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Abstract
This work is part of the overarching question of whether it is possible for the universal
enveloping algebra of an infinite-dimensional Lie algebra to be noetherian. The main result
of this paper is that the universal enveloping algebra of any Krichever-Novikov algebra is
not noetherian, extending a result of Sierra and Walton on the Witt (or classical Krichever-
Novikov) algebra. As a subsidiary result, which may be of independent interest, we show
that if h is a Lie subalgebra of g of finite codimension, then the noetherianity of U(h) is
equivalent to the noetherianity of U(g). The second part of the paper focuses on Lie sub-
algebras of W≥−1 = Der(k[t]). In particular, we prove that certain subalgebras of W≥−1

(denoted by L(f ), where f ∈ k[t]) have non-noetherian universal enveloping algebras, and
provide a sufficient condition for a subalgebra of W≥−1 to have a non-noetherian universal
enveloping algebra. Furthermore, we make significant progress on a classification of subal-
gebras of W≥−1 by showing that any infinite-dimensional subalgebra must be contained in
some L(f ) in a canonical way.

Keywords Krichever-Novikov algebra · Witt algebra · Non-noetherian ·
Universal enveloping algebra
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1 Introduction

Let k be a field of characteristic 0 and let k be its algebraic closure. For brevity, we say that
a k-algebra is noetherian if it is left and right noetherian. Note that the universal enveloping
algebra of a Lie algebra is left noetherian if and only if it is right noetherian. Therefore,
when referring to universal enveloping algebras there is no need to distinguish between left
and right noetherianity.
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We are motivated by the long-standing question of whether it is possible for an infinite-
dimensional Lie algebra to have a noetherian universal enveloping algebra. This question
has been posed by many authors, but its earliest appearance was nearly fifty years ago, in
Amayo and Stewart’s book on infinite-dimensional Lie algebras [1, Question 2.7].

It is widely believed that the answer to this question is “no” [7, Conjecture 0.1]. The
simplest example, an infinite-dimensional abelian Lie algebra, has a universal enveloping
algebra isomorphic to a polynomial ring in infinitely many variables, which is clearly non-
noetherian.

In [7], Sierra and Walton proved that the universal enveloping algebra of the Witt algebra
W = Der(k[t, t−1]) is not noetherian, providing the first nontrivial example of a non-
noetherian enveloping algebra. The question of whether U(W) is noetherian first appeared
in print in [2], over twenty years before being answered.

Sierra and Walton’s proof also allows us to conclude that the Lie algebra W≥−1 =
Der(k[t]) has a non-noetherian universal enveloping algebra. An easy consequence of this
result is that any infinite-dimensional Z-graded simple Lie algebra of polynomial growth
has a non-noetherian enveloping algebra [7, Corollary 0.6]. Beyond this, the noetherianity
of enveloping algebras of infinite-dimensional Lie algebras remains mysterious. This paper
focuses on questions of noetherianity for general Lie algebras of vector fields on affine
curves.

We begin by proving the following result, which will be useful throughout the paper, and
may be of independent interest.

Proposition 1.1 (Proposition 2.1) Let h ⊆ g be Lie algebras such that h has finite codi-
mension in g (i.e. dimk(g/h) < ∞). Then U(h) is noetherian if and only if U(g) is
noetherian.

The proof is achieved by constructing a positive filtration of U(g) with the property that
the associated graded ring is noetherian if U(h) is noetherian, which is enough to conclude
that U(g) is noetherian.

In Section 3, we consider Krichever-Novikov algebras. A Krichever-Novikov algebra is
the Lie algebra of vector fields on an affine curve. Since the Lie algebras considered by
Sierra and Walton are examples of Krichever-Novikov algebras, it is natural to ask whether
universal enveloping algebras of Krichever-Novikov algebras are noetherian. We show that
they are not, providing a second general class of infinite-dimensional Lie algebras with
non-noetherian universal enveloping algebras.

Theorem 1.2 (Theorem 3.3) Let L be a Krichever-Novikov algebra. Then U(L) is not
noetherian.

In order to prove Theorem 1.2 we first note that, by a result from [7], it suffices to show
that L has a Lie subalgebra with a non-noetherian universal enveloping algebra. We begin
by considering the case where L is the Lie algebra of vector fields on a nonsingular curve. In
this case, we construct an injective Lie algebra homomorphism from a finite-codimensional
subalgebra of W≥−1 toL. By Proposition 1.1, this subalgebra has a non-noetherian universal
enveloping algebra, therefore proving that U(L) is not noetherian.

The injective Lie algebra homomorphism is constructed as follows: let π : C → A
1

be a dominant morphism, where C is the nonsingular affine curve corresponding to the
Krichever-Novikov algebra L. We show that any vector field v on A

1 which vanishes on the
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branch point locus of π extends uniquely to a vector field ṽ on C. The map v �→ ṽ is the
injective homomorphism we need.

If L is the Lie algebra of vector fields on a singular curve C, we require a different
argument. We consider the normalisation ˜C of C and let ˜L be the Lie algebra of vector fields
on ˜C. We construct a Lie subalgebra of ˜L which is also a subalgebra of L and further prove
that the enveloping algebra of this subalgebra is not noetherian. This is enough to conclude
that U(L) is not noetherian.

At the end of Section 3, we further show that some related Lie algebras known as
Krichever-Novikov type algebras (see Definition 3.15) also have non-noetherian enveloping
algebras.

After this, in Section 4, we turn our attention to arbitrary subalgebras of W≥−1 and make
the following conjecture.

Conjecture 1.3 Let g be an infinite-dimensional Lie subalgebra of W≥−1. Then U(g) is not
noetherian.

We are not able to prove Conjecture 1.3. However, we make significant progress in
understanding the structure of infinite-dimensional subalgebras of W≥−1.

We first show that the above conjecture holds for graded subalgebras of W≥−1. Further-
more, if g is a Lie subalgebra of W≥−1 of finite codimension, then U(g) is not noetherian
by Proposition 1.1. We therefore focus on (ungraded) infinite-dimensional subalgebras of
W≥−1 of infinite codimension.

Veronese subalgebras of W≥−1 (see Definition 4.2) and their Lie subalgebras were
the only known infinite-dimensional subalgebras of W≥−1 of infinite codimension. How-
ever, we give a new class of such subalgebras which are not, in general, contained in
any Veronese. We denote these subalgebras by L(f ), where f ∈ k[t]. Given f ∈ k[t],
the subalgebra L(f ) is a k[f ]-submodule of W≥−1. We give two proofs that these
subalgebras always have non-noetherian universal enveloping algebras. The first one is
direct.

In Section 5 we make partial progress on a classification of subalgebras of W≥−1 by
attempting to prove the following conjecture.

Conjecture 1.4 Let g be an infinite-dimensional subalgebra of W≥−1. Then there exists
f ∈ k[t] such that g has finite codimension in L(f ).

Subalgebras of finite codimension in W≥−1 have already been classified in [4]; it is
known that they satisfy Conjecture 1.4. Therefore, it remains to prove the conjecture for
subalgebras of W≥−1 of infinite codimension.

Note that if Conjecture 1.4 holds, then so does Conjecture 1.3. We tackle Conjecture 1.4
by introducing two closely related invariants of subalgebras of W≥−1. The first one is the
set of ratios of g, defined as follows:

R(g) =
{w

u
| w∂, u∂ ∈ g, u �= 0

}

.

The second invariant is the field of ratios F(g) = k(R(g)), the subfield of k(t) generated
by R(g).
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We first consider the field of ratios, and prove the following result:

Theorem 1.5 (Theorem 5.3) Let g be an infinite-dimensional Lie subalgebra of W≥−1.
Then there exists some f ∈ k[t] \ {0} such that:
(1) The field of ratios F(g) is generated by f .
(2) The subalgebra g is contained in L(f ).

We further believe that g has finite codimension in the subalgebra L(f ) from
Theorem 1.5, but are not able to prove it.

The proof of Theorem 1.5 goes as follows: by Lüroth’s theorem there exists f ∈ k(t)

such that F(g) = k(f ). We first show that f can be chosen to be a polynomial, and then
deduce that g ⊆ L(f ).

We then move on to the set of ratios R(g). In particular, we consider the situation where
R(g) is a field:

Theorem 1.6 (Theorem 5.4) Let g be an infinite-dimensional Lie subalgebra of W≥−1. The
following are equivalent:

(1) There exists a nonzero f ∈ k[t] such that g has finite codimension in L(f ).
(2) The set R(g) is a field.
(3) There exists a nonzero f ∈ k[t] such that R(g) = k(f ).

The proof of Theorem 1.6 follows by applying Theorem 1.5 and an analogous result
to [4, Proposition 3.19] for subalgebras of W≥−1. As an immediate consequence of
Theorem 1.6, we get:

Corollary 1.7 (Corollary 5.6) Let g be an infinite-dimensional Lie subalgebra of W≥−1. If
R(g) is a field then U(g) is not noetherian.

If we do not assume that R(g) is a field, then it is not clear is whether g has finite
codimension in L(f ), or whether U(g) can be noetherian in this case.

