ ZJJ.:] ajl(p;,c;)- Then, NNZ-O) ig the set of trees in LY(R).

We are interested in architectures which can generically approximate any function on
their associated function space. Paraphrasing [48, page 67], any such architecture is called
a universal approximator.

Definition 2 (The Universal Approximation Property) An architecture (%, ) is said to
have the universal approximation property (UAP) if NN (Z.0) is dense in X.

3 Main Results

Our first result provides a correspondence between the apriori algebraic structure of uni-
versal approximators on X and decompositions of X into subspaces on which A'A/ (F.0)
contains the orbit of a topologically generic dynamical system, which are a priori of a topo-
logical nature. The interchangeability of algebraic and geometric structures is a common
theme, notable examples include [49-52].

Theorem 1 (Characterization: Dynamical Systems Structure of Universal Approximators)
Let X be a function space which is homeomorphic to an infinite-dimensional Fréchet space
and let (F, O) be an architecture on X. Then, the following are equivalent:

(1) (&, O) is a universal approximator,
(ii) There exist subspaces {X;}ier of X, continuous functions {¢;}ic; with ¢; : X; — A,
and {gi}ier < NN such that:

@ Uy & isdensein X,
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(b) For each i € I and every pair of non-empty open U,V C AXj, there is some
Niu,v € N satisfying
PNV (U) N (V) # 9,

(c) Foreveryi e l, gi € X; and {9} (gi)}neN is a dense subset of./\/N(gz’O) N A;,
(d) Foreachi € I, X; is homeomorphic to C(R).

In particular, {¢]'(gi) : i € I, n € N} is dense in NN'ZO),

Theorem 1 describes the structure of universal approximators, however, it does not
describe an explicit means of constructing them. Nevertheless, Theorem 1 (ii.a) and (ii.d)
suggest that universal approximators on most function spaces can be built by combining
multiple, non-trivial, transformations of universal approximators on C (R", R").

This is type of transformation approach to architecture construction is common in geo-
metric deep learning, whereby non-Euclidean data is mapped to the input of familiar
architectures defined between R? and R? using specific feature maps and that model’s out-
puts are then return to the manifold by inverting the feature map. Examples include the
hyperbolic feed-forward architecture of [24], and the shape space regressors of [53], and
the matrix-valued regressors of [54, 55], amongst others. This transformation procedure is
a particular instance of the following general construction method, which extends [44].

Theorem 2 (Construction: Universal Approximators by Transformation) Let n,m, € N +
X be a function space, (F, ©) be a universal approximator on C(R™,R"), and {®;}ics
be a non-empty set of continuous functions from C(R™, R") to X satisfying the following
condition:

@i (CR™.RY)) is dense in X. Q)

iel

Then (Z¢, Op) has the UAP on X, where Fo = F x I and O¢ ({fj,ij}j!:1> £
o0 (5 (01

The alternative approach to architecture development, subscribed to by authors such as
[56-59], specifies the elementary functions .# and the rule for combining them. Thus, this
method explicitly specifies % and implicitly specifies 5. These competing approaches are
in-fact equivalent since every universal approximator an approximately a transformation of
the feed-forward architecture on C(R).

Theorem 3 (Representation: Universal Approximators are Transformed Neural Networks)
Let o be a continuous, non-polynomial activation function, and let (%, O¢) denote the
architecture of Example 4. Let X be a function space which is homeomorphic to an infinite-
dimensional Fréchet. If (%, O) has the UAP on X then, there exists a family {®;}ic; of
embeddings ®; : C(R) — X such that for everye > 0, f e NN (Z-O) there exists some
i€l gee NNZOOO and f. e NN'TO satisfying

dx (£, @i(80)) < € and ducc (86, 7' (f)) < €.

The previous two results describe the structure of universal approximators but they do
not imply the existence of such architectures. Indeed, the existence of a universal approxi-
mator on X can always be obtained by setting .# = X and O (f) = f; however, this is
uninteresting since .% is large, O is trivial, and NN (Z.0) is intractable. Instead, the next
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result shows that, for a broad range of function spaces, there are universal approximators
for which . is a singleton, and the structure of ) is parameterized by any prespecified
separable metric space. This description is possible by appealing to the free-space on X.

Theorem 4 (Existence: Small Universal Approximators) Let X be a separable pointed met-
ric space with at least two points, let X be a function space and a pointed metric space,
and let Xy be a dense barycentric sub-space of X. Then, there exists a non-empty set I with
pre-order <, {xj}ic; € X — {Ox} there exist triples {(B;, ®;, ¢i)}ics of linear subspaces
B; of B(Xy), bounded linear isomorphisms ®; : B(X) — B;, and bounded linear maps
¢i : B(X) — B(X) satisfying:

() B(Xp) = Uies Bis
(ii) Foreveryi < j, B; € Bj,
(iii) For everyi € I, J,en+ @i © ¢} (x;) is dense in B; with respect to its subspace
topology,
(iv) The architecture F = {x;}ier, and O |zs @ (X1,...,x)) £ pod;o ¢>l.J o dy;,
whenever x| = x; for each j < J, is a universal approximator on X.

Furthermore, if X = X then the set I is a singleton and ®; is the identity on B(Xp).

The rest of this paper is devoted to the concrete implications of these results in learning theory.

4 Applications

The dynamical systems described by Theorem 1 (ii) can, in general, be complicated. How-
ever, when (%, O) is the feed-forward architecture with certain specific activation functions
then these dynamical systems explicitly describe the addition of deep layers to a shallow
feed-forward network. We begin the next section by characterizing those activation function
before outlining their approximation properties.

4.1 Depth as a transitive dynamical system

The impact of different activation functions on the expressiveness of neural network archi-
tectures is an active research area. For example, [60] empirically studies the effect of
different activation function on expressiveness and in [61] a characterization of the activa-
tion functions for which shallow feed-forward networks are universal is also obtained. The
next result characterizes the activation functions which produce feed-forward networks with
the UAP even when no weight or bias is trained and the matrices {A,,}ﬁl\’:1 are sparse, and
the final layers of the network are slightly perturbed.

Fix an activation function 0 : R — R. For every m x m matrix A and b € R",
define the associated composition operator @4 : f — f oo e (A-+b), with termi-
nology rooted in [62]. The family of composition operators {® 4 ,}4 5 creates depth within

an architecture (%, O) by extending it to include any function of the form ®4, 5, o--- o
Du,p (O ((fj)le)) , for some m x m matrices {An}flvzl, {b,} in R™, and each f; € F
for j = 1,..., J. In fact, many of the results only require the following smaller extension
of (F, ©), denoted by (Fyeep:o, Odeep:s)> Where Fyeep: o £ Z x N and where

Odeepro (117 V2r) 2 @)%, (O (=)
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and b is any fixed element of R with positive components and I, is the m x m identity
matrix.

Theorem 5 (Characterization of Transitivity in Deep Feed-Forward Networks) Let (%, O)
be an architecture on C(R™,R"), o be a continuous activation function, fix any b € R™
with strictly positive components. Then @ j, is a well-defined continuous linear map from
C(R™, R") to itself and the following are equivalent:

(i) o is injective and has no fixed-points,
(i) Either o(x) > x or o (x) < x holds for every x € R
(iii) For every g € (F,0) and every § > 0, there exists some § € C(R™, R") with
duce(g,8) < & such that, for each f € C(R™,R") and each € > 0 there is a
Ny res € Nsatisfying
duce(f. @51 (@) < e,

(iv) Foreach$,e > 0 and every f, g € C(R™, R") there is some Ny.y € N1 such that
Ne.s, ~ ~ 3 s
{0047 @+ duce@.9) <8} N+ duceF. ) < €] 0

Remark 2 A characterization is given in Appendix B when A # I, however, this less
technical formulation is sufficient for all our applications.

We call an activation function transitive if it satisfies any of the conditions (i)-(ii) in
Theorem 5.

Example 6 The ReLU activation function o (x) = max{0, x} does not satisfy Theorem 5 (i).

Example 7 The following variant of the Leaky-ReLU activation of [63] does satisfy
Theorem 5 (i)
A llLlx+.1 x>0
o(x) =
0.1x+.1 x<0O.

More generally, transitive activation functions also satisfying the conditions required by
the central results of [17, 61] can be build via the following.

Proposition 1 (Construction of Transitive Activation Functions) Let ¢ : R — R be a
continuous and strictly increasing function satisfying 6 (0) = 0. Fix hyper-parameters 0 <
ay < 1,0 < oy such that ap # 6'(0) — 1, and define

Ao +x+a x>0
o(x) =
a1x +ap x < 0.

Then, o is continuous, injective, has no fixed-points, is non-polynomial, and is continuously
differentiable with non-zero derivative on infinitely many points. In particular, o satisfies
the requirements of Theorem 5.

Transitive activation functions allow one to automatically conclude that

(Fodeep, O:deep) has the UAP on C(R™, R") if (F, () is only a universal approximator
on some non-empty open subset thereof.
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Corollary 1 (Local-to-Global UAP) Let X be a non-empty open subset of C(R™, R") and
(&, O) be a universal approximator on X. If any of the conditions described by Lemma 3
(i)-(iii) hold, then (&, O)[o; deep] is a universal approximator on C(R™, R").

