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Abstract

Assume that k is an algebraically closed field and A is a finite-dimensional wild k-algebra.
Recently, L. Gregory and M. Prest proved that in this case the width of the lattice of all
pointed A-modules is undefined. Hence the result of M. Ziegler implies that there exists a
super-decomposable pure-injective A-module, if the base field k is countable. Here we give
a different and straightforward proof of this fact. Namely, we show that there exists a special
family of pointed A-modules, called an independent pair of dense chains of pointed A-
modules. This also yields the existence of a super-decomposable pure-injective A-module.
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1 Introduction

Tame and wild dichotomy of Yu. Drozd [2] states that the class of finite-dimensional alge-
bras over algebraically closed fields divides into two disjoint classes: tame algebras and wild
algebras. The class of wild algebras properly contains the class of strictly wild algebras. We
refer the reader to [23] for definitions of these classes. Furthermore, A. Skowronski intro-
duced in [24] a concept of the growth of a tame algebra. This yields a stratification of the
class of tame algebras into domestic, linear and polynomial growth algebras. Tame algebras
which are not of polynomial growth are called non-polynomial growth algebras.
Understanding various aspects of representation types is still one of the central topics of
the representation theory of finite-dimensional algebras over algebraically closed fields. A
good example supporting this fact is provided by the tame self-injective algebras. Indeed,
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the representation theory of these algebras is well developed for the polynomial growth (see
[26, 27]), but much less is known for the non-polynomial growth. Recently, K. Erdmann
and A. Skowronski introduced in [3] a prominent class of weighted surface algebras. These
algebras are some special representation-infinite tame symmetric algebras (and hence self-
injective). Since most of them is of non-polynomial growth, they play a significant role in
understanding the representation theory of all tame self-injective algebras.

The representation type is studied by using various concepts and methods. On the level
of finite-dimensional modules we have, in particular, results on the shape of connected
components of the Auslander-Reiten quiver or the component quiver, see for example [6,
25, 29]. On the level of infinite-dimensional modules, a fundamental characterization of the
representation type is given in [1] in terms of generic modules. It is conjectured by M. Prest
(see [18, Introduction]) that a finite-dimensional algebra A over an algebraically closed
field is of domestic representation type if and only if there is no super-decomposable pure-
injective A-module (these modules do not have indecomposable direct summands, so they
are of infinite dimension). This paper is related to the conjecture of Prest.

The problem of the existence of super-decomposable pure-injective R-modules is stated
in [31] (for the concept of pure-injectivity we refer to [5, 11, 30] and [7, Chapter 7]). In
this paper M. Ziegler proves in Lemma 7.8 (2) a fundamental criterion for such modules to
exist, asserting that if the ring R is countable, then R possesses a super-decomposable pure-
injective module if and only if the width of the lattice of all pp-formulas is undefined, see
[16, Chapter 10] or [17, 7.3] for all the definitions. The later statement can be formulated
in terms of the lattice of all pointed finitely-presented R-modules, see [22] and [9] for more
details. We call the renowned result of Ziegler given in [31, Lemma 7.8 (2)] the Ziegler
criterion.

The case when R is a finite-dimensional algebra over a field k is studied in many papers,
see [10] for an up-to-date list of results in this direction and [14, Theorem 8.3] for the most
recent one concerning self-injective algebras. Of course all the known results support the
conjecture of Prest. The first result on the existence of super-decomposable pure-injective
modules for finite-dimensional algebras is proved by M. Prest himself in [16, Theorem
13.7]. It states that these modules do exist over strictly wild algebras. For over 25 years
it was not known whether this holds for wild algebras. Recently, L. Gregory and M. Prest
prove in [4] that this is the case. Indeed, they show in [4, Theorem 2.1] that any representa-
tion embedding functor induces an embedding of lattices of pp-formulas. This implies that
the width of the lattice of all pp-formulas over a wild algebra A is undefined, and so there
exists a super-decomposable pure-injective A-module, if the base field is countable (see
Corollary 2.4 of [4]).

Recall that an independent pair of dense chains of pointed modules is some special family
of pointed modules that allows to formulate a handy sufficient condition for the existence
of a super-decomposable pure-injective module (see Section 2 for the details). This notion
was introduced in [19] by G. Puninski (see also [22, Proposition 5.4], and especially [20,
21] for first applications to finite-dimensional algebras) and further generalized in [9]. It
is successfully used in the series of papers [8—10, 15] which is devoted to the problem of
the existence of super-decomposable pure-injective modules for strongly simply connected
algebras, see [13, 28].