We finish the paper by finding a sufficient condition on a subalgebra g ⊆ W≥−1, which
we call (∗), for U(g) to be non-noetherian. This condition is defined by analysing the image
of U(g) under a certain homomorphism

� : U(W≥−1) → A1(k(y))[t−1].
Here, A1(k(y)) = k(y)[t, ∂] denotes the first Weyl algebra over k(y). All known infinite-
dimensional subalgebras of W≥−1 satisfy (∗); in particular, we show that the subalgebras
L(f ) satisfy (∗), providing a second proof of the non-noetherianity of U(L(f )). We believe
that condition (∗) will be useful in future work on Conjecture 1.3.

2 Lie Subalgebras of Finite Codimension

If h is a Lie subalgebra of g and U(g) is noetherian, then so is U(h) [7, Lemma 1.7], which
is a consequence of the faithful flatness of U(g) over U(h). It is much less clear when the
converse implication holds. The main purpose of this section is to prove that when h has
finite codimension in g, then the noetherianity of U(h) is equivalent to the noetherianity of
U(g). We will use this result extensively in later sections.
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Proposition 2.1 Let h ⊆ g be Lie algebras such that h has finite codimension in g. Then
U(h) is noetherian if and only if U(g) is noetherian.

The key technique in the proof is to construct a filtration of U(g) whose associated
graded ring is noetherian if U(h) is noetherian.1 This filtration will be constructed with the
help of the following useful ideal of h.

Lemma 2.2 Let h ⊆ g be Lie algebras such that h has finite codimension in g. Then

k = {k ∈ h | [k, x] ∈ h for all x ∈ g}
is an ideal of h of finite codimension.

Proof Consider the linear map

ϕ : h → gl(g/h)

h �→ ϕh

induced by the adjoint action of h on g. In other words,

ϕh(x + h) = [h, x] + h

for all x ∈ g. We claim that ϕ is a well-defined Lie algebra homomorphism. Consider the
adjoint map

ad : h → gl(g)

h �→ adh .

Then ϕh(x + h) = adh(x) + h for all h ∈ h. As adh preserves h for h ∈ h, it follows that ϕ

is well-defined, as claimed.
Note that k = ker(ϕ), so k is an ideal of h. Since gl(g/h) is finite-dimensional, it follows

that h/k ∼= ϕ(h) ⊆ gl(g/h) is finite-dimensional.

We now prove Proposition 2.1.

Proof of Proposition 2.1 By [7, Lemma 1.7], it suffices to prove that if U(h) is noetherian
so is U(g).

Suppose U(h) is noetherian. Let k ⊆ h be as in Lemma 2.2 and let x1 + k, . . . , xn + k be
a basis for h/k, where xi ∈ h. Similarly, let y1 + h, . . . , ym + h be a basis for g/h, where
yi ∈ g. Define a filtration F = (Fi)i∈N on U(g) as follows:

Fi = span{wxu1 . . . xur yv1 . . . yvs | w ∈ U(k), r + 2s ≤ i}.
We claim that FiFj ⊆ Fi+j , so that F is indeed a filtration. First, we let k ∈ k and consider
x�k for some �:

x�k = kx� + [x�, k]
in U(g). Note that [x�, k] ∈ k since k is an ideal of h. Therefore, x�k ∈ F1. Inductively, we
see that x�w ∈ F1 for all w ∈ U(k).

Now consider y�k:
y�k = ky� + [y�, k]

1The idea of this proof is due to Pavel Etingof, in personal correspondence with Susan Sierra and Chelsea
Walton. We thank Prof. Etingof for allowing us to include it.
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in U(g). Since [y�, k] ∈ h ⊆ F2 and ky� ∈ F2, it follows that y�k ∈ F2. Inductively, we see
that y�w ∈ F2 for all w ∈ U(k).

Finally, consider y�x�′ for some �, �′:
y�x�′ = x�′y� + [y�, x�′ ]

in U(g). It follows similarly to before that y�x�′ ∈ F3. By induction, y�xu1 . . . xur ∈ Fr+2.
Let z ∈ Fj . Combining the above, we see that x�z ∈ Fj+1 and y�z ∈ Fj+2 for all �.

Now, consider z′ ∈ Fi of the form

z′ = wxu1 . . . xur yv1 . . . yvs , r + 2s ≤ i.

Since xur z ∈ Fj+1 and yvs z ∈ Fj+2, it now follows by an easy induction that z′z ∈ Fi+j .
Therefore, FiFj ⊆ Fi+j , as claimed.

Note that F0 = U(k), xi ∈ F1 \F0 and yi ∈ F2 \F1, so that h ⊆ F1 and g ⊆ F2. Consider
the associated graded ring

grF U(g) =
⊕

i∈N
Fi/Fi−1.

Let xi = xi + F0 ∈ grF U(g) and yi = yi + F1 ∈ grF U(g). By definition of the filtration,
it follows that U(k) ⊆ grF U(g), and grF U(g) is generated by U(k) and the xi and yj as a
k-algebra. We have

xi xj − xj xi = [xi, xj ] + F1.

But [xi, xj ] ∈ h ⊆ F1, so [xi, xj ] + F1 = 0 and therefore xi and xj commute in grF U(g)

for all i, j . Similarly, we have

yi yj − yj yi = [yi, yj ] + F3 = 0,

xi yj − yj xi = [xi, yj ] + F2 = 0,

since [yi, yj ] ∈ g ⊆ F2 ⊆ F3 and [xi, yj ] ∈ g ⊆ F2.
Now let k ∈ k \ {0} ⊆ F0. We have

kxi − xik = [k, xi] + F0 = 0,

kyi − yik = [k, yi] + F1 = 0,

since [k, xi] ∈ k ⊆ F0 by Lemma 2.2 and [k, yi] ∈ h ⊆ F1 by definition of k.
Hence, the elements xi and yj are central in grF U(g), so we see that

grF U(g) = U(k)[x1, . . . , xn, y1, . . . , ym].
Since U(h) is noetherian, it follows by [7, Lemma 1.7] that U(k) is noetherian. By Hilbert’s
basis theorem, grF U(g) is noetherian. Therefore, U(g) is noetherian since it has a positive
filtration whose associated graded ring is noetherian.

3 Krichever-Novikov Algebras

In this section, we focus on universal enveloping algebras of Krichever-Novikov algebras,
which we define below. In order to define these, we first need to recall the notion of a
derivation of an associative algebra.

Definition 3.1 Let A be a k-algebra and let C be an affine curve.

(1) A k-derivation of A is a linear map v : A → A which satisfies the Leibniz rule

v(ab) = av(b) + v(a)b
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for all a, b ∈ A. We denote the Lie algebra of k-derivations of A by Der(A).
(2) A vector field on C is a derivation of the coordinate ring k[C].
(3) The Krichever-Novikov algebra on C, denoted L(C), is the Lie algebra of vector fields

on C. In other words, L(C) = Der(k[C]) with Lie bracket given by the commutator
of derivations.

Remark 3.2 The standard definition of a Krichever-Novikov algebra assumes that the under-
lying curve is nonsingular (see, for example, [5]). However, in this paper we also consider
Lie algebras of vector fields on singular curves and also refer to them as Krichever-Novikov
algebras.

The goal of this section is to prove that universal enveloping algebras of Krichever-
Novikov algebras are not noetherian, providing a new class of infinite-dimensional Lie
algebras with non-noetherian enveloping algebras.

Theorem 3.3 Let C be an affine curve. Then U(L(C)) is not noetherian.

We establish notation for the Krichever-Novikov algebra on the affine line, which will
be of central importance throughout the paper.

Notation 3.4 Let W≥−1 = L(A1) = Der(k[t]). Then

W≥−1 = k[t]∂,

where ∂ denotes differentiation by t . The Lie bracket in W≥−1 is given by

[f ∂, g∂] = (fg′ − f ′g)∂ .

For f ∈ k[t], we let W≥−1(f ) = k[t]f ∂ . It is clear that W≥−1(f ) is a Lie subalgebra of
W≥−1. We write W≥n = W≥−1(t

n+1) for n ∈ N.

Remark 3.5 The notation W≥−1 comes from the fact that W≥−1 is a Lie subalgebra of the
Witt algebra W = Der(k[t, t−1]) = k[t, t−1]∂ . Letting en = tn+1∂ ∈ W , we see that
{en | n ∈ Z} is a basis for W and

[en, em] = (m − n)en+m

for all n,m ∈ Z. Then W≥−1 is the Lie subalgebra of W spanned by {en | n ≥ −1},
and W≥n is spanned by {em | m ≥ n}. The positive Witt algebra W+ = W≥1 is another
noteworthy subalgebra of W .

The proof of Theorem 3.3 will go as follows: if C is nonsingular, we will show that there
is an injective Lie algebra homomorphism

W≥−1(f ) ↪→ L(C),

for some f ∈ k[t]. We also show that U(W≥−1(f )) is not noetherian, which is enough to
conclude that U(L(C)) is not noetherian.