The function space affects which activation functions are transitive. Since most universal
approximation results hold in the space C(R”, R") or on Lﬁ(Rm), for suitable . and p, we
describe the integrable variant of transitive activation functions.

4.1.1 Integrable variants

Some notation is required when expressing the integrable variants of the Theorem 5 and its
consequences. Fix a o-finite Borel measure o on R™. Unlike in the continuous case, the
operators ® 4 , may not be well-defined or continuous from Lb (R™) to itself. We require
the notion of a push-forward measure by a measurable function is required. If § : R — R"™
is Borel measurable and p is a finite Borel measure on R™, then its push-forward by S is the
measure denoted by Sz and defined on Borel subsets B € R™ by Sy (B) = 1 (S -1 [B]) .

In particular, if p is absolutely continuous with respect to the Lebesgue measure 1y
on R™, then as discussed in [64, Chapter 2.1], Sy admits a Radon-Nikodym derivative
with respect to the Lebesgue measure on R”. We denote this Radon-Nikodym derivative
by Zi‘:j . A finite Borel measure ; on R™ is equivalent to the Lebesgue measure thereon,
denoted by pps if both pps and w are absolutely continuous with one another.

Recall that, if a function is monotone on R, then it is differentiable outside a p js-null
set. We denote the pjs-a.e. derivative of any such a function o by o’. Lastly, we denote the
essential supremum of any f € L L (R™) by || f|l . The following Lemma is a rephrasing
of [64, Corollary 2.1.2, Example 2.17].

Lemma 1 Fix a o-finite Borel measure i on R"™ equivalent to the Lebesgue measure, let
1 <p<oo beR" Abeanm x m matrix, and let o : R — R be a Borel measurable.
Then, the composition operator ®4 p, : LY(R™; R") — LY(R™;R") is well-defined and
continuous if and only if (o e (A - +b))su is absolutely-continuous with respect to . and
doe(A-+b
‘ (o e (A-+b)uu - o ©)
d[LM Lo
In particular, when o is monotone then @, is well-defined if and only if there exists some
M > 0 such that for every x € R, M < o'(x + b).

For g € L}L(]R’”, R") and § > 0, we denote the set of all functions f € L }L(R’", R™)
satisfying fxeR | f(x)—g@)ldu(x) < € by BallL}l @®n &) (8, 8). A function is called Borel
bi-measurable if both the image and pre-images of Borel sets, under that map, are again
Borel sets.

Corollary 2 (Transitive Activation Functions (Integrable Variant)) Let u be a o -finite mea-
sure on R, let b € R™ with b; > 0 fori = 1,...,m, and suppose that ¢ is injective,
Borel bi-measurable, that o (x) > x except on a Borel set of w-measure 0, and assume that
condition (6) holds. If (&, O) has the UAP on Ball(g, 8) for some f € LL(R"‘) and some
8 > O then, for every f € LL(R’”) and every € > 0 there exists some f¢ € NN and
Nes, r.¢ € Nsuch that

-/; eRm

F0) = @ (feo)) | dpato) < e
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We call activation functions satisfying the conditions of Corollary 2 Lf:-transitive. The
following is a sufficiency condition analogous to the characterization of Proposition 1.

Corollary 3 (Construction of Transitive Activation Functions (Integrable Variant)) Let u
be a finite Borel measure on R™ which is equivalent to . Let 6 : [0, 0c0) — [0, 00) be a
surjective continuous and strictly increasing function satisfying 6(0) = 0, let 0 < a1 < 1.
Define the activation function

cx)+x x>0

A
o(x) =
*) ox cx < 0.

Then o is Borel bi-measurable, o (x) > x outside a juy-null-set, it is non-polynomial, and
it is continuously differentiable with non-zero derivative for every x < O.

Different function spaces can have different transitive activation functions. By shifting
the Leaky-ReLLU variant of Example 7 we obtain an L”-transitive activation function which
fails to be transitive.

Example 8 (Rescaled Leaky-ReLU is L”-Transitive) The following variant of the Leaky-
ReLU activation function
I.LlIx x>0

0.1x x <O,

is a continuous bijection on R with continuous inverse and therefore it is injective and bi-
measurable. Since 0 is its only fixed point, then the set {o (x) # x} = {0} is of Lebesgue
measure 0, and thus of u measure O since u and .y are equivalent. Hence, o is injective,
Borel bi-measurable, that o (x) > x except on a Borel set of ;-measure 0, as required in (2).
However, since 0 is a fixed point of o then it does not meet the requirements of Theorem 5

.

Our main interest with transitive activation functions is that they allow for refinements
of classical universal approximation theorems, where a network’s last few layers satisfy
constraints. This is interesting since constraints are common in most practical citations.

ox) 2

4.2 Deep networks with constrained final layers

The requirement that the final few layers of a neural network to resemble the given function
f is in effect a constraint on the network’s output possibilities. The next result shows that,
if a transitive activation function is used, then a deep feed-forward network’s output layers
may always be forced to approximately behave like f while maintaining that architecture’s
universal approximation property. Moreover, the result holds even when the network’s initial
layers are sparsely connected and have breadth less than the requirements of [17, 19]. Note
that, the network’s final layers must be fully connected and are still required to satisfy the
width constraints of [17]. For a matrix A (resp. vector b) the quantity ||A|lo (resp. ||b]lo)
denotes the number of non-zero entries in A (resp. b).

Corollary 4 (Feed-Forward Networks with Approximately Prescribed Output Behavior)
Let f :R"™ — R", €,8 > 0, and let o be a transitive activation function which is non-affine
continuous and differentiable at-least at one point with non-zero derivative at that point. If
there exists a continuous function fo : R™ — R” such that

duce(fo. fo) <8, @)
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then there exists fe 5 € NN(‘Q’?’O), J,J1,Jo e NN, 0 < J1 < J, and sets of composable
affine maps {W./'}/J':p {I/f/'.,-}jj.zz1 such that fc s = Wjoo e---o0o e Wi and the following hold:
(1) dyce (f, Wy oao---oaoWJl) < 4,

(i) duycc (fs fe,é) <E§,

(i) max;=1,__ 5 1A% ]lo < m,

@iv) W; : R%G — Réi+ is such thatd; < m+n+2ifJ; < j < Jandd; = mif
O0<j=J.

If J1 = 0 we make the convention that Wj, oo e ---00 e Wi(x) = x.
Remark 3 Condition 7, for any § > 0, whenever fy is continuous.

We consider an application of Corollary 4 to deep transfer learning. As described in
[65], deep transfer learning is the practice of transferring knowledge from a pre-trained
model into a neural network architecture which is to be trained on a, possibly new, learning
task. Various formalizations of this paradigm are described in [66] and the next example
illustrates the commonly used approach, as outlined in [67], where one first learns a feed-
forward network f : R™ — R”" and then uses this map to initialize the final portion of a
deep feed-forward network. Here, given a neural network f , typically trained on a different
learning task, we seek to find a deep feed-forward network whose final layers are arbitrarily
close to f while simultaneously providing an arbitrarily precise approximation to a new
learning task.

Example 9 (Feed-Forward Networks with Pre-Trained Final Layers are Universal) Fix a
continuous activation function o, let N > 0 be given, let (%, ) as in Example 4, let K
be a non-empty compact subset of R”, and let f e NNZF-O), Corollary 4 guarantees that
there is a deep feed-forward neural network fc s = Wy oo e --- oo e Wy satisfying

@) sup,ex Hf(x) W, o000 le(x)H <N,

(i) supyeg [ fO) = fes@)| < N7,

(i) maxj=1,_ s 1A% ]lo < m,

(iv) W;:R% — RY+issuchthatd; <m+n+2if Jj < j < Jandd; = m if
0<j=J.

The structure imposed on the architecture’s final layers can also be imposed by a set
of constraints. The next result shows that, for a feed-forward network with a transitive
activation function, the architecture’s output can always be made to satisfy a finite num-
ber of compatible constraints. These constraints are described by a finite set of continuous
functionals {F,,}f;/:1 on C(R™, R") together with a set of thresholds {C,,}flvz |» Where each
C, > 0.

Corollary 5 (Feed-Forward Networks with Constrained Final Layers are Universal) Let
o be a transitive activation function which is non-affine continuous and differentiable at-
least at one point with non-zero derivative at that point, let (F, O) denote the feed-forward
architecture of Example 4, {F,,},/lV:] be a set of continuous functions from C(R™,R") to
[0, 00), and {Cn}fl\l=1 be a set of positive real numbers. If there exists some fo € C(R™, R")
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such that for eachn = 1, ..., N the following holds

Fo(fo) < Cy, ®)
then for every f € C(R™,R") and every € > O, there exist fi¢, fre € NNFO),
diagonal m x m-matrices {Aj}]]‘:l and by, ..., by € R" satisfying:

(1)  fr.e o f1,e is well-defined,
(11) ducc (f’ fQ,GOfl,e) <€
(i) fre €Mazy Fr 110, G,
(iv) fle(x) =0 e(Ap-+by)o---00 e (A1x +by).