The present paper is devoted to show that if A is a wild k-algebra over an algebraically
closed field k, then there exists an independent pair of dense chains of pointed A-modules,
see Theorems 3.1 and 3.2. The proof of this fact is rather straightforward and completely
independent of [4].
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We emphasize that Theorem 3.2 implies [4, Corollary 2.4] (see Theorem 2.4 for details),
but the converse is not known. In this sense, Theorem 3.2 is stronger than [4, Corol-
lary 2.4]. Regardless of this fact, our main result may be viewed as another and simple
proof (accessible also to non-experts in model theory of modules) that wild algebras pos-
sess super-decomposable pure-injective modules. This shows a significant usefulness of
independent pairs of dense chains of pointed modules once again.

The paper contains three sections. In Section 2 we collect basic information on pointed
modules, recall the definition of an independent pair of dense chains of pointed modules
and formulate the Ziegler criterion. We also introduce some special independent pairs of
dense chains of pointed modules which we call strong. We recall from [9] that there are
strong independent pairs of dense chains of pointed modules over string algebras of non-
polynomial growth, see Theorem 2.6. In Section 3 we present our main result. Indeed,
Theorem 3.1 shows that representation embedding functors preserve strong independent
pairs of dense chains of pointed modules. Then Theorem 3.2, stating the existence of
an independent pair of dense chains of pointed modules and a super-decomposable pure-
injective module for any wild algebra (if the base field is countable), is a direct consequence
of Theorem 3.1 and Theorem 2.6. In the final remark we argue that considering strong inde-
pendent pairs of dense chains and applying a non-trivial Theorem 2.6 is essential in the main
results, see Remark 3.3.

Throughout, k is a fixed algebraically closed field. By an algebra we mean a finite-
dimensional associative basic k-algebra with a unit. If A is an algebra, then by an A-module
we mean a left A-module. We denote by A-mod the category of all finitely-generated (hence
finite-dimensional) left A-modules.

2 The Lattice of Pointed Modules and a Sufficient Existence Condition

In this section we recall some basic facts on pointed modules and related concepts. In
particular, we present a sufficient condition for the existence of a super-decomposable
pure-injective module in terms of independent pairs of dense chains of pointed modules.

Assume that R is a ring with a unit. We denote by R-mod the category of all finitely-
presented left R-modules. Assume that ® € R-mod. A ®-pointed R-module is a pair
(M, xpm) where M is a finitely-presented R-module and x3; : ® — M is an R-module
homomorphism.

Assume that (M, xpr) and (N, xn) are ®-pointed R-modules. Then a ®-pointed R-
homomorphism from (M, xp) to (N, xn) is an R-homomorphism f : M — N such
that fxyy = xv.If f : M — N is a ®-pointed R-homomorphism from (M, xu) to
(N, xn), we write [ : (M, xy) = (N, xn). If f : M — N is an isomorphism, we
call f: (M, xmu) — (N, xn) a ©-pointed isomorphism and the corresponding ®-pointed
modules (M, xy) and (N, xn) O-isomorphic.

Assume that r € N, t > 1, ® = R" and (M, yxy) is a ®-pointed R-module. Assume
thateq, ..., e; form the R-base of the module ®. The homomorphism y, is uniquely deter-
mined by the elements x (e1), ..., x(e;) € M. This yields that any ®-pointed R-module can
be identified with a tuple (M, m, ..., m;) where M is an R-module and m1, ..., m; € M.
Moreover, a ®-pointed R-homomorphism from (M, my, ..., m;) to (N, ny, ..., n;) can be
identified with an R-homomorphism f : M — N such that f(m;) = n;,fori =1,...,1.
In case ® = R, we simply speak about pointed modules and pointed homomorphisms.
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Let PI? be the set of all ®-isomorphism classes of ®-pointed R-modules. Let = be a
binary relation on Plg") defined by (M, xy) = (N, xn) if and only if there exist two pointed
homomorphisms f : (M, xp) — (N, xny) and g : (N, xny) — (M, xp). Then = is an
equivalence relation and the quotient set P = P ,g") / =1s a poset with respect to the relation
< defined by (M, xp) < (N, xn) if and only if there exists a pointed homomorphism
f (N, xn) = (M, xpm). We denote by (S, xs) the =-class of a ®-pointed R-module
(S, xs)-

The poset 771(? is a modular lattice with respect to the operations @ and * defined below,
see [16, Chapter 10] for details.

