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                    Abstract
In statistical learning theory, numerous works established non-asymptotic bounds assessing the generalization capacity of empirical risk minimizers under a large variety of complexity assumptions for the class of decision rules over which optimization is performed, by means of sharp control of uniform deviation of i.i.d. averages from their expectation, while fully ignoring the possible dependence across training data in general. It is the purpose of this paper to show that similar results can be obtained when statistical learning is based on a data sequence drawn from a (Harris positive) Markov chain X, through the running example of estimation of minimum volume sets (MV-sets) related to X’s stationary distribution, an unsupervised statistical learning approach to anomaly/novelty detection. Based on novel maximal deviation inequalities we establish, using the regenerative method, learning rate bounds that depend not only on the complexity of the class of candidate sets but also on the ergodicity rate of the chain X, expressed in terms of tail conditions for the length of the regenerative cycles. In particular, this approach fully tailored to Markovian data permits to interpret the rate bound results obtained in frequentist terms, in contrast to alternative coupling techniques based on mixing conditions: the larger the expected number of cycles over a trajectory of finite length, the more accurate the MV-set estimates. Beyond the theoretical analysis, this phenomenon is supported by illustrative numerical experiments.
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Appendix: Technical proofs
Appendix: Technical proofs
1.1 Moment and probability inequalities in the i.i.d. setup
Since main probabilistic results of the paper are established by means of the regenerative approach, see Section 2.1, their proof are partly based on certain moment/probability inequalities in the i.i.d. case, which we recall below for clarity. Rosenthal’s inequality for i.i.d. random variables can be found in [32]. The version stated below (see Theorem 2.10 from [29]) seems to be more appropriate regarding the statistical learning applications considered in this paper.

                    
                      Theorem 6.1
                    

                    LetX1,⋯ ,Xnbe integrable centeredi.i.d. random variables andp ≥ 2.Assume that\(\mathbb {E}|X_{i}|^{p}<\infty \). Then, we have:∀𝜖 > 0,
$$ \mathbb{P}\left( \left\vert \frac{1}{n}\sum\limits_{i=1}^{n}X_{i}\right\vert \geq \epsilon \right) \leq\frac{c_{p} \mathbb{E}|X_{1}|^{p}}{\epsilon^{p}n^{p/2}}, $$

 where \(c_{p} = 2\max \nolimits \left (p^{p}, p^{p/2 + 1}e^{p} {\int \nolimits }_{0}^{\infty } x^{p/2-1}(1-x)^{-p}dx \right )\).

                  The constant cp documented above is due to [32]. The second result recalled here is Montgomery-Smith’s inequality, see [26].

                    Theorem 6.2 (Montgomery-Smith’s inequality)

                    LetX1,⋯ ,Xnbeintegrable centered i.i.d. random variables. Then,for\(1 \leq k \leq n < \infty \)andallt > 0, wehave
$$ \mathbb{P}\left( \max_{1 \leq k \leq n} \left|\sum\limits_{i=1}^{k} X_{i}\right| > t\right) \leq 9 \mathbb{P}\left( \left|\sum\limits_{i=1}^{n} X_{i}\right| > t/30\right). $$


                  
                    
                      Lemma 6.1
                    

                    
                      Suppose that Assumption 3.3 holds. Then we
                      have
                      
$$ \mathbb{P}_{\nu}\left( n^{1/2}\left( \frac{l_{n}}{n}-\frac{1}{\mathbb{E}_{A}[\tau_{A}]}\right)\geq N\right) \leq \frac{4^{p} (2^{p} + 1) }{\mathbb{E}_{A}[\tau_{A}]^{p} N^{p}} + \frac{4^{p} (2^{p} + 1) }{ N^{p/2} n^{p/4}}. $$


                    
                  The proof is a simple generalization of Lemma 3.6 in [6] and thus omitted.
1.2 Proof of theorem 3.5
We prove the version of the result stated below, more specific.