Next, we show that transitive activation functions can be used to extend the currently-
available approximation rates for shallow feed-forward networks to their deep counterparts.

4.3 Approximation bounds for networks with transitive activation function

In [68, 69], it is shown that the set of feed-forward neural networks of breadth N € N+, can
approximate any function lying in their closed convex hull of at a rate of (N 771). These
results do not incorporate the impact of depth into its estimates and the next result builds
on them by 1ncorporat1ng that effect. As in [69], the convex-hull of a subset A C L (R™)
isthe setco(A)A £ {30 eifi: fi €A, i €[0,1], Y & = 1} and the mterlor of
co (A) A, denoted int(co (A) A), is the largest open subset thereof.

Corollary 6 (Approximation-Bounds for Deep Networks) Let u be a finite Borel measure
on R™ which is equivalent to the Lebesgue measure, # C L L(Rm) for which int(co (A) %)
is non-empty and co (A) % N int(co (A) %) is dense therein. If o is a continuous non-
polynomial L'-transitive activation function, b € R have positive entries, and that (6) is
satisfied, then the following hold:

1. Foreach f € L}L(]Rm) and every n € N, there is some N € N such that the following
bound holds

‘d(a-;-wz)w T
inf a; oY )= f0)|| dpy < Moo (14 /op(®m)).
ﬁeg,zl;la,:l,a,e[o,u/xeﬂw Z Py ) ()= F ()] dix) < Jn ( e ))

> «N. In particular,

2. There exists some k > 1 such that Hw

dum

..
lim
N—o0

3. {Zizloei ,m,b(f,'): N.oneN, fieZ ael0 1], Y o= 1} is dense in
Ll ®R™).

H d(a-( +b))w

:OO,

Remark 4 Unlike in [69], Corollary 6(i) holds even when the function f does not lie in the
closure of co (A) .#. This is entirely due to the topological transitivity of the composition
operator @, ; and is therefore entirely due to the depth present in the network. In particular,
Corollary 6 (iii) implies that universal approximation can be achieved even if a feed-forward
networks’ output weights are all constrained to satisfy 27:1 oj = land o; = [0, 1] and
even if all but the architecture’s final two layers are sparsely connected and not trainable.
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To date, we have focused on the application and interpretation of Theorem 1. Next,
Theorem 3 is used to modify and improve the approximation capabilities of universal
approximators on C(R).

4.4 Improving the approximation capabilities of an architecture

Most currently available universal approximation results for spaces of continuous functions,

provide approximation guarantees for the topology of uniform convergence on compacts.

Unfortunately, this is a very local form of approximation and there is no guarantee that the

approximation quality holds outside a prespecified bounded set. For example, the sequence
1

fn(x) L o a2 lx—n|<1 converges to the constant O function, uniformly on compacts
while maintaining the constant error sup, g Il fn (x) — O] = 1.

These approximation guarantees are strengthened by modifying any given universal
approximator on C(R™, R") to obtain a universal approximator in a smaller space of
continuous functions for a much finer topology. We introduce this space as follows.

Let Q be a finite set of non-negative-valued, continuous functions @ from [0, c0) to
[0, oo) for which there is some wy € 2 satisfying wp(-) = 1. Let Co(R™, R") be the set
of all continuous functions whose asymptotic growth-rate is controlled by some w € €2, in
the sense that, Co(R™, R") £ [, .o Co(R™, R"), where f € Co,,(R™, R") if || fllw,00 =
wl(lﬁ;(ﬁ))ll < 00. Each C,(R™, R") is a special case of the weighted spaces studied in [70],
which are Banach spaces when equipped with the norm || - || »,00. Accordingly, Co(R™, R")
is equipped with the finest topology making each C,, (R, R") into a subspace. Indeed, such
a topology exists by [71, Proposition 2.6].

Example 10 If Q@ = {max{t, t'}};~o then f € Co(R™, R") if and only if f has asymptot-
ically sub-polynomial growth, in the sense that, there is a polynomial p : R" — R”" with

lim ILF Ol

oo MPEIH+D =

Given an architecture (%, ) on C(R™, R"), define its Q-modification to be the
architecture (Zq, Og) on Cq(R", R") given by g = .F x Q x (0, 00)? and where

by

J - 7 —fC -
o) ({fj,(x_/-,wj,h_/-,a_/-}j=l) Lo 1+ 1) [(fe by =1 +a,) L<b, + (aje LFOI] b,)) lu-uzbl]

FEOWG . )

Therefore, the functions in NN (7292 are capable of adjusting to the different growth
rates of functions in Cqo(R™,R") into continuous functions of different growth rates;
whereas those in (%, ) need not be.

Theorem 6 ((Fq, Ogq) is a Universal Approximator in Cq(R™, R")) If (%, O) is a uni-
versal approximator on C(R™ | R") for which each f € NN7O) satisfies the following

growth condition

sup || f(x)lle” I < oo, )

xeR™

then (g, Og) is a universal approximator on Cq(R™, R™).
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Remark 5 Condition (9) is satisfied by any set of piecewise linear functions. For instance,
NN s comprised of piecewise linear functions if .% is as in Example 4 and o is the
ReLU activation function.

The architecture (Fq, Og) often provides a strict improvement over (%, O).

Proposition 2 Let (%, O) be a universal approximator on C(R™, R") such that each f €
NNZ-O) s either constant or sup, g || .f (x)|| = o0, and let @ 2 {exp(—kt) : n € NJ.
Then (%, O) is not a universal approximator on Co(R™, R").

4.5 Representation of approximators on L

There is currently no available universal approximation theorem describing a small archi-
tecture on L®°(R™,R") with the UAP. Indeed, even trees are not dense therein since
the Lebesgue measures is o-finite and not finite. A direct consequence of Theorem 4
is the guarantee that a minimal architecture on L°°(R) exists and admits the following
representation.

Corollary 7 (Existence and Representation of Minimal Universal Approximator on L°°(R))
There exists a non-empty set I with pre-order <, a subset {x;}ic; < L'(R) — {0},
triples {(B;, ®;, ¢;)}icr of linear subspaces B; of B(L®), bounded linear isomorphisms
@, : LY(R) — B;, and bounded linear maps ¢; : LY (R) - LY(R) such that:

@ BL®) = B

(ii)) Foreveryi < j, B; C Bj,
(iii)) Foreveryi €1, UneN+ [OFNS) qbi” (x;) is dense B; for its subspace topology,
(iv) The architecture (%, O) defined by

T ={xitier, Olgr: (..., x)) 2 pod;o¢! onlx) (10)

if x1 = xj, for each j < J, has the UAP on L*(R), where n : R — L' and
0 : B(L®) — L are respectively defined as the linear extensions of the maps

A I[O,r) s >0 . A 1 -
n(r) £ p Dby | & Y aifi
i=l1

_I[—r.O) < 0, i

The contributions of this article are now summarized.

5 Conclusion

In this paper, we studied the universal approximation property in a scope applicable to
most architectures on most function spaces of practical interest. Our results were used to
characterize, construct, and establish the existence of such structures both in many familiar
and exotic function spaces.

Our results were used to establish the universal approximation capabilities of deep and
narrow networks with constraints on their final layers and sparsely connected initial layers.
We derived approximation bounds for feed-forward networks with this activation function
in terms of depth and height. We showed that the set of activation functions for which these
results hold is broader when the underlying functions space is L” (R™) than if it is C(R™),
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which showed that the choice of activation function depends on the underlying topologi-
cal criterion quantifying the UAP. We characterized the activation functions for which these
results hold as precisely being the set of injective, continuous, non-affine activation func-
tions which are differentiable at at-least one point with non-zero derivative at that point and
have no fixed points. We provided a simple direct way to construct these activation func-
tions. We showed that a rescaled and shifted Leaky-ReLU activation is an example of such
an activation function while the ReLU activation is not. We used our construction result
to build a universal approximator in the space of continuous functions between Euclidean
spaces, which have controlled growth, equipped with a uniform notion of convergence. This
result strengthens the currently available guarantees for feed-forward networks, which state
that this architecture is universal in C (R, R") for the weaker uniform convergence on com-
pacts topology. Finally, we obtained a representation of a small universal approximator on
L% (R™).

The results, structures, and methods introduced in this paper provide a flexible and
broad toolbox to the machine learning community to build, improve, and understand uni-
versal approximators. It is hoped that these tools will help others develop new, theoretically
justified architectures for their learning tasks.
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Appendix A: Proofs of Main Results
Theorem 1 is encompassed by the following broader but more technical result.

Lemma 2 (Characterization of the Universal Approximation Property) Let X be a function
space, E is an infinite-dimensional Fréchet space for which there exits some homeomor-
phism ® : X — E, and (97 , 0) be an architecture on X. Then the following are
equivalent:

(i) UAP: (F,O) has the UAP,
(i) Decomposition of UAP via Subspaces: There exist subspaces {X;}icy of X such that:

(@ Ujes & is dense in X,

(b) Foreachi € I, ®(X;) is a separable infinite-dimensional Fréchet subspace
of E and ® (N N0 n X,) contains a countable, dense, and linearly-
independent subset of ® (X;),

(¢) Foreachi € I, there exists a homeomorphism ®; : X; — L*(R).