Assume that (M, xu), (N, xn) are ®-pointed R-modules. A ®-pointed R-module (M &
N, xmen) where xyen () = (xm (), xy (1)) for any I € O is the pointed direct sum of
(M, xpm) and (N, xn). We set (M, xu) ® (N, xny) = (M O N, xmeon)-

Assume that M x N is the pushout of x3s and xp, that is,

MsxN=M&N/{(xud),—xnD):1 € O}

Moreover, leteyy : M — M x N,ey : N - M % N be the R-module homomorphisms
given by €y (m) = (m,0), ex(n) = (0,n) foranym € M,n € N. A ®-pointed R-module
(M % N, xp«N) Where xysN = €mxm = €nXn is the pointed pushout of (M, xp) and
(N, xn). Weset (M, xp) = (N, xn) = (M % N, xpm«n). Recall that

sup{(M, xm), (N, xn)} = (M @ N, xpen),

lnf{(M5 XM)7 (N5 XN)} = (M * N’ XM*N)5

see [9] for details. It is worth to mention that if ® = R’, then the lattice 771(;) is equivalent to
the lattice of all pp-formulas with t free variables (¢t > 1), see [16, Chapter 10] and [17, 7.2].

We recall definitions of wide lattices of pointed modules and independent pairs of dense
chains of pointed modules. Moreover, we present in Theorem 2.3 the relation between these
notions.

We say that a lattice £ C 731(;) of ®-pointed R-modules is wide if and only if for any
(Mp, xm,) < (Mg, xm,) € L there are incomparable elements (M, xu), (N, xn) of L
such that

(Mps XMP) < (Mv XM)a (Nv XN) < (M ’ XMq)s

(Mp» XMI,) <M %N, xm«N) < (M &N, xmen) < (Mqv XM,,)-

In case the lattice ’PI(? contains a wide sublattice £, we say that the width of 731(;) is unde-
fined. The above definition is a special case of a general definition of a wide lattice, see for
example Section 3 of [9].

Assume that C is a set. A family {(My, xm,); g € C} of ©-pointed R-modules is denoted
by (My, x M, )gec- Let Q be the set of rational numbers viewed as a poset with respect to
the natural ordering <. Recall that a poset P is a Q-chain if and only if it is a dense chain
without end points. It is well known that any Q-chain is isomorphic as a poset with the set
Q.

Assume R is a ring with a unit and © is a finitely-presented R-module. The following
definitions were introduced in [22] and generalized in [9].

Definition 2.1 Assume that C is a Q-chain. A dense chain of ©-pointed R-modules is a
family (M, XM, )geC of ®-pointed R-modules such that:

(a) thering Endg(M,) is local and XM, # 0, forany g € C,
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(b) there exist ®-pointed homomorphisms
Ka.q = (Mg, xp,) = (Mg, xm,,)

forany g < ¢q’ € C,
(c) the pointed modules (M, XMq) and (Mg, qu,) are not ®-isomorphic, for any g #*
/
q' € C.

Definition 2.2 An independent pair of dense chains of ®-pointed R-modules is a pair
(Mg, xm,)gec,s (Ni, XN)rec,) of dense chains of ®-pointed R-modules such that:

(a) the endomorphism ring Endg (M, * N;) is local, for any g € Cy, t € Ca, where (M, *
Ny, XM,,*N,) = (My, XMq) * (Np, XN,)>

(b) the pointed module (M, XMq) * (N¢, xn,) 18 not ®-isomorphic to (M, qu,) *
(Ny, xn,) nor to (Mg, xm,) * (Ny, xn,), forany g # q' € C1,t #1t' € Ca.

Independent pairs of dense chains of pointed modules generate wide lattices of pointed
modules in the following way.

Theorem 2.3 Assume that the pair (Mg, Xm,)qec, s (Ni, XN,)rec,) is an independent pair
of dense chains of ©-pointed R-modules. Then the lattice

Gen((Mg, xm,) e, Y (Nis XN rec,)s

which is the smallest sublattice ofpl(? containing ;ets M, XM, )qecl and (NfXNr)teCZ’ is
a wide lattice. Therefore the width of the lattice ”PI(-:,) is undefined.