                    Theorem 6.3 (Polynomial tail maximal inequality for regenerative Markov chains)

                    Assume that Assumptions 3.3, 3.4 and 3.2 are satisfied bychain\(X= (X_{n})_{n \in \mathbb {N}}\). Then, wehave for anyx > 0, any0 < 𝜖 < x/2, anyN > 0 and foralln ≥ 1 that
$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{\nu}\left( \sup_{f \in \mathcal{F}} \left| \frac{1}{n} {\sum}_{i=1}^{n} \bar{f}(\mathcal{B}_{i})\right| \geq x\right) &\leq& \mathcal{N}_{1}\left( \epsilon, \mathcal{F}\right) \left[ \frac{3^{p}\left( \mathbb{E}_{\nu}\left[\left( \tilde{H}(\mathcal{B}_{1})\right)^{p} \right]+\mathbb{E}_{A}\left[\left( \tilde{H}(\mathcal{B}_{1})\right)^{p} \right]\right)}{ n^{p} (x-2\epsilon)^{p}} \right.\\ && \left. + \frac{18 \times 90^{p} C_{p} \mathbb{E}_{A}\left[(\tilde{H}(\mathcal{B}_{1}))^{p}\right] }{n^{p/2}(x-2\epsilon)^{p} }\right.\\ &&\left.+\frac{6^{p} C_{p} \mathbb{E}_{A}\left[(\tilde{H}(\mathcal{B}_{1}))^{p}\right] N^{p}}{n^{3p/4}(x-2\epsilon)^{p}}\right.\\ &&\left.+ \mathbb{P}_{\nu}\left( n^{1/2}\left( \frac{l_{n}}{n}-\frac{1}{\mathbb{E}_{A}[\tau_{A}]}\right)\geq N\right)\right], \end{array} $$

where\(C_{p} = 24\max \nolimits \left (p^{p}, p^{p/2 + 1}e^{p} {\int \nolimits }_{0}^{\infty } x^{p/2-1}(1-x)^{-p}dx \right )\)and\(\tilde {H}=H+\mu (H)\).

                  
                    
                      Proof
                    

                    The techniques used in the poof are similar to those in the proof of Theorem 3.14 in [6].Uniform covering We choose functions g1,g2,…,gM in class \(\mathcal {F}\) defining an 𝜖-covering of \(\mathcal {F}\), where \(M= \mathcal {N}_{1}(\epsilon , \mathcal {F})\), such that

$$ \min_{j} \vert|f-\mu(f)-g_{j}+ \mu(g_{j})|\vert_{L_{1}(Q)} \leq 2\epsilon \textit{ for all } f \in \mathcal{F}, $$

 where Q is any discrete probability measure. We also assume that g1,g2,…,gM satisfy conditions 3.3, 3.4 and 3.2. By f∗ we mean the gj that achieves the minimum. Next, by definition of uniform covering numbers, we obtain

                    $$ \begin{array}{@{}rcl@{}} &&\mathbb{P}_{\nu} \left( \sup_{f \in \mathcal{F}} \left| \frac{1}{n} \sum\limits_{i=1}^{n} (f(X_{i}) - \mu(f))\right| \geq x \right) \\ &&\quad\leq \mathbb{P}_{\nu}\left( \sup_{f \in \mathcal{F}} \left[ \left|\frac{1}{n} \sum\limits_{i=1}^{n}|f(X_{i}) - \mu(f) -f^{*}(X_{i}) + \mu(f^{*})\right| + \left|\frac{1}{n}{\sum}_{i=1}^{n}|f^{*}(X_{i}) - \mu(f^{*})|\right| \right] \geq x\right)\\ &&\quad \leq \mathbb{P}_{\nu} \left( \max_{j \in \{1, \ldots,  \mathcal{N}_{1}(\epsilon, \mathcal{F})\}} \left| \frac{1}{n} \sum\limits_{i=1}^{n} g_{j}(X_{i}) - \mu(g_{j})\right| \geq x - 2\epsilon\right)\\ &&\quad \leq \mathcal{N}_{1}\left( \epsilon, \mathcal{F}\right) \max_{j \in \{1, \ldots, \mathcal{N}_{1}(\epsilon, \mathcal{F})\}}\mathbb{P}_{\nu}\left( \frac{1}{n} \left|\sum\limits_{i=1}^{n} g_{j}(X_{i}) - \mu(g_{j})\right| \geq x-2\epsilon\right). \end{array} $$