(iii) Decomposition of UAP via Topologically Transitive Dynamics: There exist sub-
spaces {X;ilier of X and continuous functions {¢;}ic; with ¢; : Xi — X; such
that:
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(@ Ujes & is densein X,

(b) For every pair of non-empty open subsets U,V of X and every i € I, there is
some N; y.yv € N such that ™0V (U N X)) N (VNX;) £ 0,

(¢c) Foreveryi € I, there is some g; € NNF-O) n Xi such that {¢]' (gi)}nen is a
dense subset ofNN(‘g?’O) N X}, and in particular, it is a dense subset of X,

(d) Foreachi € I, X; is homeomorphic to C(R).

(iv) Parameterization of UAP on Subspaces: There are triples {(X;, ®;, V¥i)}icr of sep-
arable topological spaces X;, non-constant continuous functions ®; : X; — X, and
functions i : X; — X; satisfying the following:

@  Ujes ®i(X,)) is dense in X,

(b) Foreveryi € I and every pair of non-empty open subsets U, V of X, there is
some N; y.v € N such that WN’?UvV(U NXH)NVNX;) £40,

(c) Foreveryi € I, there is some x; € NNFOn X; such that {®; o wl” (x)}nen
is a dense subset ofNN(‘g’O) N ®;(X;), and in particular, it is a dense subset
of ®;(X;).

Moreover, if X is separable, then I may be taken to be a singleton.

Proof of Lemma 2 Suppose that (ii) holds. Since | J;c; i is dense in X and since
Uit NN O nx; € NN then, it is sufficient to show that | J; ., NN nA;
is dense in | J;; A; to conclude that is is dense in X. Since each Aj is a subspace of X’ then,
by restriction, each X; is a subspace of |;c; NN (Z.0) 0 A; with its relative topology.

Let X denote the set Ui es Ai equipped with the finest topology making each A} into a
subspace, such a topology exists by [71, Proposition 2.6]. Since each AX; is also a subspace
of |J;¢; Ai with its relative topology and since, by definition, that topology is no finer than
the topology of X then it is sufficient to show that Uies NNV (Z:0) N A; is dense in X to
conclude that it is dense in | J;<; i equipped with its relative topology.

Indeed, by [71, Proposition 2.7] the space X is given by the (topological) quotient of the
disjoint union U;<; AX;, in the sense of topological spaces (see [71, Example 3, Section 2.4]),
under the equivalence relation f; ~ f; if f; = f; in X. Denote the corresponding quotient
map by Q 5. Since a subset U of the quotient topology is open (see [71, Example 2, Section

2.4]) if and only if Q:‘?I[U] is an open subset of Li;c; X; and since a subset V of U;c; A is

open if and only if V N &] is open for each i € I in the topology of A} then U € Xis open
if and only if Q}l [UIN A; is open for each i € I. Since {./\/./\/'(y’O) N X },en+ is dense in
AX; then for every open subset U’ C &;

WU NNNTOINx cv n| JVNT O n A, (11)
iel
In particular, (11) implies that for every open subset U € X
VJ;ANN@O)mX,-m[Q;[U]mX,-]gUﬂUNN@O)mX,-. (12)
iel

Therefore, | ;c; NN (Z-ONX; is dense in A and therefore it is dense in Uier & equipped
with its relative topology. Hence, . has the UAP and therefore (i) holds.

In the next portion of the proof, we denote the (linear algebraic) dimension of any vector
space V by dim(V). Recall, that this is the cardinality of the smallest basis for V. We follow
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the Von Neumann convention and, whenever required by the context, we identify the natural
number n with the ordinal {1, ..., n}.

Assume that (i) holds. For the first part of this proof, we would like to show that D
contains a linearly independent and dense subset D’. Since X’ is homeomorphic to some
infinite-dimensional Fréchet space E, then there exists a homeomorphism & : X — E
mapping NN (Z:0) 1o a dense subset D of E. We denote the metric on E by d. A con-
sequence of [72, Theorem 3.1], discussed thereafter by the authors, implies that since E is
an infinite dimensional Fréchet space then it has a dense Hamel basis, which we denote by
{bs}aca. By definition of the Hamel basis of E we may assume that the cardinality of A,
denoted by Card(A), is equal to dim(E). Next, we use {b,},ca to produce a base of open
sets for the topology of E of cardinality equal to dim(FE).

Since E is a metric space, then its topology is generated by the open sets
{Ballg (ba, q)}aca,re,00), Where Ballg (b, 1) £ {d(bg, x) < r} . Indeed, since Q is dense
in R, then for every a € A and r € (0, 0o) the basic open set Ballg (b, r) can be expressed
by Ballg(b,,r) = UqEQﬂ(O,r) Ballg (ba, g). Hence, {Ballg (ba, g)}aca,qeQn(0,00) generates
the topology on E. Moreover, the cardinality the indexing set A x Q is computed by

Card(AxQnN(0, oo))=max{Card(A), Card(Q)}=max{dim(E), Card(Q)} = dim(E),

since E is infinite and therefore at-least countable. Therefore, {Ballg (b, ¢)}aca,qe@n(©,00)
is a base for the topology on E of Cardinality equal to dim(E). Let @ be the smallest
ordinal with Card(w) = dim(E) = Card(A x Q N (0, 00)). In particular, there exists a
bijection F : o« — A x Q N (0, co) which allows us to canonically order the open sets
{Ballg (F(j)1, F(j)2)}j<w, where for any j < w we denote F(j); € A and F(j)2 €
QN (0, c0).

We construct D’ by transfinite induction using w. Indeed since 1 < w, then since D is
dense in E and
{Ballg (F(j)1, F(j)2)}j<w defines a base for the topology of E, then there exists some
Uy € {Ballg(F(j)1, F(j)2)}j<o containing some d; € D. For the inductive step,
suppose that for all i < j for some j < w, we have constructed a linearly inde-
pendent set {d;};<; with d; € {Ballg(F (i), F(i)2)} for every i < j. Since j <
o and {d;}i~; contains Card(j) and {d;};<; is a Hamel basis of span({x;};<;) then
dim (span({xi}i< j)) < dim(E). Hence, span({x;}; ;) has empty interior and therefore
it cannot contain any {Ballg(F(j)1, F(j)2)}j<w- In particular, there is an open subset
V' € Ballg (F(j)1, F(j)2) —span({x;}; ;) and since D was assumed to be dense in E then
there must be some d; € V' C Ballg(F(j)1, F(j)2). This completes the inductive step and
therefore there is a linearly independent and dense subset D’ £ {d i}j<w contained in D of
cardinality Card(w) = dim(E).

Next, let I be the set of all countable sequences of distinct elements in w. For every i € I,
let E; £ span jei(dj), where A denotes the closure of a subset A € E in the topology of
E. Then, each E; is a linear subspace of E with countable basis {d;} j¢;. Since any Fréchet
space with countable basis is separable and therefore each E; is a separable Fréchet space.
Moreover, by construction,

D’gUE,gE (13)

iel

and therefore | J;; E; is dense in E since D’ is dense in E. Since ® is a homeomorphism
then ®~!' : E — X is a continuous surjection, and since the image of a dense set under any
continuous map is dense in the range of that map then ®~!(D’) is dense in X'. Moreover,
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using the fact that inverse images commute with unions and the fact that that @ is a bijection,
we compute that

o Y(p)co! [U E,-] = Jo ' 1E]. (14)

iel iel

Since @ as a bijection and D was defined as the image of NN in E under ®, then
D' ¢ NNZO) and D’ is dense in X. In particular, (14) implies that | J;, o 1[E;]
UieI(NJ\/'(gZ’O) N ®~1[E;]) and therefore UieI(J\/J\/'(‘G}’O) N®~1[E;]) is dense in X. In
particular, | J;, ®~1[E;] is dense in X, and for each i € I, if we define X; £ &~ ![E;]
then we obtain (ii.a).

Since ® is a homeomorphism then it preserves dense sets and in particular since {d;} j¢;
is a countable, dense, and linearly independent subset of @’1[{07‘,-}‘,-6,-] then it is a dense
countable subset of &;. Hence, each &; is separable.

This gives (ii.b). Lastly, by [73] any two separable infinite-dimensional Fréchet space
are homeomorphic. In particular, since L>(R) is a separable Hilbert space is a separable
Fréchet space. Therefore, for each i € I, there is a homeomorphism ®; : E; — L3(R).
In particular, ®; o ® : X; — L2(R) must be a homeomorphism and therefore (ii.b) holds.
Therefore, (i) implies (ii).