Proof The assertion is a direct consequence of [9, Theorem 3.4]. O

It is not known whether the existence of a wide sublattice of 731(3) (or, equivalently, a wide
sublattice of the lattice of all pp-formulas over R) implies the existence of an independent
pair of dense chains of ®-pointed R-modules. However, this is rather unexpected, since the
latter condition implies that 731(? contains a lattice freely generated by two chains, see [20],
which seems to be a special situation.

The assertion (1) of the following theorem is the Ziegler’s criterion, see [31], and (2) is a
handy version of this criterion. Observe that (2) follows directly from (1) and Theorem 2.3.

Theorem 2.4 Assume that R is a countable ring with a unit and © is a finitely presented
R-module.

1. Ifthe lattice 771(? of ®-pointed R-modules has width undefined, then there exists a super-
decomposable pure-injective R-module.

2. Ifthere is an independent pair of dense chains of ®-pointed R-modules, then there is a
super-decomposable pure-injective R-module.

We apply the above theorem only when R is a finite-dimensional k-algebra. Note that in
this case any finitely-presented R-module M is finite-dimensional and Endg (M) is local if
and only if M is indecomposable. Moreover, it is easy to see that R is countable if and only
if the field k is countable.
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962 G. Pastuszak

Assume that (M, xp) and (N, xn) are ®-pointed R-modules. Note that if we have
(M, xm) = (N, xn), then M = N, but the converse does not hold in general. This justifies
the following special version of Definitions 2.1 and 2.2.

Definition 2.5 Assume that R is a ring with a unit.

1. A dense chain (M,, XM, )gec of ®-pointed R-modules is strong if and only if M, and
M, are not isomorphic (as R-modules), forany ¢ < ¢’ € C.

2. An independent pair (Mg, xm,)gec,s (N, XN,)tec,) of dense chains of ®-pointed R-
modules is strong if and only if dense chains (Mg, xm,)qec, and (N;, xn,)rec, are
strong and the module M * N; is not isomorphic (as an R-module) to My * Ny nor to
My % Ny, forany g # q' € Ci,t #t' € Ca.

In Section 3 we apply the following theorem, see [8, Theorem 5.7].

Theorem 2.6 Assume that A is a string algebra of non-polynomial growth. There exists a
strong independent pair of dense chains of pointed modules in A-mod.

The above theorem is a non-trivial result with important consequences. Namely, it allows
to prove that there are independent pairs of dense chains of pointed modules (and hence
super-decomposable pure-injective modules in the case of countable base fields) over all
pg-critical algebras, strongly simply connected algebras of non-polynomial growth and non-
polynomial growth algebras having strongly simply connected Galois coverings (see [8—10]
for the proofs and [13, 28] for the definitions).

3 The Main Result

This section is devoted to prove the main result of the paper. In Theorem 3.1 we show that
representation embeddings preserve strong independent pairs of dense chains of pointed
modules. It follows directly from Theorem 3.1 and Theorem 2.6 that any wild algebra A
possesses an independent pair of dense chains of pointed modules. Hence there exists a
super-decomposable pure-injective A-module, if the base field is countable. These facts are
stated in Theorem 3.2.

Throughout the section, A, B are k-algebras. All functors considered are covariant func-
tors. Assume that F : B-mod — A-mod is a functor and (M, xj) is a ®-pointed
B-module, for some ® € B-mod. The F(®)-pointed A-module (F (M), F(xa)) is denoted
by F(M, xu). If (My, XM, )geC is a family of ®-pointed B-modules, then F'(M,, XM, )geC
denotes the family (F(My), F(xm,))qec of F(®)-pointed A-modules.

Recall that a functor F : B-mod — A-mod is a representation embedding if and only
if F is exact, respects the isomorphism classes (that is, F(X) = F(Y) implies X = Y, for
any B-modules X, Y) and carries indecomposable modules to indecomposable ones. These
conditions yield representation embeddings are faithful functors.

Theorem 3.1 Assume that A, B are k-algebras and F : B-mod — A-mod is a representa-
tion embedding. Assume that (M, XM )gec,s (Ni, XN, )rec,) is a strong independent pair
of dense chains of ©-pointed B-modules. Then

(F(My, XMq)quI , F(Ny, XN,)teCz)
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is an independent pair of dense chains of F (®)-pointed A-modules.