We introduce the notation

$$ \overline{g}_{j} = g_{j} - \mu(g_{j}),  j\in\{1, \ldots, M \}. $$


                    Hence, rather than considering any \(f \in \mathcal {F}\), we may work with the functions \(g_{j} \in \mathcal {F}\) only.Decomposition Consider now the following decomposition

$$ \begin{array}{@{}rcl@{}} &&\mathbb{P}_{\nu}\left( \frac{1}{n} \left|\sum\limits_{i=1}^{n} \bar{g}_{j}(X_{i})\right| \geq x-2\epsilon\right) \leq \mathbb{P}_{\nu}\left( \frac{1}{n} \left|\sum\limits_{i=1}^{\tau_{A}} \bar{g}_{j}(X_{i})\right| \geq (x-2\epsilon)/3\right) \\ && + \mathbb{P}_{A}\left( \frac{1}{n}\left|\sum\limits_{i=1}^{l_{n}} \bar{g}_{j}(B_{i})\right| \geq (x-2\epsilon) /3 \right) + \mathbb{P}_{A}\left( \frac{1}{n}\left|\sum\limits_{i=\tau_{A}(l_{n}-1)}^{n}\bar{g}_{j}(X_{i}) \right| \geq (x-2\epsilon)/3\right). \end{array} $$

We control separately each term on the right hand side of the above inequality. Bounds for the first and the last non-regenerative blocks can be easily obtained using Markov inequality:

$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{\nu}\left( \frac{1}{n} \left|\sum\limits_{i=1}^{\tau_{A}} \bar{g}_{j}(X_{i})\right| \geq \frac{x-2\epsilon}{3}\right) \leq \frac{3^{p}\mathbb{E}_{\nu}\left[\left|{\sum}_{i=1}^{\tau_{A}} \bar{g}_{j}(X_{i})\right|^{p} \right]}{ n^{p} (x-2\epsilon)^{p}}\leq \frac{3^{p}\mathbb{E}_{\nu}\left[\left( {\sum}_{i=1}^{\tau_{A}} \tilde{H}(X_{i})\right)^{p} \right]}{ n^{p} (x-2\epsilon)^{p}}. \end{array} $$

We deal in a similar fashion with the last non-regenerative block:

$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{\nu}\left( \left|\sum\limits_{i=1+\tau_{A}(l_{n})}^{n} \bar{g}_{j}(X_{i}) \right|\geq \frac{x-2\epsilon}{3}\right) &\leq& \mathbb{P}_{\nu}\left( \sum\limits_{i=1+\tau_{A}(l_{n})}^{n} \left|\bar{g}_{j}\right|(X_{i}) \geq \frac{x-2\epsilon}{3}\right)\\ &\leq& \mathbb{P}_{\nu}\left( \sum\limits_{i=1+\tau_{A}(l_{n})}^{\tau_{A}(l_{n}+1)} \left|\bar{g}_{j}\right|(X_{i}) \geq \frac{x-2\epsilon}{3}\right)\\ &\leq& \frac{3^{p}\mathbb{E}_{A}\left[ \left( \tilde{H}(\mathcal{B}_{1})\right)^{p}\right]}{ n^{p} (x-2\epsilon)^{p}}. \end{array} $$

The control of the term in the middle is more challenging. Note that

$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{A}\left( \frac{1}{n}\left|\sum\limits_{i=1}^{l_{n}} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq (x-2\epsilon) /3 \right) & \leq& \mathbb{P}_{A} \left( \frac{1}{n}\left|\sum\limits_{i=1}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq (x-2\epsilon)/6 \right) \\ && +\mathbb{P}_{A}\left( \frac{1}{n}\left| \sum\limits_{i=l_{n_{1}}}^{l_{n_{2}}} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq (x-2\epsilon)/6 \right), \end{array} $$

where \(l_{n_{1}} = \min \nolimits (\lfloor {n/ \mathbb {E}_{A}[\tau _{A}]}\rfloor , l_{n})\) and \(l_{n_{2}}= \max \nolimits (\lfloor {n/\mathbb {E}_{A}[\tau _{A}]}\rfloor , l_{n})\).