Suppose that (ii) holds. Then, (iii.a) holds by (ii.a). For each i € I, let {dy ;}neN be a
countable dense subset of X; NN N 7O for which ® ({d,,.; }nen) is a linearly independent,
and let E; = span({dy,;}uen). Let D = Uiei{dn,ilnen and D’ £ ®(D). Thus, for every
i € I, D' N E; is a countably infinite linearly independent and dense subset of E; then by
[74, Theorem 8.24] there exists a continuous linear operator 7; : DNE; — DNE; satisfying

T/ (dn,i) = dpy1,i,
for each n € N and each i € I. In particular, {Tl" (do,,')} is dense in E;. For eachi € I,
define ¢; 20 16T 0®and gi 2 ¢! (do,;) and observe that for every n € N
¢l(g) = (@' oTio®)o---0(d ' oT; 0 D) (P ' (di0))
n—times

= o o T/ (do,). 15)

Since {T}" (do,i)}nen is dense in E; and & is a homeomorphism from A; to E; then
&~ {17 (do.)nen ] = {8} (8}, ey
is dense in A&;. Thus, (iii.c) holds. For any i € I, define the map ; : L%(R) - L%(R) by
Vi £ (@i 0 @) 00 (D0 d),

and define the vector g; € LZ(R) by gi £ P, 0d( gi). Since @ and ®; are homeomorphisms
and since ¢; is continuous then v; is well-defined and continuous. Moreover, analogously
to (15) we compute that {wl" (g,-)}neN is dense in L%(R). Since L(R) is a complete separa-
ble metric space with no isolated points and v; is continuous self-map of L?(R) for which
there is a vector §; € LZ(R) such that the set of iterates {¥(&i)}nen is dense in L2(R) then
Birkhoff Transitivity Theorem, see the formulation of [74, Theorem 1.16], implies that for
every pair of non-empty open subsets U, V € L2(R) there is some ng .y satisfying

"0V (O)YNV # ¢ (16)
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Since ®; o ® is a homeomorphism, then [74, Proposition 1.13] and (16) imply that for every
pair of non-empty open subsets U’, V' C A; there exists some ny yr € N satisfying

"V (UHYNV' # B a7

Since A; is equipped with the subspace topology then every non-empty open subset
U’ C A is of the form U N X; for some non-empty open subset U < X. Therefore,
(17) implies (iii.b). Since both L*(R) and C(R) are separable infinite-dimensional Fréchet
spaces then the [73, Anderson-Kadec Theorem] implies that there exists a homeomor-
phism W : L?(R) — C(R). Therefore, foreachi € I, Wo®; 0o ® : X — C(R) isa
homeomorphism and thus (ii.c) implies (iii.d).

Suppose that (iii) holds. For every i € I, set X; = X;, let ®; £ 1y, be the identity map
on X;, set y; £ @i, and set x; £ gi. Therefore, (iv) holds.

Suppose that (iv) holds. By (iv.c), for each i € I, NNFO) n A, is dense in Aj.
Therefore,

X = UNNTOnx, c| JVNT D nx cx. (18)
iel iel iel
By (iv.a) since Uie ; A is dense in X therefore its closure is X" and therefore the smallest,
and thus only, closed set containing |_J;; & is X itself. Therefore, by (18) the smallest set
containing | J;.; NNV N A; must be X. Therefore, NA7©) is dense in X and (i)
holds. This concludes the proof. O

Proof of Theorem 2 By the [73, Anderson-Kadec Theorem] there is no loss of general-
ity in assuming that m = n = 1, since C(R™,R") and C(R) are homeomorphic. Let
X £ Uie; i(CR)). By (5), X’ is dense in X" and since density is transitive, then it is
enough to show that | J;; ®; (W79} is dense in X" to conclude that it is dense in X'.
Since each ®; is continuous, then, the topology on X” is no finer than the finest topology
on Ui <7 @i (C(R)) making each ®; continuous and by [71, Proposition 2.6] such a topol-
ogy exists. Let X denote | J;.; @i (C(R)) equipped with the finest topology making each
®; (C(R)) into a subspace. By construction, if U € X’ is open then it is open in X" and
therefore if  J;; @i (NN (Z.0)y intersects each non-empty open subset of X’’’ then it must
do the same for X”. Hence, it is enough to show that | J;; ®; (NN is dense in X"
to conclude that it is dense in X" and therefore, | J;.; ®; (NN 7)) is dense in X

We proceed similarly to the proof of Lemma 2. Indeed, by [71, Proposition 2.7] the space
X" is given by the (topological) quotient of the disjoint union U;<; ®; (C(R)), in the sense
of topological spaces (see [71, Example 3, Section 2.4]), under the equivalence relation
fi ~ f;if fi = fj in X. Denote the corresponding quotient map by Q . Since a subset U
of the quotient topology is open (see [71, Example 2, Section 2.4]) if and only if Q;(} [U]is
an open subset of Ljc; ®; (C(R)) and since a subset V of U;c; ®; (C(R)) is open if and only
if VN®;(C(R)) is open for each i € I in the topology of ®; (C(R)) then U C X” is open if
and only if Q 3} [U]N®; (C(R)) is open for each i € I. Since NN Nd; (C(R))} en+
is dense in ®; (C(R)) then for every open subset U’ C ®; (C(R))

B # U NNNTOna(C®) U N JNNTD N d;(CR)). (19)
iel
In particular, (19) implies that for every open subset U C X"
B #£NNTO 0o (CR)N [Q;l[U] N <1>,-(C(1R))] cUNJNNZDna;(CR)).

iel

(20)
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Therefore, |J;.; NN N @;(C(R)) is dense in X" and therefore it is dense in
Uie; ©i(CR)) equipped with its relative topology. Hence, (%o, Os) has the UAP on X
and therefore it has the UAP on X itself. O

Proof of Theorem 3 Let o be a continuous and non-polynomial activation function. Then
[61] implies that the architecture (ﬁo, Oo), as defined in Example 4, is a universal
approximator on C (R).

By Theorem 1, since (52 s O) has the UAP on X" and since X is homeomorphic to an
infinite-dimensional Fréchet space then there are homeomorphisms {®;};<; from C (R) onto
a family of subspaces {Xj}iecs of X such that | J;; A is dense. Fix € > O and f € X.
Since | J;¢; Ai is dense in X there exists some i € I and some f; € Aj such that

dx(f. fi) < % @)

Since ®; is a homeomorphism then it must map dense sets to dense sets. Since (5“ 0,0 0)
has the UAP on C(R) then NN 7 %09 s dense in C(R) and therefore, for each i € 1,
®; (NN T 000y is dense in X;. Hence, there exists some g € ®; NN Z 00y guch that
dx(fi, ge) < g Since ®; is a homeomorphism, it is a bijection, therefore there exists a
unique g, € NNFO000 with ®;(ge) = ge. Hence, the triangle inequality and (21) imply
that

dx (f, ®i(ge)) <dx (f, fi) +dx (fi, Pi(ge)) < e. (22)

This yields the first inequality in the Theorem’s statement.
By Theorem 1 since, for each i € I, NNFO) n X is dense in X; and since <I>i_1 is a

homeomorphism on X; then CDi_l (N NF-O n X,) is dense in C(R). In particular, there
exits some f, € ®; ' (NN(LQ’O) n Xl) satisfying

duce (800, Je@)) < e. 23)

Since ®; is a bijection then there exists a unique f. € NN such that d>i’l (f) = fe.
Therefore, (23) and the triangle inequality imply that

duce (800, 07 (o)) < e.

Therefore the conclusion holds. O

Remark 6 By the [73, Anderson-Kadec Theorem], since both L*(R) and C(R) are separa-
ble infinite-dimensional Fréchet spaces then there exists a homeomorphism & : L2(R) —
C(R). Therefore, the proof of Corollary 3 holds (mutatis mutandis) with each & replaced
by ®; o ®~! and with C(R) in place of L?(R).

The proof of the next result relies on some aspects of inductive limits of Banach spaces.
Briefly, an inductive limit of Banach spaces is a locally convex space B for which there
exists a pre-ordered set 1, a set of Banach sub-spaces {B;};c; with B; C B; if i < j. The
inductive limit of this direct system is the subset [ J;; B; equipped with the finest topology
which simultaneously makes each B; into a subspace and makes | J;; B; into a locally-
convex spaces. Spaces constructed in this way are called ultrabornological spaces and more
details about them can be found in [75, Chapter 6].

@ Springer



The Universal Approximation Property 457

Proof of Theorem 4 Since B(Xp) and B(X) are both infinite-dimensional Banach spaces,
then they are infinite-dimensional ultrabornological space, in the sense of [75, Defini-
tion 6.1.1]. Since X is separable, then as observed in [33], B(X) is separable. Therefore,
[75, Theorem 6.5.8] applies; hence, there exists a directed set / with pre-order <, a collec-
tion of Banach subspaces { B; };< satisfying (i) and (ii), and a collection of continuous linear
isomorphisms ®; : B(X) — B;. Furthermore, the topology on B is coarser than the induc-
tive limit topology liml,E / B;. Since each B(X) and B; are Banach spaces, and in particular
normed linear spaces, then by the results of [76, Section 2.7] the maps ®; are bounded linear
isomorphisms.