If C is singular, we will consider the normalisation ˜C of C, and construct a Lie subalgebra
L′ of both L(˜C) and L(C) which has finite codimension in both. The non-noetherianity of
U(L′) will follow from the non-noetherianity of U(L(˜C)) by Proposition 2.1, allowing us
to conclude that U(L(C)) is not noetherian.
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The following result is the main theorem of [7].

Theorem 3.6 ([7, Theorem 0.5]) The universal enveloping algebra of the positive Witt
algebra U(W+) is not noetherian.

It follows from Proposition 2.1 and Sierra and Walton’s work that W≥−1 and its
subalgebras of the form W≥−1(f ) have non-noetherian universal enveloping algebras.

Corollary 3.7 Let f ∈ k[t] \ {0}. Then U(W≥−1(f )) is not noetherian.

Proof Since W+ ⊆ W≥−1, it follows that U(W≥−1) is not noetherian by [7, Lemma 1.7]
and Theorem 3.6. Note that dimk(W≥−1/W≥−1(f )) = deg(f ) < ∞, so U(W≥−1(f )) is
not noetherian by Proposition 2.1.

In order to construct the homomorphism W≥−1(f ) ↪→L(C) for the proof of
Theorem 3.3, some technical results about derivations are required. We will need to con-
sider dominant morphisms between affine curves, and localisations of coordinate rings. We
recall these notions below.

Definition 3.8 Let X and Y be affine curves. A morphism π : X → Y is dominant if π(X)

is dense in Y (in the Zariski topology).

Remark 3.9 Let X, Y be affine curves, and let A = k[X], B = k[Y ]. If π : X → Y is a
dominant morphism, then the homomorphism

π∗ : B → A

f �→ f ◦ π

is injective, so we make the identification B = π∗(B) ⊆ A.

Definition 3.10 Let π : X → Y be a dominant morphism of nonsingular affine curves. Let
A = k[X] and B = k[Y ] ⊆ A. Let K = Q(A) and L = Q(B) ⊆ K be the fields of
fractions of A and B, respectively. Let P ∈ X and Q = π(P ), and let

AP =
{

f

g
∈ K | f, g ∈ A, g(P ) �= 0

}

,

BQ =
{

f

g
∈ L | f, g ∈ B, g(Q) �= 0

}

⊆ AP .

The rings AP and BQ are discrete valuation rings, so let s and t be uniformising parameters
of AP and BQ, respectively. Let νP be the discrete valuation on K associated to AP (i.e.
νP (ask) = k for a ∈ A∗

P and k ∈ Z). The ramification index eP of π at the point P is
defined as

eP = νP (t) ≥ 1

where t is viewed as an element of AP . If eP > 1, we say that π is ramified at P and that
Q is a branch point of π . If eP = 1, we say that π is unramified at P .

The following proposition shows that the branch point locus of a dominant morphism is
a finite set, a fact that we will use implicitly from now on.

2092 L. Buzaglo



Proposition 3.11 ([3, Proposition IV.2.2(a)]) Let π : X → Y be a dominant morphism of
nonsingular affine curves. Then π is ramified at only finitely many points.

The next result is a technical lemma about restricting derivations to the local ring
AP .

Lemma 3.12 Let X be a nonsingular affine curve, let A = k[X], and let K = Q(A).
Let P ∈ X, and let s ∈ AP be a uniformising parameter. Then a derivation v ∈ Der(K)

restricts to a derivation of AP if and only if v(s) ∈ AP .

Proof Suppose v ∈ Der(K) such that v(s) ∈ AP . Let m = (s) be the maximal ideal of AP ,
and consider the completion

̂AP = lim←−
k∈N

AP /mk ∼= k[[s]].

Then v extends uniquely to a derivation v̂ of Q(̂AP ) ∼= k((s)). We have

v̂(s) = v(s) ∈ AP ⊆ ̂AP .

It follows that v̂(̂AP ) ⊆ ̂AP , since ̂AP
∼= k[[s]] and v̂ is k-linear. Hence, we have

v(AP ) = v̂(AP ) = v̂(̂AP ∩ K) ⊆ ̂AP ∩ K = AP ,

and therefore v restricts to a derivation of AP .

Definition 3.13 Let X be an affine curve. We say that a vector field v ∈ L(X) van-
ishes at x ∈ X if v(f )(x) = 0 for all f ∈ k[X]. If S is a finite subset of X, we
denote the Lie subalgebra of L(X) consisting of vector fields which vanish on S by
LS(X).

The following proposition shows that if we have a dominant morphism π : X → Y of
nonsingular curves, a vector field on Y induces a vector field on X provided it vanishes on
the branch point locus of π . This gives an injective homomorphism from a subalgebra of
L(Y ) to L(X), which will be one of the main ingredients in the proof of Theorem 3.3.

Proposition 3.14 Let X and Y be nonsingular affine curves, and let π : X → Y be a
dominant morphism. Let S ⊆ Y be the branch point locus of π . Then any vector field
v ∈ LS(Y ) extends uniquely to a vector field ṽ ∈ L(X) and the map

ϕ : LS(Y ) → L(X)

v �→ ṽ

defines an injective Lie algebra homomorphism.

Proof Let A = k[X] and B = k[Y ] ⊆ A. Let v ∈ L(Y ) = Der(B) be a vector field
which vanishes on S. Since π is dominant, we identify B with π∗(B) ⊆ A. Let K = Q(A)

and L = Q(B) ⊆ K be the fields of fractions of A and B, respectively. Then v extends
uniquely to some vL ∈ Der(L). Since π is dominant, it follows by [3, Proposition II.6.8]
that dimL K < ∞, so vL extends uniquely to some vK ∈ Der(K). Let ṽ : A → K be the
restriction of vK to A. We claim that ṽ(A) ⊆ A, so that ṽ ∈ Der(A) = L(X).
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For P ∈ X, let AP = { f
g

∈ K | f, g ∈ A, g(P ) �= 0}, and let sP ∈ AP be a uniformising
parameter of AP . By Lemma 3.12, vK(AP ) ⊆ AP if and only if vK(sP ) ∈ AP . Since

A =
⋂

P∈X

AP ,

it then follows that that ṽ(A) ⊆ A if and only if vK(sP ) ∈ AP for all P ∈ X. Hence, it
suffices to show that vK(sP ) ∈ AP for an arbitrary P ∈ X.

Fix P ∈ X and let Q = π(P ) ∈ Y . Let BQ = { f
g

∈ L | f, g ∈ B, g(Q) �= 0}, and let
t ∈ BQ be a uniformising parameter of BQ. For simplicity of notation, let s = sP . Since
t ∈ BQ ⊆ AP is a uniformising parameter of BQ, it follows that t = ase for some a ∈ A∗

P ,
where e = eP is the ramification index of π at P . Furthermore, v(t) ∈ BQ so v(t) = btf

for some b ∈ B∗
Q and some f ≥ 0. Note that f is the order of vanishing of v(t) at the point

Q, so in particular f ≥ 1 if v vanishes at Q.
As in the proof of Lemma 3.12, consider the completion ̂AP

∼= k[[s]] and the unique
extension of v to a derivation v̂ of Q(̂AP ) ∼= k((s)). Similarly, the completion ̂BQ ⊆ ̂AP is
isomorphic to k[[t]]. Now, we have

t = se
∑

i≥0

αis
i ∈ ̂AP (3.1)

v(t) = tf
∑

i≥0

βit
i ∈ ̂BQ (3.2)

for some αi, βi ∈ k with α0, β0 �= 0. From Eq. 3.1, we get

v(t) = v̂(se
∑

i≥0

αis
i) = vK(s)se−1

∑

i≥0

γis
i , (3.3)

where γi = (e + i)αi ∈ k. Since γ0 = eα0 �= 0, the element H = ∑

i≥0 γis
i ∈ ̂AP is

invertible in ̂AP
∼= k[[s]]. Let F = H−1 ∈ ̂AP .

We can also combine Eqs. 3.1 and 3.2 to get

v(t) = tf
∑

i≥0

βit
i = sef

∑

i≥0

μis
i, (3.4)

for some μk ∈ k.
Let G = ∑

i≥0 μis
i ∈ ̂AP . Equating Eqs. 3.3 and 3.4, we get vK(s)se−1H = sef G, and

therefore
vK(s) = se(f −1)+1FG.

If e = 1, then e(f − 1) + 1 ≥ 0 since f ≥ 0. If e ≥ 2, then the point P is ramified, so v

vanishes at Q by assumption. Therefore, f ≥ 1 and e(f − 1) + 1 ≥ 1. In either case, we
see that e(f − 1) + 1 ≥ 0. Hence, vK(s) = se(f −1)+1FG ∈ ̂AP .

But we also know that vK(s) ∈ K , so that

vK(s) ∈ ̂AP ∩ K = AP .