                    Polynomial tail inequality for i.i.d. random variables We may apply Theorem 6.1 in order to obtain

$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{A} \left( \frac{1}{n}\left|{\sum}_{i=1}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq (x-2\epsilon)/6 \right) \leq N_{1}\left( \epsilon, \mathcal{F}\right) \frac{C_{p} \mathbb{E}_{A}\left[ |\tilde{H}(\mathcal{B}_{1})|^{p}\right] }{n^{p/2}(6(x-2\epsilon)^{p}}. \end{array} $$

                    (13)
                

Truncation The control of \({\sum }_{l_{n_{1}}}^{l_{n_{2}}} \bar {g}_{j}({}_{i})\) is slightly more challenging due to the fact that ln is random and correlated itself with the blocks. Observe firstly that since we expect the number of terms in this sum to be at most of the order \(\sqrt {n},\) this term should be much smaller than the leading term (1) and be thus asymptotically negligible. We have

$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{A}\left( \left| {\sum}_{i=l_{n_{1}}}^{l_{n_{2}}} \bar{g}_{j}(\mathcal{B}_{i})\right| \!\geq\! \frac{x-2\epsilon}{6} \right) &\!\leq\!& \mathbb{P}_{A}\left( \left| {\sum}_{i=l_{n_{1}}}^{l_{n_{2}}} \bar{g}_{j}(\mathcal{B}_{i})\right| \!\geq\! \frac{x - 2\epsilon}{6}, \sqrt{n}\left[\frac{l_{n}}{n} - \frac{1}{\mathbb{E}_{A}[\tau_{A}]} \right] \!\leq\! N \right) \\ && + \mathbb{P}_{\nu}\left( \sqrt{n}\left[\frac{l_{n}}{n} - \frac{1}{\mathbb{E}_{A}[\tau_{A}]} \right]>N \right) = I + II. \end{array} $$

                    (14)
                

First, we bound term I in (14) using Montgomery-Smith’s inequality and the fact that if

$$\sqrt{n}\left[ \frac{l_{n}}{n}- \frac{1}{\mathbb{E}_{A}[\tau_{A}]} \right] \leq N, \textit{  then  } l_{n_{2}} - l_{n_{1}} \leq \sqrt{n}N.$$

 Note that it is sufficient to consider the case where \(\lfloor {n/\mathbb {E}_{A}[\tau _{A}]}\rfloor < l_{n}\) only. In what follows we rely on the following observation:

$$ l_{n} = \sup\left\{s: \sum\limits_{i=1}^{s} l(\mathcal{B}_{i}) \leq n\right\}. $$

 Thus,

$$ \begin{array}{@{}rcl@{}} &&\mathbb{P}_{A}\left( \left| \sum\limits_{i=l_{n_{1}}}^{l_{n_{2}}} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6}, \sqrt{n}\left[\frac{l_{n}}{n} - \frac{1}{\mathbb{E}_{A}[\tau_{A}]} \right] \leq N \right) \\ \\&&\quad = \sum\limits_{k=1}^{N\sqrt{n}}\mathbb{P}_{A}\left( \left| \sum\limits_{i=\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor+k} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6}, l_{n} = \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor +k\right)\\ &&\quad= \sum\limits_{k=1}^{N\sqrt{n}}\mathbb{P}_{A}\left( \left| {\sum}_{i=1}^{k} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6}, \sum\limits_{i=1}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor +k}l(\mathcal{B}_{i}) \leq n < {\sum}_{i=1}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor +k +1}l(\mathcal{B}_{i}) \right) \end{array} $$