Leti € I, and fix any x; € X — {Ox) then since 8% : X — B(X) is base-point preserving
then § ;f # 0 and therefore there exists a linearly independent subset By, of B(X) containing
) f[f . Since B(X) is separable then 53, is countably infinite and therefore [74, Theorem 8.24]
there exists a bounded linear map ¢; : B(X) — B(X) such that {qbf‘ (6;i )}ien+ 1S a dense
subset of B(X).

Since ®; is a continuous linear isomorphisms then it is in particular a surjective continu-
ous map from B(X) onto B;. Since the image of a dense set under a continuous surjection is
itself dense then {<1>1- o ¢;’ € Xi)}neN + 1s a dense subset of B;. Moreover, this holds for each
iel.

By definition, the topology on li_r)nl,6 ; Bi is at-least as fine as the Banach space topology
1 Bi
is no finer than the finest topology on | J;.; Bi making each B; into a topological space (but
not requiring that | J;; B; be locally-convex), which exists by [77, Proposition 6]. Denote

on B(AX)), since each B; is a linear subspace of B(AXp). Moreover, the topology on l'il)lie

this latter space by B. Therefore, if

U {®ioefG}, (24)

icl;neNt

is dense in B then it is dense in l'i)nid B; and in B(AX}). Hence, we show that (24) is dense
in B. That is, it is enough to show that every open subset of B contains an element of (24).

By [71, Proposition 2.7] the space B is given by the topological quotient of the disjoint
union Li;¢7 B;, in the sense of topological spaces (see [71, Example 3, Section 2.4]), under
the equivalence relation x; ~ x; for any i < j if x; = x; in B;. Denote the corresponding
quotient map by Q . Since a subset U of the quotient topology is open (see [71, Example
2, Section 2.4]) if and only if Q; [U] is an open subset of Ljc; B; and since a subset V
of Ujey B; is open if and only if V N B; is open for each i € [ in the topology of B; then
UCBis open if and only if le [U]N B; is open for each i € I. Since {®; 0 ¢} (x;)},en+
is dense in B; then for every open subset U’ C B;

B#U NP 0] Cdlpent SU'N | {Diogf @)} (25)

iel;neNt

In particular, (25) implies that for every open subset U C B

0 # (@ 0@ @b N[5 WUINB] S | (®iogf6}nU.  26)

iel;neNt

Therefore, (24) is dense in B and, in particular, it is dense in B(AX)).
Since X\ was barycentric, then there exists a continuous linear map p : B(Xp) — Ap
which is a left-inverse of §¥0. Thus, for every f € Xo, p o S;Y“ = f and therefore p is a
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continuous surjection. Since the image of a dense set under a continuous surjection is dense
and since (24) is dense then

U {po®iog!G:)}. @7
iel;neNt
is a dense subset of &). Since X)) has assumed to be dense in X’ and since density is transitive
then (27) is dense in X'. This concludes the main portion of the proof.

The final remark follows from the fact that if X = A} then the identity map 1x : X —
X is an isometry and therefore the universal property of B(X) described in Theorem [32,
Theorem 3.6] implies that 1y uniquely extends to a bounded linear isomorphism L between
B(X) and B(&)) satisfying

Los* =5%oly=6%and L7 08 =5¥ o 1! =6%.

Hence L must be the identity on B(X). O

Appendix B: Proof of Applications of Main Results

Lemma 3 Fix some b € R™, and let 0 : R — R be a continuous activation function.
Then ® 4 p, is a well-defined and continuous linear map from C(R™, R") to itself and the
following are equivalent:

(i) Foreach$ > 0,e¢ > 0and each f, g € C(R™, R") there is some Ny,y € N1 such
that

{020 @) ¢ dice@. 0 <8} 0 {7+ duce (7L ) < e} 20,
(i) o is injective, A is of full-rank, and for every compact subset K C [a, b] there is
some Nx € N such that
SMKYNK =0,
where S(x) = o e (Ax + b).

If A is the m x m-identity matrix I, and b; > 0 fori = 1,...,m then (i) and (ii) are
equivalent to

(iii) o is injective and has no fixed-points.
If A is the m x m-identity matrix I,, and b; > 0 fori =1, ..., m then (iii) is equivalent to

(iv) Either o(x) > x oro(x) < x forevery x € R.

Proof Lemma 3 By [37, Theorem 46.8] the topology of uniform convergence on compacts
is the compact-open topology on C(R™,R") and by [37, Theorem 46.11] composition is
a continuous operation in the compact-open topology. Therefore, ® 4 ;, is well-defined and
continuous map. Its linearity follows from the fact that

Paplaf+g) =(afg)oS=a(foS)+gos.

Since the topology of uniform convergence on compacts is a metric topology, with met-
ric dycc, then
{Ufe: f e CR™ R"), € >0} defines a base for this topology, where Uf. =
{g € CR™, R") : dyec(f, g) < €}. Therefore, Lemma 3 (i) is equivalent to the statement:
for each pair of non-empty open subsets U, V € C(R™, R") there is some Ny y € Nt such

that CD?{Z‘V (U) NV # (. Without loss of generality, we prove this formulation instead.
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Next, by [78, Corollary 4.1] ® 4 , satisfies Theorem 1 (ii.b) if and only if S(x) £ o(Ax+
b) is injective and for every compact subset K C R™ there exists some Ngx € N such that

SNE(KYNK = 0. (28)

Therefore, A must be injective which is only possible if A is of full-rank. This gives the
equivalence between (i) and (ii).

We consider the equivalence between (ii) and (iii) in the case where A is the identity
matrix and b; > Ofori = 1,...,m. Since S(x) = (o(x + by),...,0(x + by)) it is
sufficient to verify condition (28) in the case where m = 1. Since b; > O for 1, ..., m then
it is clear that § is injective and has no fixed points if and only if o is injective and has no
fixed points. We show that S is injective and has no fixed points if and only if (ii) holds.
Indeed, note that if S has not fixed points, then since b; > O fori =1, ..., m then S has no
fixed points if and only if o no fixed points.

From here, we proceed analogously to the proof of [79, Lemma 4.1]. If S has a fixed-
point then for every N € NT, SN(x) = {x)} which is a non-empty compact subset
of R. Therefore, (28) cannot hold. Conversely, suppose that S has no fixed points. The
intermediate-value theorem and the fact that S has no fixed-points that either S(x) < x or
S(x) > x. Mutatis mutandis, we proceed with the first case. Since o is injective and S has
not fixed points then S must be a strictly increasing function; thus S([a, b]) = [S(a), S(b)]
for every a < b.

Let K be a non-empty compact subset of R. By the Heine-Borel theorem K is closed
and bounded, thus it is contained in some [a, b] for a < b. Therefore, it is sufficient to
show the results for the case where K = [a, b]. Since S is increasing then for every n € N,
the sequence {S” (a)},en satisfies $"(a) < §"+1(a). If this sequence is not unbounded then
there would exist some ag € R such that ay = nlglgo S"(a). Therefore, by the continuity of

S we would find that
ao = lim $"(a) = lim §""'(a) = lim S(8"(a)) = S(lim S"(a)) — S(ag),
n— 00 n—00 n— 00 n— 00

but since S has not fixed points then there cannot exist such an aq since otherwise ap =
S(ap). Therefore, ap does not exist and thus {S"(a)},en is unbounded. Hence, for every
a < b there exists some N, p) € N+ such that

SN ([a, b]) N [a, b] = @.

Thus, (ii) and (iii) are equivalent when A = I,,,.

Next, assume that any of (i) to (iii) hold, that X is a non-empty subset of C (R”, R"), and
that (9’ , 0) has the UAP on X'. Then for any other non-empty open subset U € C(R™, R")
there exists some Ny y € N such that

OLVUIXINU # 0. (29)

Since ¥4 p is continuous then so is CD A.p and therefore (P, N U) '[U]is a non-empty open
subset of C(R™, R"). Since the finite intersection of open sets is again open, then we have
that

(cDNXU)— [ NXU[X]QU] :Xﬂ@ﬁj’U[U]. (30)

This implies that X' N d> [U ]1is a non-empty open subset of C(R"”, R") contained in X

Since (J, O) has te UAP on X, then there exists some f € NNFO)n [XnN CDZ“; Y.
Thus, ®V*.U (£) € U and, by definition, ®Nx.v (f) € NN (Fosdeep,Oosdeep)
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Thus, for each U in
{{g € CR™ R duce(. ) < €}} pecqmmmyemo- 31)

there exists some Ny € Nt and some fy € NN guch that @V (fyy) € U. In particu-
lar, since (31) is a base for the topology on C (R, R") and since the intersection of open sets
is again open, then every non-empty open subset of U is contained an element of (31) which,
in turn, contains an element of the form ®NU ( fy;). Thus, NN (Fo:deer.Ooideer) n 1y - ¢,

Hence, NN/ (Foideer.Goideep) pag the UAP on C(R™, R"). O

Proof of Theorem 5 The equivalence between (i), (ii), and (iv) follows from Lemma 3. The
equivalence between (iii) and (iv) follows from the formulation of Birkhoff’s transitivity
theorem described in [74, Theorem 2.19]. O

Proof of Proposition 1 Since a1 < 1 then o(x) > x for every x < 0. Since 0 < a5 then
0(0) = 0 < ay. Lastly, since & is monotone increasing then for every x > 0 we have that

o(x) >x+ay > x.