We conclude that ṽ ∈ Der(A), as claimed.
It follows that the map ϕ : LS(Y ) → L(X) defined in the statement of the proposition is

a Lie algebra homomorphism by uniqueness of the extension: if v1, v2 ∈ LS(Y ), then the
vector field

[ṽ1, ṽ2] = ṽ1 ◦ ṽ2 − ṽ2 ◦ ṽ1 ∈ L(X)

restricts to
[ṽ1, ṽ2]

∣

∣

B
= v1 ◦ v2 − v2 ◦ v1 = [v1, v2] ∈ LS(Y ).
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By uniqueness of the extension, we conclude that

[ϕ(v1), ϕ(v2)] = [ṽ1, ṽ2] = ϕ([v1, v2]).
Furthermore, ϕ is clearly injective since ṽ is an extension of v.

We now have all the necessary tools to prove Theorem 3.3.

Proof of Theorem 3.3 First we consider the case where C is nonsingular. There is an injec-
tive homomorphism k[t] ↪→ k[C], which induces a dominant morphism π : C → A

1. Let
S = {x1, . . . , xn} be the branch point locus of π , and let f = (t − x1) . . . (t − xn) ∈ k[t].
Consider

LS(A1) = W≥−1(f ),

and let

ϕ : LS(A1) ↪→ L(C)

v �→ ṽ

be the injective Lie algebra homomorphism from Proposition 3.14. By Corollary 3.7, we
know that U(LS(A1)) = U(W≥−1(f )) is not noetherian, and therefore U(L(C)) is not
noetherian.

Now suppose C is singular, and let ˜C be its normalisation. Set the following notation:

A = k[C], ˜A = k[˜C],
L = L(C), ˜L = L(˜C).

We will view A as a subring of ˜A. Let

I = AnnA(˜A/A) = {a ∈ A | a˜A ⊆ A}.
Then I is an ideal of both A and ˜A. Letting v ∈ ˜L and a ∈ I , we have that

av(A) ⊆ A.

It follows that av is a derivation of A, that is av ∈ L. Therefore, I ˜L ⊆ L.
We can check that

[a1v1, a2v2] = a1a2[v1, v2] + a1v1(a2)v2 − a2v2(a1)v1 ∈ I ˜L,

where a1, a2 ∈ I and v1, v2 ∈ ˜L. Hence, I ˜L is a Lie subalgebra of both L and ˜L.
Since L and ˜L are rank 1 torsion-free modules over A and ˜A, respectively, it follows

that I ˜L has finite codimension in both L and ˜L. We have already shown that U(˜L) is not
noetherian, so it follows that U(I ˜L) is not noetherian by Proposition 2.1. Therefore, U(L)

is not noetherian.

We finish this section by briefly mentioning some other related Lie algebras.

Definition 3.15 Let C be an affine curve and let g be a finite-dimensional Lie algebra. We
define the following Lie algebras:

(1) The Lie algebra of differential operators of degree ≤ 1 on C is defined as the semidi-
rect sum D1(C) = k[C] � L(C). In other words, D1(C) = k[C] ⊕ L(C) as a vector
space, with Lie bracket given by

[(f1, v1), (f2, v2)] = (v1(f2) − v2(f1), [v1, v2]),
where f1, f2 ∈ k[C] and v1, v2 ∈ L(C).
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(2) The current algebra g(C) = g ⊗k k[C] has Lie bracket

[x ⊗ f, y ⊗ g] = [x, y] ⊗ fg,

where x, y ∈ g and f, g ∈ k[C].
These Lie algebras, as well as L(C), are called Krichever-Novikov type algebras (cf. [5,
Definition 2.21]).

An easy consequence of Theorem 3.3 is that the enveloping algebra of a Krichever-
Novikov type algebra is not noetherian.

Corollary 3.16 Krichever-Novikov type algebras have non-noetherian universal envelop-
ing algebras.

Proof Let C be an affine curve and let g be a finite-dimensional Lie algebra. Consider g(C)

and D1(C).
To see that U(g(C)) is not noetherian, we simply note that g(C) has an infinite-

dimensional abelian Lie subalgebra, which clearly has a non-noetherian enveloping algebra.
For example, we can take the subalgebra spanned by {x ⊗ f n | n ∈ N}, where x ∈ g \ {0}
and f ∈ k[C] \ {0}.

The non-noetherianity of U(D1(C)) follows directly from Theorem 3.3, since D1(C)

contains L(C) as a Lie subalgebra.

4 Subalgebras ofW≥−1 of Infinite Codimension

We would like to prove that any infinite-dimensional subalgebra of a Krichever-Novikov
algebra has a non-noetherian universal enveloping algebra. In order to achieve this, we first
focus on subalgebras of W≥−1, with the eventual aim of extending the results to arbitrary
Krichever-Novikov algebras using similar methods to those in Section 3.

A special case of Conjecture 0.1 of [7] is:

Conjecture 4.1 Let g be an infinite-dimensional Lie subalgebra of W≥−1. Then U(g) is not
noetherian.

The main difficulty in proving this conjecture is that we do not know what a general
subalgebra of W≥−1 looks like. Therefore, we first focus on graded subalgebras of W≥−1
and show that Conjecture 4.1 holds for these.

4.1 Veronese and Graded Subalgebras

Since many of the details are straightforward, we omit some of the proofs in this subsection.
Note that W≥−1 is a graded Lie algebra. Under the standard grading of W≥−1, the element

en is homogeneous of degree n. However, this grading is not unique: fix x ∈ k
∗, and define

en(x) = (t − x)n+1∂ for all n ≥ −1. It is easy to see that

[en(x), em(x)] = (m − n)en+m(x).

Hence, we could also have chosen a different grading of W≥−1, where en(x) is a homo-
geneous element of degree n. We call this grading the grading of W≥−1 based at x. Note
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that en is no longer homogeneous under this grading. We can therefore consider Veronese
subalgebras with respect to the different choices of grading of W≥−1.

Definition 4.2 Let d ≥ 2 be an integer and let x ∈ k. The d-Veronese subalgebra of W≥−1
based at x, denoted Verd(x), is the Lie subalgebra of W≥−1 with basis

{e0(x), ed(x), e2d(x), . . .}.
For brevity, when x = 0 we simply write Verd instead of Verd(0).

Remark 4.3 Veronese subalgebras are the simplest infinite-dimensional subalgebras of
W≥−1 of infinite codimension. They are therefore the first examples of subalgebras of W≥−1
for which Proposition 2.1 does not apply.

It is rather straightforward to prove that these subalgebras have non-noetherian universal
enveloping algebras; we merely have to notice that they are isomorphic to W≥0.

Lemma 4.4 Let d ≥ 2 be an integer and let x ∈ k. Then U(Verd(x)) is not noetherian.

Proof Let fn = 1
d
end(x) ∈ Verd(x). Then {fn | n ∈ N} is a basis for Verd(x), and

[fn, fm] = 1

d2
[end(x), emd(x)] = 1

d2
(md − nd)e(n+m)d(x) = (m − n)fn+m.

Therefore, Verd(x) ∼= W≥0, where the isomorphism maps fn �→ en. By Corollary 3.7,
U(W≥0) is not noetherian, so U(Verd(x)) is not noetherian.

Our next goal is to prove that general infinite-dimensional graded subalgebras of W≥−1
have non-noetherian universal enveloping algebras. For simplicity, we only consider the
standard grading of W≥−1, but the same results will hold for the different choices of grading.
This is because the map

W≥−1 → W
(x)
≥−1

en �→ en(x)

is a graded isomorphism of Lie algebras, where W
(x)
≥−1 is W≥−1 with grading based at x.

Graded subalgebras of W≥−1 are some of the easiest to understand since they have a
basis which is a subset of {en | n ≥ −1}. We will mostly be concerned with leading terms
of elements of W≥−1, so we establish the following notation.

Notation 4.5 For λ ∈ k and n ∈ N, when we write a = λen + . . ., we mean that there exist
α1, . . . , αn+1 ∈ k such that

a = λen + α1en−1 + . . . + αne0 + αn+1e−1.

For non-homogeneous a ∈ W≥−1, we write deg(a) = n to mean a = λen + . . . for some
λ ∈ k

∗.

Remark 4.6 Let a, b ∈ W≥−1 with deg(a) �= deg(b). Then deg([a, b]) = deg(a) + deg(b).

The following result gives a way of generating elements of high degree in a subalgebra
g ⊆ W≥−1.
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Lemma 4.7 Let g be a subalgebra of W≥−1, let a, b ∈ g and let n = deg(a), m = deg(b).
Suppose n, m ≥ 1 and n �= m, and let d = gcd(n,m). Then there exists k ∈ N such that for
all � ≥ k, there is an element c� ∈ g with deg(c�) = �d.

Proof For all i, j ≥ 1, by taking Lie brackets of a and b we see that there is an element
hij ∈ g such that deg(hij ) = in + jm. For example, we can set hij = adj−1

b (adi
a(b)).

By the Euclidean algorithm, there exist u, v ∈ N such that

un − vm = d.

Let r = n
d

, let s = n + ((r − 1)v + 1)m, and let k = s
d

. Setting ck = h1,(r−1)v+1 ∈ g, we
see that deg(ck) = s = kd .