and by exchangeability of the blocks we have

$$ \begin{array}{@{}rcl@{}} &&\sum\limits_{k=1}^{N\sqrt{n}}\mathbb{P}_{A}\left( \left| \sum\limits_{i=1}^{k} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6}, \sum\limits_{i=1}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor +k}l(\mathcal{B}_{i}) \leq n < \sum\limits_{i=1}^{\left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor +k +1}l(\mathcal{B}_{i}) \right)\\ &&\quad= \sum\limits_{k=1}^{N\sqrt{n}}\mathbb{P}_{A}\left( \left|\sum\limits_{i=1}^{k} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6}, l_{n}= \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor + k \right) \\&&\quad =\sum\limits_{k=1}^{N\sqrt{n}}\mathbb{P}_{A}\left( \left|\sum\limits_{i=1}^{l_{n} - \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6}, l_{n} - \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor = k \right) \\ &&\quad = \mathbb{P}_{A} \left( \left|\sum\limits_{i=1}^{l_{n} - \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor} \bar{g}_{j}(\mathcal{B}_{i})\right|\geq \frac{x-2\epsilon}{6}, l_{n} - \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor \leq N\sqrt{n}\right). \end{array} $$

Montgomery-Smith’s inequality Now, we use Montgomery-Smith’s inequality to get

$$ \begin{array}{@{}rcl@{}} &&\mathbb{P}_{A} \left( \left|\sum\limits_{i=1}^{l_{n} - \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor} \bar{g}_{j}(\mathcal{B}_{i})\right|\geq \frac{x-2\epsilon}{6}, l_{n} - \left\lfloor{n/\mathbb{E}_{A}[\tau_{A}]}\right\rfloor \leq N\sqrt{n}\right) \\ &&\quad= \mathbb{P}_{A}\left( \max_{1 \leq k \leq N\sqrt{n}} \left| \sum\limits_{i=1}^{k} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{6} \right) \\&&\quad \leq 9 \mathbb{P}_{A}\left( \left| \sum\limits_{i=1}^{N\sqrt{n}} \bar{g}_{j}(\mathcal{B}_{i})\right| \geq \frac{x-2\epsilon}{180}\right) \\ &&\quad \leq \frac{18 \times 90^{p} C_{p} \mathbb{E}_{A} \left[\tilde{H}(\mathcal{B}_{1})\right] \times N^{p}}{(x-2\epsilon)^{p} n^{3p/4}}. \end{array} $$

Finally, term II is directly controlled by means of Lemma 6.1. □

                  1.3 Proof of theorem 3.6
Before detailing the proof, we recall Massart’s Finite Class Lemma (see [22], Lemma 5.2, page 300) which is involved in our argument.

                    
                      Lemma 6.2
                    

                    Let\(\mathcal {A}\)be some finitesubset of\(\mathbb {R}^{n}\). Let N denotethe cardinality of\(\mathcal {A}\)andlet\(R= \sup _{a \in \mathcal {A}}\left [{\sum }_{i=1}^{n} {a_{i}^{2}} \right ]^{1/2},\)then
$$ \begin{array}{@{}rcl@{}} \mathbb{E} \left[sup_{a \in \mathcal{A}} \sum\limits_{i=1}^{n} a_{i}\epsilon_{i}\right] \leq R \sqrt{2log N}. \end{array} $$

                    (15)
                


                  
                    
                      Montgomery-Smith’s inequality
                    

                    In order to deal with the random character of the number of blocks ln − 1, apply Montgomery-Smith’s inequality:

$$ \begin{array}{@{}rcl@{}} \mathbb{P}_{\nu}\left( \sup_{f\in\mathcal{F}}\left\vert \frac{1}{n}\sum\limits_{j=1}^{l_{n}-1}\bar{f}(\mathcal{B}_{j})\right\vert \geq \epsilon\right) &\leq&\mathbb{P}_{A}\left( \max_{k\leq n}\sup_{f\in\mathcal{F}}\left\vert \frac{1}{n}\sum\limits_{j=1}^{k}\bar{f}(\mathcal{B}_{j})\right\vert \geq \epsilon\right) \\ &\leq& 9 \mathbb{P}_{A}\left( \sup_{f\in\mathcal{F}}\left\vert \frac{1}{n} \sum\limits_{j=1}^{n}\bar{f}(\mathcal{B}_{j})\right\vert \geq\frac{t}{30}\right). \end{array} $$