Therefore, o cannot have a fixed point. Moreover, since & is strictly increasing it must be
injective, since if x < y then o (x) < o(y) and therefore o (x) # o (y) if x # y. Hence, o
is injective. Moreover, since the sum of continuous functions is again continuous, then o is
continuous.

Since o1 x + «p is affine then it is continuously differentiable. Thus o is continuously
differentiable on any x < 0. Lastly, setting a; not equal to 6'(0) — 1 ensure that o is
not differentiable at O and therefore it cannot be polynomial. In particular, it cannot be
affine. O

For convenience, we denote the collection of set-functions from R"” to R” by [R", R"].

Proof of Corollary 4 Since d,.. is a metric on [R™, R"] and since C(R™, R") C [R™, R"],
then the map F : C(R™,R") — C(R™, R") defined by F(g) £ ducc(f:Ov g) is continuous.
Therefore, the set F~! [(—o0, §)] is an open subset of C(R™, R"). In particular, (7) guar-
antees that it is non-empty. Since o is non-affine and continuously differentiable at-least at
one point with non-zero derivative at that point then [17, Theorem 3.2] applies, whence the
set Xy of continuous functions 4 : R™ — R” with representation

h(x)=Wjooce---00 e W,
where W; : RY — RY+1 for j = 1,...,J — 1, are affine and n,,, +2 > d; if j & {1, J}

and d; = m, and d; = n, is dense in C(R™, R"). Therefore, since F~! [(—o0, §)] is an
open subset of C(R™, R") then Ay N F~1[(=00, &)]is dense in F~1 [(—o0, 8)].
Fix some b € R with b; > 0 fori = 1,...,m. Since ¢ is continuous, injective,

and has no fixed-points then applying Lemma 3 implies that X} = {CDII\; o) f €
F~ (=00, 8)]N Xy, N € NT}, is a dense subset of C(R™, R"). This gives (i). Moreover,
by construction, every g € X’} admits a representation satisfying (iii) and (iv). Furthermore,
since Wyoo e---00 @ W) € X, and by construction there exists some g € &) for which
dycc Wyoo e---00 e Wi, g) < 4,; then (ii) holds. O
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Proof of Corollary 5 Since each F,, forn = 1,..., N, is a continuous function from
C(R™,R™) to [0, oco] then each Fn_1 [[0, C,)] is an open subset of C(R™, R"). Since the
finite intersection of open sets is itself open, then ﬂﬁ’:l Fn_1 [[0, Cp)] is an open subset of
C(R™,R"). Since there exists some fy € C(R™, R") satisfying (8) then U is non-empty.
Since (.Z, ©) has the UAP on C(R™, R") then (.#, ©) N U is dense in U.

Fix b € R" withb; > Ofori =1,...,mand set A = [,,,.

Since o is a transitive activation function then Corollary 1 applies and therefore the set

[qﬂ,ﬁﬂ SN feNNFO1n U] is dense in C(R™, R"). Therefore (i)-(iv) hold. 0

Proof of Corollary 2 Let S(x) = ce(x+b) andlet B 2{xeR":0(x) > x}. By hypothe-
sis Bis Borel and u(B) > 0.Foreachi =1, ..., m we compute c e (x; +b;) > x;+b; > x;.
Therefore, for u-a.e. every x € B, N € Nandeachi =1,...,m

SN (x); = x; + Nb;.
Since b; > 0 then Nlim SN (x) = oo. Therefore, the condition [80, Corollary 1.3 (C2)] is

—00
met, and by the discussion following the result on [80, page 127], condition [80, Corollary
1.3 (C1)] holds; i.e.: for every non-empty open subset U, V C L}L(Rm, R") there exists
some Ny,v € N such that
N
@, U)NV #D. (32)

N . .
By Lemma 1, the map ®,,, and therefore the map & ImU‘bV is continuous. Thus,

(d:’ll\;u‘bv)_1 [V]is a non-empty open subset of LL (R™, R"™) and therefore U N (QDII\;Xb‘U Yy V]
is a non-empty open subset of U. Taking U = Ball, 1 (Rm R (g,8) and V =
Ball; L (R ") (f, €) we obtain the conclusion. O

Proof of Corollary 3 By Proposition 1 and the observation in its proof that o (x) > x we
only need to verify that o is Borel bi-measurable. Indeed, since o is continuous and injective
then by [81, Proposition 2.1], o1 exists and is continuous on the image of . Since o was
assumed to be surjective then o~ ! exists on all of R and is continuous thereon. Hence, o~}
and o are measurable since any continuous function is measurable. O

Proof of Theorem 6 Fix A = I, and b € R™ with b; > 0 fori = 1,...,m. Since
int(co (A) %) is a non-empty open set then there exists some f € int(co(-#)) and some
8 > 0 for which

Bally) g (f, 8) & {g eLl®": f o @ = g@ldue) < s}

is an open subset of int(co(A).F). Since co(A).F N int(co(A).F) is dense in
int(co (A) %) then its intersection with any non-empty open subset thereof is also dense; in
particular, co(.%) N BallL)l @®my ([, 8) is dense in BallL)L(Rm)(f, 8). Since o is L'-transitive
then (iii) follows from Corollary 2.

Since L}L is a metric space then {BallL}L(Rm)(g, §): g€ L}L(R’"), § > O} is a base for
the topology thereon. Therefore, Corollary 2 implies that for any two non-empty open sub-
sets U,V € LL (R™) there exists some Ny y € N satisfying QD?Z/"bV (U) NV # @. Hence,
@, » is topologically transitive on L}L (R™), in the sense of [74, Definition 1.38]. Moreover,
since &, is a continuous linear map then Birkhoff’s transitivity theorem, as formulated
in [74, Theorem 2.19], applies and therefore ®;,, ;, is a hypercylic operator on LL(R”‘).
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Therefore, [74, Proposition 5.8] implies that [|®;, »ll,p > 1. Setting « £ Py, bllop yields
ii).
( )It remains to show the approximation bound of described by (i). Fix f € L}L ®R™).
Since LL (R™) is a Banach space then it has no isolated points and since @, 5 is a hyper-
cylic operator then Birkhoff’s transitivity theorem, as formulated in [74, Theorem 2.19],
implies that there exists a dense Gs-subset HC (P, ) < LL(R’") such that for every
g € HC(®y, ») the set {dDN b(g)}NeN is dense in L1 (R™). Therefore, every non-empty
open subset of L ,(R™) contains some element of H C((D 1,,,b)- In particular, there is some
g€ HC(®y, 1) ﬂ int(co(.%)) since int(co(.%)) is a non-empty open subset of L#(Rm).
Since co (A).Z# N int(co (A) F) is dense in int(co (A) F) then, in particular, g €
int(co (A) .%). Therefore, the conditions of [69, Theorem 2] and [69, Equation (23)] are
met, hence, for each n € N the following approximation bound holds

V2R

Zmﬁ(x) g(x) N

du(x) < (33)

inf /
fieZF, Y ai=1,0;€[0,1] JxeRm

Since {d>1[\;‘b(g)}NEN is dense in LL(R”’) then there exists some N € N for which
QDZI’h(g) € BallL}l(Rm) (f, ﬁ) Thus, the following bound holds

/ o I1f () = @F L@ dp(x) < (34)

f

Since @, , is a continuous linear map from the Banach space L}L(R’") to itself then
it is Lipschitz with constant || ®;,, ,lop, Where || - ||, denotes the operator norm, and by
[64, Corollary 2.1.2] we have

d(o e (-+b)au |V

35
Yy (35)

N
1®1,,,bll0p, = H

o0

Moreover, by Lemma 1, we know that the right-hand side of (35) is finite. Therefore (34)
implies that forevery fi, ..., fu € F, a1, ..., 0, € [0, 1]with >°]_; &; = 1, the following

holds
-/xeR’"

S f
xeR™

+ f
xeR™

N
<[k

“f
xeR™

- H d(o e (-+Db)su
N duy

dp(x)

@), (Z%ﬁ) (x) — f(x)

i=1
oy (Z%f,)(x) @), (g) ()

fo0 =@, @ @) duneo
du(x)>

or (/XER”’
D aifilx) — g(x)
i=1

dp(x)

(36)

Zalf,(x) g(x)

‘D?ﬁl,b (g) (x) — f(x) H dp(x)

N
[e%s) \/xERm

1
dﬂ(x)> + ﬁ
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Combining the estimates (33)—(36) we obtain

ﬂg‘gvz?::ELLaie[O,l]/xeRm Im (Z%ﬁ) x) — f)| du(x)

d(o e (-+b))su o B
_H du H (/XGR'" @i fi(x) — g(x) du(x))+ﬁ
<Hd<ff-<-+b>>#u Vo 1
a duy W f

1
=Tn (14 V20 ®™).