Let � ∈ N such that k ≤ � < k + r , and let q = � − k. We have

�d = (k + q)d = s + qd = (n + ((r − 1)v + 1)m) + q(un − vm)

= (qu + 1)n + ((r − q − 1)v + 1)m

with qu + 1 ≥ 1 and (r − q − 1)v + 1 ≥ 1, since 0 ≤ q < r . Setting

c� = hqu+1,(r−q−1)v+1 ∈ g,

we see that deg(c�) = �d.
Now consider � ≥ k + r . There exists N ∈ N such that k ≤ � − Nr < k + r . We have

already constructed c�−Nr ∈ g. Define c� = adN
a (c�−Nr) ∈ g. Then

deg(c�) = (� − Nr)d + Nn = �d − Nrd + Nn = �d,

since rd = n, so we are done.

When applied to graded subalgebras, Lemma 4.7 yields the following corollary.

Corollary 4.8 Let g be an infinite-dimensional graded Lie subalgebra of W≥−1. Then
either g has finite codimension in W≥−1 or g has finite codimension in Verd for some
d ≥ 2.

Combining the results above, it follows that infinite-dimensional graded subalgebras of
W≥−1 have non-noetherian enveloping algebras.

Proposition 4.9 Let g be an infinite-dimensional graded Lie subalgebra of W≥−1. Then
U(g) is not noetherian.

4.2 The Subalgebras L (f , g)

We turn our attention to subalgebras of W≥−1 which are not necessarily graded. If g ⊆
Verd(x) for some x ∈ k, where d ≥ 2 is maximal, then consider the isomorphism

ϕ : Verd(x)
∼−→ W≥0

from Lemma 4.4. By maximality of d, it follows that ϕ(g) is not contained in any Veronese
subalgebra.

Veronese subalgebras, of course, have infinite codimension in W≥−1. It is not imme-
diately obvious that there are any infinite-dimensional subalgebras of W≥−1 of infinite
codimension which do not have finite codimension in a Veronese subalgebra; the goal of
this subsection is to provide examples of such. By the previous paragraph, without loss of
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generality we seek for an infinite-dimensional subalgebra of W≥−1 of infinite codimension
which is not contained in a Veronese subalgebra.

The following result gives a useful method to determine whether some element of W≥−1
is contained in a Veronese subalgebra.

Lemma 4.10 Let a = en + αen−1 + . . . ∈ W≥−1. If a ∈ Verd(x) for some d ≥ 2 and some
x ∈ k, then α = −(n + 1)x. In particular, either a ∈ Verd( −α

n+1 ) for some d ≥ 2 or a is not
contained in any Veronese subalgebra.

Proof Suppose a ∈ Verd(x) for some d ≥ 2 and some x ∈ k. Then

a = en(x) + βen−d(x) + . . . ,

for some β ∈ k. Therefore, we have

a = (t − x)n+1∂ + β(t − x)n−d+1∂ + . . . = en − (n + 1)xen−1 + . . . (since d ≥ 2)

and hence we see that α = −(n + 1)x.

We now define a new family of subalgebras of W≥−1. Members of this family will pro-
vide examples of infinite-dimensional subalgebras of W≥−1 of infinite codimension which
are not contained in any Veronese subalgebra.

Notation 4.11 For f, g ∈ k[t] \ {0}, we let L(f, g) be the subspace of W≥−1 spanned by
{f ng∂ | n ∈ N}. In other words, L(f, g) = k[f ]g∂ .

Note that if deg(f ) > 1, then L(f, g) has infinite codimension in W≥−1. The next lemma
characterises when L(f, g) is a Lie algebra.

Lemma 4.12 Let f, g ∈ k[t]. Then L(f, g) is a Lie subalgebra of W≥−1 if and only if
f ′g ∈ k[f ] (i.e. f ′g = h(f ) for some h ∈ k[t]). Furthermore, if f ′g = h(f ), then
L(f, g) ∼= W≥−1(h).

Proof Note that
[f ng∂, f mg∂] = (m − n)f n+m−1f ′g2∂ .

It is now clear that L(f, g) = k[f ]g∂ is closed under the Lie bracket of W≥−1 if and only
if f ′g ∈ k[f ].

For the final sentence, suppose f ′g = h(f ). We can easily check that the map

L(f, g) → W≥−1(h)

f ng∂ �→ tnh∂

is an isomorphism of Lie algebras.

The following proposition shows that f can be arbitrary, and that for a fixed f ∈ k[t]
there is a maximal Lie algebra of the form L(f, g).

Proposition 4.13 Let f ∈ k[t] be a non-constant polynomial. Then there exists a (unique
up to scalar) polynomial gf ∈ k[t] \ {0} such that
(1) f ′gf ∈ k[f ],
(2) If h ∈ k[t] such that f ′h ∈ k[f ] then deg(h) ≥ deg(gf ).

Furthermore, if f ′h ∈ k[f ] then h ∈ k[f ]gf and L(f, h) has finite codimension in
L(f, gf ). We write L(f ) = L(f, gf ).

2099Enveloping Algebras of Krichever-Novikov Algebras are not Noetherian



Proof Let

I (f ) = {P ∈ k[t] | f ′ divides P(f )}.
It is immediate that I (f ) is an ideal of k[t]. We claim that I (f ) �= 0. Let Q ∈ k[t] be a
polynomial that vanishes at {f (α) | α ∈ k, f ′(α) = 0}. Then Q(f ) vanishes at all the roots
of f ′. Therefore, if we take n ∈ N large enough, we have that P = Qn ∈ I (f ) \ {0}.

The ideal I (f ) is nonzero and principal, so there exists some Pf ∈ k[t] \ {0} such that

I (f ) = (Pf ).

Let gf = Pf (f )/f ′.
Suppose we have h ∈ k[t] such that f ′h ∈ k[f ]. Write

f ′h = P(f ),

where P ∈ k[t]. Then P ∈ I (f ) = (Pf ), so Pf divides P . Therefore, there exists some
Q ∈ k[t] such that P = Pf Q. It follows that

h = P(f )/f ′ = Pf (f )Q(f )/f ′ = Q(f )gf .

Hence,

L(f, h) = k[f ]h∂ = k[f ]Q(f )gf ∂ ⊆ k[f ]gf ∂ = L(f ).

It is easy to see that dim L(f, h)/L(f ) = deg Q < ∞.

Remark 4.14 Let f, g, h ∈ k[t] such that f ′g = h(f ). We have

deg(f ) − 1 + deg(g) = deg(h) deg(f ),

and therefore

deg(g) = (deg(h) − 1) deg(f ) + 1.

Consider p(f )g∂ ∈ L(f, g), where p ∈ k[t]. Then

deg(p(f )g∂) = deg(p(f )g) − 1 = deg(p) deg(f ) + deg(g) − 1

= (deg(p) + deg(h) − 1) deg(f ).

Therefore, the degrees of elements of L(f, g) are multiples of deg(f ).

Since we already know that U(W≥−1(h)) is not noetherian, the following result follows
immediately from Lemma 4.12.

Proposition 4.15 U(L(f, g)) is not noetherian for any f, g ∈ k[t] \ {0} such that f ′g ∈
k[f ] and deg(f ) ≥ 1.

The example below shows that we can construct subalgebras of infinite codimension in
W≥−1 which are not contained in any Veronese subalgebra.

Example 4.16 If we let f = t3 + 3t then we claim that gf = (t2 + 1)(t2 + 4). Indeed,
f ′gf = 3(f 2 + 4) ∈ k[f ], and it is easy to see that f ′h �∈ k[f ] for all h ∈ k[t] of degree
1, so gf has minimal degree.

Note that L(f ) is an infinite-dimensional subalgebra of W≥−1 of infinite codimension.
Furthermore, we can easily use Lemma 4.10 to show that L(f ) is not contained in any
Veronese subalgebra.
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5 Working Toward a Classification of Subalgebras ofW≥−1

In this section, we attempt a classification of infinite-dimensional subalgebras of W≥−1.
Subalgebras of finite codimension in W≥−1 have already been classified in [4]: if g has
finite codimension in W≥−1 then there exist f ∈ k[t] \ {0}, n ∈ N such that

W≥−1(f
n) ⊆ g ⊆ W≥−1(f ).

Therefore, it remains to classify subalgebras of W≥−1 of infinite codimension. We believe
that the subalgebras L(f, g) from Section 4.2 are infinite-codimensional analogues of the
subalgebras W≥−1(f ), in the following sense:

Conjecture 5.1 If g is an infinite-dimensional subalgebra of W≥−1 then there exist f, g ∈
k[t] such that f ′g ∈ k[f ] and

L(f, g) ⊆ g ⊆ L(f ).

In particular, g has finite codimension in L(f ).

Note that if Conjecture 5.1 holds, then so does Conjecture 4.1.
In fact, in order to prove Conjecture 5.1, it suffices to prove that if g is an infinite-

dimensional subalgebra of W≥−1 then there exists f ∈ k[t] such that g has finite
codimension in L(f ). This can be seen by noting that if g has finite codimension in L(f )

then g is isomorphic to a subalgebra of finite codimension in W≥−1, by Lemma 4.12. Thus,
we can apply Petukhov and Sierra’s result to deduce that g contains a subalgebra isomor-
phic to W≥−1(h), for some h ∈ k[t] \ {0}. This subalgebra is of the form L(f, g), for some
g ∈ k[t] \ {0}.