Integrating over t > 0 then yields:

$$ \mathbb{E}_{A}\left[\sup_{f \in \mathcal{F}} \left| \frac{1}{n}\sum\limits_{j=1}^{l_{n}-1}\bar{f}(\mathcal{B}_{j})\right| \right] \leq 270 \mathbb{E}_{A}\left[\sup_{f \in \mathcal{F}} \left| \frac{1}{n}\sum\limits_{j=1}^{n}\bar{f}(\mathcal{B}_{j})\right| \right]. $$


                  
                    
                      Ghost sample of regeneration blocks and randomization
                    

                    In the following, we consider \({}^{\prime }=({}_{1}^{\prime }, \ldots , {}_{n}^{\prime })\) an independent copy of \({}=({}_{1}, \ldots , {}_{n})\) (a ’ghost’ sample). Let (𝜖1,…,𝜖n) be independent Rademacher variables. Let

$$ \|l\|_{P_{\mathcal{B}}}= \frac{{\sum}_{i=1}^{n}l(\mathcal{B}_{i})}{n \mathbb{E}_{A}[\tau_{A}]}. $$

 Note that, for any M > 0, we have

                    
                      $$ \begin{array}{@{}rcl@{}} 270 \mathbb{E}_{A}\left[\sup_{f \in \mathcal{F}} \left| \frac{1}{n}{\sum}_{i=1}^{n}f(\mathcal{B}_{i})-\mu(f(\mathcal{B}_{1}))\right| \right] &\leq& 540 \mathbb{E}_{\epsilon}\mathbb{E}_{\mathcal{B}}\left[ \sup_{f \in \mathcal{F}} \left| \frac{1}{n}{\sum}_{i=1}^{n}f(\mathcal{B}_{i})\epsilon_{i}\right|\right] \\ & \leq& 540 \mathbb{E}_{\epsilon}\mathbb{E}_{\mathcal{B}}\left[ \sup_{f \in \mathcal{F}} \left| \frac{1}{n}{\sum}_{i=1}^{n}f(\mathcal{B}_{i})\epsilon_{i}\right|\mathbb{I}_{\|l\|_{P_{\mathcal{B}}}}\leq M\mathbb{E}_{A}[\tau_{A}]\right] \\& +& 540 \mathbb{E}_{\epsilon}\mathbb{E}_{\mathcal{B}}\left[ \sup_{f \in \mathcal{F}} \left| \frac{1}{n}{\sum}_{i=1}^{n}f(\mathcal{B}_{i})\epsilon_{i}\right|\mathbb{I}_{\|l\|_{P_{\mathcal{B}}}}> M\mathbb{E}_{A}[\tau_{A}]\right] \\& =& I + II. \end{array} $$


                    
                  
                    Uniform covering for \(\mathcal {F}\)


                    We consider an uniform 𝜖-covering g1,…,gW, where \(W= \mathcal {N}_{1}(x/M\mathbb {E}_{A}[\tau _{A}], \mathcal {F})\) and

$$ \min_{j} \vert|f-\mu(f)-g_{j}+ \mu(g_{j})|\vert_{L_{1}(Q)} \leq \epsilon \textit{ for all } f \in \mathcal{F} $$

 and Q is any discrete probability measure. We also assume that g1,g2,…,gW belong to \(\mathcal {F}\) and satisfy Assumption 3.3. By f∗ is meant the gj achieving the minimum. Then,

$$ \begin{array}{@{}rcl@{}} I &\!\leq\!& 540 \mathbb{E}_{\epsilon}\mathbb{E}_{\mathcal{B}}\left\{ \sup_{f \in \mathcal{F}}\left[\left|\frac{1}{n}{\sum}_{i=1}^{n} (f(\mathcal{B}_{i}) - \mu(f) - f^{*}(\mathcal{B}_{i})\right.\right.\right.\\ &&\left.\left.\left.+ \mu(f^{*}))\epsilon_{i} \right| + \left|\frac{1}{n}{\sum}_{i=1}^{n} (f^{*}(\mathcal{B}_{i}) - \mu(f^{*}))\epsilon_{i} \right|\right]\right\}\\ &\!\leq\!& 540 \left[\!\epsilon + \mathbb{E}_{\epsilon}\mathbb{E}_{\mathcal{B}}\left[\!\mathcal{N}_{1}\left( \epsilon/(M\mathbb{E}_{A}[\tau_{A}]), \mathcal{F}\right) \max_{1\leq j\leq \mathcal{N}_{1}\left( \epsilon/(M\mathbb{E}_{A}[\tau_{A}]), \mathcal{F}\right)} \left|\! \frac{1}{n}{\sum}_{i=1}^{n}g_{j}(\mathcal{B}_{i})\epsilon_{i}\right|\!\mathbb{I}_{\|l\|_{P_{\mathcal{B}}}}\right.\right.\\ &\!\leq\!&\left.\left.\vphantom{\left| \frac{1}{n}{\sum}_{i=1}^{n}g_{j}(\mathcal{B}_{i})\epsilon_{i}\right|} M\mathbb{E}_{A}[\tau_{A}]\right]\right]. \end{array} $$