Proof We show that F(M,, XMq)qECI is a dense chain of F(®)-pointed A-modules (sim-
ilar arguments show that F'(N;, xn,):cc, is a dense chain of F(®)-pointed A-modules as
well). Indeed, assume that ¢ € Cy. The module F(M,) is indecomposable, because M, is
indecomposable. Since F is a faithful functor, we get F(xu,) # 0, because xu, # 0.

Assume that ¢ < ¢ and Mg = (Mg, XM,,) - (Mg, XMq/) is a ®-pointed homomor-
phism. Since Mg’ XMy = XM, » We get Flugg)F(xm,) = F(XMq,), S0 F(lg,q) is a
F (®)-pointed homomorphism from F (M, xm,) to F(My, XMq/)~

Furthermore, F(©®)-pointed modules F' (M, xu,) and F (M, x M,,/) are not isomorphic,
for any ¢ # ¢’. Indeed, we have F(M,)% F (M), because M,% M . This shows that
F(My, xm,)qec, is a dense chain of F'(®)-pointed A-modules.

We show that that dense chains F(M,, XM, )qeC, and F(N;, xn,)iec, form an inde-
pendent pair. Indeed, the module F(M, * N,) is indecomposable, because M, * N; is
indecomposable, for any g € Cy,t € C.

Observe that the functor F' : mod(B) — mod(A) preserves finite colimits (and finite
limits), since it is exact, see [12, VIIL.3]. This implies that

F((Mg, xm,) * (N xv) = F(My, x,) % FONp xw,),

for any g € Cy,t € C;. In particular, we get F'(M, * N1) = F(My) * F(N,).
Assume that F(My, xm,) * F (N, xn,) is isomorphic with F (Mg, xm,) * F(Ny, xn,),
for some ¢ € Cy and t # ¢’ € Cy. Then we get

F(My % N;) = F(My) % F(N;) = F(M,) % F(Ny) = F(My % Ny),

which yields My * N; = M, * Np. Since this is not the case, we get that F (Mg, xm,) *
F (N, xn,) is not isomorphic with F/(M,, xm)xF(Ny, xn,)- Similar arguments show that
F(M,, XMq) * F(Ny, xn,) is not isomorphic with F (M, XMq/) * F(N;, xn,) as well, for
any g’ # g € C1. This shows the assertion. O

An algebra A is of wild representation type (or wild) if and only if there exists a
representation embedding functor F : C-mod — A-mod, for any k-algebra C.

Theorem 3.2 Assume that A is a wild k-algebra over an algebraically closed field k. There
exists an independent pair of dense chains of E-pointed modules, for some A-module E.
Therefore there exists a super-decomposable pure-injective A-module, if the base field k is
countable.

Proof Since A is a wild algebra, there exists a representation embedding functor F :
A-mod — A-mod where A is the string algebra considered in Theorem 2.6. Thus the
assertion follows from Theorem 3.1 and Ziegler’s criterion (Theorem 2.4 (2)). O

Remark 3.3 We emphasize it should not be expected that a representation embedding
functor F preserves arbitrary dense chains of pointed modules. Observe that if we have
(F(Mg), F(xm,)) = (F(My), F(XM(]/)), then F(My) = F(My) and hence My, = M/,
but in general (M, XMm,) may not be isomorphic to (M, XMq/) as pointed modules.
Indeed, we only know that the local algebra Endg (M) is a subalgebra of the local algebra
Enda (F(M,)), but the latter may be much larger (we identify the algebra Endp (M) with
its image under the functor F : B-mod — A-mod).
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964 G. Pastuszak

To be more concrete, observe that (M, xm,) is isomorphic to (M, x Mq,) (as
pointed modules) if and only if (F(My), F(xum,)) is isomorphic to the pointed module
(F(My), F(XMq,)) with a pointed isomorphism & : F(My) — F(M,) of the form F(f),
for some f : My, — My (this follows easily from the fact that F is faithful). Since repre-
sentation embeddings are not full in general, it seems natural to think it may happen that all
the pointed isomorphisms « : (F(My), F(xm,)) — (F(My), F(XMq,)) belong to the set
End4 (F(My)) \ Endg(M,).

Let us recall that all the known and natural examples of independent pairs of dense
chains of pointed modules for finite dimensional algebras, coming mainly from the papers
[8—10], are strong. Hence finding an example of a representation embedding which does not
preserve arbitrary dense chains of pointed modules may be a hard open problem.

The above discussion shows that it is essential to consider strong independent pairs of
dense chains of pointed modules in Theorem 3.1 and hence applying Theorem 2.6 is crucial.
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