In this section, we show that the subalgebra g must be contained in some L(f ) in a
canonical way, but we have not been able to show that g has finite codimension in L(f ). In
fact, we do not know of any infinite-dimensional subalgebra of W≥−1 which does not have
finite codimension in some L(f ).

Let g be a subalgebra of W≥−1 and suppose g has finite codimension in L(f ) for some
f ∈ k[t]. If g = L(f ) then by considering ratios w

u
, where w∂, u∂ ∈ g, we can generate any

element of k(f ). This suggests that looking at such ratios should give us a way of extracting
the polynomial f from the subalgebra g. To this end, we introduce the following invariants
of subalgebras of W≥−1:

Definition 5.2 If g is a subalgebra of W≥−1 then we define the set of ratios R(g) of g by

R(g) =
{w

u
∈ k(t) | w∂, u∂ ∈ g, u �= 0

}

.

We define the field of ratios F(g) of g as the subfield of k(t) generated by R(g).

We start by considering the field of ratios: the following result shows that F(g) = k(f )

for some f ∈ k[t] and, furthermore, g ⊆ L(f ).

Theorem 5.3 Let g be an infinite-dimensional Lie subalgebra of W≥−1 and let K ⊆ k(t)

be a field containing R(g). Then there exists some f ∈ k[t] \ {0} such that:
(1) The field K is generated by f .
(2) The subalgebra g is contained in L(f ).
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We leave the proof of Theorem 5.3 for later, and instead focus on the set of ratios R(g).
Certainly, R(g) is closed under scalar multiplication and taking multiplicative inverses, but
it is not clear if it satisfies any other properties. As suggested by Theorem 5.3, it will be of
particular interest to consider situations where R(g) is a field. In fact, we have:

Theorem 5.4 Let g be an infinite-dimensional Lie subalgebra of W≥−1. The following are
equivalent:

(1) There exists a nonzero f ∈ k[t] such that g has finite codimension in L(f ).
(2) The set R(g) is a field.
(3) There exists a nonzero f ∈ k[t] such that R(g) = k(f ).

Proof The implication (3) ⇒ (2) is clear. We will show that (1) ⇒ (3) and (2) ⇒ (1).
(1) ⇒ (3): Suppose there exists f ∈ k[t] such that g has finite codimension in L(f ).

Then R(g) ⊆ k(f ). We will show that R(g) = k(f ).
Let g = gf in the notation of Proposition 4.13, so L(f ) = L(f, g), and let h ∈ k[t] such

that f ′g = h(f ). Consider the isomorphism

ϕ : L(f ) → W≥−1(h)

p(f )g∂ �→ ph∂

from Lemma 4.12, where p ∈ k[t]. Let k = ϕ(g). Since g has finite codimension in L(f )

and W≥−1(h) has finite codimension in W≥−1, it follows that k has finite codimension in
W≥−1. By an analogous result to [4, Proposition 3.19] (which considers subalgebras of
finite codimension in W = Der(k[t, t−1])), there exists q ∈ k[t] such that

W≥−1(qh) ⊆ k ⊆ W≥−1(h).

Note that ϕ−1(W≥−1(qh)) = L(f, q(f )g). Hence,

L(f, q(f )g) ⊆ g.

It is immediate that R(g) = k(f ).
(2) ⇒ (1): Now suppose R(g) is a field, so that R(g) = F(g). By Theorem 5.3 there

exists f ∈ k[t] \ {0} such that R(g) = k(f ) and g ⊆ L(f ).
We must show that g has finite codimension in L(f ). We have f ∈ R(g), so there exist

w∂, u∂ ∈ g such that f = w
u

. Therefore, deg(w) − deg(u) = deg(f ). Since w∂, u∂ ∈
g ⊆ L(f ), we also know that deg(f ) divides deg(w∂) and deg(u∂), by Remark 4.14.
Hence, gcd(deg(w∂), deg(u∂)) = deg(f ). But then it follows by Lemma 4.7 that g contains
elements of degree k deg(f ) for all k � 0. Since all elements of L(f ) have degree k deg(f )

for some k ∈ N, we conclude that g has finite codimension in L(f ), as required.

Remark 5.5 Let g be an infinite-dimensional Lie subalgebra of W≥−1 and let f ∈ k[t] such
that F(g) = k(f ) (which exists by Theorem 5.3). What was shown in the final part of the
proof of Theorem 5.4 is the following surprising statement: if there exist w∂, u∂ ∈ g such
that w

u
= f then R(g) is a field.

As an immediate consequence of Proposition 2.1, Proposition 4.15, and Theorem 5.4,
we get:

Corollary 5.6 Let g be an infinite-dimensional Lie subalgebra of W≥−1. If R(g) is a field
then U(g) is not noetherian.
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If we do not assume that R(g) is a field, we still know that g ⊆ L(f ) for some f ∈ k[t],
by Theorem 5.3. What is not clear is whether g has finite codimension in L(f ), or whether
U(g) can be noetherian in this case.

The rest of the subsection is devoted to proving Theorem 5.3. Before we can prove it, we
require some technical results about rational functions.

Notation 5.7 Let f ∈ k(t) and g ∈ k[t]. We write f #g if there exists h ∈ k[t] such that
g = f h.

The following result shows that the relation f #g is nothing new, but it still gives a concise
way of encoding the relationship between f and g.

Lemma 5.8 Let f = a
b

∈ k(t), where a, b ∈ k[t] are coprime, and let g ∈ k[t]. Then f #g

if and only if a divides g.

In order to prove Theorem 5.3, we will want to consider polynomials in f , where
f is a rational function in t . The following proposition shows that if we have two
coprime polynomials p, q ∈ k[t], then p(f ) and q(f ) are still coprime after clearing the
denominators.

Proposition 5.9 Let f = a
b

∈ k(t), where a, b ∈ k[t] are coprime, and let p, q ∈ k[t] be
coprime. Let n = max{deg(p), deg(q)}. Then

bnp(f ), bnq(f ) ∈ k[t]
are coprime polynomials. In particular, let m = deg(p). Then bmp(f ) and bm are
coprime.

Proof Without loss of generality, we may assume that deg(p) ≥ deg(q), so n = deg(p) ≥
1. Let p̂ = bnp(f ) and q̂ = bnq(f ). Letting m = deg(q), we have

p =
n

∏

i=1

(t − λi), q =
m

∏

i=1

(t − μi),

for some λi, μi ∈ k, and therefore

p̂ = bnp(f ) =
n

∏

i=1

(a − λib), q̂ = bnq(f ) = bn−m
m

∏

i=1

(a − μib) ∈ k[t].

We must show that p̂ and q̂ are coprime.
Suppose, for a contradiction, that γ ∈ k is a root of both p̂ and q̂.
Case 1: γ is a root of b.
Since γ is a root of p̂,

a(γ ) − λib(γ ) = 0

for some i. But since b(γ ) = 0, it follows that a(γ ) = 0, which contradicts a and b being
coprime.

Case 2: γ is not a root of b.
As in Case 1, we must have

a(γ ) − λib(γ ) = 0 (5.1)
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for some i. Furthermore, since γ is a root of q̂ and is not a root of b,

a(γ ) − μjb(γ ) = 0 (5.2)

for some j . Subtracting Eq. 5.1 from Eq. 5.2,

(λi − μj )b(γ ) = 0.

But b(γ ) �= 0, so λi = μj , which contradicts p and q being coprime.
Therefore, p̂ = bnp(f ) and q̂ = bnq(f ) are coprime polynomials, as required.

The next result now follows immediately from Lemma 5.8 and Proposition 5.9.

Corollary 5.10 Let f = a
b

∈ k(t), where a, b ∈ k[t] are coprime, and let p, g ∈ k[t].
Then p(f )#g if and only if bnp(f ) ∈ k[t] divides g, where n = deg(p).

Proof Letting p̂ = bnp(f ) ∈ k[t], we can write

p(f ) = p̂

bn
.

We know that p̂ and bn are coprime by Proposition 5.9. By Lemma 5.8, p(f )#g if and only
if p̂ divides g.

As an easy consequence of Proposition 5.9 and Corollary 5.10, we get:

Corollary 5.11 Let f ∈ k(t), and let p, q ∈ k[t] be coprime polynomials. Let w, u ∈ k[t]
such that

w

u
= p(f )

q(f )
.

Then p(f )#w and q(f )#u.

Proof Write f = a
b

, where a, b ∈ k[t] are coprime. Let n = max{deg(p), deg(q)}, and let
p̂ = bnp(f ), q̂ = bnq(f ) ∈ k[t]. By Proposition 5.9, p̂ and q̂ are coprime. Furthermore,
wq̂ = up̂. Hence, p̂ divides w and q̂ divides u.