                    (16)
                


                  
                    Massart’s finite class lemma

                    In what follows we will use Massart’s Finite Class Lemma (Lemma 6.2). We bound (4) by applying directly (3):

                    $$ \begin{array}{@{}rcl@{}} (16) &\leq &\mathbb{E}_{A} \left[\epsilon + \max_{1\leq j\leq \mathcal{N}_{1}\left( \epsilon/(M\mathbb{E}_{A}[\tau_{A}]), \mathcal{F}\right)}\left( \frac{1}{n} {\sum}_{i=1}^{n}(g_{j}(\mathcal{B}_{i})^{2}) \right)^{1/2} \times \sqrt{\frac{2log \mathcal{N}_{1}\left( \epsilon/(M\mathbb{E}_{A}[\tau_{A}]), \mathcal{F}\right)}{n} } \right] \\ &\leq &540 \left[ \epsilon + \mathcal{N}_{1}\left( \epsilon/(M\mathbb{E}_{A}[\tau_{A}]), \mathcal{F}\right)\times \mathbb{E}_{A}[F(\mathcal{B}_{1})^{2}]^{1/2} \sqrt{\frac{2log \mathcal{N}_{1}\left( \epsilon/(M\mathbb{E}_{A}[\tau_{A}]), \mathcal{F}\right)}{n} }\right]. \end{array} $$

We now derive an upper bound for II.

$$ \begin{array}{@{}rcl@{}} II &\leq &540 \mathbb{E}_{\epsilon}\mathbb{E}_{\mathcal{B}}\left[ \left( \frac{1}{n}{\sum}_{i=1}^{n}H(\mathcal{B}_{i})\right)^{2}\right]^{1/2} \left[\mathbb{P}\left( \|l\|_{P_{\mathcal{B}}}> M\mathbb{E}_{A}[\tau_{A}]\right)\right]^{1/2} \\&=& 540 \mathbb{E}_{A}[H(\mathcal{B}_{1})^{2}]^{1/2} \times \left[\mathbb{P}\left( \|l\|_{P_{\mathcal{B}}}> M\mathbb{E}_{A}[\tau_{A}]\right)\right]^{1/2}. \end{array} $$

Since we have

$$ \|l\|_{P_{\mathcal{B}}}= \frac{{\sum}_{i=1}^{n}l(\mathcal{B}_{i})}{n \mathbb{E}_{A}[\tau_{A}]}, $$

 one may write

$$ \begin{array}{@{}rcl@{}} \left( \mathbb{P}\left[ \|l\|_{P_{\mathcal{B}}} -1 \geq M-1\right]\right)^{1/2}&=& \left[\mathbb{P}\left( \frac{1}{n} \frac{{\sum}_{i=1}^{n}l(\mathcal{B}_{i})-\mathbb{E}_{A}[\tau_{A}] }{\mathbb{E}_{A}[\tau_{A}]}-1 \geq M-1\right) \right]^{1/2}\\ & \leq& \frac{[Var[l(\mathcal{B}_{1})]]^{1/2}}{n^{1/2}\mathbb{E}_{A}[{\tau_{A}^{2}}]^{1/2}\sqrt{M-1}} \end{array} $$

by virtue of Markov inequality combined with the fact that \(\mathbb {E}_{A}[l({}_{1})]^{2}<\infty \).
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