37

Since (D/I\; b is linear, then the right-hand side of (37) reduces and we obtain the following
estimate

Zaz% 5 ) 0= £ () dM(X)<7(1+\/2M(R’")

(38)
Therefore, the estimate in (i) holds. O

inf /
fieZ, Y ai=1,0;€[0,1] Jxerm

For the statement of the next lemma concerns the Banach space of functions vanishing
at infinity. Denoted by Co(R™, R"), this is the set of continuous functions f from R"” to
R” such that, given any € > 0 there exists some compact subset K, € R™ for which
sup,ek, | f ()|l < €. As discussed in [82, VII], Co(R™, R") is made into a Banach space

by equipping with the supremum norm || f[|oo = sup, cgm ||.f(x)].

Lemma 4 (Uniform Approximation of Functions Vanishing at Infinity) Suppose that
(f, O) is a universal approximator on C(R™,R"), then for every f € Co(R™,R") and
every € > 0 there exists g € Co(R™, R") with representation

__b _
fe() = (gee b=I12 4 a) IH'||<]7 + (ae—lgé(-)\(llxll—b)) I||‘|\Zb’ 39)

the absolute value || is applied component-wise, g¢ € NN FO) " and a,b > 0, and
satisfying the uniform approximation bound

If = felloo < €

Proof of Lemma 4 Let (ﬁ , O) be a universal approximator on C(R™,R"), let f €
Co(R™,R"),and € > 0. Since f vanishes at infinity then there exists some non-empty com-
pact K¢ r € R"™ for which || f (x)|| < €2 ! forevery x ¢ K, 7. By the Heine-Borel theorem
K. ¢ is bounded and therefore there exists some b* > 0 such that K. r C Ballgm (0, b*) £
{x e R™: ||x|| < b*}. Therefore,
sup If @l < €27 (40)
xeRm —Ballgm (0,5%)

. . -1 . . . . .
Since the bump function x + e ~1-? [}y is continuous, affine functions are contin-

uous, f € C(R™, R"), and the composition and multiplication of continuous functions is

o
again continuous then the function x > [f(x) — €27 '] e?~II® I} is itself continu-
ous. Observe also that the set Ball(0,b*) = {x € R™ : ||x|| < b*} is closed and bounded,
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thus it is compact by the Heine-Borel theorem. Since (9 , O) is a universal approximator
on C(R™, R") for the topology of uniform convergence on compacts then there exists some
ge € NN'Z-O) satisfying

b*

sup g e) = [ £0) — €271 | e By e
xeBall(0,b*)

<e27 ! 1)

b*

Since 0 < e »-IkI> < | for every x € R”, then from (41) we compute

b
sup ge()e P Lo + €27 <o — f(X)
xeBall(0,b%)

_ b
< sup ge(x)e b=
xeBall(0,b*)

W2 4+ e271 — F(x)

b b* _ b*
< sup ge(x)e -l 4 (f(x) - 62“) eIl ¢ b—lx|?
xeBall(0,b")

(42)

*

8e(x) + (f(x) - 62_]) eb**hw

__ b
< sup e b*-lx?
xeBall(0,b*)

b
< sup g+ (f(x) - ez—‘) e In
xeBall(0,b%)
€
<-.
-2

Observe that, for every x € R™ — Ball(0, b*) we have | x| — b* > 0, —|gc(x)] < 0 and
therefore

0 < €2l I8 @IUxI=b") < ¢ “43)

Combining (40), (42), and (43) we compute the following bound

o
sup (ge(x)e R +6271> T apr + €2~ e 8@IIXI=D Ly
xeRm
o
fmax[ sup || ge(x)e Pl I pr 4 €27 T8N G — p )
xeBall(0.b%)

xeR™—Ball(0,b*)

< max

=max

< max

__b
ge(X)e b*—|x2 x| <b* + eZ_Ie_lgf(X)l(“xH_b)I”x||<b« — f(x)

sup

b
€, sup ge(x)e P Iy cpr + €27 TeTI8OIUNI=D g (1) }
xeR™—Ball(0,b*)
e, swp ‘62—1e—lge(xmuxn—b)Illx”w _ f(x)H}
xeRm —Ball(0,b*)
€, sup ‘GZ_Ie_lgé(X)l(Hx”_b) H + sup £l
xeR™ —Ball(0,b*) xeR™—Ball(0,b*)

= max{e, 27l + 62_1} =e€.

(44)

Thus, the result holds. O

@ Springer



The Universal Approximation Property 465

Proof of Theorem 6 For each w € 2, define the map ®,, : Co(R™, R") — C,(R™, R") by
O, (f) £ (] - ) + 1) f. Foreach f, g € Co(R™, R") we compute

@y (f) — Pu()ll
o, - @, w,00 =
190 (/) = Po(®)loc0 = SUP == 0377

_ I -1D+D fx) = (d-D+Dgwl
= sup

xeRm o(l-1h+1 (45)
@ I)+ DI f&x) — g
 eRm ol +1
=[f — glloo-

Therefore, for each w € €2, the map P, is an 1sometry For each w € 2, define the map
Y, : Co(R™, R") - Co(R™, R) by \I’w(f) f For each f e C,(R™, R") and
compute

o(-D+T H)+1

z 1 ~ 1 L.
b0V, =, — = . )—————f =f. 46
o <w<||-||)+1f> R RIS A AN

Hence, ¥, is a right-inverse of &,. Since every isometry is a homeomorphism onto
its image and since ®,, is surjective isometry then @, defines a homeomorphism from
Co(R™, R") onto C,(R™, R"). In particular, ®,, (Co(R™, R")) = C,(R™, R"). Therefore,

Co@®".R") = ] Co@®™,R") = | ] @, (Co®™, R")) = C,(R", R").
weR weR

Hence, condition (5) holds.
Since it was assumed that sup, cpm ||f(x)||e_”““|| < 00 holds, then Lemma 4 applies,
whence,

__b
{(fe b=111% 4 a) Ijj<b + (ae—\f(-)l(llx\l—b)) Ijy=»:0<b,a, f € NN('Q’O)}

is dense in Co(R™, R"). Therefore, the conditions for Theorem 2 are met. Hence,

U b, ({ (fe_h—ﬁ-\\z +a> I||.”<b+(ae_lf(')l(”x”_b)) Ljy=» : 0<b,a, fGNN(y’O)}>

we

(47)
is dense in Cq(R™, R"). By definition, (47) is a subset of NN 740D and therefore
NNTLOD ig dense in Cq(R™, R"). Hence, (ZQ, 0 Q) is a universal approximator on
Co(R™, R"). .

Proof of Proposition 2 For each k, m € N withn < m, we have thatexp(—kt) > exp(—mt)
for every t € [0, 00). Thus,

Cexp(—k-) (Rm’ Rn) - Cexp(—m-)(Rmv Rn)’ (48)

and the inclusion is strict if n < m. Moreover, for n < m, the inclu-
sion of each ifn i Cexp—ny(R™, R") into Cexp(—m)(R™,R") is continuous. Thus,
{Cexp(_k.)(R’", R™), i,’;}n N is a strict inductive system of Banach spaces. Therefore, by
[83, Proposition 4.5.1] there exists a finest topology on (_; .y Cexp(—k-) (R™, R") both mak-
ing it into a locally-convex space and ensuring that each Cexp(—x.)(R™, R") is a subspace.
Denote | ey Cexp(—k) (R™, R") equipped with this topology by Cg LCS(R™, R™).

If fecC LCS(]R’”, R™) then by construction there must exist some K € N such that
[ € Cexp—k(R™,R"). By [84, Propositions 2 and 4], a sequence {f};en converges
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to some f if and only if there exists some K € N and some Nx € NT such that for
every t > Nk every f; € Cexp(—k.)(R™, R") and the sub-sequence { f;};>n, converges in
the Banach topology of Cexp(—k.)(R™, R") to f. In particular, since Cexp(—o.) (R, R") =
Co(R™, R™) then the function f(x) £ (exp(—|x]), ..., exp(—|x])) € Cexp(—0)(R™, R™).
Since each f € NN g either constant of sup,cgrm | f(x)|| = oo then for any
sequence {fi}ren € NN (Z7.0) there exists some No € NT for which the sub-sequence
{fi}i=n, lies in Cexp—0.) (R™, R") = Co(R™, R") if and only if for each > Ny the map f;
is constant. Therefore, for each t > Ny we compute that

1
inf sup |exp(—|x|) —c| > =.
inf, sup exp(—lx]) — | > 3

If = fillexp0),00 = IIL.f = filloo =

Hence, f; cannot converge to f in Cq(R™, R") and therefore (9 s O) does not have the
UAP on Co(R™, R"). O

Proof of Corollary 7 Let X = Rand &y & X £ L®(R). Since every Banach space is
a pointed metric space with reference-point its zero vector and since R is separable then
Theorem 4 applies. We only need to verify the form of 1 and of p. Indeed, the identification
of B(R) with L'(R) and explicit description of 1 is constructed in [32, Example 3.11].
The fact that L>°(R) is barycentric follows from the fact that it is a Banach space and by
[31, Lemma 2.4]. O
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