Without loss of generality, we may assume that n = deg(p). Thus, by Corollary 5.10,
p(f )#w. Therefore, there exists g ∈ k[t] such that w = p(f )g, so that

up(f ) = wq(f ) = p(f )q(f )g.

Thus u = q(f )g, so q(f )#u.

For convenience, we introduce some new notation:

Notation 5.12 For f ∈ k(t), we write

k[f ]# = {g ∈ k[t] | p(f )#g for some p ∈ k[t] \ k}.

We now show that, provided f ∈ k(t) has a pole at infinity, any polynomial h ∈ k[t] can
be written as h = p(f )g, where p ∈ k[t], g ∈ k[t] \ k[f ]#.

Proposition 5.13 Let f ∈ k(t) such that f has a pole at infinity, and let h ∈ k[t]. Then we
can write h = p(f )g, where p ∈ k[t], g ∈ k[t] \ k[f ]#.
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Proof If h �∈ k[f ]#, then we are done, as we can take p = 1, g = h.
If h ∈ k[f ]#, then let p1 ∈ k[t] \ k such that p1(f )#h. We can write

h = p1(f )h1,

where h1 ∈ k[t]. Write f = a
b

, where a, b ∈ k[t] are coprime. By hypothesis, deg(a) >

deg(b). Let n1 = deg(p1) and let p̂1 = bn1p1(f ) ∈ k[t]. By Proposition 5.9, p̂1 and bn1

are coprime. Furthermore,
bn1h = p̂1h1,

so p̂1 divides h. Write h = p̂1̂h1, where ̂h1 ∈ k[t]. We have

deg(h) = deg(p̂1) + deg(̂h1),

deg(p̂1) = n1 deg(a),

deg(h1) = n1 deg(b) + deg(̂h1).

Combining the above,

deg(h1) = deg(h) − n1(deg(a) − deg(b)) < deg(h),

since deg(a) > deg(b).
Therefore, if h ∈ k[f ]# then we can write h = p1(f )h1, where p1, h1 ∈ k[t] and

deg(h1) < deg(h). Inducting on deg(h), we can write h1 = p2(f )g for p2 ∈ k[t], g ∈
k[t] \ k[f ]#. Thus, we can take p = p1p2 and we are done.

We are now ready to prove Theorem 5.3.

Proof of Theorem 5.3 We have
k � K ⊆ k(t),

so by Lüroth’s theorem there exists some f ∈ k(t) such that K = k(f ). Write f = a
b

∈
k(t), where a, b ∈ k[t] are coprime. By applying a Möbius transformation to f if necessary,
we may assume that deg(a) > deg(b).

Let w∂ ∈ g \ {0}. Using Proposition 5.13, write w = p(f )g, where p ∈ k[t], g ∈
k[t] \ k[f ]#. We claim that every element of g can be written as q(f )g∂ for some q ∈ k[t].

Let u∂ ∈ g \ {0}. Then w
u

= p(f )g
u

∈ k(f ), so

g

u
= w/u

p(f )
∈ k(f ).

Write
g

u
= r(f )

q(f )
,

where q, r ∈ k[t] are coprime. By Corollary 5.11, r(f )#g. But we know that g �∈ k[f ]#, so
r must be constant. Without loss of generality, we can take r = 1, so that

u = q(f )g ∈ k[f ]g.

Since u∂ ∈ g was arbitrary, we conclude that g ⊆ k[f ]g∂ .
We now show that f must be a polynomial. Since g is infinite-dimensional, there exists

u∂ ∈ g such that u = q(f )g, where q ∈ k[t] is such that n = deg(q) > deg(g). By
Proposition 5.9, the polynomials q̂ = bnq(f ) and bn are coprime. We have

bnu = q̂g,

and therefore bn divides g. But n > deg(g), so b must be constant, and thus f = a
b

∈ k[t],
as claimed. Hence, K = k(f ), where f ∈ k[t], and k[f ]g∂ = L(f, g).
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We now have g ⊆ L(f, g). To conclude the proof, we must show that f ′g ∈ k[f ],
so that L(f, g) is a Lie algebra by Lemma 4.12, and g ⊆ L(f ) by Proposition 4.13. Let
p(f )g∂, q(f )g∂ ∈ g \ {0} with p �= q. Then

[p(f )g∂, q(f )g∂] = r(f )f ′g2∂ ∈ g \ {0},
where r = pq ′ − p′q ∈ k[t]. Since F(g) = k(f ), it follows that r(f )f ′g2

p(f )g
∈ k(f ), so

f ′g ∈ k(f ). Therefore,

f ′g ∈ k(f ) ∩ k[t] = k[f ],
as required.

6 A Sufficient Condition for the Non-noetherianity of the Enveloping
Algebra of a Subalgebra ofW≥−1

In this section, we adapt the methods of [6] to give an alternative proof that U(L(f, g))

is not noetherian. The advantage of this method is that it is more likely to generalise to
give a proof of Conjecture 4.1. In particular, we give a sufficient condition, which we call
condition (∗), for a subalgebra g ⊆ W≥−1 to have a non-noetherian enveloping algebra.

Notation 6.1 Let σ ∈ Aut(k[x, y]) such that f σ (x, y) = f (x + 1, y). Define T =
k[x, y][t±1; σ ], i.e. as a vector space

T =
⊕

n∈Z
k[x, y]tn,

with tf (x, y) = f σ (x, y)t = f (x + 1, y)t . The algebra T is graded with deg(t) = 1 and
deg(x) = deg(y) = 0. For non-homogeneous elements u ∈ T , we write deg(u) for the
highest power of t which appears in the expansion of u.

Remark 6.2 The algebra T is isomorphic to A1(k(y))[t−1], where A1(k(y)) = k(y)[t, ∂]
is the first Weyl algebra over k(y), with commutation relation

∂t − t∂ = 1.

Under this isomorphism, the element x ∈ T corresponds to −t∂ ∈ A1(k(y))[t−1].

We define a homomorphism from W≥−1 to T , first introduced by Sierra and Špenko.
Although they used much more general machinery to construct this map, it is straightfor-
ward to directly check that it is a homomorphism. This will allow us to work over the more
accessible algebra T by proving that the image of U(L(f, g)) in T is not noetherian.

Lemma 6.3 The linear map

ϕ : W≥−1 → T

en �→ −(x + ny)tn

induces a graded k-algebra homomorphism � : U(W≥−1) → T . This homomorphism can
also be written as

�(f ∂) = −(xf t−1 + y(f ′ − f t−1))

for f ∈ k[t].
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Proof In order to prove that � is a k-algebra homomorphism, it is enough to check that ϕ is
a Lie algebra homomorphism, i.e. that ϕ([en, em]) = ϕ(en)ϕ(em) − ϕ(em)ϕ(en). We leave
this computation to the reader.

It suffices to check the final sentence for f = tn+1, so that f ∂ = en. Note that

f ′ − f t−1 = (n + 1)tn − tn = ntn,

so the formula holds.

Equipped with the homomorphism �, we can now define condition (∗).

Definition 6.4 We say that a Lie subalgebra g ⊆ W≥−1 satisfies condition (∗) if there exists
some q ∈ U(g) with �(q) ∈ k[y, t, t−1] \ k[y].

Remark 6.5 The requirement that �(q) �∈ k[y] guarantees that �(q) is not central in T .

The definition of condition (∗) is motivated by Sierra and Špenko’s proof that the
enveloping algebra of the Witt algebra is not noetherian (see [6, Section 4]). In their paper,
they define the elements

pn = 1

2
(ene3n + e3nen) − e2

2n ∈ U(W),

and then show that

�(pn) = n2y(1 − y)t4n ∈ k[y, t, t−1] \ k[y]
for all n ∈ Z\{0}. They use this to show that the two-sided ideal �(U(W))�(pn)�(U(W))

is not finitely generated as a left or right ideal of �(U(W)).
Our goal is to generalise Sierra and Špenko’s proof by showing that if a subalgebra

g ⊆ W≥−1 satisfies (∗), then �(U(g)) is not noetherian. We will do this by showing
that the two-sided ideal �(U(g))�(q)�(U(g)) is not finitely generated as a left ideal of
�(U(g)).

For the rest of this section, we let g be an infinite-dimensional subalgebra of W≥−1 which
satisfies (∗). Although for our purposes it suffices to consider �(q) ∈ y(1−y)k[t], it is not
much more difficult to work in the more general setting where �(q) ∈ k[y, t, t−1] \ k[y].

In fact, we claim that without loss of generality, we can choose q ∈ U(g) so that �(q) ∈
tk[y, t] \ {0}. Having �(q) in this form will significantly simplify the computations below.
To prove that q ∈ U(g) can be chosen in this way, we write

�(q) =
n

∑

i=−m

fi(y)t i ,

where fi(y) ∈ k[y], and let a ∈ g such that

a =
d

∑

i=m+1

αiei,
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where αi ∈ k. In other words, a is some element of g with no terms of degree less than
m + 1. Letting q ′ = aq − qa ∈ U(g), we have

�(q ′) =
d

∑

i=m+1

n
∑

j=−m

αifj (y)�(ei)t
j −

d
∑

i=m+1

n
∑

j=−m

αifj (y)tj�(ei)

= −
d

∑

i=m+1

n
∑

j=−m

αifj (y)(x + iy)t i+j +
d

∑

i=m+1

n
∑

j=−m

αifj (y)tj (x + iy)t i

= −
d

∑

i=m+1

n
∑

j=−m

αifj (y)(x + iy)t i+j +
d

∑

i=m+1

n
∑

j=−m

αifj (y)(x + iy + j)t i+j

=
d

∑

i=m+1

n
∑

j=−m

jαifj (y)t i+j ∈ tk[y, t].

We see that �(q ′) ∈ tk[y, t] \ {0}. Therefore, we assume that �(q) is of this form.

Notation 6.6 Write

�(q) = f (y)

n
∑

i=1

gi(y)t i ,

where f (y), gi(y) ∈ k[y] are such that the gi(y) share no common factors. Let 1 ≤ k ≤ n

be maximal such that gk(y) is not a multiple of y.

The next lemma shows that we can generate elements similar to �(q) of arbitrarily high
degree by simply commuting q with elements of g.

Lemma 6.7 Let a ∈ g and let m = deg(a). Then �(aq − qa) ∈ k[y, t] and deg(�(aq −
qa)) = n + m. Furthermore, writing

�(aq − qa) = f (y)

n+m
∑

i=0

hi(y)t i ,

we have that y does not divide hm+k(y).

Proof Write a = ∑m
i=−1 αiei , where αi ∈ k and αm �= 0. Similarly to the above

computation, we have

�(aq − qa) = f (y)

m
∑

i=−1

n
∑

j=1

jαigj (y)t i+j ∈ k[y, t].

We see that deg(�(aq − qa)) = n + m and that

h�(y) =
∑

i+j=�

jαigj (y),

for all �. Letting N = min(n,m + k + 1), we have

hm+k(y) = kαmgk(y) + (k + 1)αm−1gk+1(y) + . . . + Nαm+k−NgN(y).
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By maximality of k, it follows that y divides gk+1(y), . . . , gN(y), but does not divide
gk(y). Hence, y does not divide hm+k(y), since kαm �= 0.

We now show that B = �(U(g)) is not left noetherian, which suffices to prove that U(g)

is not noetherian.

Proposition 6.8 The associative algebra B is not left noetherian.

Proof We will show that I = B�(q)B is not finitely generated as a left ideal of B. Note
that I ⊆ f (y)T .

Assume, for a contradiction, that I is finitely generated as a left ideal of B. Let
c1, . . . , c� ∈ I be generators of BI . Since g is infinite-dimensional, there is some a =
em + . . . ∈ g such that m + k > deg(ci) for all 1 ≤ i ≤ �. Write

s = �(aq − qa) = f (y)

n+m
∑

i=0

hi(y)t i ∈ I = Bc1 + . . . + Bc�

as in Lemma 6.7. Then there exist b1, . . . , b� ∈ B such that

s = b1c1 + . . . + b�c�.

Since m + k > deg(ci) for all i, it follows that if bj cj has a nonzero contribution to the
degree m + k term of b1c1 + . . . + b�c�, then we must have deg(bj ) ≥ 1. Write ci =
f (y)

∑

j Fij (x, y)tj , where Fij (x, y) ∈ k[x, y]. Note that

�(e�)ci = −(x + �y)t�f (y)
∑

j

Fij (x, y)tj

= −f (y)
∑

j

(x + �y)Fij (x + �, y)tj+� ∈ f (y)(x, y)T ,

where (x, y) is the ideal of k[x, y] generated by x and y. We therefore see that the degree
m + k term of b1c1 + . . . + b�c� is contained in f (y)(x, y)tm+k . However, Lemma 6.7 says
that hm+k(y) �∈ (x, y), a contradiction. Therefore, B is not left noetherian.

The following result now follows immediately.

Theorem 6.9 Let g be an infinite-dimensional subalgebra of W≥−1 which satisfies (∗).
Then U(g) is not noetherian.

As stated in Definition 6.4, condition (∗) does not seem like an easy condition to check.
The following proposition provides a method to construct elements q ∈ U(W≥−1) such
that �(q) ∈ k[y, t, t−1], providing a simple way to check if a subalgebra of W≥−1 satisfies
(∗).

Proposition 6.10 Let f1, f2, g1, g2 ∈ k[t] such that f1f2 = g1g2, and let ai = fi∂ ,
bi = gi∂ ∈ W≥−1. Let

q = (a1a2 + a2a1) − (b1b2 + b2b1) ∈ U(W≥−1).

Then �(q) ∈ y(1 − y)k[t]. Furthermore, if {deg(f1), deg(f2)} �= {deg(g1), deg(g2)}, then
�(q) �= 0 and deg(�(q)) = deg(f1) + deg(f2) − 2.

2109Enveloping Algebras of Krichever-Novikov Algebras are not Noetherian



Proof Using the formula �(f ∂) = −(xf t−1 + y(f ′ − f t−1)) from Lemma 6.3 and the
commutation relation f x = xf + f ′t , we get

�(a1a2 + a2a1) = 2x2f1f2t
−2 + x(f ′

1f2t
−1 − 2f1f2t

−2 + f1f
′
2t

−1)

+2xy(f ′
1f2t

−1 − 2f1f2t
−2 + f1f

′
2t

−1)

+y(f ′′
1 f2 − f ′

1f2t
−1 + 2f1f2t

−2 − f1f
′
2t

−1 + f1f
′′
2 )

+2y2(f ′
1 − f1t

−1)(f ′
2 − f2t

−1),

and similarly for �(b1b2 + b2b1) with gi replacing fi . Since f1f2 = g1g2, we have
(f1f2)

′ = (g1g2)
′ and (f1f2)

′′ = (g1g2)
′′, and therefore

f ′
1f2 + f1f

′
2 = g′

1g2 + g1g
′
2 (6.1)

f ′′
1 f2 + f1f

′′
2 + 2f ′

1f
′
2 = g′′

1g2 + g1g
′′
2 + 2g′

1g
′
2 (6.2)

Hence, subtracting �(b1b2 + b2b1) from �(a1a2 + a2a1) and using Eq. 6.1, we get

�(q)=y(f ′′
1 f2 +f1f

′′
2 − g′′

1g2 − g1g
′′
2 ) + 2y2((f ′

1−f1t
−1)(f ′

2 −f2t
−1) − (g′

1 − g1t
−1)(g′

2 − g2t
−1)).

Furthermore,

(f ′
1 − f1t

−1)(f ′
2 − f2t

−1) = f ′
1f

′
2 − (f ′

1f2 + f1f
′
2)t

−1 + f1f2t
−2,

(g′
1 − g1t

−1)(g′
2 − g2t

−1) = g′
1g

′
2 − (g′

1g2 + g1g
′
2)t

−1 + g1g2t
−2,

and thus, using Eq. 6.1, we see that

(f ′
1 − f1t

−1)(f ′
2 − f2t

−1) − (g′
1 − g1t

−1)(g′
2 − g2t

−1) = f ′
1f

′
2 − g′

1g
′
2.

By Eq. 6.2, we also have

f ′′
1 f2 + f1f

′′
2 − g′′

1g2 − g1g
′′
2 = −2(f ′

1f
′
2 − g′

1g
′
2).

Combining all the above, we conclude

�(q) = y(1−y)(f ′′
1 f2 +f1f

′′
2 −g′′

1g2 −g1g
′′
2 ) = −2y(1−y)(f ′

1f
′
2 −g′

1g
′
2) ∈ y(1−y)k[t].

For the final sentence, we let ni = deg(fi),mi = deg(gi), and assume that {n1, n2} �=
{m1,m2}. Let αi, βi ∈ k

∗ be the leading coefficients of fi, gi , respectively. Let γ = α1α2 =
β1β2 and N = n1 + n2 = m1 + m2. The leading term of f ′

1f
′
2 − g′

1g
′
2 is therefore

(n1n2 − m1m2)γ tN−2 �= 0,

since {n1, n2} �= {m1,m2}. Hence, �(q) �= 0 and deg(�(q)) = N − 2.

In light of Proposition 6.10, we make the following definition:

Definition 6.11 We say that a subalgebra g ⊆ W≥−1 satisfies condition (†) if there exist
f1, f2, g1, g2 ∈ k[t] with fi∂, gi∂ ∈ g such that

f1f2 = g1g2,

{deg(f1), deg(f2)} �= {deg(g1), deg(g2)}.

By Proposition 6.10, if g satisfies (†) then g satisfies (∗), and therefore U(g) is not
noetherian in this case. In particular, it is clear that L(f, g) satisfies condition (†) for any
f, g ∈ k[t] \ {0} such that f ′g ∈ k[f ] and deg(f ) ≥ 1, providing an alternative proof of
Proposition 4.15.
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In fact, every known infinite-dimensional subalgebra of W≥−1 satisfies (†) (and therefore
also satisfies (∗)), but we have not been able to show that this will always be the case. This
is the subject of ongoing research.
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